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Abstract. Many practical tasks of economic activity and a number of important issues of 

economic theory are associated with tasks of determining the optimal solution. This article 

proposes a game-theoretic version of the transport problem with changing conditions, that is, a 

problem in which the parameters of the system depend on time. For this model, the problem of 

finding the compromise values of the income functions of all participants and the 

corresponding sequence of control sets that implement the compromise trajectory is solved. 

The dynamic programming approach in this case is that the problem being solved “plunges” 

into a wider class of problems described by a number of parameters, and after that, using the 

principle of optimality, the main recurrent relation is determined based on the definition of a 

compromise set. When a compromise is found at each stage, an optimal trajectory emerges on 

our tree, the movement along which gives a compromise in the entire multi-step problem. 

1. A formal problem statement 

Consider a deterministic model, that is, a model in which the system goes from one state to another 

when a control parameter is selected with a probability equal to 1. Several employers are organizing 

the process of providing vacancies to a certain number of labor resources. At the initial moment of 

time, for employers, the types of labor resources and their quantities, the costs of their maintenance are 

defined, and for labor resources – the prices and utility functions of vacancies. The general view of the 

network, the capacity functions at its edges and the cost of moving a unit of labor resources along the 

edges are also considered defined. Thus, we have a system 
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 where N – is a number of 

employers, M - number of vacancies, 
i
- amount of labor i type of production, s

j
 - labor needs s in j 

at the point of production, 
i
 - the cost of maintaining a unit of labor resources in the i production 

point, s

j
 - unit cost of labor s at the j consumption point, 

),( yxК  - edge bandwidth (x,y), 
xyd - cost of 

moving a unit of labor resources along the edge (x,y). For the player MNr ,1  at each moment of time 

1,0 Tt  is determined by the set of controls  
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where the power of the set  t

r

t

r pU  , t

rr pl ,...2,1  is the number of elements of the set 
t

rU , r - is the 

player number. It is necessary to determine the trade-off values of the player’s income functions and 

the sequence of control sets that implements the trade-off trajectory. At the 1st step, each player 

independently chooses his own control. It turns out a set of controls          
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where },...,{ 11

1

1

1z
uuU   - many possible sets of player controls, 

1z - power set 1U , 
1q  - number of sets 

of controls on the 1st step, i.e. 
11 ,1 zq  , according to which the model parameters change. By the 

beginning of the next step, depending on the departments selected at the previous step, the employers' 

capacities, the cost of maintaining a unit of labor resources, the price of labor resources at 

consumption points, the carrying capacity of ribs and the cost of moving a unit of labor resources 

change. Consequently, the entire system goes into a new state in which players again solve the 

problem of choosing control parameters. Thus, a dynamic problem arises, which is solved by the 

dynamic programming method.  

2. Mathematical formulation of the problem 

Let the set of employers be I. Enumerate them by index Ni ,1 , I={i}. There is a set of manpower 

resources J. Enumerate them by index Mj ,1 , J={j}. The process of economic relations between 

employers and human resources takes place over Т periods of time Tt ,0 . The amount of labor 

resources 
0

i  and the cost of maintaining a unit of labor resources 0

i  are also initially known is. The 

throughput 0

),( yxK  and the cost of moving a unit of labor 0

),( yxd  are considered to be given in the first 

stage for each edge of the network. Thus, the initial state of the system   can be designated as  
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Further, in the description Ttt ,1,   of the system   states the number of vacancies М, the 

number of vacancies N and the utility functions )( s

js   will not be included, since they do not 

depend on the choice of the set of controls. The income functions of players are set as follows. For 

employers: 
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where tq  - control dialing number at time t, )(
1
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 - the set of controls number at the time t, 

t

i

t

i   - labor costs at time t, ),(  pt
 - the cost of transporting goods at a time t, depending on the 

path of movement p and on the amount of labor resources  transferred.  

For labor resources: 
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where s

j

t

s   -  the utility of the number of s labor resource s-х for the j consumer at the time t and 

is set by means of the function, s

j

ts

j

t   - the cost of purchasing 
s

j  units s labor resources by the  j 

consumption point at the price s

j  at the time t.  

Along with the income functions for each player at each moment of time 1,0  Tt  a set of 
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controls is defined }{ t

l

t

r r
uU  , where MNr  ,1  - is the player number, t

rr pl ,..,2,1  - is the number of the 

element of the set t

rU , t

rp  - is the power of the set t

rU . In this problem, the sets of controls have the 

following form. For employers, these are all kinds of routes for moving labor resources to all places of 

work, i.e. 
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i BABAW  , where Ni ,1 , Tt ,0 . (6) 

Each element of the set t

iW  must satisfy the edge bandwidth limitations. For labor resources, the set 

of departments t

jV  in each period of time will consist of different orders of each type of labor 

resources, i.e. 
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Each element of the set 
t

jV  must satisfy the conditions: 
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 (8) 

Every player MNr  ,1  chooses an element from his set of controls 
t

rU . If controls are chosen 

by players and a common set of controls is obtained: 
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where Ni ,1 , Mj ,1 , Tt ,1 , then the system   goes from the state 
1

1




t

qt
 to the next state 

t

qt
 . Then the players get their winnings, determined by the formulas (7), (8) and depending on the 

period and the chosen control. Thus, sorting through all possible controls of this kind and obtaining in 

accordance with them the values of the function of income of the players at each stage, we find a 

compromise income of the players and the corresponding set of controls. To find the compromise 

values of the income functions of the players and the corresponding sequence of control sets for the 

system  , that is in the state 
0 , in T steps, it is necessary to use the principle of dynamic 

programming. We denote the total income of the system  , which is in the state 0  in Т steps in 
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where 0  - the initial state of the system  , t

qt
  - the status of the system   by the number 

tt zq ,1  in the moment of time t, t

qt
u  - a set of controls under the number 

tt zq ,1  at time t, according 

to which the system   goes from the state 1

1




t

qt

 to the state t

qt
 . Total revenue depends on the states 

in which the system was located at each time point Tt ,0 . Then we construct the Bellman function, 

the values of which reflect the system's revenue 0  in Т steps when implementing a compromise 

sequence of control sets. 
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where 0  - the initial state of the system  , t

qt
  - the state of the system   under the number 

tt zq ,1  at the time t, 
t

qt
u  - number of controls 

tt zq ,1  at the moment of time t, whereby the system   

goes from the state 1

1




t

qt

 to the state t

qt
 , Tt ,0 , comp - is an operator of computation of a compromise 

point. Consider the space of all models with a fixed set of controls and variable income functions. In 

each such model, the only compromise point is chosen. Thus, we obtain the operator comp on the 

space of all models. Now for the Bellman function, we construct the recurrence relation. 
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where )( 0TС  - compromise revenue for the system  , that is in the state 0  at t = 0 in T steps, 
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comp is the operator of the computation of a compromise point, )( 11

1quH  is the player’s income at the 

first time point when the total number of controls 
1q is implemented, )( 11

1q

TС  is the compromise

income for the system that is in the state 1

1q in the next (T-1) step. Another technique for describing

this game is that it indicates which moves players can make and what the size of the payments can be 

at each step.  

3. Algorithm of the decision

The solution algorithm consists of (T + 1) steps.

Step 1. Consider all possible states of the system   at t=T-1 - 
1T
. Using the recurrence relation 
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we find a compromise income for all possible system

states 
1T
 for the last step as follows: 
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Step 2. Consider all possible states of the system   at t=T-2 - 
2T
. For them we will find a 

compromise income for the last two steps according to the formula: 
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Step Т. Consider the initial state 
0 of the system  . For it we find a compromise income for Т

steps 
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Step (Т+1). Substituting the obtained relations one into another, we obtain a compromise income of 

players for the entire Т step process and a sequence of sets of controls that implement a compromise 

trajectory on the game tree. 

4. Conclusions

The paper proposes a game-theoretic version of the transport problem of integer programming. A 
dynamic model is built for this option. For a dynamic model, an algorithm is presented for finding the 
compromise income of players and the corresponding sequence of sets of controls that implement a 
compromise trajectory on the game tree.
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