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1. INTRODUCTION

The pure bargaining problem was firstly proposed for multi-players
to bargain on a fair distribution cooperatively by using a practical
cooperatively utility set, along with a notion to solve the problem
with a series of axioms [1]. Much research has discussed the sit-
uation that bargaining occurs more frequently in coalitions than
individuals. For instance, unions, firms, and governments [2-4].
Generally, the bargaining power of a coalition to another depends
on their interior compositions. The most concerned issue in the
cooperation progress could be the distribution of benefit between
the coalitions and the members, which has been presented in Game
Theory. The assumption is that the coalitions are fixed and agents
can not leave it. A group bargaining model [5] was proposed for
bargaining within coalition members. The solution also extends the
previous research [1]. They adopt the delegation approach that bar-
gaining is delegated to one particular member of the group so that
the representing member’s preferences become the group’s prefer-
ence. Vidal-Puga [6] takes a non-cooperative approach to describe
a value in the bargaining problem with coalition structure.

Actually, in many practical situations, a coalition structure (i.e., the
partition of players) is not an adequate description of the coop-
erative structure, and external cooperation between the coalitions
themselves might also be relevant for deciding the payoff distri-
bution between the players. In these cases, a more detailed map-
ping of the cooperation structure is needed. The notion of coalition
structure value was generalized [7,8] in a manner such that the pay-
off function will match with each possible “level structure” a value
[9] (rather than to each other coalition structure). The term “level
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structure” means a sequence of coalition structures, each obtained
from the previous by the unification of coalitions and each repre-
senting the various cooperation between coalitions of the previous
coalition structure. Each coalition structure is called a “level” In
a game with level structure, there is an ordered set of partitions,
with the first level being a non-trivial partition of the partition of
all singletons. Therefore, the latter games describe a situation where
within any coalition any level, some players are closer to each other
than to other players. Demange [10] also argues that in a hierarchi-
cal structure, teams are the relevant units in the decision-making
process. A levels structure, on the other hand, organizes a set of
players into a series of nested partitions. For instance, a firm might
be structured in different divisions, which, in turn, might be divided
in different departments, in which employees work. To take a deci-
sion, it might be that, first, all workers of each department have to
reach a consensus, second, all departments of each division have to
reach a consensus, and, third and last, all divisions have to reach an
agreement, so that the firm as a whole takes the ultimate decision.
Alvarez-Mozos [11] introduces a new way to exploit the informa-
tion contained in a hierarchical structure by mapping it into a lev-
els structure, without any loss of information in many settings and
proposes three new solutions for games with hierarchical structure.
van den Brink [12] provides an axiomatic characterization of the
Owen-type value for games with two-level communication struc-
ture, which is a structure where the players are partitioned into
a coalition structure such that there exists restricted communica-
tion between as well as within the a priori unions of the coalition

structure.

The paper is organized as follows: In Section 2, we introduce the
notation and some previous results. In Section 3, we present the bar-
gaining solution with level structure and give some properties of the
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solution. In Section 4, we applied this solution to the carbon emis-
sion allocation problem combined with the bankruptcy model. In
Section 5, we summarize the results of the paper.

2. PRELIMINARIES

There are non-overlapping coalitions Cy, ..., G, of players. Denote
the set of all individuals by N = {1, ..., n} and the coalition structure
by € ={Cy,....C,}.

Definition 1. A coalition structure € over N is a partition of the
player set, ie, ¢ = {Cy,...,C,} C 2V where Uc,eeCy = Nand
C, N C, = @ whenever g # r.

Each C; € € is called a coalition. We denote by ¢ € RN the
vector whose i-th coordinate is given by ¢; = |Cq' iti € C,
where |Cq' is the number of elements of C,. Think of these coali-
tions as exogenously given bargaining coalitions such as firms, labor
unions, households, and countries rather than voluntarily formed
for the purpose of bargaining only. This is conceptually distinct
from the game-theoretic term “coalition”

Definition 2. An n-person bargaining problem, or simply a bar-
gaining problem over N is a pair (S, d), where the feasible set S is a
subset of the n-dimensional Euclidean space, and the disagreement
(or breakdown) point d is a point of S. The class of problems should
satisfy the following conditions:

i. Sis convex, bounded, and closed (it contains its boundary).
ii. There is at least one point of S strictly dominating d.
iii. (S, d) is d-comprehensive: If x € Sand x > y > d, then y € S.
iv.. SCRI.
A solution of a bargaining problem is a function ¢ that associates to

every (S, d) a feasible payoff vector ¢ (S, d). A reasonable solution
should satisfy the following five properties [1]:

Individual rationality (IR): For everyi € N, ¢, (C, S,d) > d;.

Pareto Efficiency (PE): There exists no feasible payoff vector x such
that x; > @, (C, S, d) for every i € N.

Invariance concerning Affine Transformation (IAT): Given y €
RY,,and 8 € RY, it holds that ¢ (e, §,2> = 19 (C,S,d) + 6,

where§=yS+,8andE=yd+B.

Independent of Irrelevant Alternatives (IIA): If there exists
another bargaining problem (@, s, d) such that S’ is a subset of S
and ¢ (C, S, d) belongs to &', then ¢ (€, ', d) = ¢ (C, S, d).

Symmetry (SYM): If € = {{1}, ..., {n}}and (S, d) is symmetric, then
for any two individuals , j, one has ¢, (C, S, d) = ®; (G, S, d).

Theorem 1. Let ¢ (C, S, d) be the solution of the bargaining problem
(G, S, d), and it satisfies IR, IAT, IIA, and SYM. If there is a vector x* €
Sand x* # ¢ (C,S,d), then 3i € N, it holds that ¢, (€, S,d) > x}.

Proof. We use proof by contradiction. Without loss of generality, we
define d = 0. We assume that theorem 1 is false. Therefore, there
must exist x* € S, so that x* > ¢. Given a bargaining problem
(8',0), where

= {y € RNy, = %lxl,yz = %xz,...,yn = %xn,x € S} Obvi-
xl x2 )’n

ously, because of x* € S, 508 C S, 8 # S According to
IAT, [(qal/xi) X1, (qoz/x*z‘) X2, eees (qon/yf;) x, ] is also the solution of
(8,0), [(p1/x}) x1, (®2/%5) %24 .., (@ulyi) x,] # x*, this con-
tradicts the assumption. Therefore, the solution of (S, 0) must be
Pareto optimal.

Theorem 2. For the traditional problem, it has been shown that there
exists a unique solution that satisfies IR, IAT, IIA, and SYM, called
the Nash solution and that it solves the maximization problem [1]:

n
maXyeg x>d H (xi - dz)
i=1

Definition 3. A bargaining problem with coalition structure is then
specified as a triple (C, S, d) where (S, d) is a bargaining problem and
€ is a coalition structure.

The traditional bargaining problem (S, d) can be regarded as a par-
ticular case of the new bargaining problem where each individual
forms one coalition, i.e., € = {{1}, ..., {n}}. In order to extend Nash’s
result to coalition bargaining model, Chae and Heidhues [13] intro-
duced a new property:

Representation of a Homogeneous Group (RHG): If a group C;
is homogenous in bargaining problem (C, S, d) and j* € G;j, then
P (C,S,d) = @ (C1,5,d).

The RHG property says that a member of a homogeneous group
receives what she would receive if she (or any other member of the
coalition) became a representative member bargaining on behalf of
the coalition. Intuitively, a homogeneous group can be replaced by a
member to whom bargaining is delegated. RHG together with SYM
implies that all coalition, rather than individuals, are treated equally
in a non-discriminatory manner.

Theorem 3. There exists a solution satisfies PE, IAT, IIA, SYM, and
RHG if and only if it solves the maximization problem [13]:

n N l
MaX,eg v>d H H (x; - b,-)”cf = MaX,es >4 H (x; —d;) This
=1 | ieC; i=1
solution is actually the weighted Nash solution [14], N*, where for
1
anyi € N, w; = . with p = |€|and ¢; = |C,| if i € C,.
i

The model provides theoretical underpinnings to the existing prac-
tice of treating a coalition of individuals as one bargainer in some
applied fields of economics such as labor, financial, and interna-
tional economics. We will generalize their result to our model by
using the delegation approach. Conceptually, one can regard bar-
gaining as being done simultaneously at different levels, between
groups and between the members of each group at each level.

3. BARGAINING PROBLEM WITH LEVELS
STRUCTURE

The concept of level structure was first proposed by Winter [9] in
1989 and later optimized by scholars to make a new concept more
symbolically convenient. Nevertheless, these concepts are mathe-
matically equivalent. This paper focuses on the bargaining problem
with level structure. In the model, a restriction to cooperation is
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introduced as a finite sequence of partition defined on the player
set, each of them being coarser than the previous one. And for each
level’s all coalitions, each coalition cannot communicate with each
other.

Definition 4. A k-level structure over Nis a tuple (N, £) whichisa
sequence of the partition of N and £ = {Cy, Cy, ..., Cf, Cry1} such
that Cg = {{i}|i € N}, Cry1 = {N}. Foreach i € {1,2,...,k}, C;yq
is coarser than C;. That is to say, for each i € {1,2,...,k+ 1} and
S € C;, theremustexist T C €;_; suchthat S = UyerQ. Each S € C;
is called a union and C; is called the i-th level of £. k is called the
order of £, i.e., the level structure with the order k has k + 2 levels.

In order not to cause confusion, we abbreviate (N, £) to £ later. We
further denote by £ the set of all level structures over the set N.

For the convenience of the following description, we denote
the following notations: let N, be the coalitions’ number in
C, SJ’.Jrl (1 <j< N,) be the j-th coalition of r-th level in £,

Nt (0<i<k1<j<Ny) be coalitions number containing
i

S}+1 in C;, correspondingly, [S;+1J be the coalition belonging to S;+1
in @i.

Example 1. Take N = {1,2,3,4,5}. Then £ € LN given by
60 = {{1} > {2} ) {3} ) {4} ) {5}}’ el = {{1’ 2} ’ {3} ) {4’ 5}}5 62 =
{{1,2},{3,4, 5} and C3 = {{1, 2, 3,4, 5}} is a two-level structure of
cooperative over N. The structure is shown in Figure 1.

Definition 5. A group bargaining problem with level structure is
specified as a triple (S, d, £), where (S, d) is a bargaining problem
and £ is a level structure. By B (N) we represent the class of all
bargaining problems with coalition structure where N is the set of
agents.

A solution of a bargaining problem with coalition structure is a map
which assigns to every (S, d, £) € B (N) an element of S.

The coalitional bargaining problem can be regarded as a special case
of the new bargaining problem with level structure when the order
k = 1. Therefore, the concept of level structure is the extension of
the coalition structure.

Intuitively, the bargaining process on (S, d, £) can be divided into
k + 1 steps. That is, first of all, distributing the payoff between
[C], then distributing the payoft of [Sﬂ which gains in the previ-
ous step between [Sfj(l < i< Np). And so on up to the Oth level,
every player will get their earnings.

. O

HORONOROXO,

Figure1 An example of the two-level structure.

For any bargaining problem with level structure (S,d, £) € G£,
L = {Cy,C1,..., Ck Crs1}. The upper-right boundary H of S is
defined as the set of points in S undominated (in the weak sense
of Pareto) by any point in S. With abuse of notation, we denote the
equation of H as

H(x;, %3, ..., %,) =0

where H is a function on the feasible set S. With no loss of generality,
we assume that H (x) > 0 for all x € S.

0, the disagreement point d = {d;|i = 1,2, ..., N}. The bargaining solution
distribution process is as follows:

Algorithm 1: Give the initial condition: the feasible set H (x;j, X2, ... , X, ) >

Step 1:i <~ k+ 1, j < 1, we denote x[si] = T
i

Step 2: If i > 1, allocate the profits x[s"] in [S;J,
j

Step 2.1: For any [Si‘l] € [S}J, the solution is equivalent to solve
j

linear programming as follows:
max x4
sj'E[ls]'J( [SJI] M)

H("[s;l]) =7

%] > )

2 e =

silelsi
J l ]J

Step2.2:j «j+1

Step 2.2.1:1f j > N;, i <= i—1,j « 1, return to step 2,

Step 2.2.2: Otherwise, return to step 2;

Step 3: Otherwise, the algorithm ends. The earning of any players
ieN(i=S$?)isx;(S,d, L) = ¥0] (8°,d0, £°).

Example 2. Consider the levels structure from the example 1, we
assume that they divide a cake 7 and d; = O foralli(i = 1,---,5).
We use the Algorithm 1:

For the 3rd level, we can obtain x; 5 3 4.5 = 7.

For the 2nd level, we need to solve the programming:
max | [ 243,45

X1, 2 0
s.t. X{3,4,5} Z 0
X2t X345 ST

We can obtain xq; 5 = X3 4.5 = %

Analogously, for 1stlevel and Oth level, we can use the same method.
And finally, we can get x = (z Trrz z)

Y’ g - 4 ’ 4 ) 4 ’ ;) ) S .
One interesting implication of treating a coalition of individuals
as one bargainer is that an individual may be worse off bargaining
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as a member of a larger coalition than as a member of a smaller
coalition. In particular, an individual will be worse off bargain-
ing as a member of a coalition than bargaining alone as can be

seen easily from the above Example 1. If the levels structure is

({1}, 12}, 43}, {4}, {5}}, then the outcome is (% rrz z).For

player 4 and 5, they firstly join a coalition {4, 5} and then a bigger
coalition {3, 4, 5}. However, they get less than bargaining alone. We
call this Harsanyi paradox [15]. Our interpretation for the paradox
is that treating a coalition as a single bargainer reduces multiple
“rights to talk” to a single right and thereby benefits the outsiders.
In pure bargaining situations, where all bargainers have to agree to
areach a settlement, fewer rights to talk means reduced bargaining
power. To avoid this situation, we propose the following improved
algorithm.

Algorithm 2: Give the initial condition: the feasible set H (xi, XDy ees xn) >

0, the disagreement point d = {d;|i = 1,2, ..., N}. The bargaining solution
distribution process is as follows:

i
J

Step 2: If i > 1, allocate the profits x[s"] in [S;J,
j

Step l:i < k+1,j < 1, we denotex[ ] =

Step 2.1: For any [Si’l] S [S;J, the solution is equivalent to solve
j

linear programming as follows:

s > )
sjlze[s; | x[ijl] = X[S;]

Where r is a constant and r > 1. rI\];:’1 represents the bargaining

power of coalition [SJ‘:‘I].

Step2.2:j «j+1

Step 2.2.1:If j > N, i <~ i-1,j « 1, return to step 2,

Step 2.2.2: Otherwise, return to step 2;

Step 3: Otherwise, the algorithm ends. The earning of any players
ieN(i=8)isx(S,d,L) = ¥g0] (8°,d°, £0).

Because of the coalition’s bargaining power, the members’ rights
actually increase with the formation of a bargaining coalition. This
class of solutions can provide an independent reason why a coali-
tion may form even in a pure bargaining situation.

4. A NUMERICAL EXAMPLE OF CARBON
EMISSION ALLOCATION COMBINED
WITH THE BANKRUPTCY MODEL

Presently, many countries are facing the pressure of energy conser-
vation and emission reduction, so the carbon emission is in short

supply. Carbon emission has become an increasing concern which
can generate many environmental issues, a lot of countries has been
in the suffering at present. Such an issue has a similarity with the
bankruptcy problem.

Nash bargaining theory combined with bankruptcy concept was
applied to allocate carbon emission by taking into account the rela-
tive utility function f; (x;) and the minimum carbon emission allo-
cation (m;) they willing to accept, i.e., disagreement allocation point
(m;) in a convex, closed, and bounded feasibility space. The car-
bon emission allocation problem during bankruptcy situation can
be written as (N, E, c,f(x)), where N is the number of cities, E is
the total carbon emission limits for the division, and ¢ is the carbon
emission claims of cities.

We assumed that the minimum carbon emission allocation to the
city (m;) is equal to the minimal carbon emission right of each city i,
i.e.,the amount of carbon emission which is not claimed by the other
cities. (m;) is the minimum carbon allocation the city is willing to
accept. The minimal carbon emission right of each city is defined
as the following [16]:

m; = (E - ¢(N/i)) = max {(E - ¢ (N/i)), 0}
Given that:

m(N) =) m; < E

iEN

For a bankruptcy resource sharing problem (N, E,c;.fi (x;)), when
the condition is satisfied for every resource sharing problem is
called zero normalized bankruptcy problem since the minimal
rights of all the claimants are zero [16]. In addition, carbon emission
claims are considered unreasonable and irrational if they outstrip
the available carbon emission supply. Therefore, after assigning the
minimal carbon emission right each city’s carbon emission demand
should not be more than the available carbon emission.

cisE—Zmi

iEN

The maximum possible carbon emission allocation to the cities are
their respective carbon emission claims (¢;). The utility function for
cities can be defined as linear interval function (Wu and Xu [17]
as cited in Wang et al. [18]). Hence it can be formulated as follows
using the carbon emission claims, disagreement carbon emission
allocation and optimized carbon emission allocation of cities.

X, m;

fix) =

-
C;i—m;
The disagreement utility value can be obtained from the following
equation:

d; = f; (m;)
where:
d; is the disagreement utility point of each city i.

So, the allocation optimization problem for carbon emission allo-
cation under a bankruptcy scenario can be written as follows:

maxH (fz (x;) - di)

The model is subjected to the following constraints:
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i. The utility derived from carbon emission allocated to each
city should be greater than or equal to its disagreement utility
point.

fi(xi) > di,i =12,..,n
ii. The lower and upper carbon emission bounds for each city

are its minimal carbon emission right and carbon emission
demand respectively.

m,v<x,-<ci

iii. The total allocated carbon emission should be less than or
equal to the amount of water available for division.

i=1

The model is constrained by individual rationality, efficiency while
the disagreement points and claims serve as the lower and upper
bounds respectively.

Algorithm 3: For any bankruptcy problem with levels structure
(E, 6, f(x),L ) , the bargaining solution distribution process is as follows:

Step 1:i <~ k+ 1, < 1, we denote x[si] = E;
j .
Step 2: If i > 1, allocate the profits x[s’] in [SJ’,J,

i J

Step 2.1: For all [Si"!] € [€,_;], calculate the minimal payoff

m[Si’l]([ei—l’E9 ¢1]) = max{ (E) - Z Ci_% T 0
b

Step 2.2: For any [Si‘l] € [S]’:J, the solution is to equivalent to solve

the linear programming as follows:

rN;’1
max X[ —d
s]';EJ[:s;J <f< [5;1]> M)

msi—l < x[si,l] < CS:'—I

stqf <x[s;1]> z ]

st 1 X[ 3 1] [s]

Step 2.3.] <—] +1

Step 2.3.1: If j > N, i <= i-1,j < 1, return to step 2;

Step 2.3.2: Otherwise, return to step 2;

Step 3: Otherwise, the algorithm ends. The earning of any players
ieN(i=8)isx (S, d, L) = 2 ](s0 d°, £%).

Example 3. Consider a country A with an administrative struc-
ture shown in Example 1. Total carbon emission limit E = 10000,
total claim C = 12000, minimum value/ disagreement point
d = (0, 0,100, 200, 300). According to algorithm 3, the calculation
results are shown in Table 1.

Table 1 Carbon emission allocation (Million.t) for country A.

Total 10000
Carbon
Emission
Limit E
Total 12000
Claim C
Cities N The Carbon  Minimum Optimization Allocation
Emission Value/ Results x; Percentage
Demand Disagreement %
(Maximum Point m;
Value) ¢;
City 1 1000 0 1000 100%
City 2 1500 0 1500 100%
City 3 2500 100 2235 89.4%
City 4 3000 200 2050 68.3%
City 5 4000 300 3215 86.8%

According to the above calculation results, we can get the optimal
carbon emission right of each city with an administrative structure
and the allocation percentage relative to what they demand. The
allocation percentage reflects the level of satisfaction they are ask-
ing for. Because the structure of each city is subject to administra-
tive constraints, traditional bargaining model cannot explain this
level structure and give the optimal solution. The level structure
proposed in this paper is a generalized form of the traditional coali-
tion structure. It can solve much more complex structural form’s
problems.

5. CONCLUSIONS

In this paper, we introduced and analyzed a bargaining model with
coalitions of individuals at different levels. The model not only pro-
vides a theoretical foundation to the existing practice of consider-
ing a coalition of individuals as one bargainer in some applied fields
of economics such as labor, financial, and international economics
but also can potentially expand modeling tools available for these
and other research areas. We extended the bargaining problem with
coalition structure to level structure by defining for each player and
each level and gave the calculation process of bargaining solution.
Finally, we applied this model to the carbon emission allocation
problem combined with the bankruptcy model.
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