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Abstract—We investigate the behavior of a first variation
under an analytic Feynman integral and a convolution for
cylinder functions f((hy, x)~, -+, (h,,x)~) and we prove that the
analytic Wiener integral and the analytic Feynman integral of
the convolution of two cylinder functions can be successfully
expressed as the product of two analytic Wiener integrals and
two analytic Feynman integrals.
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I. INTRODUCTION

In [3] and [4], various formulas for linear transformations
of Wiener integrals have been given, but Wiener measure was
known to behave so badly under the change of scale integral
transformations in [1].

In [7], R.H. Cameron and D.A. Storvick established a
relationship between the Wiener integral and the analytic
Feynman integral, where they expressed the analytic Wiener
and Feynman integrals as limits of Wiener integrals for certain
Banach algebra of functionals which was given in [5]. Using
these results, theyfound a change of scale integral
transformation formula for Wiener integrals on a classical
Wiener space Cy[0,T] in [6]. In [11], G.W.Johnson and D.
Skoug established the scale invariant measurability in Wiener
space and in [2] D.M.Chung prove thescale-invariant
measurability in abstract Wiener spaces.

In [13], Kim proved the change of scale formula about the
cylinder function f((hqy,x)~,++, (hy,x)™ ), where

f €L,(R"),1 <p <o and in [l14]~[15], Kim
proved relationships among Wiener integrals and Feynman
integrals and Fourier Feynman transforms and convolutions
and first variations for g((hy,x)~, -+, (hy,x)~ ), where g is
a Fourier transform of a measure p € M( R™).

In this paper, we prove some relationships among the
Wiener integral and the Feynman integral and the convolution
about the first variation of f((hy,x)~, +, (hy, x)™ ), where f
€ L,(R"),1 <p < o and we prove that the analytic
Wiener integral and the analytic Feynman integral of the
convolution of two cylinder functions can be successfully
expressed as the product of two analytic Wiener integras and
two analytic Feynman integrals.

II. DEFINITIONS AND PRELIMINARIES
Let H be a real separable infinite dimensional Hilbert

space with inner product <-,-> and norm | -| = /<-,>.
Let || ||, be a measurable norm on H with respect to the

Gauss measure L € M(H)). Let B denote the completion of H
with respect to || - ||, Let i denote the natural injection
from H into B. The adjoint operator (" of iis one-to-one
and maps B* continuously onto a dense subset of H*, where

H* and B* are topological duals of H and B, respectively.
By identifying H with H*and B* with i* B*, we have a
triplet (B*,H,B) such that B*CH*=H(CB and <h,x>
= (h,x) for all x in B*and h in H, where (-,-) denotes the
natural dual pairing between B* and B. By a well known result
of Gross [1], u -i”' has a unique countably additive
extension  m to the Borel g-algebra B(B) on B. Then
(B,H,m) is

called an abstract Wiener space and m is called a Wiener

measure. We denote the Wiener integral of a functional F
by

fB F(x)dm(x) ()

Let {e;]}"  denote a complete orthonormal system in H
JJj=1

such that e]f s arein B*. Foreach h € H and X €B , we

define a stochastic inner product ()~ between H and B as
follows :

lim Y7_,(h, €;) (e;,x), if the limit exists
n—-oo

otherwise .

It is well known that for every he H , (h, x)~exists for

L—a.e.x in B and it has a Gaussian distribution with
mean zero and variance |h|%. Furthermore, it is easy to show
that (h,x)~ = (h,x) for p—a.e.x in B if h € B, (h,x)~
is essentially independent of the complete orthonormal set
used in its definition, and finally that if {(hqy,x)~,*+, (hy, )™}
is an orthonormal set of elements in H, then
(hy,x)~, -+, (hy,x)~ are independent Gaussian functionals
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with mean zero and variance one. Note that if both h and x
arein H,then (h,x)” = (h,x).

Throughout this paper, let R* denote the n -dimensional
Euclidean space and let C, C,, C; denote the complex numbers,
the complex numbers with positive real part, and the non-zero
complex numbers with nonnegative real part, respectively.

Definition 2.1. Let (B,H,m) be an abstract Wiener space.

Let C, = {z|Re(z) >0}and C; = {z|Re(z) = 0}.
Let F be a complex-valued scale invariant measurable function
on B such that the integral

Je@) = f, F(272x) dm(x) 3

exists for all real r > 0. If there exists an analytic function
J#(z) analytic on C, such that Jz(4) = Jp(4) for all real A >
0, then we define J;(2) to be the analytic Wiener integral of F
over B with parameter z € C, and for each z € C, , we write

S F(0)dm(x) = Ji (2) )

Let q be a non-zero real number and let F be a function
whose analytic Wiener integral exists for each z € C,. If the
limit exists, then we call it the analytic Feynman integral of
F over B with parameter ¢, and we write

3" F(xdm() = im [ FCodmG) - (6)

where z approaches —iq through C, and i? = —1.CA,
The following is a Wiener integration formula for the

Wiener integral on the abstract Wiener space.

Theorem 2.3. Let Let (B,H,m) be an abstract Wiener
space. and let F be a function on B  of the

form f((hy,x)~, -, (hp,x)~ ), where f: R" >C is a
Lebesgue measurable function. Then

[ F e o dmeo)

- (i)g Jon fQDexp {=3 20, w2 }dii (6)

where " = " means that if either side exists, then both sides
exists and they are equal.

Now, we define the first variation of F in the direction we
B on the abstract Wiener space.

Theorem 2.4. Let F be functions on the abstract Wiener
space. Then for w € B, the function of the form :

8F(xIw) = 3-F(x+hw)lizo ()

is called the first variation of F in the direction w € B
(if it exists).
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Remark. In the next section, we will several times the
following formula :

J exp{—au® +ibu}du= \/g exp {— Tilllz uz} 8)

where a is a complex number with Re(a) > 0, and b is a real
number and %2 = —1.

III. THE MAIN RESULT

In this section, we establish some relationships among
analytic Feynman integral, analytic Wiener integrals and
Wiener integrals about the first variation for functions of the
form:

f((hl'x)N! tty (hnlx)N ) (9)
where f: R® ->C isin L,(R"),1<p < o
and {(hy,x)7,+, (hy,x)~} is an orthonormal set of elements
in H.

Let F(n:p) be the class of functions of the form (9), where
fli)e L,(R"), 1 < p <oo for and F(n,) be the class
of cylinder functions, where f(#) is continuous and bounded.

Let C(n:p) be the class of functions of the form (9), where

— of (Uy ... Un, ) ,
. = = < <
f](u) ou; , 1 <j<n

and f;(u)€L,(R"), 1 <p<ow for1<j<
n . Let C(n,0) be the class of cylinder functions, where
fiCu), 1 <j < n iscontinuous and bounded.

First, we introduce the first variation and the analytic
Wiener integral and the analytic Feynman integral about the
first variation of F(x) in (9) on the abstract Wiener space.

Lemma 3.1. LetF be a function of the form (9), where F
€C(np),1<p < o and we H. Then for w € B, the
first variation of F is

SF(-Iw) =37y (hj,w) - £j((hy, )7, (hyx)™) (10)

Proof. See the proof of Theorem 3.1 in [14].

Theorem 3.2. Let F be a function of the form (9), where
FeCnp),1l < p < o andw€H.

I. Whenl < p < oo: Foreveryz€(C, and for w €
B , the analytic Wiener integral of the first variation is

janWZSF( x|w)dm(x)

B

n

= (&) for [Z (o) @] exp (=25, uf Jai(11)

where
n.

fi(i) €EL,(R"), 1<p<ow for1<j<
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Il. When p=1. For we H and for every z € C,  the analytic
Feynman integral of the first variation is

anfy
f 6F (x|w)dm(x)

B

n

= () f (S (o) @] exp (+250, w7} e

(12)

Proof. For all real A > 0 and for we H,

f S6F (x|w)dm(x)
B

n 1 L

zf > (yw) i (huﬁ x) : ~,<hn,ﬁx> Ydm(x)
B <
£

= (£) for (S (W) @] exp (=3 o Jaa.

(13

Let 6F(x|w) = (hp,x)7). For all real A € R

and for we B, let

8 f(Chy, )7,
J(SF(x|w): 1))
=f, Of( <h1,/1'§ x) ,~--,<hn,l_§x> ) | w) dm(x)

(14)

=[, OF <A_;x

W) dm(x) .

For we€ H and for every z € C, let

" (OF(xlw): z)

n

=) o (23

Then for we H and for all real A > 0,

v (hyow) @] exp{~2Z), u?} dz. (15)

J* (6F(x|w): 1) = J(8F(x|w): 1). (16)

We will use Morera's Theorem to show that (16) is an
analytic function of z € C, for we H. First of all, by the
Dominated Convergence Theorem, we can show that for we
H, (16) is a continuous function of z on C,

Let C be any rectifiable simple closed curve lying in C, .

We need only to show that for we H, fr J ' (8F(*|w):z)dz
=0

. We shall use the Cauchy Integral Theorem to deduce this
result. Let  a =sup{ z:z € C} and B = inf{ Re(z):z €
C}.

Case I. If Fe C(n:1), then for we H, the function
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n
a \2
(Z) =y | by |

function

(Izl) L (hj,w) f;@)] exp {
is an 1ntegrab1e function of # € R"
L,(R").

Case II.
the function

“|w| - |f; @] dominates the

Re(z) Z

} and
because f]( u) e

If Fe C(np), forl < p < oo, then for we€ H,

(@)

dominates thr function

Lk e dwl L @lexp (= £3n, wp

<|Zl> Z (hj,w) fj(u)lexp{ Re(2) N }

and is an integrable function of % € R™ by Holder
inequality, because f;( & ) € L,(R") and for ;1+;1 =1,
exp {—;ﬁ Ty uwf }E Ly(R™).

Case Ill. If Fe C(n: o), then f;( i ) is bounded for
1 < j < n .and the function

(%)g Tica | by [ -Iwl - Ifj@]exp {—;ﬁZ}‘ZI u} }

dominates

<|Z|> Z (hj,w) f](u)lexp{

and is an integrable function of u € R",because
| exp (L3, w? }e Li(R")
Hence, we can apply the Fubini Theorem to the integral
Jrl (8F(ew ) : z
I J ' (8F(w):z)dz=0 for wE H, because the function

() exp (- 531 )

is an analytic functionof z in C, for w€ H. Then we have
the desired result.

@iﬁ}

j=1

)dz and we have that

Now, we establish some relationships among the analytic
Feynman integral and the convolution for functions :

F(x) = f((hlﬂx)~:"'l (hn’x)~)

G(x)=g((hy, x)7, -, (hp, x)™) (17)
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where f: R™ — C and
and {(hy,x)~,

g: R* ->Carein Li( R")
-, (h,,x)"} is an orthonormal set of elements in

H, ((BF(-|w) *(6G(- W), =
Hy((hy, )™, (hyy) ™),

First we calculate the convolution of two first variation of
two cylinder functions F(x) and G(x) :

Theorem 3.3. For w € B, the convolution of two first
variation of F(x) and G(x) is given

((6F( |W) *(66( |W))}{ = HA((hlvy)N"(hn!y)N) (18)

,where for 2 € C, and for w=(wy,w,, - ,w, )

o= (FL (5 o)

(e Oyw) 9y (557))

Moreover, for 2 € C, and forw € H, ((6F(-|w) *(8G(-
W), € F(n:1) and

11,6 1], < (—)

1 12

-exp {—% - ujz }dﬁ’. (19)

|ZZ|h|

EAREAT (20)
Proof. By the definition of the convolution of F and G,
we have that forreal A >0 and for s-a.e.y €B,

((BF(-Iw) *(6G(-Iw)a ()

5F(y*} ")50( —~

=fB

=) dm(x)

y+A Zx
) (hn: 7z

(5 (o) s ((h y i ) . ) )]

N

St (o) gy (o) — g,

o (yow)” S (G )™ o () )]
‘/_i—(hn'y)~ _un)
Jda.

A
exp (-3 Ty W @1
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By analytic continuation in A € C; we have that for 1 €
C, and s-a.e.y €B,

((BF(-Iw) *(6G(-Iw)a ()

y+Ax yAx

SF(

lw ) 8G(

=J, w) dm(x)

G 1

T (how) (G )™ =,

Ly (ow) £ (G ()™ + w72 ()7 )]

;\/_i—(hn:y)N _un)
exp {—;Z;Ll u? }dﬁ.

= H/l((hlry)~r "'(hn'y)~ )! (22)

where for A € C, and for w=(wy,wy, -+ ,wy, ),

[ (3 rn(5)

exp {—% (N TH }dﬁ. (23)

n

o= (2

(% ()0 (%))

Using the following transformation : AL

—

=r

, we have that for 1 € C, and for and s-a.e.y €B,

f Hy (W) diw
.

)f [Z (. w)ﬁ(“”)nz () (> ")|‘

dw di

< (5

(hyw) @) || 2y
dv d#

n n

2

) > |h,-|-|w|-U £, )i
j=1 R"

O |h,-|-|w|-|f 9, )d7|)

=1 &

<(1
21

o) feonlll i (h,w) g, |

<(5

<

2

) Il

(e Byl gl

24)
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Therefore for A € C, and for w € H, the conolution
product ((6F(-|w) *(6G(:|w)) 4+ (V) belongs to F(n:1),
iffj(&)€e Ly(R") and g;( v )€ L, (R") and

HHa W) | 11

i 7 n n
< (B w2 S Ry IS L L Nl 1 29)

2m
Now, we show that the analytic Wiener integral of the
convolution of two first variations can be successfully

expressed as the product of two analytic Wiener integrals of
each first variation on the abstract Wiener space.

Theorem 3.4.For A € C, and for w € H,
L (BF (- lw) *(8G(- [w)); () dm(x)
_[fanwz
—LJp

SF (xlw)dm(x)] - [ 66 (xlw)dm(x)] (26)

Proof. First we have that forallreal A > 0,

I3 (BF (- Iw) *(8G (- [w)); (x) dm(x)

1

[, (BFC- w) *(86(- W) <ﬁ x> dm)
=/ HA(<h1./1_%x> ,~-~,(hn,/1_%x> ) dm(x)
s
=(z) S 2@ exp {=2 30, v} }do

n

) (2 f (Zr o) 1 (52))

(Tt (yow) -9y (55

1\ ~
:(Z) fRznZ;Lzl (hj,w) f]-(Wl"" 'Wn)
) - VAN 2.2 s
Z (hj.w) gj(ry, 1y )exp i =5 Z(w,- +77) ¢ dwd?
j=1 =

(&) fr (T2 (W) )] exp (=5 ey W} Jdw.
) Jon [Zy (o w) ;] exp (=2 57, 2 }d7

= [[;™ sF(xlw)dm@)] - [[;™* 86(xlw)dm(x)] (27)
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. w+U — w-u
, where we use the transformation :— = v,
) V2 V2
=r
and w =(w, ,wy,...,w,, ) and#=(ry,7,, ... ,1, ). By the

analytic continuation in A € C, , we have that (27) holds for
every A € C,

Finally, we show that the analytic Feynman integral of the
convolution of two first variation can be successfully expressed
as the product of two analytic Feynman integrals in the
abstract Wiener space.

Theorem 3.5. Let F and G be functions of the form (9).
Then we have that for A € C, and for w € H,

[ (R w) * (86 W)z () dm(x)
z[f;znfq SF (x|w)dm(x)] .[f;nfq 6G(x|w)dm(x)] (28)

Proof. By Theorem 3.4 and by the definition of the
analytic Feynman integral, we have that

e (SF (- w) *(8G(- W)z () dm(x)

J‘a"WA

= lim [ (F (- w) *(66(- Iw)), (x) dm(x)

_ : anw) . .
=(lim [y SF(xlw)dm(x)) (lim_

J3™ 86 (xlw)dm(x))
=L SR Gewdm@)] - [ s6Gwidmeo] - (29)

, Whenever A - —iq through C,
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