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1. INTRODUCTION

MYV-algebras were defined by Chang [1] as algebras correspond-
ing to the Lukasiewicz infinite valued propositional calculus. These
algebras have appeared in the literature under different names and
polynomially equivalent presentation: CN-algebras, Wajsberg alge-
bras, bounded commutative BCK-algebras and bricks. It is discov-
ered that MV-algebras are naturally related to the Murray-von Neu-
mann order of projections in operator algebras on Hilbert spaces
and that they play an interesting role as invariant of approximately
finite-dimensional C*-algebras. They are also naturally related to
Ulam’s searching games with lies. MV-algebras admit a natural lat-
tice reduction and hence a natural order structure. Many important
properties can be derived from the fact, established by Chang that
nontrivial MV-algebras are subdirect products of MV-chains, that
is, totally ordered MV-algebras. To prove this fundamental result,
Chang introduced the notion of prime ideal in an MV-algebra. The
categorical equivalence between MV-algebras and lu-groups leads
to the problem of defining a product operation on MV-algebras,
in order to obtain structures corresponding to I-rings. A product
MV-algebra (or PMV-algebra, for short) is an MV-algebra which
has an associative binary operation “.” . It satisfies an extra prop-
erty which will be explained in Preliminaries. During the last years,
PMV-algebras were considered and their equivalence with a cer-
tain class of I-rings with strong unit was proved. It seems quite
natural to introduce modules over such algebras, generalizing the
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divisible MV-algebras and the MV-algebras obtained from Riesz
spaces and to prove natural equivalence theorems. Hence, the
notion of MV-modules was introduced as an action of a PMV-
algebra over an MV-algebra by Di Nola [2]. Since then, we and some
researches have worked on MV-modules (see, for instance, [3-12]).
Most published papers are about ideals of MV-modules. We were
surious to investigate concepts such as injective (projective) MV-
modules, free M V-modules and so on. In 2018, we introduced injec-
tive MV-modules (see [8]), but with the current situation, it was not
possible for us to achieve all our goals. So we first limited our scope
of work by introducing a new kind of MV-modules, namely A;-
modules. Since MV-modules are in their infancy, stating and open-
ing of any subject in this field can be useful. Hence, in this paper, we
present definitions of free A;-modules, radical of A;-modules and
Noetherian Ag-modules, where A is a PMV-algebra and k € N. In
Section 3, we state when an A;-module is equal to Z;l:l A, for some
n € N. In Section 4, we state a method to obtain the radical of an
A-ideal in Aj-modules. In Section 5, we obtain conditions in which
an A -module can be Noetherian. We hope that we have taken an
effective step in this regards.

2. PRELIMINARIES

In this section, we review related lemmas and theorems that we use
in the next sections.
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Definition 2.1. [13] An MV-algebra is a structure M =
of type (2, 1, 0) such that

M, ®,",0)

(MV1) (M, @, 0) is an Abelian monoid,
(MV2)(a') = a,

(MV3) 0/
(MV4)(a"®b) ®b=("Da) Da,

If we define the constant 1 = 0" and operations © and © bya®b =
(@@b),a©b=a@l, then

@a=0,

(MV5)(a@b)=(a' OV,
MVe)x@®1=1,
MV7)(a©b)@b=(bSa)®a,

MV8)ada =1,

for every a,b € M. It is clear that (M, ®, 1) is an Abelian monoid.
Now, if we define auxiliary operations Vand Aon MbyaVv b =
@Ob)®bandaAb=a® (@ @ b), foreverya,b € M, then
(M, V, A, 0) is a bounded distributive lattice.

An MV-algebra M is a Boolean algebra if and only if the operation
“@'" is idempotent, that is, x @ x = x, for every x € M. In an
MV-algebra M, the following conditions are equivalent: (i) a’ @b =
1, () a@b =0,(31ii) b = a® (b © a), (iv) Ic € M such that
a@® c = b, for every a,b,c € M. For any two elements a, b of the
MV-algebra M, a < b if and only if a, b satisfy the above equiva-
lent conditions (i) — (iv). An ideal of MV-algebra M is a subset I of
M, satisfying the following conditions: (I1): 0 € I, (I2): x < y and
y€limplyx € L, (I3):x@® y € I, for every x,y € I. In an MV-
algebra M, the distance function d : M X M — M is defined by
d(x,y) = (x © y) @ (y © x) which satisfies (i): d(x,y) = 0 if and
only if x = y, (ii): d(x, y) = d(y, x), (iii): d(x,z) < d(x,y) ® d(y, 2),
@@): d(x,y) = dix',y"), (v): dx D z,y ® ) < d(x,y) @ d(z, 1), for
every x,y,z,t € M. Let I be an ideal of MV-algebra M. We denote
x ~ y(x = y) ifand only if d(x, y) € I, for every x,y € M. So ~
is a congruence relation on M. Denote the equivalence class con-

tainingxbyfandg ={’—; :xEM}.Then(M @, , 9)isanMV—

algebra, where <f>’ = 7 and = @ = XGBy ,forall x,y € M.
Let M and K be two MV- algebras A mappmg f: M > Kis
called an MV-homomorphism if (H1): (0) = 0, (H2): fix ® y) =
flx) ® fly) and (H3): fix') = (f(x)), for every x,y € M. If fis
one to one (onto), then fis called an MV-monomorphism (MV-
epimorphism) and if fis onto and one to one, then f is called an
MV-isomorphism.

»

Lemma 2.2. [13] In every MV-algebra M, the natural order “ <
has the following properties:

i. x<yifandonlyify <x/,

ii. ifx<ythenx®z<y®z foreveryze M.

Lemma 2.3. [13] Let M and N be two MV-algebrasandf : M - N
be an MV-homomorphism. Then the following properties hold:

i.  Ker(f) is an ideal of M,

ii. if fis an MV-epimorphism, then Kﬁf ~N.
er]

Definition 2.4. [14,15] An [-group is an algebra (G, +, —,
where the following properties hold:

07 V’ A)S

(a) (Ga +a )

(b) (G, V,A) is alattice,

0) is a group,

() x<yimpliesthatx+a <y+a,foranyx,y,a,beG.

A strong unit u# > 0 is a positive element with property that for any
g € G there exits n € w such that ¢ < nu. The Abelian [-groups
with strong unit will be simply called lu-groups [16].

The category whose objects are M V-algebras and whose homomor-
phisms are MV-homomorphisms is denoted by M V. The category
whose objects are pairs (G, u), where G is an Abelian [-group and u
is a strong unit of G and whose homomorphisms are /-group homo-
morphisms is denoted by Ug. The functor that establishes the cat-
egorial equivalence between MV and Uy is

r: vg—- MV,

where I'(G,u) = [0,u]s, for every lu-group (G, u) and I'(h) =
hlo,4> for every lu-group homomorphism h. The above results
allows us to consider an MV-algebra, when necessary, as an inter-
val in the positive cone of an I-group. Thus, many definitions and
properties can be transferred from I-groups to MV-algebras. For
example, the group addition becomes a partial operation when it is
restricted to an interval, so we define a partial addition on an MV-
algebra M as follows:

x + yis defined if and only if x < y" and in this case, x + y = x D y,
for every x, y € M. Moreover, if z 4+ x < z + y, then x < y (see [2]).

Definition 2.5. [16] An l-ring is a structure (R, +,.,0,
(R, +,0, <) is an L-group such that, for any x,y € R,

<), where

x > 0and y > 0 implies x.y > 0.

A product MV-algebra (or PMV-algebra, for short) is a structure
A=(A®,.',0), where (4, ®,’,0)is an MYV-algebraand “.” isa
binary associative operation on A such that the following property is
satisfied: if x4y is defined, then x.z+y.zand z.x+z.y are defined and
(x+y) z =x.z+y.z2z.(x+y) = zx+zy, foreveryx, y,z € A, where
“+ 7 is the partial addition on A. A unity for the product is an ele-
mente € A such thate.x = x.e = x, foreveryx € A.If A hasa unity
for product, then e = 1. A PMV-algebra A is called commutative, if
x.y = y.x, foreveryx,y € A [4]. A PMV-homomorphism isan MV-
homomorphism which also commutes with the product operation.
A --ideal of A is an ideal I of A such thatifa € Iand b € A entail
a.b € Iand b.a € I. The set of --ideals of A is denoted by Id(A).

An lu-ring is a pair (R, u), where (R, +,.,0, <) is an /-ring and u is
a strong unit of R (i.e., u is a strong unit of the underlying I-group)
such that u.u < u. The category whose objects are pairs (R, u),
where Ris an [-ring and u is a strong unit of R and whose homomor-
phisms are [-ring homomorphisms is denoted by UR. The func-
tor that establishes the categorial equivalence between PMV and
URis

r: UR—- PMV,

where I'(R, u) = [0, u]g, for every lu-ring (R, u) and T'(h)
for every lu-ring homomorphism h.

= hI[O,u]’
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Definition 2.6. [6] Let I be a proper --ideal of A. I is called
a --prime ideal of 4, if x.y € I implies that x € I or y € I, for any
x,y €A.

Proposition 2.7. [4] Let A be a PMV-algebra. Then Z?:l Aisa
PMV-algebra.

Lemma 2.8. [16] Let A be a PMV-algebra. Then a < b implies that
a.c < b.candc.a < cbforeverya,b,c € A.

Definition 2.9. [2] Let A = (A, @, .,”,0) be a PMV-algebra, M =
(M, ®,’,0) be an MV-algebra and the operation ® : AX M - M
be defined by ®(a, x) = ax, which satisfies the following axioms:

(AM1) If x + y is defined in M, then ax + ay is defined in M and
a(x +y) = ax + ay,

(AM2) If a + b is defined in A, then ax + bx is defined in M and
(a + b)x = ax + bx,

(AM3) (a.b)x = a(bx), for every a,b € Aand x,y € M.

Then M s called a (left) MV-module over A or briefly an A-module.
We say that M is a unitary MV-module if A has a unity for the prod-
uct and

(AM4) 1,x = x, for every x € M. Moreover, M is called a Boolean
A-module if ax @ ay < a(x @ y), foreverya € Aandx,y € M
(see [4]).

Lemma 2.10. [2] Let A be a PMV-algebra and M be an A-module.
Then

(a) O0x=0,

(b) a0 =0,

() ax' < (ax)’,

(d) da'x<(ax),

(e) (ax) =a'x+ (1x),

(f) x < yimpliesax < ay,

(g) a < bimpliesax < bx,

(h) ax®y) <axDay,

(1) d(ax,ay) < ad(x, y),

(j) ifx =;y, then ax =; ay, where I is an ideal of A,

(k) if M is a unitary MV-module, then (ax)’ = a’x + x', for every
a,be Aandx,y € M.

Definition 2.11. [2] Let A be a PMV-algebra and M be an
A-module. Then an ideal N C M is called an A-ideal of M if (I4):
ax € N, for everya € A and x € N. Let N be a proper A-ideal
of M. Then N is called a prime A-ideal of M, if am € N implies
thatm € Nora € (N : M), foranya € A and m € M, where
(N:M)={ae€ A :aM C N} (see [6]).

Lemma 2.12. [4] Let M be an A-module and N be an A-ideal of M.
Then

(N:M)y={a€ A :aM C N}

is an ideal of A.

Definition 2.13. [2] Let A be a PMV-algebra and M;, M, be
two A-modules. A map f : M; — M, is called an A-module
homomorphism or ( A-homomorphism, for short) if f is an MV-
homomorphism and

(H4): flax) = af(x), for every x € M; and a € A.

Definition 2.14. [4] Let M; and M, be two A-modules. Then the
map f : M; — M, is called an A’-homomorphism if and only if it
satisfies in (H1), (H3), (H4) and

(H'2) : if x + y is defined in M;, then h(x + y) = h(x @ y) =
h(x)®h(y), for every x, y € My, where “ +” is the partial addition on
M. If h is one to one (onto), then £ is called an A’-monomorphism
(epimorphism). If & is onto and one to one, then 4 is called an A’-
isomorphism and we write M, & 'M,.

Definition 2.15. [4] Let M be a unitary A-module and there exists

!
k € N such that 377 alm; < <27=1 a,m,») , for every 1 <

n < k,a; € Aand m; € M. Then M is called an A;-module. If

!/
Yo aim; < (Z?zl aimi> , for every n € N, then M is called an

Ayn-module.
Proposition 2.16. [4] M is an Ai-module if and only if

!/ !/
(Z?zl a,»mi> = (Z:’zl m,») @ 2?21 a/m, for every a; € A,
m; €E Mandn < k.

Definition 2.17. [4] Let M be an A-module, @ # T C M and

n
M= gz xit;  x; €A, t; € T, forl <i<nandxyt; +---
i=1

+x,t, is defined in M¢,

where “ 47 is the partial addition (similarly, if T is infinite set, then
M can be defined). Then we say that M is generated by T and we
set M =< T >.If | T| < oo, then M is called a finitely generated A-
module. Specially, if M =< m >, where m € M, then M is called a
cyclic A-module.

Definition 2.18. [7] Let M be an A-module. An A-ideal N of M
is called a maximal A-ideal of M, if there exist no A-ideal K of M
containing N such that N ¢ K € M. The set of all maximal A-ideals
of M is showed by Max(M). Let I be a proper A-ideal in M. The
intersection of all maximal A-ideals of M which contain I is called
the radical of I and is denoted by Rad(I). Moreover, the intersection
all maximal A-ideals of M is showed by Rad(M).

Definition 2.19. [17] Let M be an A-module. Then
i. M is called Noetherian if M satisfies the ascending chain con-

dition (ACC): any chain N; € N, C --- of A-ideals of M is
stationary.

ii. We say M has maximum condition, if every non-empty family

of A-ideals of M has a maximal element.

Note. From now on, in this paper, we let A be a PMV-algebra, M be
an MV-algebra and Z?:l x; means x1 @ x, D -+ D x,,.
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3. FREE Ax-MODULES

In this section, we present definition of free A;-modules and we
obtain some results on them. For example, we state a general repre-
sentation for a free A;-module.

Definition 3.1. Let M be an A -module. If M is a free A-module,
then M is called a free A-module.

Example 3.2.

i. By Lemma 2.10(d), every free A-module M is a free A;-
module.

ii. If Aisthe Boolean algebra with two elements, then every M V-
algebra M is an Ay-module. Now, if M is a free A-module, then
M is a free Ay-module.

iii. Consider L ={0,1}, Ly = {0, 1, 2,1}, a® b = min{l,a+ b},
a’ =1 —aand +,—,. are ordinary operations in R. Then it
is routine to show that (L,,@,’,.,0) is a PMV-algebra and
(L4, D,’,0) is an MV-algebra. Let operation - : Ly XLy — Ly
is defined by a - b = a.b, for everya € L, and b € L4. Then it
is easy to show that L, is an L,-module. Now, since

|

Il
=
[SSI I\
|

Il
p—
W=

1 2 1
, 1—1.§+1.§—1.§®1.

(ST \S)

we have L, =< {%, %} >. It is easy to see that Ly is a free Ay-
module, where A = L,.

Lemma 3.3. Let M be an Ay-module, I be an ideal of A and N be
an A-ideal of M. Then

k
IM®N={> rm@n:rel mieM,nENI
i=1

is an A-ideal of M.

Proof. (I;) and (I3) are clear.

(I,): Letm < b,wherem € Mand b € IM@® N. Since b € IM @ N,

there exist n € N, rq,-+-,7r, € I and mq,--- ,m; € M such
k K

that b = Zi=l rim; @ n and so m’ @ Zt:l rm; @ n = 1. By

Lemma 2.10(d), r{m; + r;m; is defined and it is clear that r; + ] is

defined, too, for every r; € A, m; € Mand 1 < i < k. Hence,

k k
meYmdn=me®) ;®dr)medn
i=1 i=1
k
=m'® Y, (r+r)médn
i=1
k
=m' @Y (rm+1m)®n
i=1
k
=m'® ), (rm®rm)®n
i=1
k k
rm®&@n=1 ), r'm
i=1 =1

1= 1

k
=m'® ) rm &
i=1

1

=1

and so by Proposition 2.16,

m=mAb=
!

m@(m'@b) =

i=1

!
k
m' @ (m' @Y r,»m,-@n)

i=1

’ li
k
=\|m ® (lm’ @ > rm ® ln)

Il
M=

i=1 i=1

!
k
rim; @ 1n @ (m’EB > m,»@n)
k
2. rim; @n
i=1
€IM® N.

(I4): Let a € A and Zf=1 rm; ®n € IM @ N. Since by
Lemma 2.10(h),

k k k
a (Z rim; ® n) < Z a(r;m;) @ an = Z(a.r,-)m,- @ an
i=1

i=1 i=1

and since a.r; € I, forany 1 < i < k, we have Z:;l(a.ri)mi @an e

IM @ N and so by (1), a(Z:{:l r;m; @ n) € IM @ N. Therefore,
IM @ N is an A-ideal of M.

Theorem 3.4. Let A be commutative and M be a cyclic Ay-module.
Then for every A-ideal N of M, there exists an ideal I of A such that
N =1IM.

Proof. Since M is a cyclic Ay-module, there exists m € M such
that M =< m >. By Lemma 2.12, (N : M) is an ideal of A and
by Lemma 3.3, (N : M)M is an A-ideal of M. Now, we show that
N = (N : M)M. It is clear that (N : M)M C N. Now, let n € N.
Then there exists a € A such that n = am. Since

aM = a <m >={a(a;m) : a; € A} = {(a.a)m : a; € A}
= {(a;.a)m) : a; € A} = {a,(am) : a; € A}
={am : a;, € A}
CN,
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wehavea € (N : M)andson € (N : M)M. Hence, N C (N :
M)M and so N = (N : M)M. Now, by considering I = (N : M), we
get that N = IM.

Theorem 3.5. M is a free Ay-module with basis T = {t,, --- , t,} that

Z;’zltj =1andn < kifand only if M = ’Z;;IA.

Proof. (=) Let M be a free Ap-module with a basis T and
Z;;l t; = 1. By Proposition 2.7, Z;=1 A isa PMV-algebra. Now, let
the operation - : A X Z;zl A— Z;l:1 Abedefinedbya-{a}i_; =
{a.aj};;l = {aaj}};l, for every {aj};’ﬂ € 2;21 Aanda € A. 1tis
easy to show that 2;;1 A is an A-module. Let ® : Zj":l A->M
be defined by @({aj}]’»“zl) = Z;=1 ajt;, foreverya; € Aandt; € T.
Then itis clear that ¢ is well defined and ¢(0) = 0. If {aj};;l +{bj};'=l
is defined in Z]": A, then a; + b; is defined in A and so a;t; + bjt,; is
defined in M, for every 1 < j < nand t; € T. Hence,

=1
=2 (ait; @ bit) = X ait; ® X, byt
=1 j=1 =1

=1

= 2, alat) = a 3, at; = ag <{“f}-n ) :
j=1 j=1

Finally, for every {a;}_, € Z;=1 A,

() =o(l1.) 5= ()
=<}z ajtj) - (¢ (1)) -

Hence, ¢ is an A’-homomorphism. Let ¢(fa;}'=;) = 0, for any
ot € 2;21 A. Since T is a linearly independent set, it is easy
to show that a; = 0, for every 1 < j < n and so Ker(¢) = 0. It
results that ¢ is an A’-monomorphism. It is clear that ¢ is an A’-
epimorphism and so M =’ Z;=1 A.

~ ! n . n _
(&) Let M = Z]:l A. We construct a basis for ZFI A. Let6; =
{u;}i=; such that

0 ifi#j

u; =
1 ifi=j

We show that K = {6, : 1 < j < n}is a basis for Zle A. Let
{a; =1 € Z;zl A.Since l.a =a.l = g,foreverya € A,

{aj};:l = {a,,0,--- ,0}®{0,a,,0,--- ,0} D --- B {0, -+ ,0,a,}

= {a;.1,0,+- ,0}@{0,a,.1,0, - ,0} ® --- B {0, -- ,0,a,.1}

a.{1,0,--- ,0} D a,.{0,1,--- ,0} D --- D a,.{0,--- ,0,1}

=01.6,Da,6,® - D a,.b,.(it is easy to see thata,6;
+:-+a,0,is defined.)

Hence, Z}’;l A =< K >. Now, let Z};l a,.6; = 0. Then it is easy to
. . n

show that a; = 0, for every 1 < j < n. Now, if ¢ : ijlA - M

is an A’-isomorphism, then {¢(6;) : 1 < j < n}is a basis for M.

Moreover, it is clear that Z;=1 6 = 1.

4. RADICAL OF Ax-MODULES

In [7], the radical of an A-ideal in MV-modules had been defined
by maximal ideals. In [10], we presented definition of radical of an
A-ideal in MV-modules by prime A-ideals. As fundamental result
of this section, in an Ay-module, we state a method to obtain the
radical of an A-ideal.

Definition 4.1. [10] Let M be an A-module and N be an A-ideal
of M. The intersection of all prime A-ideals of M, including N, is
called radical of N and it is shown by rady(N) or rad(N). If Nis a
prime A-ideal of M, then it is clear that rad(N) = N. If there exists
no prime A-ideal of M including N, then we let rad)(N) = M.

Example 4.2. Let A = {0, 1,2, 3} and the operations “ @” and “.”
on A be defined as follows:

w N = oD
W = oo
[SCRyIC S
W N W NN
wW W w wlw
W N = O
o oo oo
= O = Ol
NN O Ol
W = oW

Consider 0’ = 3, 1’ = 2, 2’ = 1 and 3’ = 0. Then it is easy to
show that (A4, ®,, .,0) is a PMV-algebra and (A, @, ’,0) is an MV-
algebra. Now, let the operation - : AXA — Abedefinedbya-b=
a.b, for every a,b € A. It is easy to show that A is an MV-module
on A, I ={0,1}, ] = {0, 2} are prime A-ideals of A and {0} is not a
prime A-ideal of A. Also, rad(I) = {0, 1} and rad({0}) = {O}.

Theorem 4.3. Let M be a free Ay-module and P be a --prime ideal
of A. Then (PM : M) = P and PM is a prime A-ideal of M.

Proof. It is clear that P C (PM : M). Let X = {x;,--- ,x,} bea
basis of M, a € (PM : M) and a ¢ P. Choose x, € X. Since
ax, € PM C M, we have ax, = Z:;l a;x;, where a;x; + -+ +
a,x, is defined. We have ax, @ (a;x;)’ = 1,forevery1 < i <
n. Then by Proposition 2.10 (j), ax, @ a;'x; @ x;/ = 1 and so by
Proposition 2.16, a’x, @ a;x; ® (x, D x;®x;")’ = 0. Hence,a'x, = 0,
ax, = 0andsoa’ = a; = 0, foreveryl < i < n. It means
thata = 1 and so x, = Z:’zl a;x; = 0, which is a contradiction.

Therefore, (PM : M) C P and hence (PM : M) = P. Now, let
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ax € PM, where a € A and x € M. Then there exist s; € A, for
1 <i<mnsuchthatx = E?zl s;x;, where syxq + -+ +5,,x,, is defined.
Let a & P. Since (a.s;)x; < Z?zl(a.si)x,- = ax € PM, a.s; € P, for
everyl <i < n.Sincea ¢ P,wehaves; € P,foreveryl <i<n
and so x = Z:;l s;x; € PM.

Theorem 4.4. Let M be an A-module and L, N be A-ideals of M.
Then
i. NCrad(N),
ii. if L C N, then rad(L) C rad(N),
iii. rad(rad(N) = rad(N),
iv. rad(NNL)C rad(N) N rad(L).

Proof. The proof is routine.

Definition 4.5. LetIbe an ideal of A. The intersection of all --prime
ideals of A including I is denoted by r,(I) or r(I). If there exists no
--prime ideal of A including I, then we let r,(I) = A.

Example 4.6. In Example 4.2, I = {0, 1} is a --prime ideal of A and
I = {0} is not a --prime ideal of A. It is easy to see that (I) = {0, 1}
and r({0}) = {0}.

(i) Let Mp(R) be the ring of square matrixes of order 2 with real
elements and let 0 be the matrix with all elements 0. If we define the
order relation on components

A= (aij)i,j:I,Z > 0 if and only ifa,»j > 0 for any i, j,

then M,(R) is an l-ring. If v = , then (M(R),v) is an

[ ST ST
[ ST ST

lu-ring and so A = T'(M,(R),v) is a PMV-algebra. It is easy to
see that Id(A) = {{0}, A} and {0} is not a --prime ideal of A. Then
r({0}) = A.

Theorem 4.7. Let A be unital, M be an Ay-module, N be an A-ideal
of M and I be an ideal of A. Then

i. rad(IM) = rad(r(DM),
ii. r(N:M)C (rad(N) : M).

Proof. (i) By Lemma 3.3, IM is an A-ideal of M. It is clear that
I C r(I). Then IM C r(I)M and so by Theorem 4.4 (ii), rad(IM) C
rad(r(I)M). Now, let P be an arbitrary prime A-ideal of M contain-
ing IM. Since I C (IM : M) C (P : M), wehaver(I) C (P : M)and
so r(I)M C P. Hence, rad(r(I)M) C P. It results that rad(r()M) C
rad(IM).

(ii) Let P be an arbitrary prime A-ideal of M containing N. Since
N C P, itis easy to see that (N : M) C (P : M). Hence,r(N : M) C
(P : M) and so

"N : M)C N @®:M= N P:M
NCPESpec(M) NCPE&Spec(M)

= (rad(N) : M).

Theorem 4.8. Let A be commutative, M be an An-module, N be an
A-ideal of M and P be a --prime ideal of A. Then Ay(P) ={m € M :
cm € PM@®N, 3c € A—P}isan A-ideal of M and PM@®N C An(P).

Proof. First, we show that Ay(P) is an ideal of M. (I1). The proof is
clear.

(I): Let n < mand m € Ay(P), where m,n € M. Then there
exists c € A — P such that cm € PM @ N. By Proposition 2.10(f),
cn < cm € PM @ N and so by Lemma 3.3, cn € PM @ N. Hence,
n € Ay(P).

(I3): Let m,n € An(P). Then there exists ¢;,¢c; € A — P such that
cym, cyn € PM @ N. Let ¢ = ¢;.¢;. Since P is a --prime ideal of A,
we have ¢ € A — P. By Propositions 2.10(h) and Lemma 3.3,

cm@n) <cm@ cn = (c1.c;)m @ (c1.c0)n
= cy(c;m) @D c1(c;n) € PM @ N.

Hence, c(m @ n) € PM @ Nand som @ n € Ay(P).

(I4):Letm € Ay(P)and a € A. Then there exists c € A—P such that
cm € PM@ N. Since c(am) = (c.aym = (a.cym = a(cm) € PM®N,
we have am € An(P). Finally, let ¢ = 1, for any m € PM @ N.
Then cm = 1m = m € PM @ N and so m € An(P). Therefore,
PM @ N C Ay(P).

Theorem 4.9. Let A be commutative, M be an Ay-module, N be an
A-ideal of M and P be a --prime ideal of A. Then Ay(P) = M or
AyN(P) is a prime A-ideal of M such that P = (An(P) @ M).

Proof. Let Ay(P) # M. We show that Ay(P) is a prime A-ideal of
Mand P = (AN(P) : M). By Theorem 4.8, Ay(P) is an A-ideal of
M. Let xm € Ay(P), for any x € A and m € M. Then there exists
¢ € A — P such that c(xm) € PM @ N. We show that m € Ay(P) or
x € (ANy(P) : M). If x € P, then by Theorem 4.8, xM C PM @ N C
AN(P). Hence, x € (Ay(P) : M). If x ¢ P, then x € A — P. Since
Pis a --prime ideal of A, we have c.x € A — P. On the other hand,
c(xm) € PM @ N and so (c.x)m € PM @ N. Hence, m € Ayn(P).
Therefore, Ay(P) is a prime A-ideal of M. Now, we prove that P =
(An(P) @ M). Let p € P. Then forany m € M, pm € PM @ N.
Let ¢ = 1. Then c(pm) € PM @ N and so pm € An(P). Hence,
PM C Ay(P)and so P C (An(P) : M). Now, letg € (An(P) : M)
such that g & P. Since gM C An(P), we have gm € Ay(P), for any
m € M. Hence, there exists c € A — P such that c(qm) € PM & N
and so (c.qgym € PM @ N. Now, since P is a --prime ideal of A, we
have c.q € A — Pand so m € Ay(P). Hence, M = An(P), which is
a contradiction. Then g € P and so (Ay(P) : M) C P. Therefore,
P = (Ax(P) : M).

Theorem 4.10. Let A be commutative and M be an Ayn-module.
Then for every A-ideal N of M,

rady(N) = ﬂ{AN(P) : Pisa - -prime ideal of A}.

Proof. Let T = [{AN(P) : Pisa - -prime ideal of A} and m € T.
Let L be a prime A-ideal of M including N. Hence, by Theorem 2.7,
Q= (L : M)isa--prime ideal of A. Since m € Ay(P), for every --
prime ideal P of A, m € Ap(Q) and so there exists c € A — Q such
thatem € QM@N = (L : M)M@N C LBL C L.Since Lisaprime
A-idealof Mand c ¢ Q = (L : M), m € L. Hence T C rady;(N).
Now, let m € rad(N) and P be a --prime ideal of A. Hence,m € L,
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where L is every prime A-ideal of M including N. If Ay(P) = M,
then the proof is complete. Let AN(P) # M. By Theorem 4.9, An(P)
is a prime A-ideal of M and P = (An(P) : M). Now, we show that
N C Ap(P). By Theorem 4.8, we have PM @ N C Ay(P) and so
N C Ay(P). Since m € rady(N), m € Ay(P). Hence, m € T and so
rady(N) C T. Therefore, rady (N) = T.

5. THE NOETHERIAN A,-MODULES

In this section, we present definition of a Noetherian A;-modules
and verify some conditions on them.

Definition 5.1. Let M be an A -module. If M is a Noetherian A-
module, then M is called a Noetherian Aj;-module.

Example 5.2.
i. If we consider A as A-module, where ab = a.b, for everya, b €

A, then everyideal in A is an A-ideal of A. Now, if A is a free A -
module with finite basis, then A is a Noetherian A;-module.

ii. Every finite Ay-module is a Noetherian A;-module.

Theorem 5.3. Let M be an A-module. Then

i. M is Noetherian if and only if M has maximum condition.

ii. M is Noetherian if and only if N is finitely generated, for any A-
ideal N of M.

Proof. The proof is routine.

Lemma 5.4. Let M be an A-module and I, ] be A-ideals of M. Then
I®]={a®b:(a€landb€])or(a € Jandb € I}

is an A-ideal of M.

Proof. (I1)Itisclearthat0 € I @ J.

(I2)Lett < a®b,wherea® b € I@], forany t € M. W.L. O. G, let
a € Iandb € J. Thent'@a®b = 1andso ('Pa)’ < b € J.Itresults
that (t'@a)’ € Jand so by (MV4),tP(a’Pt) = a®(t'@a)’ € ID].
Hence,t € Iort € Jandsot=t@0eIP].

(I3) Leta; @ by,a, @ by € I ]. Then
@ ®)P @ ®b)=@1Pa)DbL1Db)EID].

(I4)Lets € Aand a®@b € I@]. Then by Lemma 2.10 (h), s(a® b) <
sa@sbelI@Jandsoby(I2),s(aPb)cIP].

Lemma 5.5. Let A be commutative, M be an A-module and N be
an A-ideal of M. Then

[N : aA]l = {m € M : (aA)ym C N}is an A-ideal of M, for every
a € A, whereaA ={a.b : b € A}.

Proof. (I1):Itis clear that 0 € [N : aA].

(I2): Let my < my and my € [N @ aAl], for any my, m, € M. Then
(a.b)ym, € N, for some b € A. Since m; < m,, by Lemma 2.10 (f),
we have (a.b)m; < (a.bym, € N and so (a.b)m; € N, for some
b € A. Hence, m; € [N : aA].

(I3): Let my,my € [N : aA], for any my,m, € M. Since m,
my V my, (ab)ym; < (ab)(m; V m,) and so (ab)ym; V (ab)ym,
(ab)(my V my). Since ((ab)ym;) © ((ab)ymy)’ < ((ab)ym,)’,

INIA

((ab)ymq) © ((ab)ymy)' + (ab)my, is defined. Similarly, m; @ m," +mj,
is defined, too. Thus, we have

((abymy) ® ((abymy)' + (abymy = (ab)(my) V (abymy < (ab)(my V my)
= (ab)(my © m}y + my)
= (ab)(my © m}) + (ab)m,.

Since + is cancellative, we have ((ab)m;) © ((ab)m,)’ < (ab)(m; ©
my"). Now, if we set m; @ m, instead of m;, then we have

(ab)(my © my) © (abymy)’
< (ab)(my @ my) © my) = (ab)(m] A my) < (ab)my.
It follows that
(ab)(my @ my) = (ab)((my @ my) V (abym,
< (ab)(my @ my) © ((abymy)" @ (abym,
< (abym, @ (ab)ym; € N.

Then (ab)(m; @ m,) € Nand so m; @ m, € [N : aAl.

(I4): Lett € Aand m € [N : aA]. Then (a.b)m € N, for some b €
A. Since (a.b)m € N, we have t((a.b)m) € N, for some b € A. Then
(a.b)(tm) = ((a.b).t)ym = (t.(a.b))m € Nand so tm € [N : aAl.

Lemma 5.6. Let A be commutative, M be a Boolean A,-module
and N be an A-ideal of M. Then
i. aM={am : m € M}isan A-ideal of M, for everya € A,

ii. ifthereexistsa € A suchthat NaMand|[N :
generated, then N is finitely generated,

aA] are finitely

iii. if N is not finitely generated and it is maximal in all A-ideals
of M that are not finitely generated, then N is a prime A-ideal
of M.

Proof. (i) (I1): It is clear that 0 € aM.

(I2): Let t < am, where am € aM and t € M. Since am < m, we
gett < mand so t’ @ m = 1. Now, by Proposition 2.16, since

t=tAham=tQ (' @ am)
=t ot ®@am’) = &1t ©am))
=t @@me em)) = @dmel) = da'm)
=am@® (' ®m)
=am € aM,

we gett € aM.

(I3): Let my, my € aM, for any m,, m, € M. Since M is a Boolean
A-module, by Lemma 2.10 (h), am; @ amy = a(iny @ m,) € aM.
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(I4): Let b € A and am € aM. Then b(am) =
a(bm) € aM.

(b.a)ym = (a.b)ym =

(ii) By Lemma 5.5 and (i), aM and [N : aA] are A-ideals of M and
by Lemma 5.4, N@® aM is an A-ideal of M, too. Let ¢ : [N : aA] -
NnNaM be defined by ¢(m) = am. It is routine to show that 1\;( A)]
N N aM. Since [N : aA] is finitely generated N N aM is finitely
generated, too. On the other hand, 222 ~ . Now, since N @

= Nnam’

aM is finitely generated — is f1n1te1y generated, too. Hence, N is

finitely generated.
(iii) By (ii), the proof is routine.

Theorem 5.7. Let A be commutative, M be a Boolean A,-module
and N be an A-ideal of M. Then M is Noetherian if and only if any
prime A-ideal of M is finitely generated.

Proof. (=) Let M be a Noetherian A-module. Then by Theorem 5.3
(ii), every prime A-ideal of M is finitely generated.

(<) Let every prime A-ideal of M is finitely generated. If

T= {N : Nis an A-ideal ofM and Nis not finitely generated}
# Q’

then by Zorn’ s Lemma, T has a maximal element K and so by
Lemma 5.6 (iii), K is a prime A-ideal of M that is not finitely gener-
ated, which is a contradiction. Hence, T = @ and so every A-ideal
of M is finitely generated. Therefore, M is a Noetherian A-module.

6. CONCLUSION AND FUTURE
DIRECTIONS

The categorical equivalence between MV-algebras and lu-groups,
leads us to the definition of product operation on MV-algebras, in
order to obtain structures corresponding to /-rings. For this reason,
A. Di Nola introduced the notion of MV-modules. Since by cur-
rent definition, it was not easy for us to achieve all our goals, we
limited our scope of work. We introduced a particular category of
MV-modules as A;-modules in [4]. Now, in this paper we presented
definitions of free A;-modules, radical of A;-modules and Noethe-
rian A -modules. The obtained results in the last sections encour-
age us to continue this long way. In fact, there are many questions
in this field that should be verified (see advance results in classical
modules). Currently, we are working on a different definition for
MV-modules, and we plan to continue our studies by new defini-
tion. We believe that the fuzzy (graph) structures of this algebras are
also interesting (for more guidance, see [18,19,9]).
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