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Abstract—The article is devoted to the creation of a 

software tool for modelling the behaviour of the components of 

the musculoskeletal system using the example of segments of 

the spine using the Orne-Liu formalism. A system of 

differential equations is written that describes the movement of 

the components of the spine in the sagittal plane (up-down, 

forward-backward, rotation).A tool has been obtained that 

allows one to study the evolution of the centres of three 

vertebrae interconnected when applying standard exposure. 

The data obtained during the calculations can then be applied 

to the already developed three-dimensional model of the 

thoracic spine. In the future, a similar mathematical model can 

be applied to the entire spine, since the initial data for the 

cervical, thoracic and lumbar spine are calculated and can be 

used. 
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I. RELEVANCE  

The functional state of the spine as the main component 
of the musculoskeletal system of a person is significant not 
only from a biomechanical point of view, but also from the 
point of view of maintaining the quality of life. Various types 
of violation of the integrity of the spine, the degradation of 
its functions quite often lead to the development of 
subcritical and critical states of human health. In this regard, 
the development of research methods and modeling of the 
spine as a complex system, of course, is relevant. 

Since the spine is a complex system with complex 
behavior under various types of load, to understand the 
mechanisms of behavior, it is necessary to develop a 
mathematical model of the spine, which will be based on 
existing mathematical models. 

II. STATUS OF THE ISSUE  

A fairly large number of works are devoted to research in 
the field of biomechanics and three-dimensional modeling, 
which is presented in the published periodic literature. These 
works are devoted to the study of the following issues: 
mathematical modeling of biomechanics, three-dimensional 
modeling of various parts of the spine. These works can be 
divided into topics of tasks that they solve and issues that 
they consider.  

Note that the largest number of works is devoted to 
solving three-dimensional modeling problems. For example, 
an article by Boonbrahm P., Sewata L., Boonbrahm S. [1] 
discusses the approach of translating two-dimensional data 
into a three-dimensional model. In an article authored by 
Bennani H., McCane B., Cornwall J. [2], a set of three-
dimensional data was created for the human lumbar 
vertebrae, that is, they model the vertebrae of the lumbar 
spine with real data collected for further study. The work of 
Rehm J., Germann T. et al. [3] is devoted to a retrospective 
assessment of the reproducibility and reliability of the 
interoperator 3D reconstruction of the full spine in patients 
with adolescent idiopathic scoliosis. In an article by Aroeira 
R.M.C., Pertence A.E.M. et al. [4] created a three-
dimensional geometric model of the vertebrae of the thoracic 
spine (T5-T10) using two anatomical images of the T6 
vertebra (side and top). The article by Picazo M.L., Baro A. 
et al. [5] focuses on a 3-D subject evaluation of the shape and 
density of the lumbar spine from one anteroposterior image. 
Authored by Hollenbeck J.F.M., Cain C.M. et al. [6] 
developed a set of three-dimensional statistical models for 
characterizing anatomical variability in the lumbar spine. 
The patent [7] is devoted to the diagnosis of scoliosis using a 
3D scanner. The work of Nikonova A.I. [8] is devoted to the 
construction of a three-dimensional model of the thoracic 
spine. 

A slightly smaller number of works is devoted to the 
consideration of the problem of mathematical modeling. The 
authors of Voinea G.-D., Butnariu S., Mogan G. [9] 
presented a mathematical model that can be used for virtual 
reconstruction of the human spine posture. Guan W., Sun Y. 
et al. [10] presented a mathematical model of the relationship 
between strength and displacement of the intervertebral disc. 
The article by Meyer F., Humm J., Purushothaman Y., 
Willinger R., Pintar F.A., Yoganandan N. [11] uses the finite 
element method to construct a model of forces and moments 
in the spine. A similar problem is solved by Fan R.X., Liu, J., 
Liu J., Wang W.J. [12]. The work of Pourahmadi M.R., 
Takamjani I. et al. [13] is devoted to a detailed review of 
kinematic models of the spine. 

The third area of research is the development of models, 
methods, devices and systems for assessing the functional 
state of the spine. We give patents as an example [14, 15]. 
The works of Bakusov L. M., Nasyrov R. V., Minasov T. 
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[16]; Bayoglu R., Geeraedts L. et al. [17]; Badamshin R.A., 
Bakusov L.M., Nasyrov R.V., Minasov T.B. [18] are devoted 
to the development of models and methods for assessing the 
biomechanical characteristics of the spine. 

Articles Jakubicek R., Chmelik J., Jan J., Ourednicek P., 
Lambert L., Gavelli G. [19] and Buharbaeva L. Ya., Nasyrov 
R.V., Tiunov I.S. [20] discuss the development and 
application of CAD systems for spinal modelling. 

It should also be noted that the theoretical foundations of 
research are discussed in [21,22,23,24]. 

An essential fact is that in the above studies either a 
three-dimensional model or a mathematical one is created, 
but not both models at the same time. 

III. STATEMENT OF THE PROBLEM  

The aim of this work is to build mathematical 
relationships and create a software tool for modeling the 
behavior of the spinal segment based on the known 
relationships of the Orne-Liu mathematical model. 

To do this, it is necessary to solve the following 
problems. 

1) Build a structural diagram of the selected area of the 
spine as a component of the musculoskeletal system. 

2) Write down a system of differential equations 
corresponding to the constructed block diagram. 

3) Choose a mathematical modeling environment for 
simulating behavior based on the constructed system of 
equations. 

4) Implement a software tool within the framework of 
a mathematical modeling environment and conduct a 
simulation experiment.  

IV. PROPOSED APPROACH  

To solve the problems posed, the authors used the 
approach proposed by Orne and Liu and described in [25]. 
The choice of this model was due to the fact that its 
appearance was a qualitative leap in the field of studying the 
spine from a mathematical point of view, as well as the fact 
that almost all modern models of this type are, to some 
extent, its modifications. In the framework of this approach, 
the structure of the spine in the sagittal plane is considered. 
A single element of the model consists of a completely solid 
vertebra and a weightless deformable intervertebral disc. 
Each ith vertebra has two translational degrees of freedom u 
and w and one rotational ϕ.  

In accordance with the adopted model, we will further 
compose a system of differential equations describing the 
behavior of each vertebra in the spine. To illustrate the 
approach used and the resulting solution, it is sufficient to 
use the three upper vertebrae of the thoracic spine (T1, T2 
and T3). Note that in such a system for each component 
seven equations will be used - three first order, four second 
order. A general view of the model for the selected three 
vertebrae is shown in Figure 1. 

 

 

Fig. 1. Structural diagram of three vertebrae in accordance with the 

representation of Orne-Liu 

In Figure 1, the following notation is used: u is the 
coordinate of the initial configuration of the shift back and 
forth; w is the coordinate of the initial configuration of the 
shift up and down; ϕ is the coordinate of the initial 
configuration of the rotation of the vertebra; x is the 
coordinate of the middle of the vertebra; F2 - longitudinal 
force; F3 - rotational force; B - support reaction to bending 
force; P is the projection of the resultant forces on the 
horizontal axis; Q is the projection of the resultant forces on 
the vertical axis. 

V. FORMATION OF A SYSTEM OF EQUATIONS  

Next, we present a system of seven equations written for 

each of their selected vertebrae. 

The system of equations for the 1st vertebra: 

 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑑𝑢1
𝑑𝑡

= 휀1

𝑑𝑤1
𝑑𝑡

= 𝜆1

𝑑𝜙1
𝑑𝑡

= 𝜔1

𝑑휀1
𝑑𝑡

=
1

𝑚1

(𝑄1 − 𝑄0) − 𝑐11𝜔1
2 + 𝑐21

𝑑𝜔1
𝑑𝑡

𝑑𝜆1
𝑑𝑡

=
1

𝑚1

(𝑃1 − 𝑃0) − 𝑐21𝜔1
2 − 𝑐11

𝑑𝜔1
𝑑𝑡

𝑑𝜔1
𝑑𝑡

=
1

𝑗1
[(𝐹31 − 𝐵1) − 𝑐21𝑄0 + 𝑐31𝑄1 + 𝑐11𝑃0 − 𝑐41𝑃1]

𝑑𝐹2
𝑑𝑡

=
1

𝑝1
[−𝐹2 +

𝐴0
𝑔0
(𝑞0𝛿1 + 𝑞1𝛿1)]
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The system of equations for the 2st vertebra: 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑑𝑢2
𝑑𝑡

= 휀2

𝑑𝑤2
𝑑𝑡

= 𝜆2

𝑑𝜙2
𝑑𝑡

= 𝜔2

𝑑휀2
𝑑𝑡

=
1

𝑚2

(𝑄2 − 𝑄1) − 𝑐12𝜔2
2 + 𝑐22

𝑑𝜔2
𝑑𝑡

𝑑𝜆2
𝑑𝑡

=
1

𝑚2

(𝑃2 − 𝑃1) − 𝑐22𝜔2
2 − 𝑐12

𝑑𝜔2
𝑑𝑡

𝑑𝜔2
𝑑𝑡

=
1

𝑗2
[(𝐹32 − 𝐵2) − 𝑐22𝑄1 + 𝑐32𝑄2 + 𝑐12𝑃1 − 𝑐42𝑃2]

𝑑𝐹22
𝑑𝑡

=
1

𝑝2
[−𝐹22 +

𝐴1
𝑔1
(𝑞0𝛿2 + 𝑞1𝛿2)]

 

 

The system of equations for the 3st vertebra: 

 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑑𝑢3
𝑑𝑡

= 휀3

𝑑𝑤3
𝑑𝑡

= 𝜆3

𝑑𝜙3
𝑑𝑡

= 𝜔3

𝑑휀3
𝑑𝑡

=
1

𝑚3

(𝑄3 − 𝑄2) − 𝑐13𝜔3
2 + 𝑐23

𝑑𝜔3
𝑑𝑡

𝑑𝜆3
𝑑𝑡

=
1

𝑚3

(𝑃3 − 𝑃2) − 𝑐23𝜔3
2 − 𝑐13

𝑑𝜔3
𝑑𝑡

𝑑𝜔3
𝑑𝑡

=
1

𝑗3
[(𝐹33 − 𝐵3) − 𝑐23𝑄2 + 𝑐33𝑄3 + 𝑐13𝑃2 − 𝑐43𝑃3]

𝑑𝐹23
𝑑𝑡

=
1

𝑝3
[−𝐹23 +

𝐴2
𝑔2
(𝑞6𝛿3 + 𝑞6𝛿3)]

 

 

Three systems of equations are connected through P (the 
projection of the resultant forces on the horizontal axis) and 
Q (the projection of the resultant forces on the vertical axis). 

When writing the system of equations, we used the 
notation corresponding to Figure 1, where the variable c is 
the coefficient associated with the angle of inclination. Thus, 
for a subset of the three upper vertebrae of the thoracic spine, 
a system of 21 differential equations is obtained in which 
both variables and constants with set values corresponding to 
each of the vertebrae are used. 

VI. THE CHOICE OF MEANS OF IMPLEMENTATION  

Despite the fact that there are many different programs 
for mathematical modelling [26], for the initial stage and in 
order to solve the system of differential equations, it was 
decided to use the mathematical modelling environment 
Matlab. 

For Matlab it is possible to create special toolboxes, 
expanding its functionality [27]. Toolboxes are collections of 
functions and objects written in the Matlab language for 

solving a specific class of problems. Mathworks supplies tool 
kits that are used in many areas. 

Matlab uses solvers, possible numerical methods for 
solving ODEs. Solvers implement the following methods for 
solving systems of differential equations. 

 

TABLE I.  Methods 

Method Description Explanation 

ode23 2th and 4th Order 

Runge-Kutta One-

Step Explicit 
Methods 

With moderate 

rigidity of the ODE 

system and low 
accuracy 

requirements, this 

method can give a 
gain in solution 

speed 

ode45 4th and 5th Order 
Runge-Kutta One-

Step Explicit 

Methods 

This is the classic 
method 

recommended for 

initial testing of a 
solution. In many 

cases, it gives good 

results 

ode113 Variable-order 

Adams-Bashworth-

Multon method 

This is an adaptive 

method that can 

provide high 
precision solutions 

 

It is proposed to write the system of differential equations 
written above in the Matlab language format and use the 
ode113 solver for solving, since this solver gives the most 
accurate result among all those considered [28, 29]. 

VII. DEVELOPMENT OF SOFTWARE MODULES AND 

CONDUCTING A SIMULATION EXPERIMENT  

For this, two files are created with the extension “.m”. 
One file is responsible for directly solving systems of 
equations for the three upper vertebrae of the thoracic spine. 
The second file visualizes the results and draws graphs. 

Here is a part of the program: 

% designation of variables 

tim = [0 4]; 

u0T1 = -0.0171; 

u0T2 = -0.0236; 

u0T3 = -0.0305; 

u0T4 = -0.0356; 

w0T1 = 0.5413; 

w0T2 = 0.503; 

w0T3 = 0.481; 

w0T4 = 0.462; 

fi0T1 = atan((u0T2-u0T1)/(w0T2-w0T1)); 

fi0T2 = atan((u0T3-u0T2)/(w0T3-w0T2)); 

fi0T3 = atan((u0T4-u0T3)/(w0T4-w0T3)); 

znac = [u0T1 w0T1 fi0T1 0 0 0 0 0 u0T2 w0T2 fi0T2 0 0 0 0 0 u0T3 
w0T2 fi0T3 0 0 0 0];  

h2 = 0.2; 
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% launch solver 

[T, X] = ode113(@(t,y)diffurVer6(t,y), tim, znac); 

% visualization 

figure(1); 

subplot(2,3,1), plot(T,X(:,1))  

hold on 

subplot(2,3,1), plot(T,X(:,2))  

subplot(2,3,1), plot(T,X(:,3))  

subplot(2,3,1), plot(T,X(:,4))  

hold off 

grid on 

The harmonic effect was applied to the lower vertebra in 
the form of longitudinal force. 

Typical results of mathematical modelling are presented 
in Figure 2. It is also of interest to consider the ratio of a 
forward-backward shift to an up-down shift. To do this, three 
more graphs are built in the second window (Figure 3). 

 

 

Fig. 2. The results of solving systems of equations 

 

 

Fig. 3. The results of the conclusion of the relations u to w for each 

vertebra 

A tool has been obtained that allows one to study the 
evolution of the centers of three vertebrae interconnected 
when applying standard exposure. Forcing forces that 
implement step and harmonic functions are considered as 
standard. In this example, a harmonic effect was used. 
Examples of parameter evolution over a short time interval 
are shown in Figures 2 and 3. 

VIII. CONCLUSION AND RESEARCH PROSPECTS 

A tool has been obtained that allows one to study the 
evolution of the centers of three vertebrae interconnected 
when applying standard exposure. Forcing forces that 
implement step and harmonic functions are considered as 
standard. In this example, a harmonic effect was used. 
Examples of parameter evolution over a short time interval 
are shown in Figures 2 and 3. 

In the course of work, the tasks were completed. A 
structural diagram of the three upper vertebrae of the thoracic 
spine was constructed using the Orne-Liu system. A system 
of 21 differential equations corresponding to the constructed 
structural scheme is recorded. The choice of the solver 
function for the implementation of system behaviour 
simulation in the environment of mathematical modelling 
Matlab is substantiated. Matlab environment implements a 
software tool for simulation of the selected segment of the 
spine, as well as simulation experiments. 

The data obtained during calculations can then be applied 
to the already developed three-dimensional model of the 
thoracic spine [8], given that the system of equations will be 
written for all twelve vertebrae. In the future, a similar 
mathematical model can be applied to the entire spine, since 
the initial data for the cervical, thoracic and lumbar spine are 
calculated and can be used. 
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