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Abstract 

The performance of law offices can be 

comparatively measured by multicriteria 

decision making methods. Linguistic 

assessments can be used in this process 

rather than exact numerical evaluations. The 

performance evaluation is generally realized 

in a vague and imprecise environment. 

Fuzzy set theory is often very beneficial for 

evaluating the subjective judgments of 

decision makers. The Analytic Hierarchy 

Process is the most used multi-criteria 

decision making method in the world 

because of its simplicity and efficiency. A 

Z-fuzzy number is a relatively new concept 

in fuzzy set theory that enables one to 

circumvent the limitations of ordinary fuzzy 

numbers. They give a better representation 

than ordinary fuzzy numbers. We use a Z-

fuzzy AHP to compare the performances of 

law offices and allocate the debt files 

according to their performances. 

Keywords: Law offices, fuzzy MCDM, Z-

fuzzy number, AHP, Allocation  

1. Introduction  

Law firms come in a variety of shapes and sizes, 

ranging from single-attorney law practices to multi- 

state, multi-staffed legal organizations. When a 

company needs legal service outsourcing, it can apply 

to these law firms. This legal service outsourcing is 

generally on the collection of their debts. The law 

firms’ performance should be measured by the 

company.  The debt files are allocated based on the 

past performances of the law offices. Performance 

measurement can be handled as a multicriteria 

decision making problem. 

Within the framework of ordinary fuzzy sets, Zadeh 

[19] proposed the Z-fuzzy number which is an 

ordered pair of fuzzy numbers (A, B). The first 

component A represents the fuzzy restriction while 

the second component B is the reliability of the first 

component. Researchers claim Z-numbers perform 

better when describing human judgments and dealing 

with uncertainty than traditional fuzzy numbers since  

 

 

they can handle restraint and reliability functions [9]. 

In this paper, we convert the linguistic assessments to 

Z-fuzzy numbers and evaluate the law offices 

performances based on the Z-fuzzy AHP. 

Analytic Hierarchy Process (AHP) is one of the most 

popular multi-criteria decision making method to 

assess, prioritize, rank, and evaluate decision choices 

that was originally developed by Thomas L. Saaty.  In  

AHP method, factors related to a decision making 

problem are categorized and consequently form a 

hierarchy. AHP uses the judgments of decision 

makers to form the decomposition of problems into 

hierarchies. Number of levels in the hierarchy 

represents problem complexity. 

The rest of this paper is organized as follows. Section 

2 summarizes the types of law offices and 

performance criteria. Section 3 summarizes Z-fuzzy 

numbers. Section 4 includes Z-Fuzzy number AHP 

method (Z-AHP). Section 5 applies Z-AHP method 

to performance measurement and allocation problem 

for law offices. Finally, the study is concluded in the 

last section.  

2. Law Offices and Performance 

Criteria 
Law firms come in a variety of shapes and sizes, 

ranging from single-attorney law practices to multi- 

state, multi-staffed legal organizations. When a 

company needs legal service outsourcing, it can apply 

to these law firms. 

There are a variety of law firms to choose from, 

generally broken down by size, type of practice, (for 

example, litigation, criminal defense, or 

transactional), location, or legal topic (like personal 

injury law, family law or tax law). While there is no 

one-size-fits all solution to solving legal problems, 

choosing the right law firm can make the difference 

between a successful outcome and missed 

opportunity. Knowing which law firm to hire will 

depend on a number of factors including your 

finances, geographical location, personal work 

preferences, and your specific legal challenge or need. 

Below is a summary of the various types of law firms 

available in most areas. Solo Law Firms: Solo law 

firms are run by a single lawyer. These "solo 

practitioners" typically handle general legal matters on 

a variety of topics ranging from personal injury law to 

family law, but may also specialize in one particular 

11th Conference of the European Society for Fuzzy Logic and Technology (EUSFLAT 2019)

Copyright © 2019, the Authors. Published by Atlantis Press. 
This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

Atlantis Studies in Uncertainty Modelling, volume 1

446

mailto:kahramanc@itu.edu.tr
mailto:oztaysib@itu.edu.tr
mailto:sezi@outlook.com


area of law, like patent law. Small Law Firms: Small 

law firms generally employ from two to ten attorneys. 

They often allow the lawyers an opportunity to 

collaborate with other lawyers on complicated or 

related legal matters such as debt collection. Large 

Law Firms: Large law firms can range in size from 

several dozens of lawyers and employees, to several 

thousands of employees and can exist in multiple 

cities, states, and even countries. Large law firms 

specialize in all areas of the law and typically have big 

legal departments, such as corporate, employment, 

and real estate groups. Litigation vs. Transactional 

Law Firms: Law firms are sometimes broken down by 

the type of legal services they offer. For example, a 

law firm might only focus on litigation, representing 

clients in court cases or it can focus on transactional 

matters involving heavy paperwork relating to 

disputes over money, property, and insurance. 

Criminal Law Firms: Law firms specializing in 

criminal defense against crimes such as securities 

fraud, driving under the influence and other crimes 

often focus on representing private clients who can 

afford their own criminal defense attorney.  

In our study we deal with a telecommunication 

company having debt collection problems. The 

company outsource debt collection process to small 

law firms around the country. The performance of 

these law firms can be measured by the following 

criteria: debt collection success in the assigned files 

($), early debt collection success (%), difficulty 

coefficient of the assigned files, and conformance to 

their goals. 

 

3. Fuzzy AHP Approaches 

Fuzzy extensions of AHP have been obtained by using 

fuzzy numbers. Recently, ordinary fuzzy numbers 

have been extended to several different types of fuzzy 

numbers such as intuitionistic fuzzy numbers, 

Pythagorean fuzzy numbers and type-2 fuzzy 

numbers. These extensions have allowed new fuzzy 

AHP extensions to be developed in the literature that 

are briefly summarized as follows. 

 

Ordinary fuzzy AHP methods have been proposed by 

various authors. The first one was introduced by Van 

Laarhoven and Pedrycz [17]. Buckley [5] used 

trapezoidal fuzzy numbers and derived fuzzy weights 

and fuzzy performance scores by using a geometric 

mean method. Boender et al. [6] modified Van 

Laarhoven and Pedrycz’s [17] method and proposed a 

more robust approach. Chang [7] proposed an extent 

analysis method for deriving priorities from 

comparison matrices. Cheng [8] proposed a fuzzy 

AHP method based on both probability and possibility 

measures. Mikhailov [13] proposed a fuzzy extension 

of AHP which obtains crisp priorities based on an α-

cut of fuzzy numbers. 

Kahraman et al. [12] developed an interval type-2 

(IT2) fuzzy AHP method together with a new ranking 

method for type-2 fuzzy sets, and then applied the 

method to supplier selection. Sadiq and Tesfamariam 

[15] applied the concept of IFS to AHP which is called 

IF-AHP to handle both vagueness and ambiguity 

related uncertainties in the environmental decision 

making process. Abdullah et al. [2] applied IFS to the 

AHP method called IF-AHP to quantify vagueness 

uncertainties in AHP using IFS for the decision-

making problem. Tuysuz and Simsek [16] developed 

a hesitant fuzzy linguistic term sets based AHP 

approach and applied it to the performance 

comparison of cargo firms. Kahraman et al. [11] 

developed a hesitant fuzzy linguistic AHP and applied 

it to Business-to-Customer marketplace prioritization. 

Oztaysi et al. [14] developed a hesitant fuzzy AHP 

method involving multi-expert’s linguistic evaluations 

aggregated by ordered weighted averaging (OWA) 

operator. 

Ilbahar et al. [10] developed a novel approach to risk 

assessment for occupational health and safety using 

Pythagorean fuzzy AHP and fuzzy inference system. 

Abdel-Basset et al. [1] integrated AHP into a Delphi 

framework under a neutrosophic environment and 

introduced a new technique for checking consistency 

and calculating the consensus degree of an expert’s 

opinions.  

 

4. Z-Fuzzy Numbers 

Zadeh [18] defined a Z-number associated with an 

uncertain variable Z as an ordered pair of fuzzy 

numbers, (A, B) where A is a fuzzy subset of the 

domain X of the variable Z and B is a fuzzy subset of 

the unit interval. The concept of a Z-number is 

intended to provide a basis for computation with 

numbers which are not totally reliable. A Z-number 

can be used to represent information about an 

uncertain variable of the type where A represents a 

value of the variable and B represents an idea of 

certainty or probability. There are a limited number of 

studies on Z-fuzzy numbers. Biswas [4] observed the 

drawback of the existing fuzzy numbers, studied Z-

fuzzy numbers and presented fundamental arithmetic 

operations for Z-fuzzy numbers. Abu Bakar and 

Gegov [3] conducted a study ranking Z-numbers by 

proposing a multi–layer decision making 

methodology. Biswas [4] discussed whether or not the 

fuzzy set theory was appropriate for large size 

problems with a number of universes and a lot of 

elements in these universes. In the study, the 

researcher also focused on Z-fuzzy numbers and their 

mathematical operations.  

 

Definition 1. A Z-number is an ordered pair of fuzzy 

numbers denoted as Z = (Ã, R̃). The first component 

Ã, a restriction on the values, is a real-valued uncertain 

variable X. The second component R̃ is a measure of 

reliability for the first component, described in Figure 

2. When a2 equals a3, a trapezoidal fuzzy number 

becomes a triangular fuzzy number. 
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Definition 2. Let a fuzzy set A be defined on a 

universe X be given as: A = {〈x, μA(x)〉 |xϵX} where 

μA: X → [0,1] is the membership function A. The 

membership value μA(x) describes the degree of 

belonging of x ∈ X in 𝐴. The Fuzzy Expectation of a 

fuzzy set is denoted as: 

𝐸𝐴(𝑥) = ∫ 𝑥𝜇𝐴(𝑥) 𝑑𝑥
𝑥

             (1) 

which is not the same as the meaning of the 

Expectation of Probability Space. It can be considered 

to be the Information Strength supporting the fuzzy set 

𝐴. 

 

Definition 3:  Converting a Z-number to a regular 

fuzzy number (Kang et al. [20]) 

Consider a Z-number 𝑍 = (𝐴,̃ �̃�) described by Figure 

2. The left is the part of restriction, and the right is the 

part of reliability. Let �̃� =
{〈𝑥, 𝜇�̃�(𝑥)〉|𝜇(𝑥) ∈ [0,1]} and �̃� =
{〈𝑥, 𝜇�̃�(𝑥)〉|𝜇(𝑥) ∈ [0,1]}, 𝜇�̃�(𝑥) is a trapezoidal 

membership function, and 𝜇�̃�(𝑥) is a triangular 

membership function. 

 

1. Convert the second part (reliability) into a crisp 

number using Equation 2. 

 

𝛼 =
∫ 𝑥𝜇�̃�(𝑥)𝑑𝑥

∫ 𝜇�̃�(𝑥)𝑑𝑥
                     (2) 

 

where ∫  denotes an algebraic integration. 

Alternatively, Equation 3 can be used for this 

defuzzification: 

 

𝛼 =
𝑎1+2(𝑎2+𝑎3)+𝑎4

6
                    (3) 

2. Add the weight of the second part (reliability) 

to the first part (restriction). The weighted Z-number 

can be denoted as  
𝑍𝛼 = {(𝑥, 𝜇𝐴𝛼(𝑥))|𝜇𝐴𝛼(𝑥)} = 𝛼𝜇𝐴(𝑥), 𝜇(𝑥)𝜖[0,1]. 

 

3. Convert the irregular fuzzy number 

(weighted restriction) to a regular fuzzy number. The 

ordinary fuzzy set can be denoted as Z̃' =

{〈x, μZ̃'(x)〉|μZ̃'(x) = μÃ (
x

√α
) , μ(x) ∈ [0,1]}. �̃�′ has 

the same Fuzzy Expectation with �̃�𝛼, and they are 

equal with respect to Fuzzy Expectation, which can be 

denoted by Figure 3. 

 

 

 

 

 

 

 

 

 

 

Figure 3 Ordinary fuzzy number transformed from Z-

fuzzy number 

 

4. Z- fuzzy number based AHP 

In this method we integrate z-fuzzy numbers with 

AHP. The advantage of this integration is to 

incorporate vagueness in the evaluations and 

reliabilities to these evaluations into the AHP. The 

steps of the proposed Z-fuzzy number based-AHP are 

presented in the following: 

 

Step 1. Define the multi-criteria decision making 

problem and design a hierarchical structure of the 

problem. 

 

Step 2. Use the scale of linguistic restriction function 

given in Table 1 and the scale of reliability function 

presented in Table 2. These are the original scales that 

have been proposed by us.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 A simple Z-fuzzy number, 𝑍 = (�̃�, �̃�) 

 

𝑎4 𝑎3 𝑎2 𝑎1 

�̃� 

 

1 

0 

𝜇�̃�(𝑥) 

𝑥 

𝑏3 𝑏2 𝑏1 

�̃� 

1 

0 

𝜇�̃�(𝑥) 

𝑥 

√𝛼𝑎4 √𝛼𝑎3 √𝛼𝑎2 √𝛼𝑎1 

�̃�′ 

1 

0 

𝜇(𝑥) 

𝑥 

 

448



Table 1. Triangular restriction scale 

Linguistic Terms 
Restriction 

function 

Equal (E) (1,1,1;1) 

Slightly Better (SLB) (1,1,3;1) 

Moderately Better (MB) (1,3,5;1) 

Strongly Better (STB) (3,5,7;1) 

Very Strongly Better 

(VSTB) 
(5,7,9;1) 

Certainly Better (CB) (7,9,10;1) 

Absolutely Better (AB) (9,10,10;1) 

 

Table 2. Reliability scale  

Linguistic Reliability 
Triangular 

reliability function  

Absolutely Reliable (AR) (0.8,0.9,1;1) 

Strongly Reliable (SR) (0.7,0.8,0.9;1) 

Very Highly Reliable 

(VHR) 
(0.6,0.7,0.8;1) 

Highly Reliable (HR) (0.5,0.6,0.7;1) 

Fairly Reliable (FR) (0.4,0.5,0.6;1) 

Weakly Reliable (WR) (0.3,0.4,0.5;1) 

Very Weakly Reliable 

(VWR) 
(0.2,0.3,0.4;1) 

Strongly Unreliable (SU) (0.1,0.2,0.3;1) 

Absolutely Unreliable (AU) (0,0.1,0.2;1) 

 

Decision makers may assign different values for the 

given linguistic terms and correspondingly different 

fuzzy restriction functions in Table 1 if s/he wants to 

assign intermediate values.   

 

Step 3. Construct the pairwise comparison matrices 

and fill them in with their corresponding Z-fuzzy 

numbers using the linguistic scales in Tables 1 and 2.  

Step 4. Transform Z-fuzzy numbers to their 

corresponding equivalent ordinary fuzzy numbers. 

Step 5. Check the consistency of each fuzzy pairwise 

comparison matrix. Assume  ijaA ~~
   is a fuzzy 

positive pairwise comparison matrix and  ijaA   is 

its defuzzified positive pairwise comparison matrix. If 

the result of the comparisons of  ijaA   is consistent; 

then, it can imply that the result of the comparisons of 

 ijaA ~~
  is also consistent. In the consistency 

measurement, reliability functions are ignored since 

they cause a consistent pairwise comparison matrix to 

become an inconsistent one when they are converted 

to regular fuzzy numbers. 

 

Step 6. Apply Buckley’s ordinary fuzzy AHP method 

[5]. The steps of this method are summarized as 

follows: 

Step 6.1. Calculate the geometric mean for each 

parameter of ija~ in the n dimensional pairwise 

comparison matrix of criteria. Thus, 𝑛 × 𝑛 matrix is 

converted to an 𝑛 × 1 matrix. This is the step that 

converts Z-fuzzy numbers to regular fuzzy numbers. 

Step 6.2. Sum the values of each parameter in the 

column then normalize the values in the 𝑛 × 1 matrix.  

Step 6.3. Apply the fuzzy division operation to get the 

normalized weights vector. 

Step 6.4. Defuzzify the normalized weights vector 

using the center of gravity method given by Eq. (2).  

Step 6.5. Normalize the weights so their sum is equal 

to 1. 

Step 6.6. Apply Steps (6.1-6.5) for the rest of the 

pairwise comparison matrices of sub-criteria and 

alternatives.  

Step 6.7. Combine all the weight vectors to obtain the 

global weights and determine the best alternative as in 

the classical AHP. 

 

5. An Application 

The problem involves five criteria and four law office 

alternatives. There are three experts E1, E2, and E3 

whose weights are 0.3, 0.2, and 0.5, respectively. The 

pairwise comparison matrices for the criteria and 

alternatives are presented in Table 2 and Table 3. The 

performance of law offices is measured by the 

following criteria. C1: loan collection success in the 

assigned files ($), C2: early loan collection success 

(%), C3: difficulty coefficient of the assigned files, 

C4: customer complaints, and C5: conformance to 

their goals. 

Table 2. Z-Fuzzy comparisons for the criteria  

DM1 C1 C2 C3 C4 C5 DM2 C1 C2 C3 C4 C5 

C1 
E, E 

1/AB, 

SR 

1/CB, 

AR 

1/MB, 

SR 

1/STB, 

FR 

C1 
E, E 

1/SLB, 

VHR 

STB, 

SR 
SLB, SR 

CB, 

SR 

C2 AB, 
SR 

E, E 
1/SLB, 
VHR 

STB, 
SR 

SLB, 
SR 

C2 SLB, 
VHR 

E, E 
VSTB, 

SR 
MB, 
VHR 

AB, 
AR 

C3 CB, 

AR 

SLB, 

VHR 
E, E 

VSTB, 

SR 

MB, 

VHR 

C3 1/STB, 

SR 

1/VSTB, 

SR 
E, E 

1/MB, 

SR 

STB, 

VHR 

C4 MB, 
SR 

1/STB, 
SR 

1/VSTB, 
SR 

E, E 
1/MB, 

SR 
C4 1/SLB, 

SR 
1/MB, 
VHR 

MB, 
SR 

E, E 
VSTB, 

AR 

C5 STB, 

FR 

1/SLB, 

SR 

1/MB, 

VHR 

MB, 

SR 
E, E 

C5 1/CB, 

SR 

1/AB, 

AR 

1/STB, 

VHR 

1/VSTB, 

AR 
E, E 

Table 2. Z-Fuzzy comparisons for the criteria (continues) 
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DM3 C1 C2 C3 C4 C5 

C1 E, E SLB, VHR 1/CB, HR 1/VSTB, FR 1/MB, SR 

C2 1/SLB, VHR E, E 1/AB, SR 1/CB, AR 1/MB, SR 

C3 CB, HR AB, SR E, E 1/SLB, VHR STB, SR 

C4 VSTB, FR CB, AR SLB, VHR E, E VSTB, SR 

C5 MB, SR MB, SR 1/STB, SR 1/VSTB, SR E, E 

 

Table 3.  Z-Fuzzy comparisons for the alternatives  

DM1 A1 A2 A3 A4 DM2 A1 A2 A3 A4 

A1 
E, E 

1/AB, 
VHR 

1/CB, 
SR 

1/STB, 
SR 

A1 
E, E 

1/SLB, 
SR 

STB, SR 
SLB, 
VHR 

A2 AB, 

VHR 
E, E 

1/SLB, 

VHR 

STB, 

SR 

A2 SLB, 

SR 
E, E 

1/VSTB, 

VHR 

MB, 

VHR 

A3 AB, 
SR 

SLB, 
VHR 

E, E 
AB, 
HR 

A3 AB, 
SR 

VSTB, 
VHR 

E, E 
AB, 
SR 

A4 STB, 

SR 

1/STB, 

SR 

1/VSTB, 

HR 
E, E 

A4 1/SLB, 

VHR 

1/MB, 

VHR 
MB, SR E, E 

 
DM3 A1 A2 A3 A4 

A1 E, E AB, SR 1/AB, HR 1/VSTB, HR 

A2 1/AB, SR E, E 1/AB, SR 1/CB, AR 

A3 AB, HR AB, SR E, E VSB, VHR 

A4 VSTB, HR CB, AR 1/VSB, VHR E, E 

 

Table 4. Aggregated triangular fuzzy numbers converted from Table 2 
 

 

 
 

 

 
  

C1 C2 C3 C4 C5 

C1 (1,1,1;1) (0.84,0.84,2.51;1) (0.08,0.09,0.11;1) (0.08,0.10,0.14;1) (0.18,0.30,0.89;1) 

C2 (0.28,0.84,0.84;1) (1,1,1;1) (0.09,0.09,0.10;1) (0.09,0.11,0.14;1) (0.18,0.30,0.89;1) 

C3 (5.42,6.97,7.75;1) (8.05,8.94,8.94;1) (1,1,1;1) (0.28,0.84,0.84;1) (2.68,4.47,6.26;1) 

C4 (3.54,4.95,6.36;1) (6.64,8.54,9.49;1) (0.84,0.84,2.51;1) (1,1,1;1) (4.47,6.26,8.05;1) 

C5 (1.12,2.68,4.47;1) (0.89,2.68,4.47;1) (0.13,0.18,0.30;1) (0.10,0.13,0.18;1) (1,1,1;1) 

 

Similarly, aggregated TFNs converted from Table 3 

are obtained. Because of the space constraints, we 

do not give the rest of the calculations. The final 

ranking between the law office alternatives is 

A3>A1>A4>A2. 

6. Conclusion  

The performance measurement of law offices is a 

complex task because of several conflicting and 

linguistic criteria. Fuzzy set approaches are 

excellent tools to handle such problems under 

uncertainty. Z-fuzzy set approaches involve both 

the restriction and reliability functions in the 

decision process. This provides more realistic and 

correct results at the end of the decision making 

process. The proposed Z-fuzzy number based AHP 

method evaluated the law offices successfully. 

As for future work, fuzzy inference systems can be 

used for debt collection problem [21]. Besides, 

other fuzzy MADM methods like intuitionistic 

fuzzy AHP [22], hesitant fuzzy AHP [23], 

intuitionistic fuzzy ANP [24], spherical fuzzy 

VIKOR [25], spherical fuzzy WASPAS [26], 

single-valued spherical TOPSIS [27] or interval-

valued spherical fuzzy TOPSIS [28] can be used in 

evaluating law offices and can be compared with 

the findings of the current study.  
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