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Abstract. Optimality condition of second order of major constraints vector optimization is
researched. The concept of major constraints local Pareto weakly efficient solution in major
constraints vector optimization is given. With the aid of the major constraint set and its structure
representation, a sufficient optimality condition of second order of major constraint local Pareto
weakly efficient solution is obtained. The result is useful for the further study of vector optimization
theory and also is useful for the study of its numerical methods.

Introduction

Vector optimization problem is an important part of decision science. When a practical vector
optimization model is established, the inequality constraints are given by decision-makers usually
according to their different needs. So the inequality constraints in the established model sometimes
appear incompatible. For this reason, we consider a kind of vector optimization model called major
constrains (MC) vector optimization. Its major inequality constraints are compatible.

Hu [1] first introduced the concept of major order, and then presented MC programming problem.
Later, Hu and Zhou [2] defined MC optimal solution, and gave two first order(FO) necessary
optimality conditions and one FO sufficient optimality condition of MC optimal solution by using the
representation of MC set structure. Zhou [3] then extended the results of [2] to the MC vector
optimization problem.

The study of optimality conditions has always been a central subject of mathematical programming
theory, and the study of its FO and second-order(SO) as well as higher-order(HO) optimality
conditions have received extensive attention [4]-[16]. In this paper, we give the concept of MC local
Pareto weakly effective solution(ES). With the aid of the MC set and its structural representation, we
obtain a SO sufficient optimality condition for MC local Pareto weakly ES.

Preliminaries

Let f be a nonlinear vector function from R"to R™ and g be also a nonlinear vector function
fromR"to R”. The general nonlinear vector optimization problem is

min  f(x),
st. g(x) <0.
Denote g(x) =(g,(x),~--,g, (x))", then the inequality constraints of (NMP) are

(NMP)

g;(x) <0, i=1---,p
While an actual vector optimization model is established, the various inequality constraints
sometimes appear incompatible. Thus with the aid of major cone, a class of MC optimization
problem was presented in [1].

Let v:(vl,‘--,vp)T e RP,and let |v|,, |v| and |v|, be definited as in [2].
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Let H={ve R" | v|,>|v| }be the major cone of R", clH be the closure of the major cone H in

RP. Obviously, clH ={ve R" ||v|, +|V]|,> p+1

Ki.i  ={veR"|v;, 20,---,v; >0},

sl ot
2

p+l

then cIH = JK; ., forall il,---,i[pﬂ] e{l,---, p}.
2

p+l

Consider the following MC vector optimization problem:

min  f(x)
st g(x)=(g,(x),"--,9,(x)) e —cIH.
The MC set of (MCMP) is
Xy ={xeR"|g(x) e —cIH}.
If X, i ={xeR'[g(x)e-K; ; }={xeR"[g;(x)<0,---,9;, (x)<0}, then
2 By ' =4

(MCMP)

Ui,

for all il,---,i[p+l] e{L---, p}.

2

. +1 . .
X € X,, means that there exist at least [pT] numbers i,,---,i ., €{l---, p} such that x meets

the inequality system g; (x) <0,---,9; (x)<0.
S

Definition1 Let f be a nonlinear vector function fromR"to R™and g be also a nonlinear vector

function from R"to R? (p>3) . If x*e X,, and there exists an & >0 such that there is not
X e Xy N N;(x*) meeting

fi (%) < f () (k =1,---,m),
where N;(x*)={x e R" ||| x— x*||< 6} is a neighborhood of x*, then x* is said to be a MC local
Pareto weakly ES. The set of all MC local Pareto weakly ES is denoted by X |,

Optimality Condition
Now we give a SO sufficient condition for the MC local Pareto weakly ES of (MCMP).

+1 . . . .
Let x*e X,,. Forany [pT] numbers |1,-~-,|[p+1] e{l,---, p}, If x*e Xiwi ) , then there exist
2 o
N iedpa ~i1,---,i[p;l] . o ~ SRS I[p+1] '1 'p+1
Moo = 7y 7)) belong to RY A4 i =(4 -, A '7') belong to
R 5 [7
p+1

[
R 2 "such that

[p—”] S
- Vf<x*>+Zﬂ Vg, (x%) =0, "
5
A e, 0090, m=12[E0
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Define

iy =T &4l o 3G, (X7) =0}

ionl g

vgim (X*)T d = O, im € Iily...,i pil
Gi » 7]

[

—{deR"|

1

o
N}

Vg, () d<0jiyel, 4 2 =0
e

Theoreml Let f fromR"to R™ andg fromR"toR" be twice differentiable at x* € X,, . For any

el g €l p}s X e X L then there exist
T] 27
N ,__il""’i[P;l] ,__il""’i[P;l] . oo ~i1"..,i[p;l] ~i1r~wi[L+1] [p7+1]
Hioi o = 2 iy 27) belongto RY, 4 i =(4 %4 ) belongto R
BN BN ! (2
such that (1) is true, and
dTViL(X*J«l,...j{LA])d >0 2)

forany vector d e G; ; \{0}, then x* is a MC local Pareto weakly ES, that is x € X, »Where
p+l]

p+1
[T] gy

LGA o, )=q ., T00+ Y 4 g, (0.
["7*1] R i " k

Proof By contradiction. Suppose that x* is not a local Pareto weakly ES, thatisx e X,, , then

P+l
2

there  exist x“eX, ,xX® ->x* such that f(x®)<f (x*)(v=1---,m) . Since
. +1 . .
Xy = U Xii e there exist [pT] numbers iyl oy e{l,---, p} and a subsequence
ilV"'vi[LH]e{lv"'vp} 51 [ 5 ]

of {x"}, without loss of generality, which is denoted also as {x’}such that {x“’} = X, ., .By

' ”'I[”T*l]
the continuity of g(x) andx™ — x*, we havex*e X; _; . By the assumption of this theorem,
(24

there exist here exist

_ ~i11"'v|[Lﬂ] ~i11"'vi[Lﬂ] . N - ~i1'...v|[L+l] ~i1"”'i[L*1] [LH_]
i, =(, *,-,m, ) belongtoR", ’%--,i[pﬂl =(4 1...,,1"”1 2") belongto R 2
2 7 =
_ o x® _yx ) ) )
such that (1)is true. Denote d® :”T*”,then x® = x*+t,d® where t_=|| x® —x*].
x®) —x

Since {d ™} is a bounded sequence, there exists a convergent subsequence{d ‘kj’}, and its limit is
written by d® . Expanding g; (x)atx*and taking x = x“"’, we obtain

g, (x") = g(x*+t, ™) =g, () +t, Vg, ()Td" +o(t, ) (3)

Since g; (x*)=0for i, el, , , and X} X,

I
P+l rop+l
2 S

means gim(x(ki’)so, it follows that
from (3)

t, Vg, 0)'d™ +o(t, ) <0 4)
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Dividing both sides of the above equation by t, and as j — oo,we obtain

vy, (x*)'d@<0,i, el

[

(2
In a similar way, we get
VE, () d@ <O(v=1---,m). (5)
Now we prove d®eG, , . If d®¢G, , , then there must exist a subscript
B B

iy,

i€l  such that _ %75 0and Vg, (x*)'d® <0 from the definition of set G,

51 [

+1

o

1

~ ‘

From(1), we have

[p+l] .
By, VEOX)TA© = Z A 'vg, (¢97d® > 0. (6)
s k
By Zi, .  =(& i T CR™ and (5), we get &7 . VE(x)'d® <0 . This
pT“] 177 p;rl
contradicts (6), therefore d® €G; ;. - Now, expanding L(x,i, ) atx*and taking x = x“”,
2 ”7
we obtain
L 2 )= L0 A )+ VL0 A )T () —x%)
(R BN ! 2
eI @) VIO A, A ol ?) ™
i 1 ’[p7+1] i
- (k) () ~he, p+1
Since x™" e X, . ,itmeans g, (x™')<0.Hence, for 4 * >0(m=1---[—]),
S
[PZ+1] e
L A V= F PO+ 2040 g, (<l F(E). (8)
ey s m1 Y
Since
L, A ) =H s T, ©)
(> P
VL4 )=0, (10)
(24
and
ﬁi}_'i[pj] f(X(kj)) < ﬁi{,--~,i[Lﬂ] f (x*) (12)

Substituting(8)(9)(10)(11) into(7), we have
%tk_z(d “NTV2L(xes A )d™ +o(t, ?) <0.
J 1 Y[%L] j

Dividing both sides of the above equation by tkaand as j — oo, we have
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d"ViL(x*, 4 ., )d<0.

1,~~',i p+l
=5

This result contradicts the hypothesis

d'ViL(x* 4 ., )d>0(deG, ; \{0}).
(2% YR

Summary

Here the inequality constraints system of the vector optimization model has no solution, but its major
inequality constraints system has solutions. So we research this new kind of vector optimization
problem. We call this new type of vector optimization as MC vector optimization.

The establishment of optimality conditions of second order of vector optimization problem is very
important. This paper gives the concept of MC local Pareto weakly ES. With the aid of MC set and its
structural representation, we obtain a SO sufficient optimality conditions for the MC local Pareto
weakly ES.

Then we will further study the stability analysis and the sensitivity analysis, and we will also study
how to give its numerical methods and so on.
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