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Abstract—Statistical analysis is a branch of mathematics with 
rich content and wide application. Based on the theory of 
probability and mathematical statistics, it studies random 
phenomena by analyzing the data obtained from experiments or 
observations to achieve various reasonable estimations and 
inferences on the objective regularity of the research objects. 
Therefore, it is necessary to collect, organize and analyze the 
random data effectively, and to make as accurate and 
satisfactory an analysis as possible of the observed problems. In 
this way we build a necessary foundation for further solving 
practical problems.  
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I. INTRODUCTION 
In statistical analysis, using equivalent infinitesimal to find 

the limit can simplify the calculation. However, many people 
often use advanced infinitesimal because they do not consider 
advanced infinitesimal carefully. In this paper, on the basis of 
in-depth analysis of the causes of common errors in using 
equivalent infinitesimal to find the limit, a new method of using 
Taylor formula to replace the limit is proposed, which provides 
a new way to solve this kind of statistical analysis limit 
problem[1-3]. 

II. ANALYSIS OF COMMON ERRORS IN SOLVING LIMITS BY 
EQUIVALENT INFINITESIMAL SUBSTITUTION 

Generally speaking, Using Equivalent Infinitesimal 
Substitution to find the limit only works for multiplication or 
division of two infinitesimal quantities.  

For the limit of two infinitesimal quantities which are 
non-multiplicative and non-divisive, we must give careful 
consideration to it [4]. 

For example when solving limx→0
tg x−sin x

x3
, the correct 

solution should be 

limx→0
tg x−sin x

x3
=limx→0

sin x(1−cos x)
x3 cos x

=limx→0
sin x·2 sin2(x2)

x3 cos x
= 

limx→0(sin x
x

·
sin2(x2)

2·(x2)2
· 1
cos x

)= 1
2
 

But it is easy to make the following mistakes, that is when 
x→ 0, tg x~x, sin x~x, we can directly get limx→0

tg x−sin x
x3

=

lim𝑥→0
𝑥−𝑥
𝑥3

= ∞ . Obviously, the above limit is still the 

infinitive “0
0
”.Then the result is wrong. What is wrong with the 

above solution? It may be analyzed as follows. If the Taylor 
formula is used to expand the functions in the numerator at X=0 
until they have the same power as the denominator,  

𝑡𝑔 𝑥 = 𝑥 + 𝑥3

3
+ 𝑜(𝑥3)                      (1) 

𝑠𝑖𝑛 𝑥= 𝑥 − 𝑥3

3
+ 𝑜(𝑥3)                       (2) 

Then 𝑡𝑔 𝑥 − 𝑠𝑖𝑛 𝑥 = 𝑥3

2
+ 𝑜(𝑥3) 

So lim𝑥→0
𝑡𝑔 𝑥−𝑠𝑖𝑛 𝑥

𝑥3
= lim𝑥→0

𝑥3
2 +𝑜�𝑥

3�

𝑥3
= 1

2
 

Thus, in the error solution, the principal part of two 
infinitesimal quantities is substituted for the difference formula, 
and the higher order infinitesimal of denominator is not omitted, 
so the result of calculation is wrong. It is not difficult to see 
from Formula (1) and Formula (2) that after tg x and sin x are 
expanded at x=0 to the same power as denominator. Later we 
pick x + x3

3
 to replace tg xand pick  x − x3

3
 to replace sin x . 

The higher order infinitesimal of denominator x3 is omitted 
from the difference formula at this time. Then we get the 
correct result this time. 

1) From all the above, we conclude that the solution limit 
can be obtained as limx→0

f(x)±g(x)
ρ(x)±ψ(x)

 . Thus a more effective 
Taylor Formula Substitution Method for f(x) ± g(x)  →0, 
ρ(x) ± ψ(x) →0 , x→0 is：  

2) The functions in denominator are expanded to n terms 
according to Taylor formula at x=0, and they are used to 
replace their respective functions. The result of merging the 
same items is taken as a new denominator. And n is the 
minimum number of terms that make the new denominator 
not zero. 

3) The functions in the molecule are expanded at x=0 until 
the terms with the same power as the new denominator are 
replaced by them, and the results of merging the same terms 
are taken as new molecules. 
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4) Solve the limit of the fraction. 

III. A NEW METHOD OF TAYLOR FORMULA REPLACEMENT 
FOR LIMIT 

Example 1: Seek the answer of  lim𝑥→0
𝑠𝑖𝑛 𝛼𝑥−𝑠𝑖𝑛 𝛽𝑥

𝑥
  

Solution: Let us look at the denominator first. The 
expansion of x is the linear term. Let us look at the numerator 
next. Expand 𝑠𝑖𝑛 𝛼𝑥  and 𝑠𝑖𝑛 𝛽𝑥  to the first order Taylor 
Formula at x=0, then 

  𝑠𝑖𝑛 𝛼𝑥=𝛼𝑥 + 𝑜(𝛼𝑥) 

       𝑠𝑖𝑛 𝛽𝑥 = 𝛽𝑥 + 𝑜(𝛽𝑥) 

Next, we use 𝛼𝑥 to replace 𝑠𝑖𝑛 𝛼𝑥 and use 𝛽𝑥 to replace 
𝑠𝑖𝑛 𝛽𝑥 . We get new numerator 𝛼𝑥 − 𝛽𝑥 = (𝛼 − 𝛽)𝑥 ,  So, 
the answer is 𝑙𝑖𝑚𝑥→0

(α−β)x
x

=𝛼 − 𝛽. 

Example 2: Seek the answer of lim𝑥→0
𝜌𝑥−𝑠𝑖𝑛 𝑥−1
𝑙 𝑛(1+𝑥)

 

Solution: Let us look at the denominator first. Just expand to 
the linear item l n(1 + 𝑥)=x+0(x). The new denominator is x. 
Then let us look at the numerator. Because the new 
denominator is a linear term, the numerator functions only need 
to be expanded to linear term as 

          𝑒𝑥 = 1 + 𝑥 + 𝑜(𝑥) 

   𝑠𝑖𝑛 𝑥= 𝑥 + 𝑜(𝑥) 

Let us use 1+x to replace 𝑒𝑥 and use x to replace 𝑠𝑖𝑛 𝑥. 
Then we get the new numerator as (1+x)+x-1=2x. So, the 
answer is lim𝑥→0

2𝑥
𝑥

= 2. 

Example 3: Seek the answer of lim𝑥→0
𝑐𝑜𝑠 𝑥−𝑒−

𝑥2
2

𝑥4
 

Solution: Because the denominator is the 4th order 
infinitesimal of x, it is only necessary to expand the functions in 
the numerator to include 𝑥4, then we get 

         𝑐𝑜𝑠 𝑥 = 1 −
𝑥2

2!
+
𝑥4

4!
+ 𝑜(𝑥4) 

𝑒−
𝑥2
2 =1+ �− 𝑥2

2
� + 1

2!
(−𝑥2

2
)2 + 𝑜 ��− 𝑥2

2
�
2
� = 1 − 𝑥2

2
+

𝑥4

8
+ 𝑜(𝑥4) 

And 𝑐𝑜𝑠 𝑥 − 𝑒−
𝑥2
2 = −𝑥4

12
+ 𝑜(𝑥4) 

So, lim𝑥→0
𝑐𝑜𝑠 𝑥−𝑒−

𝑥2
2

𝑥4
= lim𝑥→0

−𝑥
4
12+𝑜(𝑥4)

𝑥4
= − 1

12
 

If the above method is extended to the case of 
lim𝑥→0

𝑓(𝑥)±𝑔(𝑥)
𝜌(𝑥)±𝜓(𝑥)

, (𝑓(𝑥) ± 𝑔(𝑥)  →0 , 𝜌(𝑥) ± 𝜓(𝑥) →0)and 
the more general case of finding the algebraic sum of multiple 
functions, it is still correct[5-6]. 

Example 4: Seek the answer of lim𝑥→0( 𝑥3 − 𝑥2 + 𝑥
2
𝑒
1
𝑥 −

√1 + 𝑥6) 

Analysis: This is an infinitive of ∞-∞ type. It can be 
replaced by using 𝑡 = 1

𝑥
 forming the infinitive formula 0

0
 of 

the upper type, and then expand 𝑒𝑡 and √1 + 𝑡6 according to 
the Taylor formula. We use the method similar to Example 3 to 
find the limit[7]. 

Solution: Let t=1
𝑥
, then, when 𝑥 → +∞, 𝑡 → 0+. 

Thus the original formula is equal to  

lim𝑥→0[( 1
𝑡3
− 1

𝑡2
+ 1

2𝑡
)𝑒𝑡 −

�1 + 1
𝑡6

 ]= lim𝑥→0
�1−𝑡+𝑡

2
2 �𝑒

𝑡−�1+𝑡6

𝑡3
 

and 𝑒𝑡 = 1 + 𝑡+𝑡2

2
+𝑡3

6
+ 𝑜(𝑡3) 

  √1 + 𝑡6 = 1 + 𝑡6

2
+ 𝑜(𝑡6) 

So, 

  lim
x→0

(𝑥3 − 𝑥2 + 𝑥
2
𝑒
1
𝑥 − √1 + 𝑥6) =

lim
𝑥→0

�1−𝑡+𝑡
2

2 ��1+𝑡+
𝑡2

2 +
𝑡3

6 +𝑜(𝑡3)�−(1+𝑡
6

2 +𝑜(𝑡6))

𝑡3
= lim𝑥→0

𝑡3

6 +𝑜(𝑡3)

𝑡3
=

1
6
 

Let f(x) exist in the second derivative of x=0, and 
lim𝑥→0(𝑠𝑖𝑛3𝑥

𝑥3
+ 𝑓(𝑥)

𝑥2
) = 0 , seek the answer of f(0), 

𝑓′(0), 𝑓′′(0) and lim𝑥→0( 3
𝑥2

+ 𝑓(𝑥)
𝑥2

) 

Analysis: Based on known conditions lim𝑥→0(𝑠𝑖𝑛 3𝑥
𝑥3

+
𝑓(𝑥)
𝑥2

) = 0, if we expand 𝑠𝑖𝑛 3𝑥 and f(x) according to the Taylor 
formula, we can analyze the satisfied condition of f(0), 
𝑓′(0), 𝑓′′(0). 

Solution: 𝑠𝑖𝑛 3𝑥 = 3𝑥 − 1
3!

(3𝑥)3 + 𝑜(𝑥3) = 3𝑥 − 9
2
𝑥3 +

𝑜(𝑥3) 

𝑓(𝑥) = 𝑓(0) + 𝑓′(0)𝑥 + 1
2
𝑓′′(0)𝑥2 + 𝑜(𝑥2) 

 
𝑠𝑖𝑛 3𝑥
𝑥3 +

𝑓(𝑥)
𝑥2

=
3𝑥 − 9

2 𝑥
3 + 𝑓(0)𝑥 + 𝑓′(0)𝑥2 + 1

2 𝑓
′′(0)𝑥3 + 𝑜(𝑥3)

𝑥3  

=
�3+𝑓(0)�𝑥+𝑓′(0)𝑥2+12(𝑓′′(0)−9)𝑥3+𝑜(𝑥3)

𝑥3
 

Because lim𝑥→0(𝑠𝑖𝑛 3𝑥
𝑥3

+ 𝑓(𝑥)
𝑥2

) = 0,  

thus 3+f(0)=0, 𝑓′(0) = 0, 𝑓′′(0) −9=0. 

Then f(0)= −3,  𝑓′(0) = 0, 𝑓′′(0) = 9 

Advances in Social Science, Education and Humanities Research, volume 336

124



 

 

So, f(x)= −3 + 9
2
𝑥2 + 𝑜(𝑥2) 

lim𝑥→0( 3
𝑥2

+ 𝑓(𝑥)
𝑥2

) = lim𝑥→0
3−3+92𝑥

2+𝑜(𝑥2)

𝑥2
=9
2
 

IV. CONCLUSION 
Rogen Bacon, a great scientist, pointed out that 

"Mathematics is the key to open the door of science". c, this 
important key is also needed in statistical analysis [8-9]. With 
the advent of the global information age and the rapid 
development of modern science, technology and social 
economy, people will face more and more information 
decision-making and statistical analysis problems that must be 
solved in various fields. Information Decision-making and 
Statistical Analysis, as a new and practical comprehensive 
discipline, will provide more and more effective statistical 
decision-making analysis methods and means for the 
sustainable development of natural and Social Sciences in 
various fields in the process of its development to a higher 
level. 
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