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ABSTRACT
TheMoore–Penrose inverse of a matrix plays a very important role in practical applications. In general, it is not easy to immedi-
ately solve the Moore–Penrose inverse of a matrix, especially for solving the Moore–Penrose inverse of a complex-valued matrix
in time-varying situations. To solve this problem conveniently, in this paper, a novel Zhang neural network (ZNN) with time-
varying parameter that accelerates convergence is proposed, which can solve Moore–Penrose inverse of a matrix over complex
field in real time. Analysis results show that the state solutions of the proposed model can achieve super convergence in finite
time with weighted sign-bi-power activation function (WSBP) and the upper bound of the convergence time is calculated. A
related noise-tolerance model which possesses finite-time convergence property is proved to be more efficient in noise suppres-
sion. At last, numerical simulation illustrates the performance of the proposed model as well.
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1. INTRODUCTION

The Moore–Penrose inverse of a matrix is widely used in scien-
tific and engineering fields as one of the basic problems encoun-
tered extensively, such as pattern recognition [1], optimization [2],
and signal processing [3]. In general, it is not easy to immediately
and accurately solve the Moore–Penrose inverse in numerical sim-
ulation. Because of its wide applications, the calculation of Moore–
Penrose inverse has been studied a lot, and many algorithms for
constant matrix have been proposed, such as continuous matrix
square algorithm [4], Newton iteration method [5] and Greyville
recursion [6]. However, in the process of solving matrix inverse
kinematics problems of online control of redundant robots [7], the
real-time calculation problem of thematrixMoore–Penrose inverse
is required to be solved. Although there have been many effective
methods for solving thematrixMoore–Penrose inverse, as far as we
know, most of the research is based on the real field and few peo-
ple generalize this problem to the complex field. In fact, solving the
Moore–Penrose inverse of the complex-valued matrix is also often
involved in the abovementioned fields, and it also plays a pivotal
role in practical applications.

Parallel computing is widely used to solve linear and nonlinear
problems [7–16] for its superior performance in complex large-
scale online applications. Neural network is considered as an effec-
tive alternative to scientific computing [17,18] due to its parallel
distribution and easy hardware implementation. Some recursive
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neural networks [19–21] have been constructed to compute the
pseudo-inverse of matrices.

Zhang neural network (ZNN), as a special kind of recurrent neural
network, is different from gradient neural networks (GNNs) that
use a passive tracking method. ZNN performs better when involv-
ing the time derivative information of time-varying coefficients. It
has the advantages of fast convergence rate in solving time-varying
problems. And it is widely used in dynamic problems such as non-
linear dynamic optimization [22], motion control of robot redun-
dant arms [23]. In 2013, a sign-bi-power activation function that
accelerates ZNN to converge in finite time was proposed by Li et al.
[24]. Then, Shen et al. [25] tried to accelerate the convergence rate
of ZNN by constructing a tunable activation function. In addition,
robustness is also an influence property because noise interference
is unavoidable in practical application. Thus, inspired by xiao et al.
[26], one noise-tolerance ZNN model which possesses finite-time
convergence property is proposed in this paper.

It has been shown that ZNN has been proven to own superior prop-
erty in many studies (see [27–29]). Therefore, for the time-varying
full-rank matrix Moore–Penrose inversion problem, we choose to
construct a ZNN to solve the time-varying optimization problem.
The contributions of this paper are listed as follows:

(a) To the best of our knowledge, there is little research on solving
time-varying Moore–Penrose inverse problems over complex
field with ZNN model. Compared with the existing results
[30], we generalize the problem to the complex field and solve
the Moore–Penrose inverse in finite time.
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(b) A time-varying parameter is utilized in the design formula,
which can effectively reduce the convergence time of the
model solution.

(c) An improved ZNNmodel which is proved to bemore efficient
in noise suppression compared with traditional ZNN model
is proposed, and the value of its error function converges to
zero in finite time.

The remains of this paper are summarized as follows: Some def-
initions and preliminaries about generalized inverse and complex
analysis are introduced in Section 2. The ZNN model for right
Moore–Penrose inverse of a matrix with special activation function
is constructed and its Lyapunov stability and convergence in finite
time are proved in Section 3. In addition, an improved ZNNmodel
for matrix Moore–Penrose inverse which has the ability to sup-
press noise is introduced. It is worth mentioning that the improved
ZNNmodel can not only effectively suppress noise but also its solu-
tion can reach a finite time convergence under the acceleration of
a special activation function. In Section 4, numerical examples of
time-vary complex-valued problems are given to demonstrate the
validity of our results.

2. PROBLEM DESCRIPTION AND
PRELIMINARIES

In order to lay the foundation for further discussion, some defini-
tions about the matrix Moore–Penrose inverse are introduced. In
this paper, ℂm×n meansm × n-dimensional linear space over com-
plex fields and ℝ2n means 2n-dimensional real vector space. AH

means conjugate transpose of matrix A.

Definition 1. [7,31] For a matrix A ∈ ℂm×n, if X ∈ ℂn×m satisfies
one or more of the following equations:

AXA = A,
XAX = X,

(AX)H = AX,
(XA)H = XA,

then X is called the generalized inverse of A. And if X satisfies all of
the equations above, then X is called the Moore–Penrose inverse of
A, which is denoted by A+.

If rank(A) = min{m, n}, AAH (or AHA) is nonsingular. Then the
unique Moore–Penrose inverse A+ ∈ ℂm×n for matrix A could be
rewritten as [30]

A+ ∶=
⎧
⎨
⎩

AH(AAH)−1, ifm < n,
A−1, ifm = n,
(AHA)−1AH, ifm > n,

(1)

where the three equations from top to bottom respectively repre-
sent the right Moore–Penrose inverse, inverse and the left Moore–
Penrose inverse.

From (1), the Moore–Penrose inverse of matrix A depends on
(AAH)−1. However, calculating (AAH)−1 in high-dimensional case
is difficult, so it is hard to calculate the Moore–Penrose inverse of
matrix A at high dimension.

A+ can not be gotten by (1) when rank(A) < min{m, n}, so, in this
paper, the Moore–Penrose inverses of A(t) ∈ ℂm×n are only con-
sidered to be full-rank.

Definition 2. [32] For any Z ∈ ℂn, the linear function 𝜑 ∶ ℂn →
ℝ2n is defined as

𝜑(Z) =
(
Re(Z)
Im(Z)

)
∈ ℝ2n.

From the definition of 𝜑(Z), it is clear that
Proposition 1. [32] For any 𝜆 ∈ ℝ and Z,Z1,Z2 ∈ ℂn, it holds that

𝜑(𝜆Z) = 𝜆𝜑(Z);
𝜑(Z1 ± Z2) = 𝜑(Z1) ± 𝜑(Z2);

ZHZ = 𝜑T(Z)𝜑(Z).

3. MODEL DESIGN AND CONVERGENCE
ANALYSIS

In this section, we will propose a ZNN model and an improved
noise-tolerance ZNN model to solve right time-varying Moore–
Penrose inverse ofmatrices. Their stability and convergence are dis-
cussed as well.

3.1. A ZNN Model for Right Time-Varying
Moore–Penrose Inverse

In this subsection, we will propose a ZNN model to solve the right
Moore–Penrose inverse of time-varying matrix A(t) with full row-
rank. Hence, for (1), if rank(A) = m, the right Moore–Penrose
inverse A+(t) satisfies

A+(t)A(t)AH(t) = AH(t). (2)

For solving A+(t), we first let X(t) = A+(t).

The corresponding error function [8,33] could be defined as

e(t) = X(t)A(t)AH(t) − AH(t), (3)

then motivated by Zhang et al. [34], the following design formula is
introduced

̇e(t) = −𝛾1e𝛼1tΦ (e(t)) , (4)

where 𝛾1, 𝛼1 > 0 and Φ(⋅) ∶ ℂn×m → ℂn×m is activation function
array. For any z ∈ ℂn×m, the ijth element of the function Φ(z) is
defined as

(Φ(z))ij = 𝜙
(
Re(zij)

)
+ i𝜙

(
Im(zij)

)
, (5)

where 𝜙(⋅) ∶ ℝ → ℝ is a monotonically increasing odd function
constructed as [35]

𝜙(x) = 𝜆1sgnk(x) + 𝜆2sgn
1
k (x) + 𝜆3x. (6)
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Here 𝜆1, 𝜆2, 𝜆3 > 0, k ∈ (0, 1),

sgnk(x) =
⎧
⎨
⎩

|x|k, x > 0
0, x = 0
−|x|k, x < 0.

Combining (3) with (4), ZNN model is written as follows:

Ẋ(t)A(t)AH(t) = −𝛾1e𝛼1tΦ
(
X(t)A(t)AH(t) − AH(t)

)
−X(t)

(
Ȧ(t)AH(t) + A(t)ȦH(t)

)
+ ȦH(t),

which can be modified as

Ẋ(t) = Ẋ(t)
(
I − A(t)AH(t)

)
− 𝛾1e𝛼1tΦ

(
X(t)A(t)AH(t)

−AH(t)
)
− X(t)

(
Ȧ(t)AH(t) + A(t)ȦH(t)

)
+ ȦH(t).

(7)

Theorem 2. For any nonzero complex-valued activation function
arrayΦ(⋅) defined as (5), the zero solution of the complex ZNN design
formula (4) remains stable in the sense of Lyapunov.

Proof. For convenience, design formula (4) could be written as
subsystems:

̇eij = −𝛾1e𝛼1t (Φ (e(t)))ij , (8)

where i ∈ {1, 2, … , n}, j ∈ {1, 2, … ,m}.
The Lyapunov function is defined as

vij(t) = eHij (t)eij(t) = 𝜑T (eij(t))𝜑 (
eij(t)

)
, (9)

where eij(t) means the ijth element of e(t). It’s obvious that vij(t) ⩾
0. vij(t) = 0 if and only if eij(t) = 0. That is Re(eij(t)) = 0 and
Im(eij(t)) = 0.
The derivative with respect to time is

̇vij(t) = 2𝜑T (eij(t))𝜑 (
̇eij(t)

)
= −2𝛾1e𝛼1t𝜑T (eij(t))𝜑 [(Φ (e(t)))ij]

= −2𝛾1e𝛼1t [Re
(
eij(t)

)
𝜙
(
Re

(
eij(t)

))
+Im

(
eij(t)

)
𝜙
(
Im

(
eij(t)

))
] .

Since 𝜙(⋅) is a monotonically increasing odd function, it holds that

Re
(
eij(t)

)
𝜙
(
Re

(
eij(t)

))
⩾ 0

Im
(
eij(t)

)
𝜙
(
Im

(
eij(t)

))
⩾ 0.

So we can get that ̇vij ⩽ 0. And ̇vij = 0 if and only if eij(t) = 0. By the
Lyapunov theory [36], the zero solution of (4) is stable in the sense
of Lyapunov.

It is worth mentioning that under the acceleration of time-varying
parameter e𝛼1t, the solution of our proposed model not only keeps
stable, but also achieves finite time convergence. The upper bound
of convergent time of state solution X(t) will be calculated and this
can be described by the following theorem.

Theorem 3. From any initial value X(0) = X0, the solution of the
ZNN model (7) with the activation function (6) will converge to the
theoretical solution A+(t) in finite time.

Proof. For the Lyapunov function vij in (9) and the ZNN model
(7) with the activation function (6), we can get

̇vij(t) = −2𝛾1e𝛼1t [Re
(
eij(t)

)
𝜙
(
Re

(
eij(t)

))
+Im

(
eij(t)

)
𝜙
(
Im

(
eij(t)

))
]

= −2𝛾1e𝛼1tRe
(
eij(t)

)
[𝜆1sgnk

(
Re

(
eij(t)

))
+𝜆2sgn

1
k
(
Re

(
eij(t)

))
+ 𝜆3Re

(
eij(t)

)
]

−2𝛾1e𝛼1tIm
(
eij(t)

)
[𝜆1sgnk

(
Im

(
eij(t)

))
+𝜆2sgn

1
k
(
Im

(
eij(t)

))
+ 𝜆3Im

(
eij(t)

)
]

= −2𝛾1e𝛼1t
(
𝜆1 [|Re(eij(t))|k+1 + |Im(eij(t))|k+1]

+𝜆2 [|Re(eij(t))|
k+1
k + |Im(eij(t))|

k+1
k ]

+𝜆3 [|Re(eij(t))|2 + |Im(eij(t))|2]
)

⩽ −2𝛾1e𝛼1t
(
𝜆1 [

(
|Re(eij(t))|2

) k+1
2

+
(
|Im(eij(t))|2

) k+1
2 ]

+𝜆3 [|Re(eij(t))|2 + |Im(eij(t))|2]
)

⩽ −2𝛾1e𝛼1t

(
𝜆1 [|Re(eij(t))|2 + |Im(eij(t))|2]

k+1
2

+𝜆3 [|Re(eij(t))|2 + |Im(eij(t))|2]
)

= −2𝛾1e𝛼1t

(
𝜆1v

k+1
2

ij (t) + 𝜆3vij(t)
)
.

That is,

̇vij(t) ⩽ −2𝛾1𝜆1e𝛼1tv
k+1
2

ij (t) − 2𝛾1𝜆3e𝛼1tvij(t).

From the above inequality, we can conclude that vij(t) is monoton-
ically decreasing and positive definite, which means that vij(t) = 0
for every t ⩾ Tij when vij(Tij) = 0. That is to say, eij(t) = 0 for
every t ⩾ Tij. So, without loss of generality, we suppose vij(t) > 0
for t ∈ (0,Tij). Following inequality is obtained

v
− k+1

2
ij (t) ̇vij(t) ⩽ −2𝛾1𝜆1e𝛼1t − 2𝛾1𝜆3e𝛼1tv

1−k
2

ij (t).

for t ∈ (0,Tij). Multiply both sides by e
1
𝛼1

𝛾1𝜆3(1−k)e𝛼1 t and we have

d
(
e
1
𝛼1

𝛾1𝜆3(1−k)e𝛼1 tv
1−k
2

ij (t)

)
⩽ −(1 − k)𝛾1𝜆1e

𝛼1t+
1
𝛼1

𝛾1𝜆3(1−k)e𝛼1 tdt.
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Integrating both sides of this inequality from 0 to t for t ∈ (0,Tij),
one has

e
1
𝛼1

𝛾1𝜆3(1−k)e𝛼1 tv
1−k
2

ij (t) − e
1
𝛼1

𝛾1𝜆3(1−k)v
1−k
2

ij (0)

⩽ −𝜆1𝜆3
e
1
𝛼1

𝛾1𝜆3(1−k)e𝛼1 t + 𝜆1
𝜆3

e
1
𝛼1

𝛾1𝜆3(1−k).

Since vij(t) > 0, we can get

𝜆1
𝜆3

e
1
𝛼1

𝛾1𝜆3(1−k)e𝛼1 t ⩽ e
1
𝛼1

𝛾1𝜆3(1−k)v
1−k
2

ij (0)

+𝜆1𝜆3
e
1
𝛼1

𝛾1𝜆3(1−k).

Therefore,

t ⩽ Tij ≜
1
𝛼1

ln [ 𝛼1
𝜆3(1 − k)

ln

(
𝜆3
𝜆1

e
1
𝛼1

𝛾1𝜆3(1−k)v
1−k
2

ij (0)

+e
1
𝛼1

𝛾1𝜆3(1−k)
)
] .

The upper bound on the convergence time ofX(t) is T̃1, which T̃1 =
max{Tij ∣ i = 1,… , n, j = 1,… ,m}.
As is proved above, the state solution of ZNN model can converge
to the theoretical solution A+(t) in finite time.

It is worth noting that compared with the methods proposed in
other references [8,30], not only do we generalize the problem to
the complex domain, but also the state solution of the model pro-
posed in this paper can achieve finite time convergence.

Remark 1. ZNN model for left time-varying Moore–Penrose
inverse of matrices can be obtained similarly. The error function
could be defined as

𝜀(t) = AH(t)A(t)X(t) − AH(t), (10)

and the following design formula is introduced

̇𝜀(t) = −𝛾2e𝛼2tΦ(𝜀(t)), (11)

where 𝛾2, 𝛼2 > 0. The corresponding ZNNmodel can be written as

AH(t)A(t)Ẋ(t) = −𝛾2e𝛼2tΦ
(
AH(t)A(t)X(t) − AH(t)

)
−
(
ȦH(t)A(t) + AH(t)Ȧ(t)

)
X(t) + ȦH(t),

which can be rewritten as

Ẋ(t) =
(
I − AH(t)A(t)

)
Ẋ(t) − 𝛾2e𝛼2tΦ

(
A(t)HA(t)X(t)

−AH(t)
)
−
(
ȦH(t)A(t) + AH(t)Ȧ(t)

)
X(t) + ȦH(t).

(12)

The convergence analysis is similar to the proof of Theorems 2
and 3, thus omitted here.

3.2. An Improved Matrix Inversion
ZNN Model

The analysis about ZNN model for right time-varying Moore–
Penrose inverse in Section 3.1 does not concern the problem of
external noise, which means the state solution of the ZNN model
(7) and (12) may be unstable once the external noise appears. In
this section, we propose an improved matrix inversion ZNNmodel
which can also be more efficient in noise suppression.

We introduce a design formula [26] for e(t) mentioned in (3) as
follows:

̇e(t) = −𝛿1e𝛼1tΦ (e(t))
−𝛿2Φ

(
e(t) + 𝛿1 ∫ t0 e𝛼1𝜏Φ(e(𝜏))d𝜏

)
,

(13)

where 𝛿1, 𝛿2 > 0. By employing the design formula (13), following
improved ZNN model for solving right Moore–Penrose inverse is
obtained

Ẋ(t)A(t)AH(t) = −𝛿1e𝛼1tΦ
(
X(t)A(t)AH(t) − AH(t)

)
−𝛿2Φ

(
X(t)A(t)AH(t) − AH(t)

+𝛿1 ∫ t0 e𝛼1𝜏Φ(X(𝜏)A(𝜏)AH(𝜏) − AH(𝜏))d𝜏
)

−X(t)
(
Ȧ(t)AH(t) + A(t)ȦH(t)

)
+ ȦH(t).

(14)

The following theorem ensures the state solution of the ZNNmodel
(14) converges to the exact solution in finite time.

Theorem 4. From any initial state X(0), the state solution X(t) of the
ZNNmodel (14) with the activation functionΦ(⋅)will converge to the
exact solution A+(t).

Proof. We firstly introduce an intermediate variable r(t) = e(t) +
𝛿1 ∫ t0 e𝛼1𝜏Φ(e(𝜏))d𝜏, it is clear that

̇r(t) = ̇e(t) + 𝛿1e𝛼1tΦ(e(t)) = −𝛿2Φ(r(t)).

Define a Lyapunov function as

wij(t) = rHij (t)rij(t) = 𝜑T (rij(t))𝜑 (
rij(t)

)
,

where rij(t) means the ijth element of r(t). The derivative with
respect to time is

ẇij(t) = 2𝜑T (rij(t))𝜑 (
̇rij(t)

)
= −2𝛿2𝜑T (rij(t))𝜑 [(Φ (r(t)))ij]

= −2𝛿2 [Re
(
rij(t)

)
𝜙
(
Re

(
rij(t)

))
+Im

(
rij(t)

)
𝜙
(
Im

(
rij(t)

))
] ⩽ 0.

(15)

Note that wij(t) ⩾ 0 and ẇij(t) ⩽ 0. The fact that wij(t) = 0 holds if
and only if rij(t) = 0 and ẇij(t) = 0 holds if and only if rij(t) = 0.
According to Lyapunov theory and analysis in Theorem 3, we know
that there exists T̃2, such that rij(t) = 0 for t > T̃2. In this situation,
(13) is further written as

̇e(t) = −𝛿1e𝛼1tΦ(e(t)). (16)
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It is similar to (8). According to the proof of Theorem 2, eij(t) con-
verges to zero finally. That is to say, X(t) will converge to exact state
solution finally.

Next, the upper bound of convergent time of state solution X(t)will
be calculated and this can be described by the following theorem.

Theorem 5. Starting from any initial state X(0), the state solution
X(t) of the ZNN model (14) with activation function Φ(⋅) will con-
verge to the exact solution A+(t) in finite time.

Proof. According to (15), we can further get

ẇij(t) = −2𝛿2Re
(
rij(t)

)
[𝜆1sgnk

(
Re

(
rij(t)

))
+𝜆2sgn

1
k
(
Re

(
rij(t)

))
+ 𝜆3Re

(
rij(t)

)
]

−2𝛿2e𝛼1tIm
(
rij(t)

)
[𝜆1sgnk

(
Im

(
rij(t)

))
+𝜆2sgn

1
k
(
Im

(
rij(t)

))
+ 𝜆3Im

(
rij(t)

)
]

= −2𝛿2
(
𝜆1 [|Re(rij(t))|k+1 + |Im(rij(t))|k+1]

+𝜆2 [|Re(rij(t))|
k+1
k + |Im(rij(t))|

k+1
k ]

+𝜆3 [|Re(rij(t))|2 + |Im(rij(t))|2]
)

⩽ −2𝛿2
(
𝜆1 [

(
|Re(rij(t))|2

) k+1
2

+
(
|Im(rij(t))|2

) k+1
2 ]

+𝜆3 [|Re(rij(t))|2 + |Im(rij(t))|2]
)

⩽ −2𝛿2

(
𝜆1 [|Re(rij(t))|2 + |Im(rij(t))|2]

k+1
2

+𝜆3 [|Re(rij(t))|2 + |Im(rij(t))|2]
)

= −2𝛿2

(
𝜆1w

k+1
2

ij (t) + 𝜆3wij(t)

)
.

Multiplying e𝛿2𝜆3(1−k)t on both sides, we have

d
(
e𝛿2𝜆3(1−k)tw

1−k
2

ij (t)

)
⩽ −(1 − k)𝛿2𝜆1e𝛿2𝜆3(1−k)tdt,

which means that

t ⩽ T′ij ≜
1

𝛿2𝜆3(1 − k)
ln

(
1 + 𝜆3

𝜆1
w
1−k
2

ij (0)
)
.

Thus, we get T̃2 = max{T′ij ∣ i = 1,… , n, j = 1,… ,m}. It follows
that when t ⩾ T̃2, we have rij(t) = 0. In this situation, (13) reduces

to (16). Hence, we obtain the upper bound of convergence time as
follows:

t ⩽ T′′ij ≜ 1
𝛼1

ln [ 𝛼1
𝜆3(1 − k)

ln

(
𝜆3
𝜆1

e
1
𝛼1

𝛿1𝜆3(1−k)v
1−k
2

ij (0)

+e
1
𝛼1

𝛿1𝜆3(1−k)
)
] ,

which is similar to the proof of Theorem 3. Define T̃3 =
max {T′′ij ∣ i = 1,… , n, j = 1,… ,m}, we get the final convergence
time is T̃N = T̃2 + T̃3. The proof is complete.

To verify noise-tolerance ability, we add a constant external noise to
design formula (13) which is denoted by 𝜂, and thus the following
noise-polluted design formula is obtained

̇e(t) = −𝛿1e𝛼1tΦ (e(t))
−𝛿2Φ

(
e(t) + 𝛿1 ∫ t0 e𝛼1𝜏Φ(e(𝜏))d𝜏

)
+ 𝜂,

(17)

and the noise-polluted ZNN model can be written as

Ẋ(t)A(t)AH(t) = −𝛿1e𝛼1tΦ
(
X(t)A(t)AH(t) − AH(t)

)
−𝛿2Φ

(
X(t)A(t)AH(t) − AH(t)

+𝛿1 ∫ t0 e𝛼1𝜏Φ(X(𝜏)A(𝜏)AH(𝜏) − AH(𝜏))d𝜏
)

−X(t)
(
Ȧ(t)AH(t) + A(t)ȦH(t)

)
+ ȦH(t) + 𝜂.

(18)

Theorem 6. For noise-polluted model (18), the state solution X(t)
starting from any initial state X(0) will converge to the exact solution
A+(t) with activation function Φ(⋅).

Proof. As defined in Theorem 4, r(t) = e(t)+𝛿1 ∫ t0 e𝛼1𝜏Φ(e(𝜏))d𝜏.
It can be written as a subsystem and its derivative with respect to
time is

̇rij(t) = (−𝛿2Φ(r(t)) + 𝜂)ij .

Define a Lyapunov function as

W(t) = (𝛿2Φ(r(t)) − 𝜂)Hij (𝛿2Φ(r(t)) − 𝜂)ij .

It is obvious thatW(t) ⩾ 0. The fact thatW(t) = 0 holds if and only
if (𝛿2Φ(r(t)) − 𝜂)ij = 0. Note that function arrayΦ(⋅) are monoton-
ically increasing odd functions, and its derivative about time can be
calculated as

Ẇ(t) =
((

𝛿2
𝜕(Φ(r(t)))ij

𝜕rij
̇rij(t)

)H

(𝛿2Φ(r(t)) − 𝜂)ij

+ (𝛿2Φ(r(t)) − 𝜂)Hij
(
𝛿2
𝜕(Φ(r(t)))ij

𝜕rij
̇rij(t)

))
= −[

(
𝛿2

𝜕(Φ(r(t)))ij
𝜕rij

)H

+
(
𝛿2
𝜕(Φ(r(t)))ij

𝜕rij

)
]

(𝛿2Φ(r(t)) − 𝜂)Hij (𝛿2Φ(r(t)) − 𝜂)ij

= −2Re

(
𝛿2
𝜕(Φ(r(t)))ij

𝜕rij

)
𝜑T

(
(𝛿2Φ(r(t)) − 𝜂)ij

)
𝜑
(
(𝛿2Φ(r(t)) − 𝜂)ij

)
⩽ 0.
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That is to say, rij will converge to the equilibrium according to
Lyapunov theory. In other words, it means that lim

t→+∞
̇rij(t) =

lim
t→+∞

(𝛿2Φ(r(t)) − 𝜂)ij = 0. In this situation, it can be obtained that

̇eij(t) = −𝛿1e𝛼1t (Φ(e(t)))ij which is similar to (8) due to ̇eij(t) =
̇rij(t)−𝛿1e𝛼1t (Φ(e(t)))ij. According to the proof of Theorem 2, eij(t)
converges to zero finally. That is to say, X(t) will converge to the
exact state solution finally.

4. NUMERICAL EXAMPLES

In this section, numerical examples are presented to illustrate the
effectiveness of the proposed ZNN model.

Example 1. Consider the right Moore–Penrose inverse of the fol-
lowing complex time-varying matrix:

A(t) =
(
A1(t) A2(t) A3(t)

)
,

where

A1(t) =
(
sin(t) + i cos(t)

cos(t)

)
,

A2(t) =
(
cos(t) + i sin(t)
sin(t) + i cos(t)

)
,

A3(t) =
(

sin(t)
cos(t) + i sin(t)

)
.

The Zhang neural network (ZNN) model (7) is used to sim-
ulate the Moore–Penrose inverse of the time-varying matrix in
Example 1. Here, we take 𝜆1 = 1, 𝜆2 = 1, 𝜆3 = 1, 𝛾1 = 1, 𝛼1 = 1
and k = 0.5. The results of the state solution are shown in Figure 1.

Figure 1 State trajectories of ZNN models (7) for Example 1.

Wedivide the elements in the same position into real part and imag-
inary part and put them in the same diagram. There are four dif-
ferent initial values in every diagram. It can be seen from Figure 1
that starting from any four given initial values, the solution curves
of model (7) converges to one state corresponding to the elements
of X(t) respectively and after that, the curves keep converging. This
also illustrate the effectiveness of our proposed model for solving
the matrix Moore–Penrose inverse problem.

In order to further illustrate the validity of the conclusion, we plot
the trajectory of the error function and the results are presented in
Figure 2. We also divide the elements in the same position into real
part and imaginary part and put them in the same diagram. It can be
seen that starting from the same four initial values as before, the real
part and imaginary part of each element rapidly converge to zero,
indicating that the state solution can convergewell to the theoretical
solution. Compared with the traditional ZNN model proposed in
another reference [30] that also solves the matrix Moore–Penrose
inverse, the results in Figure 3 show that the variable parameter e𝛼1t

can indeed accelerate the convergence with the same initial values,
and the convergence time of the model solution decreases as the
parameter 𝛼1 becomes larger.

Example 2. Consider the left Moore-Penrose inverse of the follow-
ing complex time-varying matrix:

A =
⎛⎜⎜⎝
sin(t) + icos(t) cos(t) + isin(t)

−cos(t) sin(t)
sin(t) + icos(t) cos(t) + isin(t)

⎞⎟⎟⎠ .
TheZNNmodel (12) is used to simulate theMoore–Penrose inverse
of the time-varyingmatrix in Example 2. In this case, taking 𝜆1 = 1,
𝜆2 = 1, 𝜆3 = 1, 𝛾2 = 1, 𝛼2 = 1 and k = 0.5.
Choosing four different initial values arbitrarily in every diagram,
we divide the elements in the same position into real part and

Figure 2 State trajectories of error function (3) for Example 1.
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imaginary part. In order to reflect the convergence speedmore intu-
itively, we put them in the same diagram. Similarly, as shown in
Figures 4 and 5,we can observe that starting fromany four given ini-
tial values, the solution curves of model (12) converges to one state
corresponding to the elements of X(t) respectively. That is to say,
our model effectively solves the proposed problem of time-varying
Moore–Penrose inverse.

Example 3. Consider the right Moore–Penrose inverse of the fol-
lowing complex time-varying matrix with noise:

A(t) =
(
A1(t) A2(t) A3(t)

)

Figure 3 Influence of parameters on convergence time
for Example 1.

Figure 4 State trajectories of Zhang neural network (ZNN) models
(12) for Example 2.

where

A1(t) =
(
sin(t) + i cos(t)

cos(t)

)
,

A2(t) =
(
cos(t) + i sin(t)
sin(t) + i cos(t)

)
,

A3(t) =
(

sin(t)
cos(t) + i sin(t)

)
.

We first examine the stability of the model without interference
from external noise. In order to further illustrate the validity of the
conclusion, we plot the trajectory of the error function and it is
shown in Figure 6. Obviously, every element in the error function,
whether real or imaginary, will eventually converge to zero, which
effectively proves that the model (14) can solve the time-varying
Moore–Penrose inverse of matrices. Next, we randomly choose a
set of constant noise values and compare the convergence of the
error curves under this noise interference. It is clear that the error
curves which are represented by the blue solid line and the blue
dotted line in Figure 7 of model (14) both converges to zero faster.
However, the error curves of model (7), which are the curves rep-
resented by red in Figure 7, converge slowly under the interference
of external noise. In other words, model (14) does better in noise
suppression.

5. CONCLUSION

In this paper, for solving time-varyingMoore–Penrose inverse over
complex fields, a new ZNN model is proposed. The solution of
the ZNN model (7) and the solution of the ZNN model (12) are
proved to be stable in the sense of Lyapunov. Furthermore, for

Figure 5 State trajectories of error function (10) for Example 2.
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Figure 6 Trajectories of error function without noise
for Example 3.

Figure 7 Trajectories of error function with noise for
Example 3.

any initial value, the state solution of ZNN will converge to the
theoretical solution in real time. Compared with existing results,
our model converges faster because of the new activation function.
The improved ZNN model (14) is proven to be more efficient in
noise suppression. In addition, models with faster convergence rate
and models for solving Moore–Penrose inverses of rank-deficient
matrix would be one of our future research directions, which might
achieve rich results under unremitting efforts.
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