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Abstract. Optimality condition of second order of major constraints vector optimization is 

researched. The concept of major constraints local Pareto weakly efficient solution in major 

constraints vector optimization is given. With the aid of the major constraint set and its structure 

representation, a sufficient optimality condition of second order of major constraint local Pareto 

weakly efficient solution is obtained. The result is useful for the further study of vector optimization 

theory and also is useful for the study of its numerical methods. 

Introduction 

Vector optimization problem is an important part of decision science. When a practical vector 

optimization model is established, the inequality constraints are given by decision-makers usually 

according to their different needs. So the inequality constraints in the established model sometimes 

appear incompatible. For this reason, we consider a kind of vector optimization model called major 

constrains (MC)  vector optimization. Its major inequality constraints are compatible. 

Hu [1] first introduced the concept of major order, and then presented MC programming problem. 

Later, Hu and Zhou [2] defined MC optimal solution, and gave two first order(FO) necessary 

optimality conditions and one FO sufficient optimality condition of MC optimal solution by using the 

representation of MC set structure. Zhou [3] then extended the results of [2] to the MC vector 

optimization problem. 

The study of optimality conditions has always been a central subject of mathematical programming 

theory, and the study of its FO and second-order(SO) as well as higher-order(HO) optimality 

conditions have received extensive attention [4]-[16]. In this paper, we give the concept of MC local 

Pareto weakly effective solution(ES). With the aid of the MC set and its structural representation, we 

obtain a SO sufficient optimality condition for MC local Pareto weakly ES.  

Preliminaries 

Let f be a nonlinear vector function from nR to mR and g be also a nonlinear vector function 

from nR to pR . The general nonlinear vector optimization problem is 

.)(..

),(min

xgts

xf
                                                                                                                    (NMP) 

Denote T

p xgxgxg ))(,),(()(  , then the inequality constraints of (NMP) are 

.,,,)( pixgi   

While an actual vector optimization model is established, the various inequality constraints 

sometimes appear incompatible.  Thus with the aid of major cone, a class of MC optimization 

problem was presented in [1]. 

Let pT

p Rvvv ),,(  , and let || v , || v and || v  be definited as in [2]. 
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Consider the following  MC vector optimization problem: 
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The MC set of  (MCMP) is 
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Definition1  Let f be a nonlinear vector function from nR to mR and g be also a nonlinear vector 

function from nR to pR )3( p . If MXx *  and there exists an 0 such that there is not 
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where }||*|||{*)(   xxRxxN n  is a neighborhood of *x , then *x  is said to be a MC local 

Pareto weakly ES. The set of all MC local Pareto weakly ES is denoted by *
MX . 

Optimality Condition 

Now we give a SO sufficient condition for the MC local Pareto weakly ES of (MCMP). 
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 Theorem1 Let f  from nR to mR  and g  from nR to pR  be twice differentiable at MXx * . For any 
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Dividing both sides of the above equation by 
jkt and as j ,we obtain 

]
2

1
[

1 ,,
)0( ,0*)(




pm iim
T

i Iidxg  . 

In a similar way, we get 

),,1(0*)( )0( mvdxf T
v  .                                                                                                           (5) 

Now we prove 
]

2

1
[

1 ,,
)0(




piiGd  . If 
]

2

1
[

1 ,,
)0(




piiGd  , then there must exist a subscript 

]
2

1
[

1 ,, 


piim Ii  such that 0
~ ]

2

1
[

1 ,,


p

m

ii

i



 and 0*)( )0(  dxg T
im

 from the definition of set 
]

2

1
[

1 ,, piiG   . 

From(1),  we have 

0*)(
~

*)(~ )0(
,,

]
2

1
[

1

)0(
,,

]
2

1
[

1

]
2

1
[

1




 




dxgdxf T
i

ii

i

p

m

TT
ii k

p

mp



  .                                                                (6) 

By mT
ii

m

ii

ii R
pp

p 



)~,,~(~ ]

2

1
[

1
]

2

1
[

1

]
2

1
[

1

,,,,

1,,



    and (5), we get 0*)(~ )0(
,,

]
2

1
[

1



dxf TT

ii p . This 

contradicts (6)，therefore 
]

2

1
[

1 ,,
)0(




piiGd  . Now, expanding )
~

,(
]

2

1
[

1 ,, piixL   at *x and taking )( jkxx  , 

we obtain 

*)()
~

*,()
~

*,()
~

,( )(
,,,,,,

)(

]
2

1
[

1
]

2

1
[

1
]

2

1
[

1
xxxLtxLxL j

pjpp

j kT
iixkiiii

k 
    

)()
~

*,()(
2

1 2)(
,,

2)(2

]
2

1
[

1 j

j

p

j

j k
k

iix
Tk

k todxLdt 
 .                                                                               (7) 

Since 
]

2

1
[

1 ,,
)(




p

j

ii
k Xx  , it means 0)( )( j

m

k
i xg . Hence, for ])

2

1
[,,1(0

~ ]
2

1
[

1 ,, 


 p
m

p

m

ii

i 


 , 

)(~)(
~

)(~)
~

,( )(
,,

)(
,,

]
2

1
[

1

)(
,,,,

)(

]
2

1
[

1

]
2

1
[

1

]
2

1
[

1
]

2

1
[

1

j

p

j

m

p

m

j

pp

j kT
ii

k
i

ii

i

p

m

kT
iiii

k xfxgxfxL





 








  .                           (8) 

Since 

*)(~)
~

*,(
]

2

1
[

1
]

2

1
[

1 ,,,, xfxL T
iiii pp 

   ,                                                                                                      (9) 

0)
~

*,(
]

2

1
[

1 ,, 
piix xL  ，                                                                                                                 (10) 

and 

*)(~)(~
]

2

1
[

1
]

2

1
[

1 ,,
)(

,, xfxf T
ii

kT
ii p

j

p 
                                                                                                    (11) 

Substituting(8)(9)(10)(11) into(7), we have 

0)()
~

*,()(
2

1 2)(
,,

2)(2

]
2

1
[

1


 j

j

p

j

j k
k

iix
Tk

k todxLdt  . 

Dividing both sides of the above equation by 2

jkt and as j , we have 

Advances in Economics, Business and Management Research, volume 133

80



0)
~

*,(
]

2

1
[

1 ,,
2 


dxLd

piix
T

 . 

This result contradicts the hypothesis 

0)
~

*,(
]

2

1
[

1 ,,
2 


dxLd

piix
T

 ( }0{\
]

2

1
[

1 ,, 


piiGd  ). 

Summary 

Here the inequality constraints system of the vector optimization model has no solution, but its major 
inequality constraints system has solutions. So we research this new kind of vector optimization 
problem. We call this new type of vector optimization as MC vector optimization.  

The establishment of optimality conditions of second order of vector optimization problem is very 
important. This paper gives the concept of MC local Pareto weakly ES. With the aid of MC set and its 
structural representation, we obtain a  SO sufficient optimality conditions for the MC local Pareto 
weakly ES. 

Then we will further study the stability analysis and the sensitivity analysis, and we will also study 
how to give its numerical methods and so on.  
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