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1. INTRODUCTION

In decision-making process, the preference relations, which consist
of pairwise comparison information provided by decision makers
(DMs), are popular and powerful tools to model DMs preferences
regarding decision-making problems. In recent years, various pref-
erence relations have been investigated, including multiplicative
preference relation [1], fuzzy preference relation [2], interval multi-
plicative preference relation [3,4], interval fuzzy preference relation
[5,6], triangular fuzzy reciprocal preference relation [7], triangular
fuzzy additive reciprocal preference relations [8,9], multiplicative
trapezoidal fuzzy preference relation [10-12], additive trapezoidal
fuzzy preference relation [13], intuitionistic fuzzy preference rela-
tion [14] and hesitant fuzzy preference relation [15,16]. These pref-
erence relations have been mainly studied from two perspectives,
which are as follows:

 Consistency measure: It is a critical step for any kinds of
preference relations since consistency directly affects the
rationality of final decision-making results.

* Priority weights: The other pivotal phase is to obtain priority
weights from preference relations because they are utilized to
select the optimal alternative(s).

The aforementioned preference relations utilized numerical
values to assess pairs of alternatives. However, in the uncertainty
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Consistency and priority weights of preference relations are two important phases of decision-making process since the decision-
making solutions are determined by them. Therefore, it is meaningful to investigate consistency and priority weights for prefer-
ence relations. In this paper, consistency and uncertain 2-tuple linguistic priority weights of uncertain 2-tuple linguistic prefer-
ence relations (U2TLPRs) are investigated. First, based on the additive consistency, an additive consistency index is developed
to measure the additive consistency level of U2TLPRs. Second, a goal programming model is proposed to adjust the unaccept-
able additive consistent U2TLPR until it satisfies acceptable additive consistency. Furthermore, an optimization model is devel-
oped to derive the uncertain 2-tuple linguistic priority weights from an U2TLPR. Meanwhile, in group decision-making (GDM)
problems, similarities and confidence degrees of decision makers (DMs) are defined to determine DMs’ weights. Subsequently
the properties of collective U2TLPR are discussed. Finally, the proposed methods are implemented in two examples including a
GDM problem to verify the validity of the proposed methods.
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of decision-making environment, DMs prefer to give their assess-
ments using linguistic terms. Nevertheless, the traditional fuzzy
linguistic approach does not capture all available information and
may lead to the loss of information [17]. Therefore, to overcome
the limitations of traditional fuzzy linguistic approach, an useful
2-tuple linguistic representation model was introduced by Herrera
and Martinez [17] and the merit of 2-tuple linguistic represen-
tation model is that allows one to compute with words (CWWs)
without loss of information. Since the 2-tuple linguistic repre-
sentation model was put forward, research on the measurement
theories [18,19], information fusion theories [20,21], preference
relation theories [22] and applications [23,24] have made great
achievements. Some comprehensive overviews on 2-tuple linguis-
tic representation model have been provided [25,26].

Uncertain 2-tuple linguistic representation model [27] (Interval
2-tuple linguistic representation model or Interval-valued 2-tuple
linguistic representation model in the sense of some literatures)
as an extension of 2-tuple linguistic representation model has
attracted many scholars’ attention since it can well express DMs’
uncertain qualitative preferences when the uncertainty of decision
problems and/or the lack of relevant experience with the evaluated
alternatives. For example, a DM may give his/her assessment on an
alternative as “between good and very good,” which is a typical form
of uncertain 2-tuple linguistic variable. Much work of uncertain
2-tuple linguistic variable is summarized from theories and appli-
cations for uncertain 2-tuple linguistic variable.
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(1) Theories of uncertain 2-tuple linguistic variables

(1.1) Uncertain 2-tuple linguistic fusion theory: It plays a vital role
in decision-making problems since the group opinion is obtained by
it. Some information aggregation operators are developed, includ-
ing uncertain 2-tuple weighted averaging operator [27], uncertain
2-tuple order weighted averaging operator [27], uncertain 2-tuple
ordered weighted harmonic operator and uncertain 2-tuple ordered
weighted quadratic operator [28], uncertain 2-tuple correlated aver-
aging operator and uncertain 2-tuple correlated geometric operator
[29], uncertain 2-tuple linguistic Bonferroni mean operator [30],
interval 2-tuple linguistic induced continuous ordered weighted
averaging [31], uncertain 2-tuple linguistic Choquet integral
operator [32].

(1.2) Uncertain 2-tuple linguistic measurement theory: Since
measurement theory is foundation of decision-making methods, it
plays an important role in decision-making theory. Some distance
measurements are introduced such as uncertain 2-tuple linguis-
tic induced continuous ordered weighted distance measure [31],
generalized uncertain 2-tuple linguistic interval distance measures
[33], generalized uncertain 2-tuple linguistic Shapley weighted
uncertain distance measures [33].

(1.3) Uncertain 2-tuple linguistic decision-making theory: For
decision-making problems with uncertain 2-tuple linguistic envi-
ronment, some different decision-making methods are proposed.
For example, uncertain 2-tuple linguistic VIKOR method [34,35],
uncertain 2-tuple linguistic MULTIMOORA method [36], uncer-
tain 2-tuple ELECTRE II [37].

(1.4) Uncertain 2-tuple linguistic preference relations theory:
In order to introduce uncertain 2-tuple linguistic variable into
decision-making process, Zhang and Guo [38] defined uncertain
2-tuple linguistic preference relation (U2TLPR). For incomplete
U2TLPRs, two algorithms, which contain an iterative algorithm
and an optimization-based algorithm, were developed to estimate
the incomplete elements. Next, Zhang and Guo [39] investigated
the consistency and consensus of U2TLPR by designing consistency
improving algorithm and consensus reaching algorithm. Yao and
Hu [40] studied the consistency and weighting vector of U2TLPR.
In addition, a consistency improving algorithm was developed to
derive U2TLPR with acceptable consistency from U2TLPR with
unacceptable consistency.

(2) Applications of uncertain 2-tuple linguistic variables

The applications of uncertain 2-tuple linguistic variable have made
great achievements in different fields, which include material selec-
tion [34], supplier selection [35,37], healthcare waste treatment
technology evaluation and selection [36], emergency response
capacity evaluation [41], failure mode and effect analysis [42],
tacit knowledge [43], robot evaluation and selection [44], human-
machine function allocation method for aircraft cockpit [45],
energy planning [46], evaluating the risk of healthcare failure
modes [47].

Theoretical research of uncertain 2-tuple linguistic variables not
only has a strong theoretical research value, but also has wide appli-
cation prospects in practice. Therefore, it is significant for us to
investigate the decision-making problems with uncertain 2-tuple
linguistic variables environment. Based on the above reviews, we

find that the theory of uncertain 2-tuple linguistic variables is grad-
ually completely and the applications of uncertain 2-tuple linguis-
tic variables have wide scope. However, despite significant progress
over the past years on decision-making methods under uncer-
tain 2-tuple linguistic variables environment, only a few attempts
have been made to deal with the consistency measure and priority
weights of U2TLPRs. Moreover, the existing consistency measures
are unstable since they were defined based on different consistent
U2TLPRs derived from an original U2TLPR. Meanwhile, the real
priority weights of U2TLPR may cause loss of uncertain 2-tuple lin-
guistic information. Motivated by these, in this paper, we mainly
discuss the consistency measure and priority weights of U2TLPRs.
To accomplish these goals, the following points are considered:

* An additive consistency index is developed to measure the
additive consistency level of U2TLPRs. The additive
consistency index is different from the other indices [39,40]. It
is reliable and stable since it only depends on the uncertain
2-tuple linguistic information of original U2TLPRs.

* For an U2TLPR with unacceptable additive consistency, an
optimization-based model, which is a goal programming
model, is presented to derive acceptable additive consistent
U2TLPR from the U2TLPR with unacceptable additive
consistency.

* To obtain the uncertain 2-tuple linguistic priority weights of
U2TLPR, an optimization model is developed. The uncertain
2-tuple linguistic priority weighting vector is composed of
uncertain 2-tuple linguistic variables. Being different with the
crisp weights [40], the uncertain 2-tuple linguistic priority
weights can keep the integrity of final decision-making
information derived from the original decision-making
information.

* In group decision-making (GDM) problems, the DMs’ weights
are determined based on the confidence degree, which is
defined by the similarities among the DMs. Finally, a new
method is proposed to solve GDM with U2TLPRs.

The remainder of the paper is processed as follows. In detail,
Section 2 mainly reviews some preliminaries which are utilized in
the following discussion. Section 3 first defines an additive consis-
tency index of U2TLPR. Then, for unacceptable additive consis-
tent U2TLPRs, a goal programming model is proposed to obtain
U2TLPRs with acceptable additive consistency. In Section 4, an
optimization model is developed to derive the uncertain 2-tuple
linguistic priority weights. Section 5 provides a method to deter-
mine the DM’s weights. Meanwhile, a method for addressing GDM
problems is proposed. In Section 6, the application of our proposed
methods is illustrated by using some examples and some compar-
isons are discussed simultaneously. Finally, Section 7 outlines the
main work of this paper and the future research is given.

2. PRELIMINARIES

In this section, to introduced our work, some preliminaries are
reviewed.



P. Wu et al. / International Journal of Computational Intelligence Systems 12(2) 1339-1352 1341

2.1. The 2-Tuple Linguistic Variable and
2-Tuple Linguistic Preference Relation
(2TLPR)

LetS = {sg,s1, -**, 5¢} be alinguistic term set with granularity 7 +1.
To CWWs, Herrera and Martinez [17] utilized a pair of values (s;, )
called linguistic 2-tuple to propose the concept of 2-tuple linguistic
representation model, where s; € S represents the central value of
the ith linguistic term and a € [-0.5, 0.5) indicates the deviation to
the central value of the ith linguistic term.

In traditional 2-tuple linguistic representation model, there is
B € [0, 7] represents the results of an aggregation of the indices
of a set of labels in S. However, the range of 8 has a restriction in
multi-granularity linguistic term sets. To overcome the restriction,
Tai and Chen [48] proposed a generalized 2-tuple linguistic model
and translation functions, which are defined as Definition 1.

Definition 1. [48] Let S be as before and § € [0, 1] be a value rep-
resenting the result of a symbolic aggregation operation. To obtain
the 2-tuple linguistic variable equivalent to 3, the generalized trans-

lation function A: [0,1] — S X [ 3 o7 ) is defined as follows:
Sis i=round(S-1)
B =) itk g § e[ L1y W
Conversely, there is a function A™1:§ x 21 21 ) — [0,1] used

to transform 2-tuple linguistic variable into its equivalent crisp 8 €
[0, 1] as follows:

Al (s, a) = % +a=8. (2)

In particular, a linguistic term s; can be converted into a 2-tuple
linguistic variable (s;, 0).

Definition 2. [22,49] Let S be as before and L = (l,-j) N be a lin-
guistic matrix. For i,j = 1,2,---,n, if A (A‘l (l,-j) + Al (l)) =
(s,0),1; = (ST/Z, 0), then L is called 2TLPR, where [;; = (s,J, oc,]),
s; € Sand o e[ L i)

Y El 27’ 2t )"

2.2. The Uncertain 2-Tuple Linguistic
Variable and U2TLPR

Definition 3. [27] Let S be as before. An uncertain 2-tuple linguis-
tic variable [(sl,al) ( , 0 ] with (s;,001) < (sj, 0(2) [39] is com-
posed of two 2-tuple linguistic variables (s;, a1) and (sj, 052). An
uncertain 2-tuple linguistic variable expressing the equivalent infor-
mation to an interval value [, 8] (B1 < B2 €[0,1],8; < B,) is
obtained by the following function:

A[Br o] = [(snan), (5 22) | (3)
in which i = round (B; - 1), j = round (B, - 7), a1 = P1 - %,cxl €

1 1 ]
" 2)a“d“2_62_ “26[2r 21')

Meanwhile, there exists a function A1 used to transform uncertain
2-tuple linguistic variable [(s,, a1), ( ocz)] into an interval value
[B1, 2] as follows:

Al [(Si’ ay) (Sj,fxz)] = [;l, + o, i—, + 0‘2] =[B1.B]. (1)

Specially, an interval [s ] can be transformed into an uncertain

i» S
2-tuple linguistic variable [(s,-, 0), (sj, O)]
Definition 4. [37] Let a [(si,al),(sj ocz)] and b =

[(sk> B1) s (51, B2)] are two uncertain 2-tuple variables. The Manhat-
tan distance between 4 and b is defined as

> 1
e (@,5) = 5 (187 (5 0) - A7 s, B0)| (5)

+ A (s a5) - A (5. B2) ) -

In order to rank the uncertain 2-tuple linguistic variables, Wan
et al. [37] proposed the possibility degree of uncertain 2-tuple lin-
guistic variables. Let #i; = [u;,u]]|(i=1,2,---,n) be uncertain
2-tuple linguistic variable, the possibility degree between #; and #;
is defined as

p (> @) = 1 <1 + 5—5) (6)

where DE = (A’1u+—A’1uj+> + (A’lui’ - A uJi), NU =
|A_1 + A—l +‘+‘A—l -
of intersection of interval values A™! (&) and A™! (ﬁj). The pos-
sibility degree has the features: (1) 0 < p (ﬁi > ﬁj) < 1; (2)
p(u >u)+p(u >u) =1

‘luj’| + lij, lﬁiﬂj represents the length

Letp; = p (ﬁi > ﬂj), matrix P = (pif)m is called possible degree
matrix. It is obvious that P is a fuzzy preference relation. By sum-
ming each row of P, we can obtain q; = 221 pij- Then, by ‘l_)i. =

9~ g;

2(n - 1)
(5.

Then, by normalizing of the sum of each row for P, the domi-
nant index of uncertain 2-tuple linguistic variable #; is defined as
follows:

1
5> We can obtain a consistent fuzzy preference relation

DIi=n(n 5 Zp (; > +——1) ?)

It represents that the average possible degree of #; preferred to
il; (j=1,2,-++,n). The bigger the value of dominant index DI;, the
larger the uncertain 2-tuple linguistic variable ;. Therefore, based
on the dominant indices DI;, uncertain 2-tuple linguistic variables
can be ranked.

Definition 5. [39] An U2TLPR is defined as U =
() [aa]) - For Vij = 1,2.n U satis

fies ﬂ: i = (51/2’ ) A<A_ ( >+A_ ( 11>> -
A (A—l (ﬁ;> + Al (ﬁij >> (s7,0) and # ity < u . Where ii;; is an
uncertain 2-tuple linguistic variable, wh1ch 1nd1cates the interval

linguistic preference degree of the alternative x; over x;.

I
™/
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Particularly, if & ;= u ,then an U2TLPR degenerates into a 2TLPR.

3. ADDITIVE CONSISTENCY OF U2TLPR

In this section, the additive consistency index of an U2TLPR is pre-
sented based on the additive consistency measure. Furthermore, a
goal programming model is constructed to improve the additive
consistency of an U2TLPR with unacceptable additive consistency
until it satisfies acceptable additive consistency.

3.1. Additive Consistency Index of U2TLPR

Motivated by the definition of interval fuzzy preference rela-
tions [50], the additive consistency of an U2TLPR is defined as
Definition 6.

Definition 6. Let U = (i;)  with; = [,
nxn
Fori,jk=1,--

Al (al]) +Al (u*k) +al (aL) = (8)
o)+ () 7 (1)

then U is an additive consistent U2TLPR for T = +, .

iif] be an U2TLPR.
,n, if U satisfies the following condition:

According to Definition 6, we have the following theorem.

Theorem 1. An U2TLPR U = (ii;) ., is defined as before. U has
nxn

additive consistency if and only if

Al (ﬁf) +Al (a;) + Al (a]’,:) + Al (a;k) 9)

+ A7 (wf) + a7 (@) =307 (5£,0).

Proof. Sufficiency (=). Since U is an additive consistent U2TLPR,
as Definition 6, we have

ot (ap) + ot (my) + a7 (5) = (10)
o (3500 570" ).

At () + a7t (i) + a7 (7) = (11)
< >+A‘ ( ‘)+A‘1 (i)

Based on Definition 5, we obtain Al (ﬂ;) + Al ( ﬂ) =
A1 (s7,0). Then, according to Egs. (10) and (11), we have

-1 ~+ -1~ -1 ~+

at (i) + ot () + o (a1) +

At (i) + a7t (@) + &1 (i) = 387 (57,0,
Necessity (<), As A (a5 ) +a7t (i ) +at (@) +a (5, ) +

A (i) + A7 (i) = 387 s, 0) and A7 () + A7 (i) =

]1
A1 (s;,0), we have

Al (u ) + A1 (ujk> +A7 (iF) =

A‘1< >+A' <] )+A'1(a;),

It means that A (ﬁ;’) +A-1( > + Al ( ) + Al < ;) n
At (ﬁ;) +A7! (’:‘;;) =3A71 (s£,0), i.e., Uhas additive consistency.

Theorem 2. Let U = (111]) y be an additive consistent U2TLPR.
nxXn
Then, the following conditions are equivalent:

O (i) 07 (5) 07 (31) 2 () + 07 () +

A (i1,) = 3071 (s;,0), 4, k= 1,2, -

) N
(AII)A () + ot (m) + ot () + o (5, ) + a7 (a) +

) 3A71 (s7,0), i<j<k

Proof. It is obvious that (I) = (II).

(II) = (I). Based on Definition 6, we know that (I) holds true when
any two or three of indices i, j, k are equal. Therefore, we only con-
sider that i # j # k, which contains six possible index orders.

1. i<j< k Obviously, (I) holds true.

2. i < k < j. Wehave A (&}) + A7 () + A ( kj) +
Al (a;j) + ! (u;f) + Al (a.—.) = 3A71(s,,0). Since
Al ( >+A‘ < ) A1 (s,,0), we obtain

Similarity, (I) holds true in the rest of four cases: j < k < i,
j<i<kk<i<jandk <j < i.Then, we have Thus, we have
(II) = (I). Based on the above analyses, we obtain (I) < (II).

Theorem 2 provides two ways to check the additive consistency level
of an U2TLPR. That is to say, any one of (I) and (II) can be used to
judge whether U2TLPR has additive consistency. Considering the
computational complexity of (I) and (II), we select (II) to define the
additive consistency index of U2TLPR.

In fact, the U2TLPRs provided by DMs do not satisfy additive con-
sistency since the lack of cognition of DMs. Namely, based on (II),

there is the deviation between A1 <ﬁ+) +A1 ( ) +A1 ( ]k> +
At () + A7 (@) + &1 () and 381 (57, 0).

The total deviation can be defined by means of Manhattan
distance as
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D(U):ékml( )+ at (i)

-1 (~+ -1~ -1 (~+
+ A (ujk)+A (ujk)+A (uki)

+ A7 (@) - 307 (55, 0) | .

In the following, the additive consistency index of an U2TLPR U is
defined as Definition 7.

Definition 7. Based on the total deviation MD ( ) the additive
consistency index of an U2TLPR U is defined as follows:
2
nn-1)(n-2) Z A

i<j<k ( ) (12)

+At (%)"‘A_ < )+A' <~]'k>

+A7 (ah) + A (@) - 3471 (s£,0) |

ACI(U) =

The additive consistency index indicates the reliability of the uncer-
tain 2-tuple linguistic preference information. The smaller the value
of ACI ( U), the more consistent and reliable the uncertain prefer-
ence information in U2TLPR U.

Remark 1. Zhang and Guo [39] introduced the consistency index of
an U2TLPR by calculating the deviation between an U2TLPR and
its corresponding consistent U2TLPR. Yao and Hu [40] defined a
consistency index of an U2TLPR based on the distance between an
U2TLPR and its corresponding consistent U2TLPR. In general, dif-
ferent methods would derive various different consistent U2TLPRs,
which would lead to diverse consistency indices of an U2TLPR. In
this paper, the additive consistency index of an U2TLPR defined
in Definition 7 is reliable and stable since it only depends on the
uncertain preference information of original U2TLPR.

Example 1. [39]. Let X = {x;, x5, x3, %4, X5, X¢} be a set of alter-
natives, a DM provides his preference information using U2TLPR,
which is shown as follows:

A =

[(5450), (s4,0)] [(54,0), (s5,0)] [(52,0), (54,0)]

[(s3,0), (s4,0)] [(s4,0), (s4,0)] [(s2,0), (s3,0)]

[(s4,0), (s6,0)] [(s5,0), (s6,0)] [(54,0), (s4,0)]

[(s2,0), (s3,0)] [(50,0), (52,0)] [(s3,0), (54,0)]

[(s2,0), (s4,0)] [(54,0), (s6,0)] [(s3,0), (s5,0)]

[(s5,0), (s6,0)] [(s3,0), (s4,0)] [(51,0), (s2,0)]

[(s5,0), (s5,0)] [(s4,0), (s6,0)] [(52,0), (s53,0)]

[(s6,0), (s3,0)] [(s2,0), (s4,0)] [(54,0), (s5,0)]

[(s4,0), (s5,0)] [(s3,0), (s5,0)] [(s6,0), (s7,0)]

[(s4,0), (s4,0)] [(s5,0), (s6,0)] [(s5,0), (s6,0)]

[(52,0), (s3,0)] [(54,0), (s4,0)] [(54,0), (s5,0)]

[(52,0), (s3,0)] [(s3,0), (54,0)] [(54,0), (54,0)]

By Eq. (12), the additive consistency of A is calculated as ACI (A) =
0.1792.

In Zhang and Guo [39], the method of constructing the consistent
U2TLPR was developed. Using the method, the consistent U2TLPR
is obtained
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* —
Zhang —

[(s4,0), (s4,0)
[(s3,0), (s4,0)
[(5450)) (5650)
[(53’0)) (56’0)
[(51’0): (SS’O)
[(SO’O)) (5570)
[(s2,0), (s5,0)] [(s3,0), (s7,0)] [(s3,0), (s5,0)]
[(s2,0), (s4,0)] [(s3,0), (s6,0)] [(53,0), (57,0)]
[(s4,0), (s5,0)] [(s5,0), (s7,0)] [(s5,0), (s5,0)]
[(s4,0), (s4,0)] [(s5,0), (s6,0)] [(s5,0), (s7,0)] |'

] [

] [

[(s4,0), (s5,0)] [(52,0), (s4,0)]
[(s4,0), (s4,0)] [(52,0), (s3,0)]
[(s5,0), (s6,0)] [(54,0), (s4,0)]
[(5450)> (5670)] [(5370)> (54’0)]
[(52’0)> (55’0)] [(51’0)> (53’0)]
[(51’0)> (SS’O)] [(50a0)> (5370)]

[ e i i

[(s2,0), (s3,0)] [(54,0), (s4,0)] [(s4,0), (s5,0)]
[(51’0)> (53’0) [(5390)s (54’0)] (5450)> (54’0)]

Then, based on the concept of consistency index [39], we obtain

- (5 s _
cr(d),,, =d4(A.4,,) = 0137s.

In Yao and Hu [40], another method for deriving the consistent
U2TLPR was presented. According to their method, the corre-
sponding consistent U2TLPR A}, is obtained as follows:

*

(54,0) (52, 0)] [(s4,0), (s5,0)
(53,0), (s4,0)] [(54,0), (54,0)

[ ] ] (SZ’O)a (54’0)
[ ] ]
[(s4,0), (s6,0)] [(s5,0), (s6,0)]
[ ] ]
[ ] ]

]

]
(52,0), (s3,0)]
(54’0)> (5450)]
(52’0) (5450) [(SO5O)> (5450) (53’0)> (5450)]
(52’0) (54’0) [(54’0) (5650) (5350) (5590)]
[(53,0), (s6,0)] [(53,0), (52,0)] [(51,0), (s2,0)]
[(s4,0), (s6,0)] [(54,0), (s6,0)] [(52,0), (s5,0)]
[(s4,0), (s,0)] [(52,0), (s4,0)] [(54,0), (s5,0)]
[(s4,0), (s5,0)] [(s3,0), (s5,0)] [(s6,0), (s7,0)]
[(s4,0), (s4,0)] [(s4,0), (s6,0)] [(s5,0), (s6,0)] |’
] [
] [

[
[
[
[
[
[

[(s2,0), (s4,0)] [(s4,0), (54,0)] [(s4,0), (s5,0)]
[(5250)> (5350) [(5390) (54’0)] (54’0)> (5450)]

Then, we have CI (A)Y o= =d (A A*

%) = 0.0250.

It is worthwhile mentioning that CI (A)
U2TLPRs A;hang and A}

A are consistent. It means that different methods for obtaining con-
sistent U2TLPRs would derive diverse additive consistency based
estimated U2TLPR. However, the consistency level of U2TLPR
should be not change with its corresponding consistent U2TLPR.
Because the additive consistency index defined in Definition 7 only
depends on the uncertain 2-tuple linguistic information of original
U2TLPR, it is reliable and stable.

Zhang # c (A) Yao and
derived from the same original U2TLPR

Based on Definition 7, the following theorem is apparent.

Theorem 3. Let U2TLPR U be as before. Then,

1. ACI(D) €[0,1};

2. ACI (U) = 0 if and only if is an additive consistent U2TLPR.

Providing a predefined threshold CI € [0,1], the concept of accept-
able additive consistent U2TLPR is defined as follows:
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Definition 8. Let Ube an U2TLPR and CI € [0, 1] be a predefined
consistency threshold. If

ACI(U) < I, (13)

then U has acceptable additive consistency. Otherwise, U has unac-
ceptable additive consistency.

In general, the consistency threshold CI is determined on the basis
of the practical decision-making problems. As Wan et al. [51] said, if
the decision-making problem is significant, the consistency thresh-
old should be allocated a small value; if the decision-making prob-
lem is urgent, a lager value should be assigned.

3.2. Obtaining U2TLPR with Acceptable
Additive Consistency

Due to the complexity of decision-making environment and the
diversity of DMs’ cognition, it is hard for DMs to provide U2TLPRs
that satisfy additive consistency. Hence, for an unacceptable addi-
tive consistent U2TLPR, a goal programming model will be devel-
oped to derive an U2TLPR with acceptable additive consistency
from the unacceptable additive consistent U2TLPR. Based on the
minimum deviation between an acceptable additive consistent

U2TLPR U = (u) = <[uu+]) and an U2TLPR
l] nxn l] l] nxn

U= (uij)nxn = ([uif’
tency, a mathematical optimization model (M-1) is constructed as
follows:

ﬁ;]) with unacceptable additive consis-

n
(M - 1) min Zdev,»j
i<j
2 “ —
_ Dev* | < CI
n(n-1)(n- 2)i<12<k’ evuk| s ¢

stdo<al <u]) <Al (u';) <1,
ij=1,--,m,
i<,

where dev,; = <|A’1 () -a (ul) |+ At (ﬁ’f*) At (u;)|)
andDev* =Al <~+*)+A‘1< )+A‘ ( >+A‘ ( J‘k*)+
Al ( Z*) + Al ( '*) - 3A71(s;,0). The first constraint con-
dition ensures the obtained U2TLPR U* is acceptable additive
consistency. Meanwhile, the second condition guarantees the ele-
ments located in the upper triangular of U* are uncertain 2-tuple
linguistic variables.

To better solve model (M-1), it can be transformed into a goal pro-
gramming model by introducing some parameters. Suppose that

o= (57) -0 (1) =0 (1) -2 ().

ET_{s,],s,]zo o {O €20
ij = j =

O,Ei]-<0 —Ejj» € <0’
st = 51],61120 5; = 0,6; >0
: 0,6; <0’ =6;j,6; <O’
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o= 0 i) i) i 57 402 ()

+A () + A () - 3071 (51, 0),

= {Aijk,/lijk zo’ pu :zo,/l,jk >0 ,
i 0, 4% <0 y ~Aijes Aijre < 0

Then, |e;| = & +¢5, 6] = 8 + 85, [l =
8, = 65 - 6; andl,jk—k -

Uk+ll]k,s —s -

Afterward, a goal programming model (M-2) can be constructed as
follows:

n
(M -2)min ) (e} +s;j + 8 +85;)

i<j

n(n 12)(n 2) (’Jk )

1 e _
st. 1A (”jk)+A (ukz

307 (57, 0) = Afy - 4

0< Al <u> <Al (fﬁ*) <1,
) 1

ij=1,,mi<j.

Solving the model (M-2) yields the optimal solutions # u] *and i “z;

forall i,j = 1,2,---,nand i < j. According to Definition 5, the
acceptable additive consistent U2TLPR U* derived from the origi-
nal U2TLPR U can be generated by

[ai*, a.‘f*]
) )

i, =4[ (5220, (52/2,0)] i=j,

[A (1-A-1 (a;*)),A(LA-l (u]))] i>].

4. DERIVING THE UNCERTAIN 2-TUPLE
LINGUISTIC PRIORITY VECTOR
FROM U2TLPR

i<,

(14)

This section develops an optimization model to derive the uncer-
tain 2-tuple linguistic priority weights from U2TLPR.

Let V = (91,75, --,7,)" be a weighting vector in which ¥, =
[v7,v{] is an uncertain 2-tuple linguistic variable, then V is called
uncertain 2-tuple linguistic priority vector if the following condi-
tions hold:

>, At (vjf) <1 (15)
i#j, j=1
n Al(vF) > (16)
i;é;:l < ! >
0<Al(vy)<Aat(vf) <L (17)

Note that the above inequations are inspired by Sugihara et al. [52].

For an uncertain 2-tuple linguistic priority vector ¥ defined as
before, let
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iy = [t = KS%’O)’(S%’O)] IR

ij?

[vI, vu] i#j,
where
_ 1 -1 1 (- a4+
vl = A<A (S%’,O)-I-A <s%,0> (a1 (r)-a <v]>>>
and

vi=A <A-1 <s%,0> +A <s%,0> (a7 () - (v])>)

Based on Eq. (18), the following theorem is obtained and it is shown
as follows:

Theorem 4. Let U = ( il
Eq. (18), then

ij) y be a matrix, where ii;; is defined by
nxn

L. U= (#) isan U2TLPR;

2. U= (ﬁij)nxn has additive consistency.

Proof. (1). Based on Eq. (18), we have A1 (7%, ) = A1 (s¢/2,0) +
A7 (s12,0) (4 () - a7 () and A7 () -
A7 (5112, 0) 447 (s¢2,0) (a7 (v) =& (v7) ). Then,
we have Al <u1> + Al (u},) = Al(s;,0). Namely,

a(at (5 )+A- (5)) = o0 Since &} = @; = (52,0

and i < u . Therefore, we obtain U = (ftij) y is an U2TLPR.
nxXn

(2). According to Eq. (18), we have Al (ﬁ;) + Al ( U) +

A‘( )+A‘( )+A'( 5) + a7t (i)

means that U = ( ,])

= 3A71(s;,0). It
is of additive consistency.

In fact, the Theorem 4 indicates that U2TLPR U = (ftij) y with
nxn

additive consistency can be constructed based on uncertain 2-tuple
linguistic priority vector V and Eq. (18).

Fori,j = 1,2,---,n,i # j, Eq. (18) is equivalent to the following
formulas:
Al ( J) = AL (57/2,0) + (19)
Al (sT/Z,O) (A‘l (vl') -A1 (vj’)) R
At (a) = A7 (502,0) + (20)

A (s172,0) (a7 (1) - a1 (7).

In practical decision-making problems, the U2TLPRs provided by
DMs are not additive consistency. Namely, there are deviation
between the left and right of Eqs. (19) and (20), respectively. Then,
the deviation d; and di’j are introduced as follows:

d; = Al <s%,o) + Al (s%,O) (21)
x (ot () -at () - a7 ().

d;r =Al <s%,0> + Al <s%,0> (22)
X (A‘1 (vF)-at (vj?)) Al ( U)

The smaller the deviation d;’ and d; the better additive consistency

of U2TLPR U. Motivated by the idea, the uncertain 2-tuple linguis-
tic priority weights of U2TLPR can be obtained by solving the fol-
lowing the optimization model (M-3):

-3ymin Y (Ja71+ s )
i<j
di’j =A"1 (57/2,0) +at (51/2’0)

(2 ()= (7)) - (i)

d;’ = A (57/2,0) + A (s7/2,0)

o] (A’l (vF)-at <vj‘>> -Al (u;) ,

n

-1 v+)+ Z Al (vj.’)ﬁl

=15
A1l (vl‘) + Z Al <v1+> >1,
=L
0<At(v;)<Aal(vf) <1
For model (M-3), suppose that
dar,dr >0 0,df >0
-.*,_ = Y Y ; ¢T. = gl 5
v 0,dF <0 v dr,dt <o
ij ij> "
d;,d. >0 0,d.>0
pr =170 . o7 ij
v 0,d; <0 Y ~d;,d; <0

Then
|d5| = ¢ + ¢5.d5 = ¢ - 45
|4 = oif +95.d; = 9 - @5

Based on the above transformations, the model (M-3) is equivalent
to a linear programming model (M-4)

(M - 4)min ), (
i<j

oF - @ = A7 (55/2,0) + A7 (57/2,0)

(A’l () -at ()-8 (),

£+ 05+95 + )

>_
¢z]_A (52/2,0) + A7 (s/2,0)
‘(A*< a1 () -a(u).
o ( le#] 1(";) "
Al (vi 1<VJ+ > 1,
j= ,1#1
0<At(v;)<Aal(vi) <1

By solving model (M-4), the optimal solutions V= (Tf{, - T/:)T =

([Vi*’ VI [t v:*])T can be obtained.
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5. METHOD FOR GDM WITH U2TLPRs

In this section, the DM’s weights are determined by the similarity
measure of DMs. Then, a new method is proposed to solve GDM
problems with U2TLPRs.

5.1. Deriving the Weights of DMs in GDM
with U2TLPRs

Consider a GDM where the X = {x,x,:-,x,} and D =
{d1,d,, -+, d,} are set of the alternatives and set of DMs, respec-
tively. Let W = (wq,wp, -+, Wm)T be DM’s weighting vector in

which w; > 0 and Zm w; = 1. Assume that U = (ﬁ;”) with
nxn

20 = (z)-’ ~<z>+] [( - <z> , u<g>+, ocﬂ”)]isthe individual
Ui ij ij if

U2TLPR given by DM d,.

In GDM, the key of solving GDM problems with preference rela-
tions is how to allocate the weights to DMs. Once the weights are
assigned, all individual preference relations can be aggregated into
a collective one.

For each pair of DM (dj, dp), similarity degree between two DMs d,
and dp can be measured by o = <ﬁfjl)) and U0 = (1151))) ,
nxn nxn

which is defined as follows:

Sp=1- n(n ) ZdM( ({), ~(p)) (23)
where d,, ( Y ~5P)) = %( ( - ’(jl)-) _Al (ul(P) (P) )
|at ( 0+ (l)+> Al ( (p)+> | is defined by using Eq. (5).

The larger the value of Sy, the higher the degree of similarity
between d; and d,.

Based on Eq. (23), the following theorem is apparent.
Theorem 5. Let UV = (ﬂfj”) and U0 = (ﬂgp)) be as

nxn nxn
before. Then,

L 0<S, <1
2. Slp = pl;
3. Sll =1.

In line with the similarity, the confidence degree CD; of DM d; can
be defined as follows:

CD= ), S (24)
q=1,q#1

The confidence degree reflects the support degree of a DM from
the others. The higher the confidence degree of a DM, the larger
the support degree of a DM from the other DMs. Therefore, DM
with higher confidence degree should be assigned a larger weight;
otherwise, DM should be assigned a smaller weight. Thus, the DMs’

| +

weights can be determined by

CD
W= 1=1,2,- (25)

D.CD,

=1

Based on the uncertain 2-tuple linguistic weighted averaging
(ULWAZ,mp,e) [53], the collective matrix U of UV (I = 1,2, ---, m)
is defined as Definition 9.

Definition 9. Let 0¥ = <[ﬁg)_, ﬁg”]) be as before. Then, the
nxn

the collective matrix U° is defined by

e — ~c— ~ct+
U= ([”z‘j’”ii ])W’ (26)

(Bt () ) - o (B ()

and Zk:l w; = 1 and w; > 0 defined in Eq. (25).

where u =

From Eq. (26), the following theorem is obtained.

Theorem 6. Let U and U be as before. Then, the U have the fol-
lowing properties:

1. U¢isan U2TLPR.

2. IfO0 (I=1,2,---,m) are additive consistency, then the U° is
additive consistency.

3. IFO0 (1=1,2,---, m)areacceptable additive consistency, then
the TUF is acceptable additive consistency.

Proof. (1) Based on the Definition 9, we have A’lﬁfj‘ =

Z wiA i 5.) and Al# ”‘+ = wlA‘lﬁ](.?"'. For i # j, it follows
I=1 I=1
< » »
A (ZZ w (Aa0 + a7 +>> _

that A (A7 + At )

(s7,0). On the other hand, for i = j, we have &I, = ﬁfj’ = (51/2, 0).
Thus, the collective matrix U¢ is an U2TLPR.

(2) Assume UV (1=1,2,---,
have the following:

m) are additive consistency. Then, we

AT+ A A = A )+ A A
ij jk ki kj ji ik

It follows that

Therefore, A (

al )+ ot (af) + ot (i) = ot (a) +
At (a ) + ot (i

) It means that U° has additive consistency.
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(3) Assume U (1 = 1,2, ---, m) are acceptable additive consistency.
According to Definition 9, we have the following:

ACH(T7) = o 1)(n 2)2 o™t (+>

i<j<k
- c -1 [ ~ct+ - ~C—
Al (]>+A ( )+A (,k>
+AT () + AT (i) - 347! (57, 0)

m

2l @)
et (i) £ () e ()

F AL ( (z>+> + AL ( - )_3A’1 (s7,0))

~(1)
n(n - 1)(n— )ZZW’IA ( +)

i<j<kI=1

7 0- 0+ -
+a7 ( )+A (1 >+A <1k>

BCTCE 1)(n 2)Z

IA

1 (-0 1 (50- :
# a7t (a0 + ot () - 381 (52,0)
= Y, Al <<z>+>
; (n(n 1 (n- 2)1<Jz<kl
+A—1( 7~ )+A_ ( (1)+>+A_ < <11<>>
jk J
Al (aj{’ﬁ) +A <u§j>> _3at (sT,O)|>
m

IA
™M
=
Q

5.2. New Approach for GDM with U2TLPRs

Based on the above analyses, a new method for GDM with
U2TLPRs is graphically depicted in Figure 1.

The GDM approach with U2TLPRs based on our proposed
approaches can be formally described in Algorithm 1.

Remark 2. The aforesaid Algorithm 1 used to deal with the GDM
problems with U2TLPRs. If there is one DM in decision-making
problems, then the process for deriving DMs’ weights and collec-
tive U2TLPR is omitted. Therefore, Algorithm 1 is reduced to the
method for individual decision-making with an U2TLPR. In other
words, Algorithm 1 can not only be implemented to deal with GDM
with U2TLPRs, but also be used to solve the individual decision-
making with an U2TLPR.

6. ILLUSTRATIVE EXAMPLES

In this section, the new approach proposed in Section 5.2 is applied
to an individual decision-making problem and a GDM problem

v

Individual U2TLPR T® provided by DM d, (k =1.2.---.m)
An empty set E

Inputs

Consistency threshold ¢

GDM A set of alternatives X = {x,.x,,---.x,}
problems A set of DMs D = {d,.d,. A
Linguistic term set S = {s,.s,..5,}
—

Obtain the additive consistency indices
ACI(T®) of T®

!

Proposed < Determine DMs’ weights
methods =
| Obtain collective U2TLPR T*
Generate the uncertain 2-tuple linguistic
priority weights
Rank uncertain 2-tuple linguistic priority
weights 7, by the dominant indices DI,
e e i s o o i e S s . i ]

altemative(s) x;

The order of altematives is obtained by the dominant indices DI, and optimal |

Outputs {

Figure1 Decision-making process of group decision-making

(GDM) problems with uncertain 2-tuple linguistic preference
relations (U2TLPRs).

Algorithm 1 The algorithm for the GDM approach with U2TLPRs.

Input: The U2TLPR ai=1,2--,m) provided by DMs in
GDM problem and the predefined consistency

threshold CI and an empty set E.

Output: The best alternative(s).

Begin:

fork=1,2,---,mdo

ACI(U?) « Eq. (12).

if ACI (U") > CI then

E={0"}.

U « model (M-2) and Eq. (14).

else

U*(l) - f‘](l)_

end

end

DMs’ weights w; (I = 1,2, ---,m) < Egs. (23-25).

The collective U2TLPR UF « Eq. (26).

The uncertain 2-tuple linguistic priority vector ¥ < model (M-4).
fori=1,2,---,ndo

DI; « Egs. (6-7).

end

By ranking the dominant indices DI; (i = 1,2, -+~
native(s) is (are) obtained.

End

n), the best alter-

with U2TLPRs, respectively. Meanwhile, some comparative analy-
ses between our proposed methods and other existing methods are
provided.
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6.1. Application to Individual

Decision-Making with U2TLPR

Example 1. This example is taken from Yao and Hu [40] about risk
management in construction projects. Based on the linguistic term
{so = extremely low, s, = very low, s, = low, s; = slightly
low, s, = fair, s5 = slightly high, ss = high, s; = very high, sq = extremely
highg}, a DM provide his/her uncertain preference opinion by uti-

set SExample =

lizing U2TLPR, which is listed as follows:

U: [(51,0)) (52’0)]

Obviously, this example is an individual decision-making problem.
Therefore, Algorithm 1 proposed in Section 5.2 omitted the process
for deriving DMs’ weights and collective U2TLPR is applied to solve

[(s4,0), (s4,0)]
[(s6,0), (s7,0)]

5110): (5230)]
5450)) (5490)]
54’0)> (SS’O)]
[(53’0)> (54’0)] 5510): (5690)]
[(5210)) (53’0)] [(51’0)’ (52’0)]

[(
[(
[(
[(

(56’0)> (5770)] [(54’0)> (5570)] [(5570)) (56’0)]
(53’0)’ (5470)] (52’0)’ (53’0)] (56’0)> (57’0)]
(54’0)> (5570)] .
(SZaO)’ (53’0)]
(s4,0), (s4,0)]

[
(54’0)) (5470)] [(56’0)> (57’0)]
(51,0), (s2,0)] [(54,0), (s4,0)]
[ ]

[
[
[
(s3,0), (s4,0)] [(s5,0), (s6,0)] [

this example.

Set consistency threshold CI = 0.08 [39] and the U2TLPR T has

been provided.

Based on Eq. (12), the additive consistency index ACI (U)
0.2667. We have ACI ( U) > CI, it means that U2TLPR { has unac-

ceptable additive consistency.

Based on (M-2), a goal programming model is constructed as

follows:

min (e}, + €15 + 615 + 61, + €f5 + €73 + 673 + 613
+efy +ely + 6, + 014 + e +E75 + S5 + 615
+e +e5+ 00 + 85 tEd a5 + 60, + 65,
+eds + g5+ 0 + 855 +efy +e34 + 834 + 85,

+ &35 + &35 + 655 + O35 + €45 + €45 + 645 + Ozs)

% (23 + A123 + AT24 + A12g + 25+

Mas + a4 + A13q + Azs + A1zs + Aas

+ Mas + A334 + Agzq + A335 + 35

+ W45 + Aaas + s + A3as) < CL

Sia -~ O1g = &7 (g ) - A7 (a7,) »
o 1015015 = At (w5) - a7 (i)

633~ 853 = A1 (ii37) - A7 (iig)

034 — 03 = A7 (ii3y) - A1 (a3,)

&35 - 835 = A7 (i55) - A7 (a5)

O34 = 034 = A1 () - A7 (a,)

835 - 835 = A7 (37) - A7 (i)

045 — 8as = A7 (i1y7) - &7 (i)

S.t. 1

() + 47 (i) + 47 (i)
et (i) + 8 (a) + & i)
=307 (57,0) = Ap3 - i3,

A (i) + a7 (i5) + A7 (i)
+AT (i) + A7 (a37) + A7 (i3)
=307 (57,0) = Afps — 4124
At (i) + A7t (i) + A7 (i55)
et (i) + 0 (a57) + 8 (i)
-3a7 (ST’O) = 25 ~ A1as,

At (i) + a7t (ay3) + A7 (a35)
+A (i3) + A7 (ag7) + A (i)
=347 (s,0) = Afz4 - Ay34s
At () + A7t (i) + A7 (i055)
+AT (i55) + &7 (i) + A1 (i557)
-3a7 (5770) = M35 — Aisss

At (i) + A7 () + A7 (55)
+A7 (ay5) + A7 (igy) + A7 (a3
307" (s,0) = A4s - Aas,

A () + A7 (ig5) + a7t (a3))
+A7 (33) + A7 (a35) + A7 (i3)
=3A71 (s,0) = A334 - 43345

A (agy) + A7 (i55) + A7 (i)
+ A7 (ig5) + A7 (i) + A7 (i153)
=307 (s7,0) = A335 - Azss,

At (i) + &7 (73y) + A7 (755)
+ A7t (i3) + A7 (i) + A7 (i)
“3A71 (57,0) = A345 — Az,

At (agy) + a7t (i) + A7 (i13)
+A7 (i1,5) + A7 (a33) + A7 (i)
—3A71 (s7,0) = A45 - Azas,

0< &7 (i) <o (i) <1,
0 & (73) <o () <1,
0< A (inf) <A (@) <1,
0 <A (i5) <A (#5) <1,
0 <At (iy) <A (i) <1,
0< &7 (7)< () <1,
0 <A (i) <At (i30) <1,
0 <At (i) < a7 (i) <1,
0<a (a55) <A (a55) <1,
0<Alt (@) <At (afy) <1

Solving the model by LINGO 11.0, the optimal solutions i u
and # ui]. (z < j) are derived. Then, according to Eq. (14), we obtain

*(i<)j)
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the acceptable additive consistent

[(s4,0), (s4,0)] [(51,0), (s2,0)] [(50,0), (s7,0)]
[(s6,0), (s7,0)] [(s4,0), (s4,0)] [(53,0), (54,0)]
[(s1,0), (sg,0)] [(s4,0), (s5,0)] [(54,0), (s4,0)]
[(s5,0.0625), [(s5,0.0625), [(s4,-0.025),
(55,0.0625)]  (s5,0.0625)] (s4,-0.025)]
[(52’0)) (53’0)] [(51’0)) (52’0)] [(53’0)’ (5470)]
[(sg,—0.0625), (s6,-0.0625)] [(ss5,0), (sg,0)]
[(sg,—-0.0625), (sg,-0.0625)] [(sg,0), (s7,0)]
[(s4,-0.0625), (s4,-0.0625)] [(s4,0), (s5,0)] |-
[(s4,0), (s4,0)] [(s2,0), (s3,0)]
[(ss,0), (s6,0)] [(s4,0), (s4,0)]

f]*:

Solving (M-3), the uncertain 2-tuple linguistic priority weights ¥; of
U is obtained as

71 = [(s2,0), (s4,-0.0175)],
7, = [(s4,-0.0625) , (s4,-0.0625),
¥3 = [(s9,0.0175), (s5,0)],

¥4 = [(s1,-0.0625), (s1,-0.0625)],
5 = [(s0,0), (s0,0)] .

Based on Egs. (6) and (7), the dominant indices DI; of x; are gener-
ated as

DI, = 0.2597, DI, = 0.2903,
DI = 0.1903, DI, = 0.1597,
DI5 = 0.1000.

In accordance with the DI}, the ranking order of alternatives is pro-
duced as xp > x1 > x3 > x4 > Xs.

With different values of consistency thresholds CI, the ranking
results is derived and shown in Table 1.

As seen from Table 1, the raking order of alternatives is different
based on different consistency thresholds. When CI = 0.03, the
raking order of alternatives is x, > x; > x3 > X5 > x4 provided
by the proposed method for individual decision-making, which is
different from x, > x3 > x; > x4 ~ x5 that obtained by Yao and
Hu [40].

Compared with the method proposed by Yao and Hu [40], some
differences are analyzed in the following:

* The additive consistency index of U2TLPR is developed based
on the uncertain preference information of original U2TLPR. It
is different from the consistency index [40] of U2TLPR
constructed by computing the deviation between original
U2TLPR and its corresponding consistent U2TLPR.

Table 1 Ranking orders of alternatives with different consistency
thresholds.

CI Ranking Orders of Optimal Alternative
Alternatives
0.03 X9 > X1 > X3 > X5 > X4 E%)
0.04 Xp > X3 > X1 > X5 > Xg X2
0.05 X3 > X3 > X1 > X4 > X5 X3
0.06 X3 > X1 > X3 > X4 > Xg X3
0.07 X1 > X3 > X2 > X4 > X5 X1
0.08 X > X1 > X3 > X4 > Xg X
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* In this paper, in order to keep balance between consistency
improvement and uncertain preference preservation, a goal
programming model is proposed. However, the consistency
improving algorithm proposed in Yao and Hu [40] was based on
the relationship between U2TLPR and its crisp priority weights.

* The optimization model is proposed to derive the uncertain
2-tuple linguistic priority vector from U2TLPR. The
uncertain 2-tuple linguistic priority vector is composed of
uncertain 2-tuple linguistic variables. However, the model was
developed in Yao and Hu [40] to obtain the priority vector,
which is composed of crisp priority weights. The uncertain
2-tuple linguistic priority vector can keep the integrity of final
decision-making information.

6.2. Application to GDM with U2TLPRs

In this subsection, an investment problem, which is taken from
Zhang and Guo [39], is addressed. An investment company wants
to invest a sum of money in the best option(s). To reduce the risks
involved in making decisions in this uncertain and highly com-
petitive environment, the leader of the company invites a group of
experts to participate in the decision and hopes to achieve a con-
sensus solution. A panel with four alternatives is given as follows:
A is a car industry, A, is a food company, A3 is a computer com-
pany and A4 is an arms manufacturer. There are four DMs, d;, ds,
ds, d4 from four consultancy departments: the risk analysis depart-
ment, the growth analysis department, the social political analy-
sis department and the environmental impact analysis department.
These DMs provide their preferences over the alternatives using
U2TLPRs as follows:

[(547 O) > (54’ 0)] [(53’ O) ’ (54’ 0)]
e [(54,0), (55,0)] [(54,0), (54,0)]
[(s5,0), (s6,0)] [(54,0),(s6,0)]
[(32’ O) s (53! 0)] [(52, O) 5 (54’ 0)]
[(s2,0),(s3,0)] [(s5,0), (s6,0)]
[(52’ 0) 5 (54s O)] [(54’ 0) ) (56’ 0)]
[(54’ 0) s (54’ 0)] [(565 0) ) (575 0)] ’
[(Sl’ O) 5 (527 0)] [(54’ O) ) (54’ 0)]

[(54’ O) ) (S4s O)] [(507 O) s (Sla 0)]
7@ — [(s7,0), (s8, 0)] [(s4,0),(s4,0)]
[(s5,0), (s6,0)] [(53,0),(s4,0)]
[(549 O) s (SS’ O)] [(523 O) s (54’ 0)]
[(525 0) 5 (53’ 0)] [(53’ 0) s (54’ O)]
[(54’ 0) ’ (555 0)] [(54’ O) ) (565 0)]
[(54’ O) ) (54’ 0)] [(54’ 0) ) (SS’ 0)] ’
[(53’ 0) s (549 0)] [(54’ O) s ($4a 0)]
[(34’ O) s (54! O)] [(54’ 0) ) (55’ 0)
[(535 0) ) (54’ 0)] [(54’ 0) s (549 0)
[(525 O) ) (54’ 0)] [(535 O) ) (545 O)
[(56’ O) ) (57’ O)] [(54’ 0) ) (56’ O)
[(54’ O) ) (56a 0)] [(51’ O) ) (52’ 0)]
[(54, 0) ’ (SSa 0)] [(527 0) 5 (54’ O)]
[(54’ 0) ’ (54’ 0)] [(527 O) s (53’ 0)] ’
[(557 O) > (56’ 0)] [(547 O) > (54’ 0)]

i3 =

[t e i e}
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[(545 O) ) (545 O)] [(SS’ O) ) (579 O)]

i@ = [(s1,0),(s3,0)] [(54,0),(s4,0)]

[(50’0) s (5210)] [(52’0) 1(53’0)]

[(52’ 0) s (549 O)] [(549 O) s (559 O)]
[(56’ 0) ’ (58’ 0)] [(54’ 0) ’ (56’ 0)]
[(55’ 0) > (567 O)] [(537 0) > (54’ 0)]

[(54’0)’(5470)] [(51’0) ’ (53’0)] '
[(s5,0),(s7,0)] [(s4,0),(s4,0)]

Set consistency threshold CI = 0.09 [39] and the U2TLPR
I® (k = 1,2, 3,4) have been provided.

Based on Eq. (12), the additive consistency indices
ACI (L™ (k = 1,2,3,4) of U2TLPR L* are obtained as follows:

ACI (IV) = 0.0417,
ACI (I?) = 0.0833,
ACI(L®) = 0.0833,
ACI (L) = 0.0208.

Since ACI (L¥) < CI, k = 1,2,3,4, all individual U2TLPR L%
have acceptable additive consistency.

By Egs. (23-25), the weights wy (k = 1,2,3,4) of four DMs are
obtained:

wy = 0.2482,
wy = 0.2530,
w3 = 0.2553,
wy = 0.2435.

According to Eq. (26), the collective U2TLPR [¢ is obtained as
follows:

[(54,0), (s4,0)] [(s3,-0.0021), (s4,0.0284)]
[(s4, -0.0284) , (s5,0.0021)] [(s4,0), (s4,0)]
[(s3,0.0021), (s5, - 0.0606)]  [(s3,0.0006), (s4,0.0316)]
[(s4,-0.0591), (s5, —0.0287)] [(s3,-0.0003), (5, -0.0307)]
[(s3,0.0606), (s5, - 0.0021)] [(s3,0.0287), (s4,0.0591)]

[(s4,-0.0316) , (s5, ~0.0006)] [(s3,0.0307), (ss5,0.0003)]

[(s4,0), (s4,0)] [(s3,0.0319), (s4,0.0624)] |

[(s4,-0.0624), (s5,-0.0319] [(54,0),(s4,0)]

Solving model (M-4), the uncertain 2-tuple linguistic priority
weights 7; (i = 1, 2, 3, 4) are obtained:

71 = [(s1,-0.0023), (55, —0.0049)],
7, = [(s,-0.0617) , (s3,0.0019)],
73 = [(51,0.0031), (s5,0.0015)],
4 = [(51,0.0017), (s2,-0.0597)] .

Based on Egs. (6) and (7), the dominant indices DI; of
x;(i=1,2,3,4) as generated as follows:

DI, =0.1978, DI, = 0.3339,
DIz = 0.2090, DI, = 0.2593.

In accordance with the DI; (i = 1, 2, 3, 4), the ranking order of alter-
natives is

Xo > Xq > X3 > X1.

Based on the method in Zhang and Guo [39], the ranking of the
four alternatives is x, > x4 > x3 > x;, which is the same with the
ranking results provided by our proposed method. Compared with
the method proposed by Zhang and Guo [39], we observe:

* In Zhang and Guo [39], a method for constructing a consistent
U2TLPR from the original U2TLPR was introduced. Then, a
consistency index of U2TLPR was defined by calculating the
deviation between an U2TLPR and its consistent U2TLPR.
However, the additive consistency index presented in this
paper is developed based on the uncertain preference
information of original U2TLPR, which is reliable and stable.

* The consistency improving algorithm [39] was developed,
which takes the consistent U2TLPR as the object of the
improvement. The algorithm is automatic and iterative. But in
this paper, to adjust the U2TLPR with unacceptable additive
consistency into U2TLPR with acceptable additive consistency,
a goal programming model is constructed, which can
guarantee the minimum deviation between the original
U2TLPR and adjusted U2TLPR.

* In this paper, the DMs’ weights are defined by the confidence
degree. Nevertheless, the DMs’ weights are given by subjective
assignment with equal weights [39]. On the other hand, the
final decision-making results depend on the uncertain 2-tuple
linguistic priority vector given by a optimization model.
However, the uncertain 2-tuple linguistic weighed averaging
(ULWA,_ppr) [39] operator was used to obtain the ranking
order of alternatives.

7. CONCLUSIONS

For decision-making problems with U2TLPRs, the additive consis-
tency and uncertain 2-tuple linguistic priority weights are inves-
tigated. The main contributions of this paper are summarized as
follows:

1. Based on the uncertain 2-tuple linguistic preference informa-
tion of the original U2TLPR, an additive consistency index is
defined to check the additive consistency level of U2TLPR.

2. For improving the additive consistency of the U2TLPRs, a goal
programming model is developed to derive the U2TLPRs with
acceptable additive consistency from the unacceptable additive
consistent U2TLPRs.

3. To keep the integrity of final decision-making information,
an optimization model is constructed to obtain the uncertain
2-tuple linguistic priority weights of U2TLPR.

4. To determine the DMs’ weights in GDM, the similarities and
confidence degrees are defined, respectively. Combing the sim-
ilarities and confidence degrees, the method for determining
the DMs’ weights is provided.

For an unacceptably additive consistent U2TLPR with large dimen-
sion, the solving process of deriving the revised U2TLPR with
acceptably additive consistency may be time-consuming. Hence, it
is interesting future study to utilize some intelligence algorithms
with less time complexity to solve the additive consistency improve-
ment process. In fact, these methods proposed in this paper can be
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extended to GDM with other decision-making information envi-
ronment. In addition, future research will be concentrated on the
consensus of U2TLPRs and dealing with the consistency level and
priority vectors of incomplete U2TLPRs.
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