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ABSTRACT

This paper presents a new compromising approach to multiple criteria group decision-making (MCGDM) for the treatment of
uncertainty which is based on Pythagorean fuzzy (PF) sets. The present work intends to propose a novel linear programming
technique for multidimensional analysis of preference (LINMAP) by way of some useful concepts related to PF dominance rela-
tions, individual consistency and inconsistency levels, and individual fit measurements. The concept of PF scalar function-based
dominance measures is defined to conduct intracriterion comparisons concerning uncertain evaluation information based on
Pythagorean fuzziness; moreover, several valuable properties are also investigated to demonstrate its effectiveness. For the assess-
ment of overall dominance of alternatives, this paper provides a synthetic index, named a comprehensive dominance measure,
which is the aggregation of the weighted dominance measures by combining unknown weight information and PF dominance
measures of various criteria. For each decision-maker, this paper employs the proposed measures to evaluate the individual levels
of rank consistency and rank inconsistency regarding the obtained overall dominance relations and the decision-maker’s prefer-
ence comparisons over paired alternatives. In the framework of individual fit measurements, this paper constructs bi-objective
mathematical programming models and then provides their corresponding parametric linear programming models for gener-
ating the best compromise alternative. Realistic applications with some comparative analyses concerning railway project invest-
ment are implemented to demonstrate the appropriateness and usefulness of the proposed methodology in addressing actual

MCGDM problems.

1. INTRODUCTION

Multiple criteria group decision-making (MCGDM) intends to
prioritize a set of candidate alternatives based on a set of eval-
uative criteria regarding subjective preference and judgments of
multiple decision-makers. The linear programming technique for
multidimensional analysis of preference (LINMAP) initiated by
Srinivasan and Shocker [1] provides an efficient decision-making
tool to address MCGDM problems with preference informa-
tion over alternatives and unknown weights of criteria [2-4].
When decision-makers provide preference relations between pairs
of alternatives in the MCGDM process, the LINMAP meth-
ods can be effectively applied to resolve the objective weights
of criteria and specify the best compromise choice by ranking
alternatives. According to preference relations through pairwise
comparisons over alternatives, a linear programming model that
desires to accomplish the minimum inconsistency is established in
the LINMAP procedure to determine the optimal weights of criteria
objectively and generate the priority ranking results of alternatives
[5-7].
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However, the classical LINMAP methods cannot be directly
employed to handle the decision-making problems involving fuzzy
information because of the uncertainty contained in performance
information or evaluation values of candidate alternatives in terms
of criteria [8-10]. Accordingly, numerous studies have extended the
classical LINMAP for conducting multiple criteria decision analy-
sis in a variety of different fuzzy circumstances. For example, Wan
and Li [11] emanated from LINMAP to construct an intuitionistic
fuzzy programming method for handling heterogeneous MCGDM
containing intuitionistic fuzzy truth degrees. Furthermore, Wan
and Li [8] considered the hesitancy degrees about pairwise compar-
isons as interval-valued intuitionistic fuzzy sets to establish a fuzzy
LINMAP-based method for conducting a heterogeneous decision
analysis. Zhang et al. [12] utilized the LINMAP and Shapley values
to develop an interval-valued intuitionistic fuzzy mathematical
programming model to manage uncertain MCGDM problems.
Moreover, Zhang et al. [13] established a mathematical
programming-based approach to heterogeneous MCGDM
involving aspirations and incomplete preference information.
Zhang and Xu [10] applied the LINMAP structure to present an
interval programming method for handling MCGDM problems
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with hesitant fuzzy ratings of alternatives and pairwise judgments
between alternatives using interval numbers. Wan et al. [14] devel-
oped a hesitant fuzzy mathematical programming model to deal
with hybrid MCGDM involving hesitant fuzzy truth degrees and
incomplete criteria weight information. Xu et al. [15] combined
hesitant fuzzy linguistic term sets with LINMAP to provide a
hesitant fuzzy linguistic LINMAP method. Liu et al. [5] explored
a double-hierarchy hesitant fuzzy linguistic mathematical pro-
gramming technique for MCGDM. To multiple criteria decision
analysis, Gou et al. [6] proposed a hesitant fuzzy linguistic pos-
sibility degree-based linear assignment method and made some
comparisons with a hesitant fuzzy LINMAP. Song et al. [7] solved
a decision-making problem with multi-stage uncertain risk on
the grounds of interval grey numbers and an extended LINMAP
method. Liao et al. [16] established a linear programming model to
address decision-making issues, where the decision-maker’s pref-
erences over alternatives in connection with criteria are described
as probabilistic linguistic term sets. With the assistance of LIN-
MAP, Qin et al. [17] constructed some linear programming models
to solve an MCGDM problem in interval type-2 fuzzy contexts.
Haghighi et al. [3] developed a soft computing model involv-
ing interval type-2 fuzzy information by the agency of a linear
assignment method and LINMAP.

Vagueness and impreciseness are unavoidable uncertainties in
human evaluation processes [18]. The concept of Pythagorean
fuzzy (PF) sets, initiated by Yager [19-21] and Yager and Abbasov
[22], is a powerful tool in handling real-world uncertainty because
PF sets slacken the prerequisite in which the sum of membership
and nonmembership degrees is less than or equal to one with the
square sum is less than or equal to one [23-25]. Accordingly, PF sets
allow decision-makers to portray uncertain assessment data agilely
and conveniently during the MCGDM process.

The LINMAP methodology has been successfully extended to
diverse uncertain representations for conducting multiple crite-
ria decision analysis or handling MCGDM issues under a variety
of distinct fuzzy environments. Nonetheless, most of the current
LINMAP-based techniques are not applicable to the decision envi-
ronments under complex uncertainty of Pythagorean fuzziness. In
this regard, Wan et al. [9] and Xue et al. [26] put forward new
LINMAP-based techniques in PF uncertain circumstances. Wan
et al. [9] utilized the information entropy to derive individual sub-
jective criterion weight vectors for multiple decision-makers and
synthesized them into a collective one via a cross-entropy opti-
mization model. Subsequently, Wan et al. [9] constructed a PF
mathematical programming model for addressing MCGDM prob-
lems based on the PF truth degree. Xue et al. [26] defined new
PF entropy measures and exploited a PF LINMAP method for
solving MCGDM problems. These two studies have made signifi-
cant contributions to enrich the theory of PF sets and have been
applied to diverse fields of green supplier selection of a smelt-
ing equipment [9] and the selection of railway project investment
[26]. In contrast to abovementioned information entropy-based
techniques, this paper adopts the perspective of PF representa-
tion to construct the core concept in the PF LINMAP frame-
work. Different from Wan et al. [9] and Xue et al. [26], this
paper intends to employ the concept of PF scalar functions from
fuzzy rule bases and develop a novel PF LINMAP-based com-
promising approach to deal with MCGDM problems within PF
decision environments.

It is worthwhile to mention that the concept of PF scalar functions
presented by Yager [19,20] and Yager and Abbasov [22] can be uti-
lized to facilitate comparisons among complicated PF information.
Yager [20] and Yager and Abbasov [22] explored the relationship
between complex numbers and Pythagorean membership grades;
then they demonstrated that Pythagorean membership grades are
regarded as a subclass of complex numbers called IT-i numbers.
Moreover, they introduced a mapping, i.e., a PF scalar function,
from the IT-i numbers to the unit intervals to enhance the usage
of PF sets in the decision-making field. Liu and Zhang [27] fur-
ther demonstrated several useful properties of PF scalar functions
and obtained some partial orders on IT-i numbers based on such
functions. Zeng et al. [28] introduced the following four com-
monly used approaches to comparing and ranking Pythagorean
membership grades in PF sets: the approach via score functions
[29], the approach via score functions and accuracy functions [30],
the approach via closeness indices [31], and the approach via PF
scalar functions [20]. Zeng et al. [28] investigated several com-
parative examples and indicated that the approach by virtue of
PF scalar functions is more helpful than the other existing com-
parison approaches. Consistent with Zeng et al’s findings, Li and
Zeng [32] also validated the effectiveness and superiority of PF
scalar functions in comparing complex PF information. Moreover,
Liand Zeng [32] and Zeng et al. [28] mentioned that the PF scalar
function can thoroughly consider the influence of the fundamental
characteristics of PF information. On the grounds of the PF scalar
function in terms of certain anchor points of reference, Chen [33]
introduced the measurement of PF precedence indices and
precedence-based preference functions and further established a
new PF preference ranking organization method for enrichment
evaluations (PROMETHEE). Chen demonstrated the usefulness
and effectiveness of the PF scalar function because its based PF
precedence index can simplify the data-processing procedure and
avoid the loss of high-order uncertain information. The previous
studies indicated the merits of PF scalar functions; it would be
desirable to apply the PF scalar function-based method to address
intricate decision-making problems. Nevertheless, the concept of
PF scalar functions has not employed in the current LINMAP-
based methods within PF decision environments. Considering the
benefits of the PF scalar function in measuring the magnitudes of
Pythagorean membership grades as well as the usefulness of com-
parisons of PF information, this paper utilizes the PF scalar func-
tions to present PF scalar function-based dominance measures that
form the PF LINMAP basis for building a strong foundation of valu-
able concepts related to PF dominance relations, individual consis-
tency and inconsistency levels, and individual fit measurements.

The primary purpose of this paper is to exploit an innovative PF
LINMAP-based compromising approach for coping with MCGDM
problems within PF environment. More fundamentally, this paper
fully utilizes the essential characteristics of PF sets and provides a
PF scalar function-based approach for determining PF dominance
relations and building a core structure of the PF LINMAP pro-
cedure. First, the idea of PF scalar functions is fully employed to
construct two types of PF scalar function-based dominance mea-
sures with respective to displaced and fixed reference points. Next,
Types I and II comprehensive dominance measures are established
for the sake of determining PF dominance relations. Some essen-
tial and important properties of the proposed measures are investi-
gated to validate the practical usefulness of the proposed measures
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in synthetic comparisons for PF information. This paper utilizes
the PF scalar function-based approach to specify the overall domi-
nance relations and contrasts the obtained results with the decision-
makers’ paired preference relations. Based on the outcomes, this
paper identifies the individual levels of rank consistency and rank
inconsistency for acquiring individual fit measurements, i.e., indi-
vidual goodness of fit and individual poorness of fit. Based on
Types I and IT dominance measures, two bi-objective mathematical
programming models are formulated with the intention of maxi-
mal total group comprehensive dominance measure and minimal
the group poorness of fit. To improve the computation efficiency,
the bi-objective models are transformed into single-objective para-
metric linear programming models for simplicity. Two algorithmic
procedures of the developed PF LINMAP models are presented to
address MCGDM problems in PF contexts. The optimal collective
weights of criteria and the individual degrees of violation yielded
by the proposed models can facilitate generating the overall priority
ranking orders and identifying the best compromise alternative. To
examine the feasibility and effectiveness of the developed PF LIN-
MAP approaches in practice, this paper investigates an MCGDM
problem involving the railway project investment and conducts
some sensitivity analyses and comparative studies.

The significant contributions of this paper are highlighted as four
aspects: (i) incorporation of PF scalar functions into the core
procedure for enriching the LINMAP-based methodology; (ii)
exploitation of useful concepts such as PF scalar function-based
(comprehensive) dominance measures and fit measurements; (iii)
development of an innovative PF LINMAP-based compromising
approach for manipulating subjective preferences over alternatives;
and (iv) construction of applicable and effective parametric opti-
mization models to assist multiple decision-makers in tackling
MCGDM problems.

The remainder of this article is organized as follows: Section 2
concisely presents several essential concepts related to PF sets,
Pythagorean membership grades, and PF scalar functions.
Section 3 formulates the MCGDM problem in the uncertain con-
text based on PF sets. Section 4 exploits novel PF scalar function-
based dominance measures and explores their useful properties.
Next, this section provides comprehensive dominance measures for
the sake of acquiring overall dominance of alternatives. Section 5
develops some useful concepts, such as individual levels of rank
consistency and inconsistency, individual fit measurements, and
group comprehensive dominance measures. Based on the pro-
posed concepts, this section employs the PF scalar function-based
approach to originate a novel PF LINMAP methodology via effec-
tive parametric optimization models. Section 6 presents a practical
decision-making case concerning a railway investment issue to
show the implementation procedure of the developed approaches.
Section 7 conducts a sensitivity analysis and makes some compar-
ative discussions to explore the influences of relevant parameters
and to evaluate the usefulness and strengths of the developed
models and techniques. Lastly, Section 8 delivers the conclusions.

2. PRELIMINARY

This section describes preliminary definitions and concepts of PF
sets, such as Pythagorean membership grades and PF scalar func-
tions, all of which are necessary for the subsequent study.

Yager [19-21] and Yager and Abbasov [22] initiated a Pythagorean
membership grade that belongs to a class of nonstandard
membership grades. Furthermore, Li and Zeng [32] and Zeng et al.
[28] revealed that a Pythagorean membership grade can be charac-
terized by five parameters comprising the degrees of membership,
nonmembership, and indeterminacy, the strength of commitment
about membership, and the direction of commitment. Nonethe-
less, Chen [34] indicated that the degree of indeterminacy and the
strength of commitment are dual concepts. Due to the duality of
the two parameters, Chen [34,35] suggested the employment of
the four parameters consisting of membership, nonmembership,
strength, and direction for PF characterization. Zhang and Xu [29]
presented a useful mathematical representation of PF sets. Moti-
vated by Zhang and Xu’s expressions [29], Chen [34,35] provided
an effective definition and contributed a new operationally mathe-
matical representation of PF sets involving Pythagorean member-
ship grades.

Definition 1. [20,29,34,35] Let X be a finite universe of discourse.
A PF set P is represented by the collection of a Pythagorean mem-
bership grade p toward each element x € X as follows:

P ={(x,p)|x € X}. (1)

Here, p is characterized by a series of ordered parameters consisting
of the degree of membership (p (x), the degree of nonmembership
Vp (x), the strength of commitment rp (x), and the direction of com-
mitment dp (x). They are defined as follows:

p = (I‘lP (X) ’ VP (X) 5 I'p (x) ’ dP (X)) 5 (2)
where up (x),vp (x),1p (x),dp (x) : X — [0,1] and foreachx € X:
0 < (up () + p (0)* < 1. 3)

Definition 2. [19-22] Let P be a PF set in the universal set X. Let
p = (up(x),vp(x);rp(x),dp(x)) represent a Pythagorean mem-
bership grade of an element x € X belonging to the set P. Let &) (x)
be described in radians in the range [0, 77/2]. The parameters {p (x),
Vp (X), 1p (%), and dp (x) are derived as follows:

p () = 1 () - 05 (B () @

Vp (x) = 1p (%) - sin (Bp (%)), (5)

1o () =\ (p ) + (), (©)
-2-0

dp () = T2, )

where up (x),vp (x), 7p (x),dp (x) € [0,1].

Definition 3. [29,34,35] Let p be a Pythagorean membership grade
contained by a PF set P in the universal set X. The degree of inde-
terminacy 7p (x) : X — [0,1] is given by

7 () =\ 1= (p () — (0 ()2, ®)

This equation supports the duality property of 7p (x) and rp (x) by
virtue of (7p (x))2 + (rp (x))2 =1
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For simplicity, let an ordered pair (up(x),Vp(x)) in two-
dimensional Cartesian coordinates depict a geometrical illustration
of the space of a Pythagorean membership grade p, as demon-
strated in Figure 1. The horizontal axis of the two-dimensional
plot in this figure denotes the membership degree p (x), while the
vertical axis denotes the nonmembership degree vp (x).

It is noted that the larger the value of rp (x), the stronger the com-
mitment regarding membership at point x to the PF set P and the
lower the uncertainty. The Pythagorean membership grade p allows
lack of commitment and uncertainty in assigning the degrees of
membership and nonmembership. Specifically, the degree up (x)
represents the support for the membership of x in P; in contrast,
the degree vp (x) represents the support against the membership of
x in P. The direction of rp (x) is completely toward membership if
dp (x) = 1 and nonmembership if dp (x) = 0, whereas intermediate
values of dp (x) indicate partial support for membership and non-
membership.

In particular, when dp(x) = 1 (i.e, a favorable direction of
commitment), it is obtained that 6,(x) = 0 Dbecause
(r =2 - 6p (x))/m = 1. It follows that pp (x) = rp (x) and ¥p (x) = 0
by reason of cos(6p(x)) = 1 and sin(6p(x)) = 0, respectively.
When dp (x) = 0.5 (i.e., a neutral direction of commitment), it
is derived that 6, (x) = 7/4 and cos(6p(x)) = sin(Bp(x)) = \/52,
which render up(x) = ¥p(x) = ((rp(x))z/ 2)0'5. When dp(x) = 0
(i.e., a unfavorable direction of commitment), it is acquired that
Op (x) = 7/2, cos(Bp(x)) = 0, and sin (6p (x)) = 1, which yield
Up (x) = 0 and vp (x) = rp (x). Therefore, the closer dp (x) is to 1,
the closer 6p (x) is to 0, and the stronger the commitment rp (x) is
to supporting the membership of x in the PF set P. On the contrary,
the closer dp (x) is to 0, the closer 6p (x) is to 77/2, and the stronger
the commitment rp (x) is to disapproving the membership of x in P.

It is worthwhile to mention that the membership degree up (x) and
nonmembership degree vp (x) are related via Pythagorean comple-
ments with respect to the strength of commitment rp (x) owing

V Degree of non-
membership

©,1)

v, ()

V(X
P( ) Degree of

membership

0.0) (1,0)

Figure 1 Geometrical interpretation concerning the space of a
Pythagorean membership grade in Pythagorean
fuzzy (PF) contexts.

to the fact that (up (x))* = (rp (x))*> — (5 (x))* and (»p (x))* =
(rp ()% — (up (x))°. Next, let p° = (tpe (), Vpe ()3 7 ()., dpe (%))
denote the complement of a Pythagorean membership grade p. As
depicted in Figure 1, one has upc (x) = vp (x) and vpe (x) = up (x)
by cause of the Pythagorean complement between up (x) and vp (x)
in terms of rp (x). Moreover, it follows that rp (x) = rp (x), dpe (x) =
1 — dp (x), and Op (x) = 7/2 — Op (x). The complement p° of p is
specified as below:

Po=p (), up (%) 57p (%), 1 —dp (). )

Yager [19,20] employed the Takagi-Sugeno approach to propose
a scalar function from fuzzy rule bases. Chen [33] indicated that
Yager’s scalar function can provide a representative value associated
with each PF information and possess several useful and desirable
properties. Liu and Zhang [27] investigated essential properties of
Yager’s function and studied some partial orders on IT-i numbers.

Definition 4. [19,20,33] Let p = (up(x),vp(x);rp(x),dp(x))
denote a Pythagorean membership grade of an element x € X to a
PF set P. The PF scalar function V(p) of p is derived as follows:

_ 1 1 2 ep (.x)
Theorem 1. For a PF set B the PF scalar function V(p) of a
Pythagorean membership grade p = (up (x),vp (x); 7p(x),dp (x)
with the radians 6p (x) satisfies the following properties:

(T1.1) 0<V(p) <L

(T1.2) V(p) = 0ifand only ifrp (x) = 1 and 6p (x) = 7/2;
(T1.3) V(p) = lifand only if rp (x) = 1 and 6p (x) = 0;
(T1.4) V(p) decreases as Op (x) increases if rp (x) > 0;
(T1.5) V(p) decreases as rp (x) increases if Op (x) > 7/4;
(T1.6) V(p) increases as rp (x) increases if Op (x) < 7w/4;
(T1.7) V(p) is not a one-to-one mapping.

Proof. The proofs have been given in Chen [33] and Liu and
Zhang [27].

3. MCGDM PROBLEM UNDER PF
UNCERTAINTY

This section intends to formulate an MCGDM problem under com-
plex uncertainty of Pythagorean fizziness.

Consider an MCGDM problem based on PF sets. Let Z =
{z1,25,++, 2z, } represent a discrete set of m (m > 2) candidate alter-
natives. Let C = {cq, ¢35, -+, ¢,,} be a finite set of n (n > 2) evaluative
criteria with the weight vector w = (wy, w5, -+, w,,), such that the
weight w; € [0,1]forallj € {1,2,:--,n}and Z;_l w; = 1. Because
all of the n criteria belong to salient attributes during an MCGDM
process, nonnegative boundary conditions should be imposed into
the feasible ranges of the weights. Specifically, this paper designates
that w; > ¢; for all ¢; € C, where ¢ is a sufficiently small nonnega-

i i i
tive value. Note that the weight vector w is unknown and required

to be resolved, in which the weight w; satisfies Zn Wi=1 and
=
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w; 2 g (Ej €10,1]) forallj € {1,2,---,n}. Let E = {eq, €5, -+, ex}
represent the set of decision-makers participated in the MCGDM
process.

Let M,»J’? and v,jk indicates the degrees of satisfaction and dissatisfac-
tion, respectively, of the decision-maker e, € E for the alternative
z; € Z in connection with a criterion ¢; € C. They are subject to

2 2
0< (,M,f) + (Vijk) < 1. The PF evaluative rating of z; in terms of ¢;

provided by the decision-maker e, is represented as a Pythagorean

membership grade p,’?, in which ,ul-j-‘ = i‘ cos (6 k) ,Jk = rl;‘ .

2105
sin (6;f), rk (('“11) + (vf) > ,andd.’.‘ = (7-2-6})/x
for@ S [0 7/2); p is expressed as follows:

p (“u’ u’r dk)» (11)

where i € {1,2,---,m},j € {1,2,---,n},and k € {1,2,---,K}.
Moreover, the degree of indeterminacy associated with each p ;‘ is

o= (1 ) - )

Let P denote the decision-maker e;’s PF decision matrix in an
MCGDM problem within the PF environment; P¥ is concisely
expressed as follows:

& oG (12)
ko k k
21 | P11 P1z 7 Pra

ko ok k
. . 22 | Pa1 P2 7 Py
=] =

]mxn

ko ok k
Zm Pm1 sz ©* Pmn
a (%)
k k. .k gk k
21 (Mu’Vusru’du) (Mlz’Vlz’ 12"1 )

k ok k gk ko k. k gk
2 | (W visrsdyy)  (da vsirsy.dy,)

zn L (15 vk ml,dk ) (#rﬁzﬂrfz;rriz,d:;z)
c,

(:uln’vln’ ln dk)

(#Zn’VZn’ 2n dk)

k k.. .k k
. (:umn’vmn’rmn’dmn)

It is worth noting that the PF evaluative ratings can be conveniently
acquired through the medium of applicable linguistic rating scales.
Consider a nine-point rating scale as an example. Table 1 depicts
some practical and beneficial approaches to evaluate the alterna-
tives by use of nine-point linguistic scales. To be specific, Giindogdu
[36] introduced a useful nine-point linguistic scale for facilitating
the construction of the evaluation matrix based on PF sets and
spherical fuzzy sets. Mete [37], Oz et al. [38], and Pérez-Dominguez
et al. [39] employed an identical nine-point scale for expressing
linguistic evaluations in PF settings. Rani et al. [40] introduced a
nine-point linguistic scale for assisting decision-makers’ judgments
concerning the performance evaluations of alternatives in terms of

criteria. Seker and Aydin [41] provided nine-point linguistic terms
and their corresponding interval-valued PF numbers that can be
used for the evaluation of alternatives with criteria. By applying a
middle-point approach, these interval-valued PF numbers can be
converted into Pythagorean membership grades, and the obtained
results are shown in Table 1.

Decision-makers can express the linguistic evaluation values of
alternatives toward each criterion. Afterward, these linguistic terms
are transformed into PF evaluative ratings by the agency of the lin-
guistic rating system in Table 1. Accordingly, the PF decision matri-
ces from decision-makers can be determined using an appropriate
linguistic rating system (e.g., the linguistic terms given in Table 1).

The decision-maker e, provides individual preference relations
between the alternatives in the set Z with the preference set QF in
which QF denotes a set of ordered pairs (¢, ¢) and is defined as
follows:

= {(¢’ qo) |Z¢zZ(p’ ¢’¢) € {1727 T m}}’ (13)

for k € {1,2,---, K}, where the preference relation Z4>Zg signifies
that the alternative z is noninferior to the alternative z4. Namely,
either z, is preferred to zy or z; and z4 are evenly preferred for the
decision-maker e;.

Table 1 Pythagorean fuzzy (PF) evaluative ratings in relation to

linguistic scales.

Source

Linguistic Term

PF Evaluative Rating

Giindogdu [36] Absolutely high (0.90, 0.10; 0.91, 0.93)
Very high (0.80, 0.20; 0.82, 0.84)
High (0.70, 0.30; 0.76, 0.74)
Slightly high (0.60, 0.40; 0.72, 0.63)
Fair (0.50, 0.50; 0.71, 0.50)
Slightly low (0.40, 0.60; 0.72, 0.37)
Low (0.30, 0.70; 0.76, 0.26)
Very low (0.20, 0.80; 0.82, 0.16)
Absolutely low (0.10, 0.90; 0.91, 0.07)
Mete [37]; Absolutely high (1.00, 0.10; 1.00, 0.94)
Ozetal. [38]; Very high (0.80, 0.44; 0.91, 0.68)
Pérez- High (0.70, 0.60; 0.92, 0.55)
Dominguez [39] Moderately high (0.60, 0.71; 0.93, 0.45)
Medium (0.50, 0.80; 0.94, 0.36)
Moderately low (0.40, 0.87; 0.96, 0.27)
Low (0.25,0.92; 0.95,0.17)
Very low (0.10,0.97; 0.98, 0.07)
Absolutely low (0.10, 0.99; 1.00, 0.06)
Rani et al. [40] Absolutely high (0.98, 0.20; 1.00, 0.87)
Very high (0.87, 0.35; 0.94, 0.76)
High (0.70, 0.40; 0.81, 0.67)
Medium high (0.65, 0.45; 0.79, 0.61)
Average (0.50, 0.55; 0.74, 0.47)

Medium low
Low

(0.40, 0.70; 0.81, 0.33)
(0.36, 0.80; 0.88, 0.27)

Very low (0.25,0.87; 0.91, 0.18)
Very very low (0.20, 0.98; 1.00, 0.13)
Seker and Absolutely good (0.81,0.10; 0.82, 0.92)
Aydin [41] Very good (0.72,0.19; 0.74, 0.84)
Good (0.63, 0.28; 0.69, 0.73)
Medium good (0.54, 0.37; 0.65, 0.62)
Fair (0.45, 0.45; 0.64, 0.50)
Medium bad (0.37, 0.54; 0.65, 0.38)
Bad (0.28, 0.63; 0.69, 0.27)
Very bad (0.19, 0.72; 0.74, 0.16)
Absolutely bad (0.10, 0.81; 0.82, 0.08)
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Theoretically, the preference set QOF contains at most m (m — 1) /2
paired comparison judgments. Nonetheless, the decision-makers
frequently express incomplete preference judgments toward two
alternatives in real-world situations. That is, only partial prefer-
ence relations are filled in by the decision-makers’ subjective judg-
ments. For instance, there are five candidate alternatives in Z, i.e.,
Z = {z1,2,,+*, z5}. Suppose that the decision-maker e, provides
his/her confirmed preference relations z3 >z, 2>z, and z3>z4,
ie, OF={(3,1),(2,4), (3,4)}. In this case, there are only three paired
comparison judgments in QF. Another issue may be faced with pref-
erence conflicts regarding some decision-makers’ ordered pairs. For
example, the preference relation (3, 5) (i.e., z3>2s) in the set Q' is
filled in by the decision-maker e,’s subjective judgments, while the
inconsistent relation (5, 3) (i.e., z5 >z3) in the set Q?isfilled in by the
decision-maker e,’s subjective judgments. In this regard, this paper
would like to propose an effective procedure in the PF LINMAP
method for the sake of overcoming the difficulty about incomplete
and inconsistent information.

To deal with partial preference relations based on human subjec-
tive judgments, this paper devises a scheme that comes as close as
possible to meet most of the decision-makers’ paired preference
relations in developing the PF LINMAP methods. In particular,
this paper defines a useful synthetic index, named a comprehen-
sive dominance measure, to evaluate the overall dominance of com-
peting alternatives. The obtained overall dominance relations are
contrasted with paired preference relations in the preference sets
Ok for all k € {1,2, -+, K}. No errors are attributed to the consis-
tency between paired preference relations and overall dominance
relations; whereas errors are to be minimized through the subse-
quent PF LINMAP models. Moreover, this paper presents new con-
sistency and inconsistency measurements for handling incomplete
and inconsistent information among the sets Q¥ in the proposed PF
LINMAP procedure.

4. DOMINANCE MEASURE VIA PF
SCALAR FUNCTIONS

This section introduces different points of reference for PF infor-
mation and establishes two types of PF scalar function-based dom-
inance measures for facilitating intracriterion comparisons of PF
evaluative ratings.

In general, different points of reference might have distinct influ-
ences on the contrast of various PF evaluative ratings, which would
result in the change of the decision-makers’ preference intensities.
In this respect, this paper considers two types of reference points
to define the PF scalar function-based dominance measures. First,
the displaced reference points (i.e., the positive-ideal and negative-
ideal reference points) under anchored judgments are utilized to
construct the Type I dominance measure. Second, this paper regard
the largest Pythagorean membership grade (1, 0; 1, 1) and the small-
est grade (0, 1; 1, 0) as the fixed reference points for presenting the
Type II dominance measure.

Definition 5. (Displaced reference points) For each decision-
maker e;’s PF decision matrix P* = [pi?]mxn, the positive-ideal

reference point pfj and the negative-ideal reference point p;} in

connection with each criterion G € C are derived as follows:

m
k k k.
Py = (/x*], Vi T d ) = <max,u,1,m1nv!], (14)
m 2 m 2r—2.0k
max,u-’f + mmvk ,—J ,
i=1 "7 =1 7 T
k _ dk m k. (15)
P#j - M#J’V#J’ #r % ) T mm,u,],malxv,],

mo 2\ ) To206)
min [U;; + maxv , — 1,
i=1 Hij =1 U T

-1
where 9*}‘ = cos” (,u*]/ x]> = sin <v*]k/ rlj) and 9#’; =
-1 K[k — o
0s (u#j/ r#j) = sin~ (V#J/T#]>
Definition 6. (Fixed reference points) For each decision-maker ey,
the largest fixed reference point p f_ and the smallest fixed reference

point p in connection with each criterion G € C are given by

phy = (mhvlirk ) = @01, (16)
Pl = (b vkirk ) = 0,110, (17)
where 94’_; = cos71(1/1) = sin1(0/1) = 0 and G_kj =

0s™1 (0/1) = sin™! (1/1) = 1.5708.
Based on Definition 2, the radians 91-}‘ associated with a PF evalua-
tive rating p.’f can be acquired by 9,-1‘ = (7/2) - <1 - di]?). Accord-

ingly, the PF scalar function V' <p ) can be determined as follows:

v(pt) =5+t (di-3) (18)

Theorem 2. The PF scalar function V(p;) meets the following
properties:

(T21)0<V )

(T22)V<pl = gfandonlylfr —1anddk—0

.5 ifand only zfeztherr = Oordk =0.5;

increases as d K increases 1f ri > 0;

j ) increases as r increases zfdk > 0.5

k

(T2.7) V| p;; | decreases as i increases if dk < 0.5.

(v
)
j)=0
pE) =1ifand only ifrf = df =
)
/)
)

/_\

l

Proof. (T2.1) is obvious from (T1.1). For the necessity of (T2.2), if
V(pk) = 0. the condition 1} (d — 0.5 ) = =0.5 must be fulfilled
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This indicates that rg = 1land dé? = 0 because rg, d; € [0,1]. For
the sufficiency of (T2.2), if rg = 1and d,f = 0,then V <p1§> =0.
Thus, (T2.2) is correct. For the necessity of (T2.3), if V' <p5> =0.5,
then r; (d k ) = 0 must hold, which follows that either rl.’]? =0
or di? = 0.5. For the sufficiency of (T2.3), either rij? =0or dijf =0.5
will result in V(pi’f) = 0.5, i.e, (T2.3) is valid. For the necessity
of (T2.4), if V<pi§> = 1, the condition r;; (dk —0. S> = 0.5 must
be satisfied, which implies that rl.]. = d;? = 1. For the sufficiency of
(T2.4), it is easy to see V (p.’?) =1if r.’? = d.’? = 1. Thus, (T2.4) is

valid. For (T2.5), the partial derivative of V (p ) with respect to d k

is obtained as follows:

6V<p§> 3(05+r<dk )) .

= =rl.

adk adk Y
ij ij

Note that r € [0, 1]. It can be concluded that V (p ) increases as
d?]? increases from 0 to 1 1fr., > 0. For (T2.6) and (T2.7), the partial

derivative of V <p ) with respect to r is derived as follows:

av(ﬁ;) i 6<OS+r (dk—05>>

k k
6rij 6rij

=dk-0.5,
Y

where dg € [0,1]. It is easy to see that 6V(pi’]f) /6ri’]f > 0 and
6V<p,lf> /dr?f < 0 in the cases of d?f > 0.5 and d.’f < 0.5, respec-
tively. Thus, V<p ) increases as rf increases if d k> 0.5. In con-

trast, V ( P decreases as r;? increases if dl.’]? < 0.5. Therefore, (T2.6)
and (T2.7) are valid. This completes the proof.

Definition 7. Regarding a PF evaluative rating pé?, the PF scalar

function-based dominance measure when anchoring p ij and p;},
denoted by Type I, is defined as follows:

' (p}) = | ) .9

v (eh) = v (e8) v (o) - (63)

The PF scalar function-based dominance measure of pl.’; when

anchoring pf_j and pfj, denoted by Type 11, is defined as follows:

) -v)
ST 6) 6o

(20)

MU (P:) = ‘V(p.k)
ij

Theorem 3. The Type I dominance measure M! ( i > corresponding

to a PF evaluative rating pij meets the following properties:
(T31)0<M1<p ) <1
(T3.2) If pii = py, then M' (pg) =0;

(T3.3) If pk = pl, then M’ (pg) =1
Proof. For (T3.1),
o < v(p}).v (),
can be verified 0 < M! <p;> <

it is known that the PF scalar functions

V(p;}) < 1 from (T1.1). Thus, it
1. For (T3.2), the condi-
tion pl.’]? = pfj leads to ‘V(p;‘) - V(pfj)‘ = 0, which indi-
k

0. Tt follows that M' (p*) =
ij

cates that M! <p;‘> = 0. For (T3.3), the condition pg

v(e)] -

(P#])‘/‘V 11) - V(p#’fj)) = 1. This completes

Theorem 4. The Type II dominance measure MY <p} ) correspond-

leads to |V(pk) -

V(o) -

the proof.

ing to a PF evaluative rating pij meets the following properties:
k .

(T4.1) 0 < M (pij) <1

(T4.2) Ifpl = p¥ , then M" (pg) = 0;

(T4.3) If pk = pk, then M" (pg) -1

Proof. The proofs of (T4.1)-(T4.3) are similar to those of (T3.1)-
(T3.3), respectively.

Theorem 5. The PF scalar function-based dominance measures
M (pl’]‘) and M1 <p;‘> of a PF evaluative rating pg can be deter-

mined as follows:

—_ i)\ (21)

M <p§> = V(pf) (22)

Proof. From Definition 5, it is easily observed that ,u,f > ,u#]}

k
i= lv’j’

respectively. The directions of commitments d k and d k indicate

and v,.jk < v#] because ,u#] = min}. 1:“1,1 and v#] = max"

on a scale from 0 to 1 how fully the strengths r] and r > Tespec-
tively, are pointing toward membership. Hence, it can be inferred

that diljf > dfj, which implies that V(pé?) > V(p;;) based on

(T2.5). Analogously, one has M,}‘ ,u*’; and vk > vk based on

y,fj = max;’ ,ulj-‘ and V = min” respectlvely It follows that

i=1 ’J’
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(p*1> Thus, Eq. (19) becomes

which indicates that Eq. (21) is correct. Next, it can be easily
obtained that V(pfj) = 0 and V(p_l"_j) = 1 because pfj =
(0,1;1,0) and pf_ = (1,0;1;1), respectively. Thus, one has

(o) = [v (o) =ol/ (v (of) =1+ v (#}) - o]) =

Vv <p1.j ), ie., Eq. (22) is correct. This completes the proof.

Theorem 6. For two PF evaluative ratings pk and p’f in terms of a
specific criterion ¢; € C, 1fplj < p (ie., ,ul] < ,u/ undv > v,)
then M! (p ) <M <p ) and M <P1j> <M" <pi,j>.

Proof. According to a natural quasi-ordering on the space of
Pythagorean membership grades [20,31], pk < p’f if and only if
M,;-c < ,u, andv > V, Meanwhile, the directions of commitments
d ;‘ and di}fj represent how the strengths rij and ri,j, respectively, are

pointing toward membership, which follows that d?f <d Ifj Hence,

it can be inferred that V' (p ) <V <p > based on (T2.5). For the
decision-maker ey, the displaced reference points are the same for
the alternatives in the set Z, More concretely, the V' ( p ;‘J) values are
identical for the alternatives z; and zy because z; and z;y have the
same negative-ideal reference point p ;‘j. Analogously, the V <p fj)
values are identical for z; and z; because of the same positive-ideal
()

Vv (pf) because V/ <p > <V <p ) Therefore, it can be

reference point p f Moreover, it is known that V ( p!?) -

v <p Z) B
proven that M! <p ) <M (p ) and MU (pij) <Mt (p:fj). This
completes the proof.

As demonstrated in Theorems 3-6, the PF scalar function-
based dominance measures M! (pj) and MU (p ) possess several

important and useful properties. Accordingly, they can be thor-
oughly employed to identify the PF dominance relationships about
PF evaluative ratings because of the practical usefulness in intracri-
terion comparisons. To further assess the overall dominance of
alternatives, this paper incorporates the criterion weights into Types
I and II dominance measures to propose a synthetic index, named
a comprehensive dominance measure.

Definition 8. Let w = (wy, wy, --+, w,) be the weight vector of n

criteria. Based on Types I and IT dominance measures M! (p;‘) and

k
MO <pij

tive z; € Z for the decision-maker e, € E are defined as follows:

ct = ;21 w- M (pf), (23)

), the comprehensive dominance measures of the alterna-

ct* Zw MH( ) (24)

Theorem 7. The Type I comprehensive dominance measure C,I-’k
meets the following properties:
(17.1)0 < C* < 1;

(17.2) IfPiI; = P;}for allj € {1,2, -+, n}, then CP* = 0;

(17.3) If pf = pL forallj € {1,2, -, n}, then C}* =

(T7.4) If pj < p} for allj € {1,2,-,n}, then ct <.

Proof. For (T7.1), it is obvious that 0 < Cf’k < 1 according to the
normalization conditions of criterion weights (i.e., 0 < w; < 1 for

allj € {1,2,---,n} and Z = 1) and the property in (T3.1)
(ie, 0 < M! (péf) < 1). For (T7.2), based on (T3.2), it is known
that M (p Ij‘) = 0 because of the premise condition p é‘ =p ffj for

all j. It indicates that Cil’k
that Cf’k = 1 because M <p§ > = 1 from (T3.3) according to the

= 0. For (T7.3), one can easily conclude

condition p; =p Jf] for all j. For (T7.4), by applying Theorem 6, the
premise condition p;? < pilfj indicates that M <p;‘> <M (pi’fj).

Thus, it can be inferred that C;* < Cil,’k because w; - M' (p?f) <

ij )] =
w; - M (pi’fj) for all j. This completes the proof.

Theorem 8. The Type II comprehensive dominance measure C;U’k
satisfies the following properties:

(18.1) C™™* = z;;le-V<pil;);

(T8.2)0 < CMF <

(T8.3) pr;f = pfjfor allj€{1,2,---,n}, then CHk

(T8.4) If pk = pk forallj € {1,2, -+, n}, then C{"" =

(T8.5) If pf < pf; for allj € {1,2, -+, n}, then ci* <,

Proof. (T8.1) can be easily checked based on Theorem 5. The
proofs of (T8.2)-(T8.5) are analogous to those of (T7.1)-(T7.4),
respectively.

5. PROPOSED PF LINMAP METHODOLOGY

This section utilizes the PF scalar function-based appoach to bring
forward a novel PF LINMAP methodology. Moreover, two effective
algorithmic procedures based on Types I and II dominance mea-
sures are also provided to facilitate solving MCGDM problems in
PF contexts.
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The proposed comprehensive dominance measures can be uti-
lized to specify the overall dominance relations among candidate
alternatives. Recall that the preference set QF is composed of the
stated ordered pairs that represent the subjective preference rela-
tions between alternatives provided by the decision-maker e;. Based
on the PF scalar function-based approach, this paper determines
the overall dominance relations yielded by Type I or Type II com-
prehensive dominance measures. These results are contrasted with
preference information provided by all decision-makers. More con-
cretely, no error can be attributed to the paired preference relation

between alternatives z, and z for the ordered pair (¢, ) € Qk if
Lk Lk Ik Ik
measures, respectively, whereas errors can be found if Cdl,’k < Cé’k

11,k 1L,k
orC¢’ <Cgy™.

based on Types I and II dominance

It is noteworthy that the decision-makers may indicate partial pref-
erence relations for the alternatives. Moreover, preference con-
flicts may exist among the decision-makers’ subjective judgments.
Accordingly, the comparison results between the stated subjective
preferences and the overall dominance relations are somewhat con-
flicting. This paper employs the proposed comprehensive domi-
nance measures to define the individual levels of rank consistency
and rank inconsistency regarding the obtained overall dominance
relations and the decision-maker’s paired comparison judgments
about alternatives. Based on the Type I comprehensive dominance
measure, the individual level of rank consistency between the pre-
orders of the alternatives z, and zy for the ordered pair (¢, ) € QF
(ke {1,2,---,K}) is determined as follows:

v (Cf-cptif gt > g,
(C Lk C I,k) _ (25)
9 Lo ) =
0 if C5* <Cg,

= max {O, C;’k — Cé’k}.
Moreover, based on the Type II comprehensive dominance mea-

sure, the individual level of rank consistency for each (¢, p) € QF
is defined as follows:

ILk Ik .. ~ILk Ik

ILk me\* Cs" —Co if Co” 2Co™,
(c*-ci*) = (26)

o ~ILk Ik

0 if CJ* < Ci,

= max {O, C;’k - Cg’k}.

+ +
Note that (C;’k - C;{k> > 0and (C;’k - Cg’k> > 0.

In contrast, this paper utilizes the Type I comprehensive domi-
nance measure to define the individual level of rank inconsistency
between the preorders of z, and z4 for each (¢, ) € QF as follows:

- (cgf-ct if g <yt
(C;’k N Cé#) - Lk Lk 27)
0 if C;* > ¢y,

= max {0, C;,’k — C;,’k}.

Additionally, based on the Type II comprehensive dominance mea-
sure, the individual level of rank inconsistency for each (¢, ¢) € QF

is defined as follows:

1,k Lk . 1k 1k
_ Co” — C¢ if C¢ <Cyp”,
<C Mk C II,k) _ (28)
¢ @ - o~ Lk 1Lk
0 if C¢ >Cyp”,

= max {0, ng’k - C;’k}.

Note that (C;’k - C;,’k) > 0and (C;’k - ng’k) > 0. Further-
more, it is easily proved that

Lk Ik + Ik Lk\ Lk 1k
(e -cg) - (et -cgf) =cgf-cf', @
(C;’k _ Cél,k)"’ _ ( qul,k _ Cg’k>_ _ C;’k _ Cél,k' (30)

Next, this paper defines individual fit measurements for each
decision-maker. This paper ascertains goodness of fit by integrating
individual levels of rank consistency for all ordered pairs. More-
over, this paper figures out poorness of fit by combining individual
levels of rank inconsistency. More specifically, for each decision-
maker e, € E, this paper aggregates the individual levels of rank
+
consistency (C;’k - Cé’k> for all (¢, p) € QF to identify the Type
I individual goodness of fit G"¥; moreover, the individual levels
—+
< C;’k - Cé,l ’k> are aggregated to identify the Type II individual

goodness of fit G'¥, as follows:

+
Gh= 3 (cff-cg) (31)
(¢,9)eQk
Gl k _ 1L,k 1Lk +
k= 3 (Cf-cpt) . (32)

() ek

It is worthy to note that G > 0 and G'"* > 0 because
Lk Lk\* ILk e\t .

<C¢ -Cy ) > 0and <C¢ - Cyp ) > 0, respectively.

In the same way, this paper sums the individual levels of rank incon-

sistency (C;’k - Cé,’k> for all (¢, ¢) € QF to determine the Type

I individual poorness of fit BY; additionally, the individual lev-

els (C;’k - C(g’k> are summed to acquire the Type II individual

poorness of fit B'K, as follows:

B¥= C;;" - 65;">_, (33)
(¢,p)eQF

BY = Y (et -cgt) (34)
(p,p)erk

Because <C;’k - C;’k> > 0 and <C;’k - ng’k) > 0, one can
obtain that B"¥ > 0 and B > 0, respectively.

In general, the decision-makers are conceived to prefer an alter-
native that has the highest group comprehensive dominance mea-
sure. Accordingly, it is reasonable to designate the total sum
of group comprehensive dominance measures as a maximal
objective. In particular, the total group comprehensive dominance
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measure is defined as the total sum of C,-I’k (or C-H’k) forallz; € Z

1
and e, € E. On the other side, a lower individual poorness of
fit BY (or B:) represents a small extent of violation associated
with the preference set QF. To determine a set of collective crite-
rion weights for which the total group comprehensive dominance
k m Lk k m 1Lk, . .
measure 35, >0 C;7 (or ) X7 €;") is maximal and the

group poorness of fit Y, kk=1 BY% (or ) kk=1 B%) is minimal, this
paper constructs a bi-objective mathematical programming model
as the basic model in the PF LINMAP approach.

In addition, it is reasonable to presume that the decision-maker e,
would like to acquire a solution with a higher individual goodness
of fit G (or G'*) and a lower individual poorness of fit BY* (or
Bk This implies that the condition of Gbk > Bk (or Gk > BILK)
should be incorporated into the basic optimization model. Let #* be
a nonnegative number that is used to represent the lowest accept-
able level concerning the deviation between G* (or G'F) and BbF
(or BSK), More concretely, the individual goodness of fit G (or
G'F) is not smaller than individual poorness of fit B"* (or B'>) by
#* for each decision-maker e;. That is, the basic optimization model
should be formulated under the consideration of GbF — Bl% > #*
(01‘ GII,k _ BII,k > hk).

Based on Type I dominance measures, to maximize the total group
. . k m Lk A
comprehensive dominance measure ), _, >.." | C;” and to mini-

mize the group poorness of fit ), kk:l BY, the following bi-objective
mathematical programming model is established:

=

Model1(I). maxi
k

min {Z BI’kg
k=1

Gk — Bbk > Bk forallk,

(35)

~

n
s.t. Z w; =1, w; > ¢; forallj.
i=1

Based on Type II dominance measures, the bi-objective (i.e., max-
imizing the Zkk:l DI C;™* value and minimizing the Z:zl Bl
value) mathematical programming model is constructed as follows:

K m
Model 1 (II) . max {Z Z Cill’k}
k;l i=1 (36)

min {Z BH’kz
k=1

Gk — BILk > 7k forall k,

n
s.t. Z w; =1, w; > ¢ forallj.

=1

It is worth mentioning that the relative importance among multi-
ple decision-makers can be appropriately reflected by means of the
lowest acceptable level concerning the deviation between individ-
ual goodness of fit and individual poorness of fit. For example, if
the importance of the decision-maker e, is higher than the other
decision-makers, a relatively high #* value can be designated for
convenience. Namely, there is no need to determine the importance

weights of multiple decision-makers, which can facilitate the imple-
mentation efficiency of the developed PF LINMAP techniques.

Let F;’; and F;I(;k denote the individual degrees of violation with

respect to the ordered pair (¢,9) € QF based on Types I and II

dominance measures, respectively. They are derived using the max-

imal value of 0 and C;,’k - C;jk (or C(g’k - C;’k) for each (¢, @), as

follows:
rq‘b’; = max{0,Cg" - C;;k} (37)
_ 1k 1,k
= maxzo, ZJI(M (pw) — M (p¢j>) . WJ},
i=
I,k Ik 1Lk
Tyo = maX{O, Cp" —Cy } (38)

— max go,i(MH (p;j) — M (pgj)) : WJ}.
i=1

J

It is easy to see that the following conditions hold: F;’; > 0,

(M () =M () T > 0, and T >
> (un (Pf,ij) - M <P£j>> - w; for all (¢,¢) € QF. It can be
Ob{;ined that

Lk
Tsp 2

M:

(0(03)-003)) weriszo

<MH <p£j> - M (quzj)) cwi+ Do’ 20, (40)

-
I

™-

1

J

k k
Furth , th f fi BUk BILk
urthermore, the group poorness of fit Zk=l and zk=l
can be expressed as follows:

K K
DBk =% 3 max0,Cg" - C', (41)
k=1 k=1 (¢,<p)er
< k
I,
=2, 2 Tsp
k=1 (¢,p)et
K K
B =3 > max{0,Cp*-CM, 42)
k=1 k=1 (¢,p)eQk
1Lk
=2, 2 T
k=1 (pp)et

The differences G — BY% and G'F — Bk become

Gk — BLk = Z [(Cé,k _ C;;’k)-'— _ (C;’k _ C;,’k)_] (43)

(¢,p)eQk
= (MI Pk‘ —MI pk‘ ) )
(¢K/§€ijzzl ( ¢]> ( ¢]> W]
Gk — BILk — ( Z) [(c[:q‘;,k _ C;I,k).q. _ (C;I,k 3 ch’k)‘]
¢,p)eQk
i (¢ qJZ):emj:Z;(MH <p£j ) - (P 51')) "W

(44)
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n Mk _

From Definition 8, one has C,-I’k = Z
=1
Z’f_l M <p;<> w; Based on the above results, the basic Models

1(I) and 1(II) can be equivalently represented via the following bi-
objective optimization models:

M1<p >w and C;

- S35 )]

K K
mfSne-3 3l

=1 k=1 (,p)€Qk
(¢ 90)60 j= <MI <P¢1> - (Pc]fy)) w; > h* forallk,

2 (M (og) = (p5,) ) s+ i 20

a:;ld FW > 0for (¢, ) € O,

ZWj:l Wi 2§
&

s.t. 4

for all j;

K K
mﬁzwuz 2r%§

(46)

(4,0)e ] Z’ <MH (péf ) - M <p 43)) w; 2 B¢ forallk,

Zn;<MII(p¢> MH<p<PJ>> w+F;I¢k>0

s.t. o j=

I,k
and F¢§0

z w; = l,wj >
j=1

> 0for (¢, ) € QF,

g forallj.

The bi-objective models in Models 2(I) and 2(II) can be fur-
ther transformed into simple linear programming models for
enhancing implementation efficiency. The minimal objectives

k k
Zk_l BY* in Model 2(I) and Zk_l B in Model 2(II) are equiv-
BV and — Z k BILk

respectively. It follows that min {Zk 12(¢ e Ik} =

max {_ Zk:l Lpp)ea F¢’¢} and min {5, ¥ g0 Tog |

- Ele > G0 T(;éok} Let a parameter 7) represent the
weight in connection with the objective of “total group compre-
hensive dominance”; let 1 — 7 represent the weight in connection
with the objective of “group poorness of fit,” in which n € [0, 1].
The use of the parameter 7 can effectively coordinate the two
objectives in Models 2(I) and 2(II) and transform bi-objective

k
alent to the maximal objectives —Zk_

= max

models into single-objective linear programming models. Based
on Types I and II dominance measures, the proposed PF LINMAP
methodology can be represented by the following parametric linear
programming models:

Typel PF LINMAP Model.

pzzzw(nwﬁvmz s

1i=1j=1 1 (¢,p)eQik

n

Z Z (MI (P;;j) -M (pf;,]» w; > hk forall k,

($p)et j=1
n
1 k 1 k Lk
st z{ <M (quf) —M <p<pf)> Wit Tgp 20
J:

and 1";;; > 0for (¢,9) € QF,

Zw =1, w; > ¢ forallj;
(47)
Type II PF LINMAP Model.
sy £ E S () -0 g, B n
k=1i=1j=1 1 (¢ gu)eﬂk

2 Z (M“ (p@) - M" (pé,j)) w; > h* forallk,

(¢ ®)eQk j=1

Z<M1I<p¢> MH<p¢]>) W+rqI§I§ak>O

s.t. 9 j=1
and F(W > 0for (¢,9) € QF,

z wi=1, w; > ¢ forallj.
j=1

(48)

The optimal solutions of the collective weight w; =

(Wl,Wz, ,Wn) for each criterion ¢; € C and the individual

i
violation 1_";;; (or 1_“;(;’() for each ordered pair (¢, ¢) € QF can be
determined by solving the Type I or Type II PF LINMAP models.
The corresponding group comprehensive dominance measure of
the alternative z; € Z is calculated as below:

K Lk K n _ L
Ret-EEee). o
= = J:

- =Lk o 5 - 11k

ST = YW M (ph). (50)
k=1 k=1j=1

Lastly, the overall priority ranking results of candidate alternatives
is acquired in conformity with the decreasing order of the values of

- 1 (or Z C ) Moreover, the best compromise solu-
— Lk

tion is ranked the best by virtue of the values of Z C;, (or
k 11 k

o 1 )amongall z; € Z.
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Based on Types I and II dominance measures, the algorithmic pro-
cedures of the proposed PF LINMAP methodology can be summa-
rized as follows:

Algorithm 1 Type I PF LINMAP method

 Step I.1: Formulate an MCGDM problem involving the set of
alternatives Z = {z1, 22, -+, z,}, the set of criteria C = {cy,¢3, -+, ¢, }
and the set of decision-makers E = {e1, ez, -+, ex}.

e Step 1.2: Request each decision-maker ey to provide the paired
preference relations over alternatives to form the preference set

of = {(45’90) lzp >z, $, 9 €11,2,---,m}.

* Step 1.3: Establish the PF evaluative rating pg of each alternative z; € Z
in regard to criterion ¢; € C for the decision-maker e € E. Form the

PF decision matrix P = [p;]mxn.

* Step 1.4: Identify the displaced reference points, i.e., the positive-ideal
reference point p fj and the negative-ideal reference point p :j’ with

respect to each criterion ¢; based on the 2

e Step I.5: Derive the PF scalar function V' (p;‘) for each pg in PK.

Calculate the PF scalar functions V/ (p k) and V (p k.) foreach¢; € C
*j #j 7
and e, € E.

» Step I.6: Compute the PF scalar function-based dominance measure

when anchoring pfj and p :j’ i.e., Type I dominance measure M (p ;‘),

of each p; in Pk,

 Step 1.7: Set the parameter values. Specify the lowest acceptable level nk
for all k and the nonnegative boundary condition &; for all j, where

#k > 0 and g € [0, 1]. Assign the relative importance 7) of the “total
group comprehensive dominance” objective over the “group poorness
of fit” objective, where ) € [0, 1].

, wn) as the weight vector of the n
Lk
¢
the individual degrees of violation with respect to the ordered pair

(¢,9) € QF.

+ Step 1.9: Construct the linear programming problem using the Type I
PF LINMAP model to resolve the optimal collective weight w; and the

e Step 1.8: Denote w = (Wl, Wo, et

criteria such that Zn_ wi=1 and w; > g; forall j. Let I' ;' ) denote

_1k
individual violation T

* Step 1.10: Obtain the optimal group comprehensive dominance
k =Lk
measure Z k=1 C;” for each z;. Identify the overall priority ranking

orders of the m alternatives and the best compromise solution in line

k =Lk
with the Z =1 C;  values.

6. Practical Application

This section employs the PF LINMAP techniques to address an
MCGDM problem concerning railway project investment intro-
duced by Xue et al. [26] to validate the practicability and effective-
ness of the developed methodology in realistic situations.

Xue et al. [26] utilized PF entropy measures to develop a novel PF
LINMAP method and applied it to manage an MCGDM problem

Algorithm 2 Type II PF LINMAP method
e Steps II.1-1L.3: see Steps L.1-1.3 of Algorithm I.

* Step I1.4: Calculate the PF scalar function V ( pi;? ) for each pi;? to acquire

the PF scalar function-based dominance measure when anchoring p -]:—j
and pfj, i.e., Type II dominance measure M1 (péf), of each pg in P,
e Step IL5: See Step 1.7 of Algorithm I.

* Step IL.6: Denote w = (wy, wp, -, w,,) as the weight vector of the n

criteria such that Z;—l wj = land w; > ¢ forall j. Let T ;&,k denote

the individual degrees of violation with respect to the ordered pair
(¢.9) € Q.

+ Step IL.7: Construct the linear programming problem using the Type II
PF LINMAP model to resolve the optimal collective weight w; and the

—ILk
individual violation F¢¢, .

 Step IL.8: Obtain the optimal group comprehensive dominance

Kk =ILk
measure Z =1 C; ~ for each z;. Identify the overall priority ranking

orders of the m alternatives and the best compromise solution in line
. k —=ILk
with the Zk:l C;

values.

regarding the railway project selection in China’s Belt and Road Ini-
tiative (BRI). Till now, BRI involves infrastructure development and
investments in countries and international organizations in Asia,
Europe, Africa, the Middle East, and the Americas. Consider the
importance of railway projects in the infrastructure investment of
BRI, Xue et al. took Germany (z,), Russia (z,), Singapore (z3), and
Malaysia (z,) as the candidate alternatives in the set Z, because these
countries have intentions to cooperate with the railway project.
Moreover, Xue et al. explored an indicator system involving finan-
cial and noneconomic evaluations. Their proposed indicator sys-
tem involves six aspects consisting of financial internal rate of
return (c,), net present value (c,), investment recovery period (c3),
debt ratio and current ratio (c4), repayment period of loan (cs5), and
public benefit and diplomatic influence (¢4). The six aspects were
regarded as the evaluative criteria in the set C. Three experts par-
ticipated in a group decision-making process in this case. On the
basis of the above, in Steps I.1 and I.1, the MCGDM problem under
study was formulated with Z = {zq, 25, 23,24}, C = {c1, ¢, ***, C6}>
and E = {eq, €5, e3}, in whichm=4,n=6,and K = 3.

First, this paper employed the proposed Algorithm I (i.e., Type
I PF LINMAP method) to solve the above MCGDM prob-
lem. In Step 1.2, in reference to the investigated data in Xue
et al. [26], the three decision-makers provided some paired pref-
erence relations over alternatives. The decision-makers’ prefer-
ence sets were constructed as follows: Q! ={(3, 2), (4, 1), (3, 1)},
Q2 ={(2, 1), (4, 3), (2, 4), (3, 1)}, and Q3 ={(3, 1), (3, 4), (2, 3),
(2,4)}.

In Step 1.3, the three decision-makers evaluated the four alterna-
tives based on the six criteria; they provided the results of the degree

of satisfaction ,uij’f and the degree of dissatisfaction Vl-jk of alterna-

tive z; € Z with respect to criterion ¢; € C, as shown in Xue

et al. [26]. For mathematical representation using Pythagorean
membership grades, this paper computed the values of ri?, d é?, and
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6,-}‘ to establish the PF evaluative rating p lf = <,u,Jk , Vijk; rif , dé‘) in
Eq. (11) for each ¢, € E. The data of PF evaluative ratings for

the decision-makers e,, e,, and e; are shown in Tables 2-4, respec-
; : : k ook Lk koo ok
tively, including the values of ;j, v/, Tips and dij in p;, as well as

the radians 9,}‘ . Applying Eq. (12), the three PF decision matrices P!

Table 2 Relevant data associated with the decision-maker e;.

“ 9 W 4 8 v
z1 51 0.70 0.60 0.9220 0.5489 0.7086 0.5451
) 0.80 0.60 1.0000 0.5903 0.6435 0.5903
c3 0.50 0.50 0.7071 0.5000 0.7854 0.5000
[ 0.40 0.70 0.8062 0.3305 1.0517 0.3633
[543 0.90 0.40 0.9849 0.7338 0.4182 0.7302
g 0.40 0.90 0.9849 0.2662 1.1526 0.2698
2 (51 0.90 0.40 0.9849 0.7338 0.4182 0.7302
c 0.80 0.60 1.0000 0.5903 0.6435 0.5903
c3 0.70 0.70 0.9899 0.5000 0.7854 0.5000
c4 0.90 0.30 0.9487 0.7952 0.3218 0.7800
Cs 0.80 0.20 0.8246 0.8440 0.2450 0.7837
[ 0.90 0.40 0.9849 0.7338 0.4182 0.7302
z3 (51 0.70 0.50 0.8602 0.6051 0.6202 0.5904
() 0.40 0.30 0.5000 0.5903 0.6435 0.5452
c3 0.90 0.10 0.9055 0.9296 0.1107 0.8890
[ 0.80 0.20 0.8246 0.8440 0.2450 0.7837
s 0.70 0.40 0.8062 0.6695 0.5191 0.6367
[ 0.60 0.60 0.8485 0.5000 0.7854 0.5000
Z4 (51 0.90 0.30 0.9487 0.7952 0.3218 0.7800
c 0.70 0.20 0.7280 0.8228 0.2783 0.7350
c3 0.40 0.30 0.5000 0.5903 0.6435 0.5452
cy 0.90 0.40 0.9849 0.7338 0.4182 0.7302
s 0.50 0.40 0.6403 0.5704 0.6747 0.5451
(3 0.60 0.70 0.9220 0.4511 0.8622 0.4549
Table 3 Relevant data associated with the decision-maker e;.
« 9 4 4 4G v
z1 (51 0.50 0.40 0.6403 0.5704 0.6747 0.5451
(%) 0.30 0.90 0.9487 0.2048 1.2490 0.2200
c3 0.40 0.30 0.5000 0.5903 0.6435 0.5452
[ 0.90 0.40 0.9849 0.7338 0.4182 0.7302
s 0.30 0.70 0.7616 0.2578 1.1659 0.3155
[ 0.40 0.50 0.6403 0.4296 0.8961 0.4549
2 (51 0.90 0.30 0.9487 0.7952 0.3218 0.7800
c 0.80 0.50 0.9434 0.6444 0.5586 0.6362
c3 0.70 0.60 0.9220 0.5489 0.7086 0.5451
c4 0.90 0.20 0.9220 0.8608 0.2187 0.8326
s 0.90 0.20 0.9220 0.8608 0.2187 0.8326
(3 0.80 0.30 0.8544 0.7716 0.3588 0.7321
z3 (51 0.70 0.60 0.9220 0.5489 0.7086 0.5451
) 0.50 0.30 0.5831 0.6560 0.5404 0.5909
c3 0.80 0.10 0.8062 0.9208 0.1244 0.8393
[ 0.90 0.10 0.9055 0.9296 0.1107 0.8890
s 0.70 0.30 0.7616 0.7422 0.4049 0.6845
[ 0.50 0.50 0.7071 0.5000 0.7854 0.5000
Z4 1 0.30 0.90 0.9487 0.2048 1.2490 0.2200
) 0.20 0.30 0.3606 0.3743 0.9828 0.4547
c3 0.30 0.70 0.7616 0.2578 1.1659 0.3155
[ 0.50 0.80 0.9434 0.3556 1.0122 0.3638
s 0.70 0.60 0.9220 0.5489 0.7086 0.5451
6 0.40 0.70 0.8062 0.3305 1.0517 0.3633

(= [p}j]4xé>, p2 (= [pfj]4xﬁ), and P? (= [pfj]4x6) can be estab-
lished based on the data (i.e., ,ui;“, vijk, ri?, and di?) in Tables 2-4,
respectively.

In Step 1.4, this paper employed Egs. (14) and (15) to identify the
displaced reference points p f} and p;}, respectively, in connection
with ¢; € C for each ¢. The determination results of the positive-
and negative-ideal reference points are revealed in Tables 5 and 6,

respectively.

In Step 1.5, this paper utilized Eq. (18) to compute the PF scalar
functions V (péf), V(pfj), and V (pfj). The results of V (pt]]‘) for

Table4 Relevant data associated with the decision-maker e3.

w5 w4 4 g v
z1 1 0.40 0.30 0.5000 0.5903 0.6435 0.5452
c 0.30 0.40 0.5000 0.4097 0.9273 0.4548
c3 0.50 0.40 0.6403 0.5704 0.6747 0.5451
c4 0.60 0.60 0.8485 0.5000 0.7854 0.5000
5 0.70 0.70 0.9899 0.5000 0.7854 0.5000
6 0.30 0.70 0.7616 0.2578 1.1659 0.3155
Z) 1 0.80 0.30 0.8544 0.7716 0.3588 0.7321
c 0.70 0.10 0.7071 0.9097 0.1419 0.7897
c3 0.80 0.20 0.8246 0.8440 0.2450 0.7837
c4 0.90 0.10 0.9055 0.9296 0.1107 0.8890
5 0.80 0.30 0.8544 0.7716 0.3588 0.7321
6 0.80 0.10 0.8062 0.9208 0.1244 0.8393
z3 1 0.20 0.50 0.5385 0.2422 1.1903 0.3612
c 0.30 0.40 0.5000 0.4097 0.9273 0.4548
c3 0.80 0.60 1.0000 0.5903 0.6435 0.5903
c4 0.90 0.10 0.9055 0.9296 0.1107 0.8890
5 0.30 0.10 0.3162 0.7952 0.3218 0.5933
6 0.60 0.40 0.7211 0.6257 0.5880 0.5906
24 ] 0.60 0.80 1.0000 0.4097 0.9273 0.4097
c 0.40 0.10 0.4123 0.8440 0.2450 0.6419
c3 0.20 0.40 0.4472 0.2952 1.1071 0.4084
c4 0.70 0.10 0.7071 0.9097 0.1419 0.7897
5 0.60 0.20 0.6325 0.7952 0.3218 0.6867
6 0.80 0.10 0.8062 0.9208 0.1244 0.8393
Table 5 Results of the positive-ideal reference point pf..
J
& G my ook rkj d oy v (P’,:j>
er 1 0.90 0.30 0.9487 0.7952 0.3218 0.7800
c 0.80 0.20 0.8246 0.8440 0.2450 0.7837
c3 0.90 0.10 0.9055 0.9296 0.1107 0.8890
c4 0.90 0.20 0.9220 0.8608 0.2187 0.8326
5 0.90 0.20 0.9220 0.8608 0.2187 0.8326
6 0.90 0.40 0.9849 0.7338 0.4182 0.7302
() ] 0.90 0.30 0.9487 0.7952 0.3218 0.7800
c 0.80 0.30 0.8544 0.7716 0.3588 0.7321
c3 0.80 0.10 0.8062 0.9208 0.1244 0.8393
c4 0.90 0.10 0.9055 0.9296 0.1107 0.8890
5 0.90 0.20 0.9220 0.8608 0.2187 0.8326
Ce 0.80 0.30 0.8544 0.7716 0.3588 0.7321
e3 1 0.80 0.30 0.8544 0.7716 0.3588 0.7321
c 0.70 0.10 0.7071 0.9097 0.1419 0.7897
c3 0.80 0.20 0.8246 0.8440 0.2450 0.7837
c4 0.90 0.10 0.9055 0.9296 0.1107 0.8890
5 0.80 0.10 0.8062 0.9208 0.1244 0.8393
6 0.80 0.10 0.8062 0.9208 0.1244 0.8393
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each p ;‘ are listed in the last columns of Tables 2-4. The results of

the PF scalar functions V/ < p fj) and V ( p fj) are indicated in the last
columns of Tables 5 and 6, respectively.

In Step 1.6, this paper employed the PF scalar functions V (pfj?),
\%4 <p f}), and V (pf.) to determine the Type I dominance measure
M (p ) using Eq. (21) based on Theorem 5. The obtained results

are presented in Table 7.

In Step 1.7, this paper regarded the three decision-makers of equal
importance to designate the lowest acceptable level #* = 0.3 for k €
{1, 2, 3}. Moreover, this paper specified the nonnegative boundary
condition g =0.025 forj € {1,2,---,6}. The relative importance
7 was set as 0.2. Namely, the weights of the two objectives of “total
group comprehensive dominance” and “group poorness of fit” were
0.2 and 0.8, respectively.

Table 6 Results of the negative-ideal reference point p fj'

ex G l‘;{fj "Infj rl#fj dl#fj e;’;j \4 (Pf%)
er ] 0.70 0.60 0.9220 0.5489 0.7086 0.5451
c 0.40 0.60 0.7211 0.3743 0.9828 0.4094
c3 0.40 0.70 0.8062 0.3305 1.0517 0.3633
c4 0.40 0.70 0.8062 0.3305 1.0517 0.3633
Cs5 0.50 0.40 0.6403 0.5704 0.6747 0.5451
6 0.40 0.90 0.9849 0.2662 1.1526 0.2698
e 1 0.30 0.90 0.9487 0.2048 1.2490 0.2200
c 0.20 0.90 0.9220 0.1392 1.3521 0.1674
c3 0.30 0.70 0.7616 0.2578 1.1659 0.3155
c4 0.50 0.80 0.9434 0.3556 1.0122 0.3638
Cs5 0.30 0.70 0.7616 0.2578 1.1659 0.3155
6 0.40 0.70 0.8062 0.3305 1.0517 0.3633
e3 1 0.20 0.80 0.8246 0.1560 1.3258 0.2163
c 0.30 0.40 0.5000 0.4097 0.9273 0.4548
c3 0.20 0.60 0.6325 0.2048 1.2490 0.3133
c4 0.60 0.60 0.8485 0.5000 0.7854 0.5000
Cs5 0.30 0.70 0.7616 0.2578 1.1659 0.3155
6 0.30 0.70 0.7616 0.2578 1.1659 0.3155
Table 7 Results of the Type I dominance measure M (p 5)
« 5 M(py)  wM(eh)  a(eh) (o)
e 1 0.0000 0.7880 0.1931 1.0000
[ 0.4834 0.4834 0.3628 0.8699
c3 0.2600 0.2600 1.0000 0.3459
cy 0.0000 0.8879 0.8957 0.7818
Cs 0.6438 0.8298 0.3184 0.0000
6 0.0000 1.0000 0.5000 0.4021
e 5] 0.5805 1.0000 0.5805 0.0000
(%) 0.0932 0.8303 0.7501 0.5088
c3 0.4385 0.4383 1.0000 0.0000
cy 0.6977 0.8927 1.0000 0.0000
Cs 0.0000 1.0000 0.7135 0.4439
6 0.2483 1.0000 0.3706 0.0000
e c1 0.6376 1.0000 0.2809 0.3749
% 0.0000 1.0000 0.0000 0.5585
c3 0.4928 1.0000 0.5889 0.2021
[ 0.0000 1.0000 1.0000 0.7447
Cs 0.3522 0.7953 0.5304 0.7086
6 0.0000 1.0000 0.5252 1.0000

In Step 1.8, let w = (wy, wy, -+, wg) denote the weight vector of
6

the six criteria such that Z L g = 0.025 for
]:

all j. According to the decision-makers’ preference sets, the individ-

ual degrees of violation based on Type I dominance measures were

denoted as FI3’21 , FL’% ,and FI3’11 for Q1, F12,12 , FL’? , Flz’i ,and FI3’12 for Q2,

and F31 s F34, F23, and F for Q3.

W = 1andwj >

In Step 1.9, this paper applied the Type I PF LINMAP model in Eq.
(47) to construct a parametric linear programming model, as shown
in the Appendix. The model was solved to obtain the optimal col-
lective weight vector and individual degrees of violation as follows:

w = (Wl,wz,-- we) =(0. 0250 0.2825, 0.0946, 0.5479, 0.0250,
L1 =1 1,2 =2 —I2

0. 0250) T43 = 0.7412, and T32 = F41 = F31 = F21 = F24 = F31 =

—1,3 =13 —1,3 —1,3

T3 =T33 =Tp3 =T34 =0.

In Step 1.10, the optimal group comprehensive dominance measures

3 —Lk
were derived using Eq. (49) as follows: Zk_l C; = 0.7194 for

3 —Lk
215 Zk:l CZ =

ZZ_I Ei,k = 1.5337 for z,. Therefore, the overall priority ranking
of the four alternatives was Zy > z3 > z4 > zp; moreover, the best
compromise solution was z,. The obtained results via Algorithm I
are concordant with those yielded by Xue et al’s PF entropy-based
LINMAP method [26].

3 —Lk
2.5481 for z,, Zk_l C; = 2.2461 for z;, and

Next, this paper employed the developed Algorithm II (i.e., Type II
PF LINMAP method) to handle the above MCGDM problem. It is
noted that Steps I1.1-11.3 and I1.5 of Algorithm II are the same as
Steps I.1-1.3 and L.7 of Algorithm I, respectively.

In Step 11.4, this paper computed the PF scalar function V (pt];)
to acquire the Type I dominance measure M™ (p;‘) of each pl.’]?

according to Eq. (22) in Theorem 5. That is, M"! (pé) = V(p;),

M <p$> = V(pizj), and M (p;) = V(p;) for all z; € Zand
G € C, and the results were indicated in the last columns of Tables
2-4.

In Step I1.6, let the weight vector of criteria w = (wy, wy, -+, Wg).
Furthermore, the individual degrees of violation based on Type II

1,1 L1 1,1
dominance measures were denoted as I'33 , 4], and T3} for Q1,
1,3

11,2 (L2 AIL2 11,2 11,3 [I,3 IL3
[, T4y, T4, and 37" for Q2 and I'377, T34, 1557, and Ty

Q3.

for

In Step IL.7, this paper employed the Type II PF LINMAP model
in Eq. (48) to set up a parametric linear programming model.
Solving the model, the optimal collective weight vector w =
(Wl, Wo,tr s Wﬁ) =(0.0250, 0.0250, 0.0535, 0.7810, 0.0905, 0.0250),

and the optimal individual degrees of violation were as follows:
—IL,1 =Ll =IL2 =IL2 =2 =13

F43 = 0.4657 and F32 =Ty =T3; =Ty =Ty =T3 =T3 =

I3 —I,3 =3

T3 =T =Ty =0.

In Step I1.8, the optimal group comprehensive dominance measures

3 —ILk
were obtained using Eq. (50) as follows: Zk_l C; = 1.5680 for

— 1Lk

3 —ILk 3
2z, Zk:l C, = 2.4281 for z,, Zk:l C; = 2.4149 for z;, and

— 1Lk
Zi_l C4 = 1.8224 for z,. The overall priority ranking of the
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alternatives was z > z3 > z4 > z;,along with the best compromise
solution z,. The obtained results using Algorithm II are in confor-
mity with those yielded by the proposed Algorithm I and Xue et al’s
approach [26].

7. COMPARATIVE ANALYSIS AND
DISCUSSIONS

This section intends to implement a sensitivity analysis and conduct
some comparative studies to validate the workableness and attrac-
tiveness of the proposed methodology.

Based on the Types I and II PF LINMAP models in Egs. (47) and
(48), the parameter 7 can adjust the proportion of the “total group
comprehensive dominance” part and the “group poorness of fit”
part. The proposed methodology, which originate from classical
LINMAP, should initiate ideas that are least violated in regard to
the decision-makers” paired preference relations over alternatives.
This implies that the proportion of the “group poorness of fit” part
(with the weight 1 — ) should be larger than the other part. To
inherit the merits of classical LINMAP, 0 < n < 0.5 is recom-
mended for practical application. Accordingly, the following sensi-
tivity analysis would explore the application results concerning the
MCGDM problem of railway project investment with different val-
ues of 7) varying from 0 to 0.5 under the settings of #* = 0.3 for
k € {1,2,3}and ¢; = 0.025 forj € {1,2, -+, 6}.

The first sensitivity analysis investigates the influences of var-
ious values of the parameter 7 on the solution results using
the Type I PF LINMAP model. Consider eleven cases in which
7 = 0.00,0.05, ---,0.50. Employing Algorithm I, the comparison
results of the optimal group comprehensive dominance measure

— Lk
22:1 C, of the four alternatives are depicted in Figure 2.

According to the comparison results in Figure 2, it is easy to observe
that the Type I PF LINMAP model has high robustness because
the identical ranking results were obtained in most cases. As shown
in this figure, the Type I PF LINMAP model rendered the over-
all priority ranking z, > z3 > z4 > zj in the ten cases of y =
0.00,0.05, ---,0.20 and = 0.30,0.35, -+, 0.50. In these cases, the

Group comprehensive

0.00 0.05 0.10 0.15 020 025 030 035 040 045 0.50

=871 1.024 0.925 0.925 0925 0.719 0.728 0.716 0.716 0.716 0.716 0.716
=072 2282 2349 2349 2349 2.548 2.717 2.743 2.743 2.743 2.743 2.743
73 1.835 2.010 2.010 2.010 2246 2.719 2.726 2.726 2.726 2.726 2.726

z4 1.077 1.170 1.170 1.170 1.533 1.472 1.496 1.496 1.496 1.496 1.496

Figure 2 Comparisons of the optimal group comprehensive

3 =Lk
dominance measure Z =1 (o

(h* = 0.3and g = 0.025).

under various values of 7)

same best compromise solution z, was obtained as well. Nonethe-
less, a different ranking z3 > z, > z4 > z; was acquired in the case
of 7 = 0.25. Moreover, the best compromise solution becomes z; in

this case. As a whole, the optimal group comprehensive dominance
3 =Lk 3 =Lk 3 —Lk
measures C Cs , and C,4 for alternatives
z k=1 "2’ Z k=1 3 Z =1 4

z,, 23, and zg, respectively, progressively increase when the values
3 —Lk
of 7 is from 0 to 0.5. In contrast, for z;, the results of Zk—l C;

decrease with 7 varying from 0 to 0.5.

Additionally, the contrast results of the optimal Type I comprehen-

— Lk
sive dominance measure C; for the decision-makers ey, e,, and
e; are revealed in Figures 3-5, respectively. With reference to the

results in these figures, the comparisons among the optimal Type I
) ) —Lk —Lk —Lk — Lk
comprehensive dominance measures C; ,C, ,Cs; ,and C, are

obvious for the decision-maker e, € E.

The priority rankings of the four alternatives rendered by the Type I
PF LINMAP model are demonstrated in Figure 6, consisting of the
overall priority ranking orders for group decision-makers and the
individual ranking orders for each decision-maker. As mentioned
before, the overall priority ranking z, > z3 > z4 > z; was acquired
in most cases for group decision-makers. On the other hand, con-
sider the individual ranking results for the decision-makers ey, e,,

0.00

0.50 0.05

0.45

0.40 0.15

0.20

0.30 0.25

Figure 3 Contrasts of the optimal Type I comprehensive

11
dominance measure C; under various values of 7) for the
decision-maker e;.

0.50 0.05

0.45

— )

0.40 0.15 ”

74

0.30 0.25

Figure4 Contrasts of the optimal Type I comprehensive

_1,2
dominance measure C; under various values of 7) for the
decision-maker e;.
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and e;. By comparing the optimal Type I comprehensive dominance

measure Ef’ forall z; € Z, three ranking results z3 > z, > z4 > z1,
zZ4g > z3 > z3 > z,and zp > z3 > z4 > z; Were gener-
ated in the cases of » = 0.00,0.05,0.10,0.15,0.25, = 0.20, and
n = 0.30,0.35,---,0.50, respectively, for the decision-maker e;.

—1,2
Next, based on the C; values, only one ranking z3 > z, > z; > 24
was determined regardless of the 7 values for the decision-maker

e,. Based on the a,s values, two ranking results z, > z3 ~ z4 >
z1 and zp > z3 > z4 > z; were found in the cases of n =
0.00,0.05,---,0.20 and = 0.25,0.30, ---,0.50, respectively, for
the decision-maker e;.

The second sensitivity analysis explores the effects of different val-
ues of the parameter 7 on the results using the Type II PF LINMAP
model. Let » = 0.00,0.05, -+, 0.50 under the settings of h* =03
and g; = 0.025 for all k and j. Applying Algorithm II, the compar-

i
ison results of the optimal group comprehensive dominance mea-

3 —ILk
sure Zk_l C,;  of the alternatives are represented in Figure 7.

From Figure 7, it can be observed that the Type II PF LINMAP
model shows strong robustness because the same ranking results
were obtained in all of the investigated cases. Specifically, the Type
II PF LINMAP model produced the overall priority ranking z, >

0.45 0.10

0.40

0.20

Figure 5 Contrasts of the optimal Type I comprehensive

_1,3
dominance measure C; under various values of 7) for the
decision-maker ej3.

Group decision-makers Decision-maker el

Figure 6 Results of the priority ranking orders for group and individual
decision-makers via the Type I PF linear programming technique for
multidimensional analysis of preference (LINMAP) model.

z3 > z4 > z; with different values of 7 varying from 0 to 0.5.
Moreover, the alternative z, was the best compromise solution in
the MCGDM problem. Overall, the optimal group comprehensive

. 3 —ILk .
dominance measures Zk_l C; for all z; € Z slowly increase

as the 7 value is from 0 to 0.25. When 7 > 0.25, the values of
3  —ILk

o1 C; are almost unchangeable for each alternative.

The comparison results of the optimal Type II comprehensive dom-

inance measure Ei " for the decision-makers e,, e,, and e; are
sketched in Figures 8-10, respectively. As opposite to Figures 3-5,

the contrasts among the optimal Type II comprehensive dominance
— Ik —ILk —ILk
measures C; ,C, ,Cs3

eache, € E.

—1
,and C4  do not vary dramatically for

Figure 11 shows the ranking results of the four candidate alter-
natives produced by the Type II PF LINMAP model. The graphs
in this figure consist of the overall priority ranking orders for
group decision-makers and the individual ranking orders for each
decision-maker. In line with Figure 7, the overall priority ranking
Zy > z3 > z4 > z; was acquired with 7 varying from 0 to 0.5
for group decision-makers. Next, consider the individual ranking

results based on the optimal Type II comprehensive dominance
—I,1 —I1,2

—1,3
measures C; ,C; ,and C; for the decision-makers e, e,, and

Group comprehensive
dominance measure
U

wn
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Figure 7 Comparisons of the optimal group comprehensive
. 3 —=ILk
dominance measure Z =1 C;

(n* = 0.3and ; = 0.025).

under various values of 7)
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Figure 9 Contrasts of the optimal Type IT comprehensive
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dominance measure C; ~ under various values of 7) for the
decision-maker e,.
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Figure 10 Contrasts of the optimal Type IT comprehensive

11,3
dominance measure C;  under various values of 7) for the
decision-maker e;.

e;, respectively. For the decision-maker e}, two ranking results z3 >
zy > z4 > z1 and zp > z3 > z4 > z; were obtained in the cases of
n = 0.00,0.05,---,0.20 and = 0.25, 0.30, -+, 0.50, respectively,

—I1,1 —I1,2
by comparing the C;  values for all z; € Z. Based on the C;  val-
ues, only one ranking z3 > z, > z; > z4 was rendered regardless

of the 7) values for the decision-maker e,. Based on the E?ﬁ values,
two ranking results z, > z4 > 23 > z; and z, > z3 > z4 > z; were
generated when 7 = 0.00, 0.05, 0.10 and » = 0.15,0.20, ---,0.50,
respectively, for the decision-maker e;.

Xue et al. [26] conducted a comprehensive analysis on the MCGDM
problem involving the railway project investment to show the relia-
bility and the sensitivity of their developed PF entropy-based LIN-
MAP method. The three rankings z, > z3 > z4 > z1,23 > 2z >
zy > z4,and z3 > zp > z4 > z; were acquired according to their
obtained results. As a whole, the priority rankings generated via the
proposed PF LINMAP methodology are consistent with those using
the PF entropy-based LINMAP approach. Moreover, a clear con-
sensus on the MCGDM problem of railway project investment is
that alternatives z, and z; are the better choices, while alternatives
z; and z, are the worse choices. The practicability and effective-
ness of the proposed methodology can be verified via the compar-
ative analysis with Xue et al’s approach. Nevertheless, in contrast to
the PF entropy measure-based approach, the developed techniques

Group decision-makers Decision-maker el

0-0-0-0-0-00-0-000 00000000000
00000000000
000000000600 0-0-0-0-0

Decision-maker e3

00000000000

Figure 11 Results of the priority ranking orders for group and
individual decision-makers via the Type II PF linear programming
technique for multidimensional analysis of preference (LINMAP) model.

using the PF scalar function-based approach provide an easy way
of handling complex PF information. The implementation proce-
dures are much simpler than Xue et al’s approach. Even though, the
workableness and advantages of the proposed methodology have
been examined by means of the practical application in the railway
project investment case. Moreover, the proposed methodology is
capable of yielding robust and reliable ranking results according to
the sensitivity analysis and comparative discussions.

8. CONCLUSIONS

This paper has extended the core structure of the classical LIN-
MAP methods to the complex uncertainty of Pythagorean fuzzi-
ness and has developed a new PF LINMAP-based compromising
methodology based on the proposed PF scalar function-based
approach for solving MCGDM problems.

The proposed PF LINMAP methodology not only has the merit
of the LINMAP in handling preference information over alterna-
tives but also enhance uncertain LINMAP-based approaches by
incorporating some novel concepts (e.g., PF scalar function-based
dominance measures and Types I and II comprehensive dominance
measures) in the core procedure of LINMAP. Two parametric lin-
ear programming problems have been formulated for effectively
implementing Types I and II PF LINMAP models. Moreover,
compared with the Type I PF LINMAP model, the Type II PF
LINMAP model has the merits of simplicity and efficiency. The
helpfulness and effectiveness of the proposed PF LINMAP-based
compromising methods have been verified via the application to the
MCGDM problem in regard to railway project investment. Com-
pared to the existing PF LINMAP methods, the developed PF scalar
function-based approach is capable of manipulating PF informa-
tion in a fairly easy and straightforward matter. Moreover, both
Types I and IT PF LINMAP models have high robustness because
of the reasonable and reliable application results via the sensitivity
analysis and discussions. Future research can focus on the extension
of incorporating the PF scalar function-based approach into other
decision-making models. Furthermore, the proposed PF LINMAP-
based compromising methodology can be applied to address uncer-
tain MCGDM problems in other application fields.
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APPENDIX 0.4195w; + 0.7371w, — 0.0002w3 + 0.1950w, + 1.0000ws
+0.7517wg + T3y > 0,
—0.5805w; — 0.2413w, — 1.0000w3 — 1.0000w, — 0.2696ws
max{o.z (6.4357w; + 5.9404w, + 6.0264w3 + 7.9005w, —0.3706wg + T2 > 0,
1.0000w; + 0.3215w, + 0.4383w3 + 0.8927w, + 0.5561ws
+1.0000wg + T35 > 0,
AT + Ty + T3 +T5 + T + T + rlz’j’)} —0.0001w; + 0.6569w, + 0.5615w3 + 0.3023w, + 0.7135ws
+0.1223wg + T37 > 0,
—0.3567w; + 0.0000w,, + 0.0961w3 + 1.0000w, + 0.1782ws
+0.5252wg + T3 > 0,
—0.0940w; — 0.5585w,, + 0.3868w3 + 0.2553w, — 0.1782ws
—0.4748wg + T52 > 0,
0.7191w; + 1.0000w; + 0.4111w; + 0.0000w, + 0.2648ws

+6.3360ws + 6.0463wg) — 0.8 (rgg +Ty +T5 +T57

subject to:

0.5983w; + 0.1452w, + 1.5660w; + 1.6854w, — 1.4806ws
+0.4021wg > 0.3,
0.8389w; + 1.4742w, — 0.0004w; + 0.3900w, + 2.0000ws

+1.5034wg > 0.3, +0.4748wg + T35 > 0,
0.8934w; + 0.8829w, + 1.6919w; + 1.5106w, + 0.3515ws 0.6251w; + OA‘SSWI + 0.7979w3 + 0.2553wy + 0.0866ws
+0.5252wg > 0.3, +0.0000wg + I'7; > 0,
—0.5949w; — 0.1207w, + 0.7400w3 + 0.0078wy — 0.5114ws il rbt bl pb2 ph2 pb2 ph2 pbs pbd pbd pbd s
—0.5000wg + T3, > 0, 6
1.0000w; + 0.3865w, + 0.0859w3 + 0.7818w, — 0.6438ws Z; w; =1, w; 2 0.025forj =1,2,---,6.

j=

+0.4021wg + T4t > 0,
0.1931w; — 0.1207w, + 0.7400w3 + 0.8957w, — 0.3254ws
+0.5000wg + T3, >0,
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