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Abstract—We investigate the behavior of a first variation 
under an analytic Feynman integral and a convolution for 
cylinder functions	ࢌሺሺࢎ૚, ࢞ሻ~,⋯ , ሺ࢔ࢎ, ࢞ሻ~ )   and  we prove that  the 
analytic Wiener integral and the analytic Feynman integral  of 
the convolution of two cylinder functions can be successfully 
expressed as the product of two analytic Wiener integrals and 
two analytic Feynman integrals.  
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I. INTRODUCTION 

In [3] and [4], various formulas for linear transformations 
of Wiener integrals have been given, but Wiener measure was 
known to behave so badly under the change of scale integral 
transformations in [1]. 

In [7], R.H. Cameron and D.A. Storvick established a 
relationship between the Wiener integral and the analytic 
Feynman integral, where they expressed the analytic Wiener 
and Feynman integrals as limits of Wiener integrals for certain 
Banach algebra  of functionals which was given in [5]. Using 
these results, theyfound a change of scale integral 
transformation formula for Wiener integrals on a classical 
Wiener space  C଴ሾ0, ܶሿ in [6]. In [11], G.W.Johnson and D. 
Skoug established the scale invariant measurability in Wiener 
space and in [2] D.M.Chung prove thescale-invariant 
measurability in abstract Wiener spaces. 

In [13], Kim proved the change of scale formula about  the 
cylinder function 	݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,   ሻ~ ),  whereݔ

݂  ∈ ௣ሺܴܮ	
௡			 ሻ	, 1	 ൑ 	݌	 ൑ 	∞		 and  in  [14]~[15], Kim 

proved  relationships among  Wiener integrals and  Feynman 
integrals and  Fourier Feynman  transforms  and convolutions  
and first variations for   	݃ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,    is	ሻ~ ), where ݃ݔ
a Fourier transform of a measure μ ∈ 			ܴ௡	ሺܯ ሻ. 

In this paper, we prove some relationships among the 
Wiener integral and the Feynman integral  and the  convolution  
about the first variation of  	݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ݂  ሻ~ ), whereݔ
∈ ܴ		௣ሺܮ	

௡			 ሻ		, 1	 ൑ 	݌	 ൑ 	∞				and  we prove that the analytic 
Wiener integral and the analytic Feynman integral  of the 
convolution of two cylinder functions can be successfully 
expressed as the product of two analytic Wiener integras and 
two analytic Feynman integrals. 

II. DEFINITIONS AND PRELIMINARIES 

Let H be a real separable infinite dimensional Hilbert 

space with inner product ൏∙,∙൐ and norm |	∙| ൌ √൏∙,∙൐. 

Let || ∙ ||଴  be a measurable norm on H with respect to the 
Gauss measure μ ∈  ሻሻ. Let B denote the completion of Hܪሺܯ
with respect to || ∙ ||଴.    Let 	i   denote the natural injection 
from H  into B. The adjoint operator  	݅∗		  of 	i is one-to-one 
and maps 		ܤ∗	 continuously onto a dense subset of 		ܪ∗, where 

 .are topological duals of  H and B, respectively ∗ܤ and 	∗ܪ
By identifying  H with  ܪ∗	and	 		ܤ∗	 with  	݅∗	ܤ∗	,  we have a 
triplet 		ሺܤ∗, H, Bሻ	such that 		∗ܤ		∁	ܪ∗ ≡ ൏	  and  ܤ	∁	ܪ h, x ൐
	ൌ ሺh, xሻ for all 	ݔ  in  ܤ∗ and  ݄ in H, where ሺ∙,∙ሻ denotes the 
natural dual pairing between ܤ∗ and B. By a well known result 
of Gross [1], 		ߤ	 ∙ ݅ିଵ		  has a unique countably additive 
extension    m to the Borel ߪ-algebra   ܤሺB) on B.  Then  
(B,H,m) is 

called an abstract Wiener space and  m  is called a Wiener 

measure. We denote the Wiener integral of a functional F 
by 	

׬	 .ሻݔሻ݀݉ሺݔሺܨ
ܤ

	                   (1) 

Let  	൛ ௝݁ൟ௝ୀଵ
ஶ

				denote a complete orthonormal system in H 

such that 	 ௝݁
ᇱ	s  are in 		ܤ∗. For each 	݄	 ∈ x		  and		ܪ ∈ B		, we 

define a stochastic inner product ሺ∙,∙ሻ~			between  H and B as 
follows : 

ሺ݄, ~ሻݔ ൌ ቊ
lim
௡→ஶ

∑ 〈݄, ௝݁〉	൫ ௝݁ , ,൯ݔ ݏݐݏ݅ݔ݁	ݐ݈݅݉݅	݄݁ݐ	݂݅
௡
௝ୀଵ

.	݁ݏ݅ݓݎ݄݁ݐ݋											,																																0
		 (2) 

It is well known that for every h∈ ,ሺ݄ , ܪ   ሻ~exists forݔ

μ െ a. e. x	 in B and it has a Gaussian  distribution with 
mean zero and variance		|݄|ଶ. Furthermore, it is easy to show 
that ሺ݄, ~ሻݔ ൌ ሺ݄, ሻ for  μݔ െ a. e. x			in  B  if  h	 ∈ ,∗ܤ ሺ݄,  ~ሻݔ
is essentially independent of the complete orthonormal set 
used in its definition, and finally that if ሼሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ሻ~ሽݔ
is an orthonormal set of elements in  H, then 
ሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡, 	~ሻݔ are independent Gaussian functionals 
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with mean zero and variance one. Note that if  both  h  and  x 
are in  H, then   	ሺ݄, ~ሻݔ ൌ 		 〈݄,  . 〈ݔ

Throughout this paper, let ܴ௡			 denote the  n -dimensional 
Euclidean space and let	C, ,ାܥ  ,denote the complex numbers	ା~ܥ
the complex numbers with positive real part, and the non-zero 
complex numbers with nonnegative real part, respectively. 

Definition 2.1. Let (B,H,m) be an abstract Wiener space. 

Let 	ܥା ൌ 		 ሼݖ|ܴ݁ሺݖሻ ൐ 0ሽ and 	ܥା						~ ൌ 		 ሼݖ|ܴ݁ሺݖሻ ൒ 	0ሽ . 
Let F be a complex-valued scale invariant measurable function 
on B such that the integral  

ሻߣிሺܬ ൌ ׬	 ܨ ቀ	ିߣ
భ
మݔቁ ݀݉ሺݔሻ஻ 	                    (3) 

exists for all real	r ൐ 0. If there exists an analytic function 
ሻߣி∗ሺܬ  ା such thatܥ ሻ analytic onݖி∗ሺܬ ൌ 	 ߣ  ሻ for all realߣிሺܬ ൐
0, then we define  ܬி∗ሺݖሻ to be the analytic Wiener integral of  F 
over B with parameter  ݖ ∈ ݖ ା   and for eachܥ ∈   ା , we writeܥ

׬	 ሻݔሻ݀݉ሺݔ	ሺܨ
௔௡௪೥
஻ ൌ  ሻ                      (4)ݖሺ	ி∗ܬ

Let q be a non-zero real number and let F be a function 
whose analytic Wiener integral exists for each	ݖ ∈  ା. If theܥ
limit exists, then we call it the analytic Feynman integral of  
F over  B with parameter  q, and we write 

׬	 ሻݔሻ݀݉ሺݔ	ሺܨ
௔௡௙೜
஻ ൌ lim

௭→ି௜௤
׬ ሻݔሻ݀݉ሺݔ	ሺܨ
௔௡௙೜
஻ 	   (5) 

where  z  approaches  െiq  through   ܥା and  ݅ଶ ൌ െ1. ߣܥା  

The following is a  Wiener integration formula for the 
Wiener integral on the abstract Wiener space. 

Theorem 2.3. Let Let (B,H,m) be an abstract Wiener 
space. and let F  be a function on  B  of the 
form 		݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡, ~ሻݔ  ), where ݂ ∶ 	ܴ݊ 	→ 	࡯  is a 
Lebesgue measurable function. Then 

න 		݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡, ሻ	ሻ~ݔ
஻

݀݉ሺݔሻ 

	ൌ ቀ ଵ

ଶగ
ቁ
೙
మ ׬		 	ோ೙ 	݂ሺ	ݑሬԦሻ	݁݌ݔ	 ቄെ ଵ

ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ	d ݑሬԦ  (6)  

where	" ൌ "	 means that if either side exists, then both sides 
exists and they are equal.	 

Now, we define the first variation of F in the direction w∈ 
B on the abstract Wiener space. 

Theorem 2.4. Let  F be functions on the abstract Wiener 
space. Then for  ݓ	 ∈  : the function of the form ,ܤ	

δܨሺ	ݓ|ݔሻ ൌ 		 Ə
Ə௛
ݔሺܨ ൅  ሻ|Һୀ଴          (7)ݓ݄

is called the first variation of  F  in the direction  ݓ ∈  ܤ
(if it exists). 

Remark. In the next section, we will several times the 
following formula :  

׬ ଶݑܽ	ሼെ݌ݔ݁ ൅ ݑ݀	ሽݑܾ	݅ ൌ ට
గ

௔
	ோ ݌ݔ݁	 ቄെ	

ଵ

ଶ|௛|మ
     (8)	ଶቅݑ	

where a is a complex number with Re(a) > 0, and b is a real 
number and   	݅ଶ ൌ 	െ1.  

III. THE MAIN RESULT 

In this section, we establish some relationships among 
analytic Feynman integral, analytic Wiener integrals  and 
Wiener integrals  about the first variation  for functions of the 
form: 

	݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ሻ~ )                             (9)ݔ

where  ݂ ∶ 		 ܴ௡ 	→ 	࡯  is in 	ܮ௣ሺ		ܴ
௡							 ) , 1 ൑ 			݌ ൑ 	∞						 

and   ሼሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ሻ~ሽ is an orthonormal set of elementsݔ
in  H.  

Let F(n:p) be the class of functions of the form (9), where   
f(ݑሬԦ)∈ ௣ሺܴܮ	

௡			 ሻ		, 1	 ൑ 	݌	 ൏ 	and			ݎ݋݂			∞ F(n,∞) be the class 
of cylinder functions, where f(ݑሬԦ)   is continuous and bounded. 

Let  C(n:p) be the class of  functions of the form (9), where   

௝݂ሺݑሬԦሻ ൌ
Ə௙ሺ௨భ	,⋯		,௨೙	,				ሻ

Ə௨ೕ				
		,			1	 ൑ 	݆	 ൑ 	݊ 

and  ௝݂ሺ		ݑԦ		ሻ ∈ ܴ		௣ሺܮ	
௡			 ሻ		, 1	 ൑ 	݌	 ൏ 	1		ݎ݋݂			∞ ൑ 	݆	 ൑

	݊		 .  Let C(n,∞) be the class of cylinder functions, where  
௝݂ሺ		ݑԦ		ሻ		,		 1	 ൑ 	݆			 ൑ 		݊	  is continuous and bounded. 

First, we introduce the first variation and the analytic 
Wiener integral and the analytic Feynman integral about the 
first variation of  F(x) in (9) on the abstract Wiener space. 

Lemma 3.1.  Let F  be a function  of the form  (9), where  F 
∈	C(n:p), 1 ൑ 			݌ ൑ 	∞		and w∈ H. Then for  ݓ	 ∈ ܤ	  , the  
first variation of  F  is   

൉	ሺܨߜ ሻݓ| ൌ ∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
 ·		 ௝݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ሻ (10)	ሻ~ݔ

Proof.  See the proof of Theorem 3.1 in [14]. 

Theorem 3.2.  Let F  be a function  of the form  (9), where  
F ∈	C(n:p), 1	 ൑ 			݌	 ൑ 	∞		and w∈ H.  

I. When 1	 ൑ 			݌	 ൑ 	∞:  For every z ∈ ܥା  and  for  ݓ	 ∈
 the analytic Wiener integral of the first variation is ,  ܤ	

න ݓ|ݔ	ሺܨߜ
௔௡௪೥

஻
ሻ݀݉ሺݔሻ 

ൌ ቀ
௭

ଶగ
ቁ
೙
మ ׬ 	ோ೙ 	ൣ∑ 		௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ	൧		݁݌ݔ	 ቄെ
௭

ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ	d ݑሬԦ (11)  

where   ௝݂ሺ		ݑሬԦ		ሻ  ∈ ܴ	௣ሺܮ	
௡			 ሻ		, 1	 ൑ 	݌	 ൏ 	1		ݎ݋݂			∞ ൑ 	݆	 ൑

	݊		.  
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II. When  p=1.  For w∈ H and for every	ݖ ∈  , the analytic	ାܥ
Feynman integral of the first variation is 

න ݓ|ݔ	ሺܨߜ
௔௡௙೜

஻
ሻ݀݉ሺݔሻ 

ൌ ቀି௜௤
ଶగ
ቁ
೙
మ ׬ 	ோ೙ 	ൣ∑ 		௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ൧	݁݌ݔ	 ቄ൅
௜௤

ଶ
∑ ௝ݑ	

ଶ௡
௝ୀଵ ቅ	dݑሬԦ  

(12) 

Proof.	For	all	real	ߣ ൐ 0	and	for	w∈ H,  

න ݓ|ݔ	ሺܨߜ
஻

ሻ݀݉ሺݔሻ 

ൌ න 	
஻

෍		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~
		 ௝݂ሺ		ቆ݄ଵ, ߣ

ି
ଵ
ଶ		ݔቇ

~

,⋯ , ቆ݄௡, ߣ
ି
ଵ
ଶ	ݔቇ

~

		ሻ݀݉ሺݔሻ 

ൌ ቀ
ߣ
ଶగ
ቁ
೙
మ
׬ 	ൣ∑ 	௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ	൧ோ೙ 	݌ݔ݁		 ቄെ
ߣ
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ 	d	ݑሬԦ . 

(13) 

Let δܨሺݓ|ݔሻ ൌ ,	ሺሺ݄ଵ݂	ߜ			 ⋯,~ሻݔ , ሺ݄௡, ߣ ሻ~ሻ. For all realݔ ∈ R 
and for w∈ B, let 

 ( ሻ	ߣ		:ሻݓ|ݔሺܨߜ	ሺܬ

׬= 	஻ ,ቆ݄ଵ		ሺ	݂ߜ	 ߣ
ି
భ
మ		ݔቇ

~

,⋯ , ቆ݄௡, ߣ
ି
భ
మ	ݔቇ

~

		ሻ	|	ݓሻ dm(x) 

׬=  	஻ ߣቆܨߜ	
ି
భ
మݔቤݓቇ dm(x)  .                 (14)	

For w∈ H and for every	ݖ ∈  	ݐ݈݁	,	ାܥ

∗ܬ 	ሺܨߜሺݓ|ݔሻ:		ݖ	ሻ 

ൌ ቀ
ݖ
ଶగ
ቁ
೙
మ ׬ 	ோ೙ 	ൣ∑ 		௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ൧	݁݌ݔ ቄെ
ݖ
ଶ
∑ ௝ݑ	

ଶ௡
௝ୀଵ ቅ 	dz.  (15) 

Then for w∈ H and for all real 	ߣ	 ൐ 0,	 

∗ܬ								 	ሺܨߜሺݓ|ݔሻ:		ߣ	ሻ ൌ         (16)	.	ሻ	ߣ		:ሻݓ|ݔሺܨߜ	ሺܬ

We will use Morera's Theorem to show that (16) is an 
analytic function of  ݖ ∈  w∈ H. First of all, by the		ݎ݋݂			ାܥ
Dominated Convergence Theorem, we can show that		݂ݎ݋		w∈ 
H, (16) is a continuous function of  ݖ		݊݋	ܥା	. 

Let C be any rectifiable simple closed curve lying in ܥା	. 

We need only to show that  for w∈ H, 	ࢣ׬		ܬ
＊	
		 (δF(·|w ) : z )dz 

= 0   

.  We shall use the Cauchy Integral Theorem to deduce this 
result. Let    ߙ ൌ supሼ		ݖ: 	ݖ ∈ Cሽ ߚ	݀݊ܽ		 ൌ infሼ		ܴ݁ሺݖሻ: 	ݖ ∈
Cሽ	.	 

Case I. If  F∈ C(n:1), then  for w∈ H, the function 

ቀ
ఈ

ଶగ
ቁ
೙
మ 		∑ 		௡

௝ୀଵ |  ௝݄  |  · | w |   ·  |	 ௝݂		ሺݑሬԦሻ|  dominates  the 

function 

ቀ
|௭|

ଶగ
ቁ
೙
మ 	| 	∑ 		௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ|	݁݌ݔ	 ቄെ
ோ௘ሺ௭ሻ

ଶ
	∑ ௝ݑ		

ଶ௡
௝ୀଵ ቅ and 

is an integrable function of 		ݑሬԦ		  ∈ 	ܴ௡			 ,		because ௝݂ሺ		ݑሬԦ		ሻ  ∈
ܴ	ଵሺܮ	

௡			 ሻ	.		 

Case II.  If  F∈ C(n:p), for 1	 ൏ 	݌	 ൏ ∞, then for w∈ H, 
the function   

ቀ
ߙ
ଶగ
ቁ
೙
మ 		∑ 		௡

௝ୀଵ |  ௝݄  |  · | w |   ·  |	 ௝݂ሺݑሬԦሻ|	݁݌ݔ	 ቄെ	
ߚ	
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ 

dominates thr function 

ቆ
|ݖ|
ߨ2
ቇ

௡
ଶ
	| 	෍ 		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ	|	݁݌ݔ	 ቐെ
ܴ݁ሺݖሻ
2

	෍ ௝ݑ		
ଶ		

௡

௝ୀଵ

ቑ 

and is  an integrable  function of 		ݑሬԦ		 ∈ 		ܴ௡			 			by Holder 
inequality,	because	 ௝݂ሺ		ݑԦ		ሻ ∈ ܴ	௣ሺܮ	

௡			 ሻ			 and  for  	1
௣
൅
	1
௤
` ൌ 1 , 

	݌ݔ݁ ቄെ
ߚ	
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ ∈ ܴ	௤ሺܮ	

௡			 ሻ. 

Case III. If  F∈  C(n: ∞), then ௝݂ሺ		ݑሬԦ		ሻ  is bounded  for 
		1	 ൑ 	݆	 ൑ 	݊		.and  the function 

												ቀ
ߙ
ଶగ
ቁ
೙
మ 		∑ 		௡

௝ୀଵ |  ௝݄  |  · | w |   ·  | ௝݂ሺݑሬԦሻ|	݁݌ݔ	 ቄെ
ߚ	
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ 

dominates  

ቆ
|ݖ|
ߨ2
ቇ

௡
ଶ
	| 	෍ 		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~

௝݂ሺݑሬԦሻ	|	݁݌ݔ	 ቐെ
ܴ݁ሺݖሻ
2

	෍ ௝ݑ		
ଶ		

௡

௝ୀଵ

ቑ 

and is an  integrable function of 			ݑԦ		 ∈ 		ܴ௡			 ,  	݁ݏݑܾܽܿ݁

	݌ݔ݁															| ቄെ
ߚ	
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ ∈ ܴ	1ሺܮ	

݊			 ሻ		

Hence, we can apply the Fubini Theorem to the integral		 

ܬ		ࢣ׬	
＊	
		 (δF(·|w ) : z )dz  and we have that 

ܬ		ࢣ׬	
＊	
		 (δF(·|w ) : z )dz = 0  for w∈ H , because the function 

			ቀ
௭

ଶగ
ቁ
೙
మ 	݌ݔ݁	 ቄെ	2ݖ	∑ ݊		2݆ݑ		

݆ൌ1 ቅ 

is an analytic functionof z in ܥା	.for w∈ H. Then we have 
the desired result. 

Now,  we establish some relationships among the  analytic 
Feynman integral  and  the convolution  for functions :  

ሻݔሺܨ 	ൌ 	݂ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ( ~ሻݔ

G(x) =	݃ሺሺ݄ଵ, ⋯,~ሻݔ , ሺ݄௡,  ሻ~ )                  (17)ݔ
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where ݂ ∶ 		 ܴ௡ 	→ ݃    and 	࡯ ∶ 		ܴ௡ 	→ ܴ		ଵሺܮ	 are in 	࡯
௡							) 

and 		ሼሺ݄1, ,~ሻݔ ⋯ , ሺ݄݊,   ሻ~ሽ  is an orthonormal set of elements inݔ

H, ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 		ሻሻఒݓ| ≡
,ఒሺሺ݄1ܪ	 ⋯,~ሻݕ , ሺ݄݊,  .,ሻ	ሻ~ݕ

First we calculate the convolution of two first variation of  
two cylinder functions F(x) and G(x) : 

Theorem 3.3. For  ݓ	 ∈  the convolution of two first  ,ܤ	
variation of   F(x)  and  G(x)  is given 

ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 		ሻሻఒݓ| ≡ ,ఒሺሺ݄ଵܪ		 ⋯,~ሻݕ , ሺ݄௡, ሻ	ሻ~ݕ 	(18)	

,where		for	ߣ ∈ ,ଵݓൌሺ	ሬሬԦݓ	for		and		൅ܥ 		⋯,ଶݓ , 	ሻ		௡ݓ

ሬሬԦሻݓሺߣܪ ൌ 	ቆ
ߣ
ߨ2
ቇ

௡
ଶ
න ൉ 		ቌ		෍ 		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~

௝݂ ቆ
ሬሬԦݓ	 ൅ ሬԦݑ

√2
	ቇ	ቍ

ோ೙
			

	ቀ		∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
݃௝ ቀ

	௪ሬሬԦି	௨ሬሬԦ

√ଶ
	ቁ	ቁ 			 ൉	  ·	݁݌ݔ	 ቄെ

ఒ

ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ dݑሬԦ .  (19)	

Moreover,	 for	ߣ ∈ 	and		൅ܥ for	ݓ ∈ H,	ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ|
		ሻሻఒݓ| ∈ :ሺ݊ܨ 1ሻ	and		

	ห|ߣܪሺݓሬሬԦሻ	|หଵ ൑ ቆ
|ߣ|
ߨ2
ቇ

௡
ଶ
	 ൉ ଶ|ݓ| 		෍ 	|	

௡

௝ୀଵ

݄݆	|		

||݂݆	|	|ଵ	·		|∑ 	|	௡
௝ୀଵ ݄݆	| ൉	 ||݆݃	|	|ଵ                      (20)	

Proof.	By	the			definition	of	the	convolution		of		F	and	G,	
we	have	that	for	real				ߣ	൐	0		and	for			s‐a.e.	ݕ ∈B, 

ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ|  ሻݕሺ		ሻሻఒݓ|

ൌ ׬ 	஻ ሺܨߜ	
ߣ	൅	ݕ	

ష
భ
మݔ

√ଶ
		ሻ	ܩߜሺ

ߣ	െ	ݕ	
ష
భ
మ	ݔ

√ଶ
		ሻ dm(x) 

=

׬ ሾ	∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
௝݂ 	൭	൭݄1,

ߣ	൅	ݕ	
షభమݔ

√ଶ
		൱

~

,⋯	, 	൭݄݊,
ߣ	൅	ݕ	

షభమݔ

√ଶ
		൱

~

		൱ሿ	஻  

൦෍ 		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~
݃௝ 	൮	൮݄ଵ,

ݕ	 െ	ߣ
ିଵଶݔ

√2
		൲

~

,⋯	, 	൮݄௡,
ݕ	 െ	ߣ

ିଵଶݔ

√2
		൲

~

		൲൪ ݀݉ሺݔሻ 

=ቀ
ߣ
ଶగ
ቁ
	

೙
మ

ሾ׬ ∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~

ோ೙ ൉ ௝݂ 	ቀ
	1
√ଶ	
ሺ݄ଵ	, ~ሻݕ ൅ ,	1ݑ ⋯ , 	1

√ଶ	
ሺ݄௡	,  [ቁ	ሻ~ݕ

· ∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
௝݂ 	ቀ

	1
√ଶ	
ሺ݄ଵ	, ~ሻݕ െ ,	1ݑ ⋯ ,

	1
√ଶ	
ሺ݄௡	, ~ሻݕ 	െ  ቁ	݊ݑ

	݌ݔ݁ ቄെ ߣ		
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ d	ݑሬԦ .                        (21) 

By	analytic	 continuation	 in	 	 ߣ	 ∈ 	have	we	,	ାܥ that	 for	ߣ ∈
ݕ	.s‐a.e		and			ାܥ ∈B,  

ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ|  ሻݕሺ		ሻሻఒݓ|

ൌ ׬ 	஻ ሺܨߜ	
ߣ	൅	ݕ	

ష
భ
మݔ

√ଶ
ሺܩߜ	ሻ		ݓ|

ߣ	െ	ݕ	
ష
భ
మ	ݔ

√ଶ
 ሻ dm(x)	ݓ|	

=ቀ
ߣ
ଶగ
ቁ
	

೙
మ

ሾ׬ ∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~

ோ೙ ൉ ௝݂ 	ቀ
	1
√ଶ	
ሺ݄ଵ	, ~ሻݕ ൅ ,	1ݑ ⋯ ,

	1
√ଶ	
ሺ݄௡	,  [ቁ	ሻ~ݕ

· ∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
௝݂ 	ቀ

	1
√ଶ	
ሺ݄ଵ	, ~ሻݕ െ ,	1ݑ ⋯ , 	1

√ଶ	
ሺ݄௡	, ~ሻݕ 	െ  ቁ	݊ݑ

	݌ݔ݁ ቄെ
ߣ		
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ d	ݑሬԦ . 

,ఒሺሺ݄ଵܪ		= ⋯,~ሻݕ , ሺ݄௡,  ሻ,                                                     (22)	ሻ~ݕ

where for			ߣ ∈ 		⋯,ଶݓ,ଵݓൌሺ	ሬሬԦݓ		for	and				ାܥ , 		,ሻ		௡ݓ

ሬሬԦሻݓሺߣܪ ൌ 	ቆ
ߣ
ߨ2
ቇ

௡
ଶ
න ൉ 		ቌ		෍ 		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~

௝݂ ቆ
ሬሬԦݓ	 ൅ ሬԦݑ

√2
	ቇ	ቍ

ோ೙
	

ቀ		∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
݃௝ ቀ

ሬԦݑ	ሬሬԦെݓ	
√ଶ

	ቁ	ቁ 			 ൉	  	݁݌ݔ	 ቄെ
ߣ
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ dݑሬԦ .   (23)	

Using	 the	 following	 transformation	 :		௪
ሬሬԦା௨ሬሬԦ

√ଶ
ൌ ,ሬሬሬԦ	ݒ	 	௪ሬሬԦି	௨ሬሬԦ

√ଶ
		

ൌݎ	ሬሬԦ	

,	we	have	that	for	ߣ ∈ ݕ	.s‐a.e		and	for	and			ାܥ ∈B,  

න ሬሬԦሻݓఒሺܪ
ோ೙

	d	ݓሬሬԦ		

൑ 	 ൬ฬ
ߣ
ߨ2
ฬ൰

௡
ଶ
න 〖෍	൫ ௝݄	, ൯ݓ

~
௝݂ ቆ
ሬሬԦݓ	 ൅ ሬԦݑ

√2
	ቇ

௡

௝ୀଵ

|	|෍ 		

௡

௝ୀଵ

൫ ௝݄	, ൯ݓ
~
݃௝ ቆ

ሬሬԦݓ	 െ ሬԦݑ	

√2
	ቇ |		ቮ

ோమ೙
	

dݓሬሬԦ	dݑሬԦ 

൑			 ቀቚ
ఒ

ଶగ
ቚቁ

೙
మ ׬ 〖ห	∑௡

௝ୀଵ 	൫ ௝݄	, ൯ݓ
~

௝݂ሺݒ	ሬሬሬԦ	ሻ	ห	| 		∑
௡
௝ୀଵ 		൫ ௝݄	, ൯ݓ

~
݃௝ሺݎ	ሬሬԦሻ			หோమ೙

			

dݒԦ	dݎԦ 

൑ ቆቤ
ߣ
ߨ2
ቤቇ

௡
ଶ
			ሺ	෍ 		

௡

௝ୀଵ

ห ௝݄	ห ∙ |ݓ| ∙ ቤන
ܴ݊

݂݆ሺݒ	ሬሬԦ	ሻdݒሬԦ		ቤ 

ሺ	෍ 		
݊

݆ൌ1

ห݄݆	ห ∙ |ݓ| ∙ ቤන
ோ೙

݃௝ሺݎ	ሬሬԦ	ሻdݎԦቤ	ሻ 

൑ ቀቚ
ߣ
ଶగ
ቚቁ

೙
మ 			ሺ	∑ 		௡

௝ୀଵ ห ௝݄	ห ∙ |ݓ| ∙ ቛ݂݆ቛ1
   

ሺ	∑ 		݊
݆ൌ1 ห݄݆	ห ∙ |ݓ| ∙ ฮ݃௝ฮଵ   .                       (24)	
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Therefore	 for		ߣ	 ∈ ݓ	ݎ݋݂	݀݊ܽ		ାܥ ∈ 	the	,	ܪ conolution	

product	 	ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 	to	belongs	ሺyሻ	ሻሻఒାݓ| 	 	Fሺn:1ሻ,	
if	 ௝݂ሺ		ݑԦ		ሻ ∈ ܴ	ଵሺܮ	

௡			 ሻ		ܽ݊݀		݃௝ሺ		ݑԦ		ሻ ∈ ܴ	ଵሺܮ	
௡			 ሻ		ܽ݊݀		 

	|ଵ	|	ሬሬԦሻݓሺߣܪ||	

൑ ቀ|ఒ|
ߨ2
ቁ
݊

2 	 ൉ 2|ݓ| 		∑ 	|	݊
݆ൌ1 ௝݄	| 	 ൉	 ||݂݆	|	|ଵ	·		|∑ 	|	௡

௝ୀଵ ݄݆	| ൉	 ||݆݃	|	|ଵ   (25)	

Now, we show that the  analytic  Wiener integral of the 
convolution of two first variations can be successfully 
expressed as the product of two analytic Wiener integrals of 
each first variation on the abstract Wiener space. 

Theorem 3.4. For ߣ ∈ ݓ		for	 and	ାܥ ∈ 	,	ܪ

׬ 	
௔௡௪೥

஻ 		ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 	 dm(x)	ሻݔሺ		ሻሻఒݓ|

ൌሾ	׬ 	
௔௡௪೥

஻ ሻሿݔሻ݀݉ሺݓ|ݔሺܨߜ	 	 ∙ ׬ൣ 	
௔௡௪೥

஻ 	ሺ26ሻ			ሻ൧ݔሻ݀݉ሺݓ|ݔሺܩߜ

Proof.		First	we	have	that	for	all	real	ߣ ൐ 0,	

׬ 	
௔௡௪ߣ
஻ 	ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ|  ሻ dm(x)ݔሺ		ሻሻఒݓ|

׬= 	஻ 	ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 		ሻሻఒݓ| ቆߣ
ି
భ
మ	ݔቇ dm(x) 

ൌ׬ ,ఒሺቆ݄ଵܪ		 ߣ
ି
భ
మ	ݔቇ

~

,⋯ , ቆ݄௡, ߣ
ି
భ
మ	ݔቇ

~

	ሻ	݀݉ሺݔሻ	஻ 	

ൌቀ
ߣ
ଶగ
ቁ
	

೙
మ

׬ ሬԦሻோ೙ݒሺߣܪ 	݌ݔ݁	 ቄെ ߣ
ଶ
	∑ ௝ݒ		

ଶ		௡
௝ୀଵ ቅ	dݒԦ	

ൌቀ
ߣ
ଶగ
ቁ
	

೙
మ

׬ ቀ ߣ
ଶగ
ቁ
೙
మ
׬ ൉ 		ቀ		∑ 		௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ ቀ
ሬԦݑ൅	ሬሬԦ	ݒ	
√ଶ
	ቁ	ቁோ೙ோ೙ 	

ሺ	∑ 		௡
௝ୀଵ ൫ ௝݄	, ൯ݓ

~
∙ ݃௝ 	ቀ

ሬԦݑ	ሬሬԦെݓ	
√ଶ

ቁ	ሻ 			 ൉	  	݁݌ݔ	 ቄെ
ߣ
ଶ
	∑ ௝ݑ		

ଶ		௡
௝ୀଵ ቅ dݑሬԦ	

	݌ݔ݁ ቐെ
ߣ
2
	෍ ௝ݒ		

ଶ		

௡

௝ୀଵ

ቑ 	dݒሬԦ	

ൌቀ
ߣ
ଶగ
ቁ
	

௡	

׬ ∑ 	൫݄݆	, ൯ݓ
~
݂
݆
ሺݓଵ,⋯		 , ሻ݊	௡ݓ

݆ൌ1ܴ2݊
	

෍ 	൫ ௝݄	, ൯ݓ
~
݃௝൫1ݎ,⋯		, ൯	݊ݎ

௡

௝ୀଵ

	݌ݔ݁ ቐെ
ߣ
2
	෍ሺ݆ݓ

2	൅݆ݎ
2ሻ	

݊

݆ൌ1

ቑ 	dݓ	ሬሬሬሬԦdݎԦ	

ൌቀ ߣ
ଶగ
ቁ
೙
మ
׬ 	ൣ∑ 	௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~

௝݂ሺݓሬሬԦሻ	൧ோ೙ 	݌ݔ݁		 ቄെ ߣ
ଶ
	∑ ௝ݓ		

ଶ		௡
௝ୀଵ ቅ 	d	ݓሬሬԦ . 

∙ ቀ
ߣ
ଶగ
ቁ
೙
మ
׬ 	ൣ∑ 	௡

௝ୀଵ ൫ ௝݄	, ൯ݓ
~
݃௝ሺݎԦሻ	൧ோ೙ 	݌ݔ݁		 ቄെ

ߣ
ଶ
	∑ ௝ݎ		

ଶ		௡
௝ୀଵ ቅ 	d	ݎԦ  

	ൌ ሾ׬ 	
ഊݓ݊ܽ
ܤ

ሻሿݔሻ݀݉ሺݓ|ݔሺܨߜ 	 ∙ ׬ൣ 	
ഊݓ݊ܽ
ܤ

 ሺ27ሻ					ሻ൧ݔሻ݀݉ሺݓ|ݔሺܩߜ	

,	 where	 	 we	 use	 the	 transformation	 :	
	௪ሬሬԦା௨ሬሬԦ

√ଶ
ൌ ,ሬሬሬԦ	ݒ	

	௪ሬሬԦି	௨ሬሬԦ

√ଶ
		

ൌݎ	ሬሬԦ	

and	ݓሬሬԦ	ൌሺݓଵ	, ,ଶݓ . . . , 	ሻ		௡ݓ and	ݎԦ	ൌሺݎଵ	, ,	ଶݎ . . .		 , 	.ሻ		௡ݎ By	 	 the	
analytic	continuation	in	ߣ ∈ 	for	holds	ሺ27ሻ	that	have	we	,	ାܥ
every	ߣ ∈ 		ାܥ

Finally,  we show that the analytic Feynman integral of the 
convolution of two first variation can be successfully expressed 
as the product of two analytic Feynman integrals   in the 
abstract Wiener space. 

Theorem 3.5. Let F  and G be  functions of the form (9). 
Then  we have that for ߣ ∈ ݓ		for	 and	ାܥ ∈ 	,	ܪ

׬ 	
௔௡௙೜
஻ 		ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 	 dm(x)	ሻݔሺ		ሻሻఒݓ|

ൌሾ	׬ 	
௔௡௙೜
஻ ሻሿݔሻ݀݉ሺݓ|ݔሺܨߜ 	 ∙ ቂ׬ 	

௔௡௙೜
஻ 	ሺ28ሻ		ሻቃݔሻ݀݉ሺݓ|ݔሺܩߜ

Proof.	 By	 	 Theorem	 3.4	 and	 by	 the	 definition	 of	 the	
analytic	Feynman	integral,	we	have	that	

׬ 	
௔௡௙೜
஻ 		ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| 	 dm(x)	ሻݔሺ		ሻሻఒݓ|

ൌ lim
ఒ→ି௜௤

׬ 	
ഊݓ݊ܽ
ܤ

		ሺሺܨߜሺ	൉ ൉	ሺܩߜሻ＊ሺݓ| ሻሻݓ|
		ߣ
ሺݔሻ	 dm(x) 

=	ሺ lim
ఒ→ି௜௤

׬	 	
௔௡௪ߣ
஻ ሻሻݔሻ݀݉ሺݓ|ݔሺܨߜ	 	 ∙ ሺ lim

ݍെ݅→ߣ
	

׬ 	
௔௡௪ߣ
஻ 			ሻሻݔሻ݀݉ሺݓ|ݔሺܩߜ	

ൌሾ׬ 	
௔௡௙೜
஻ ሻሿݔሻ݀݉ሺݓ|ݔሺܨߜ	 	 ∙ ቂ׬ 	

௔௡௙೜
஻ 	ሺ29ሻ					ሻቃݔሻ݀݉ሺݓ|ݔሺܩߜ

,	whenever	 ߣ → െ݅ݍ  through ܥା	 
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