ATLANTIS
PRESS

Advances in Economics, Business and Management Research, volume 148

Proceedings of the Russian Conference on Digital Economy and K nowledge M anagement (RuDEcK 2020)

Modelling of the Employment Distribution in the
System of Regional Enterprises in Digital
Economy

Azarnova T.V.*

Voronezh State University
Voronezh, Russia
e-mail: ivdas92@mail.ru

Kashirina I.L.
Voronezh State University
Voronezh, Russia
e-mail: kash.irina@mail.ru

Abstract — The article studies mathematical models based on
the kinetic equation of transfer. We apply these models to assess
the dynamics of the employment distribution in the system of
small and medium-sized regional enterprises in the digital
economy, which is characterized by a shift of entrepreneurship
towards high-tech industries. Solving innovative problems and
focusing on the introduction of digital technologies, the small and
medium-sized enterprises are the most important driver of the
digital economy. In the digital economy, organizational changes
will inevitably occur in the structure of the economic complex of
any region. The study of the projected dynamics plays an
important role for efficient management policies aimed at
regulating the balanced GRP growth of small and medium-sized
enterprises and effective employment. The management policy of
supporting small and medium-sized businesses can be
implemented through the formation of certain factors that affect
the functions of the life cycle, the creation and closure of objects
included in it. The paper uses a population-based approach to
study the impact of the life cycle function, creation, and closure
of entities on the distribution of employment within the system of
small and medium-sized enterprises. Differential equations are
considered for the case of a stationary and non-stationary nature
of the dependence of the growth functions, creation and closure
of entities on time. Numerical algorithms are proposed for
solving the analyzed differential equations and finding the
employment distribution in the system of regional enterprises.

Keywords — mathematical models of
population dynamics.

digital economy,

I. INTRODUCTION

In digital economy system, much attention is paid to the
development of small and medium enterprises [1,2]. Small
enterprises can quickly adapt to the conditions of dynamic
changes taking place in the era of the digital economy. The
digital economy is carried out with the help of digital
telecommunications, and this is a favorable factor for the
development of small enterprises. New digital business
models are aimed at reducing costs and optimizing the
interaction of business entities. In the digital economy, small
business is directly related to improving the quality of the
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economic space in terms of its density, location and

connectivity.

This paper considers tools based on the population
approach presented in the form of models and algorithms
which allow obtaining estimates of the employment
distribution dynamics in the system of small and medium-
sized enterprises. The population approach is an effective way
to study systems of objects that have common patterns in their
development dynamics. The tools obtained in this work allow
investigating the structure of employment and using its results
as means of supporting decision-making in developing a
system of state support for business in digital economy.

Il. LITERATURE REVIEW

Many Russian and foreign researchers studied the
dynamics of organizational changes in the system of
enterprises in a region or industry in terms of their number,
size distribution, distribution of total assets and profits:
R. Gibrat, T. Bates, D. B. Audretsch, L. Samuelson, R. Cressy,
G. Becker, M. Robertson, D. Evans, D. Holts-Ikin,
V.M. Polterovich, G. B. Kleiner, V.L. Makarova, Z. Coase,
A. Shastitko, T. Dunne, B. Zhovanovik, P. Geroski, J. Mat,
P. Portugal, R. Shmalenzi, D. MacFadden, V. Green,
J. Heckman, P. Rudh, T. Lancaster, J. Zheveke, M. Kine,
V. Hajivasiliu, A.T. Mustafin, A.Yu. Kantarbayeva,
P.G. Aleksashin, V. Yu. Belousova, E.S. Popova,
Yu.S. Pinkovetskaya. A fairly well-known work in the field of
studying the dynamics of the distribution of firms by size is an
article by Robert Gibrat [3]. In this work, Robert Gibrat shows
that if increments of the firm size are identically distributed
independent random variables then the firm size distribution is
coming to obey the lognormal distribution law. The
established fact is called the law of proportional growth
(Gibrat’s Law). The law is based on three assumptions: the
growth rate of all firms over a certain period does not depend
on its size; growth rate does not depend on the individual
characteristics of the company; the firm’s growth rates in two
consecutive periods are independent values. When these
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assumptions are fulfilled, the size increment of the company is
proportional to its current achieved size:

x(t)—x(t-1) = e(t)x(t -1),
x(t) = x(O0)1+ s@))1+ £(2))..1+£(1)),
log x(t)=log x(0)+ log(L+ £(1))+ log (L + £(2))+ ... + log (L + £(t)),
where &(t) is normally distributed random variable with

parameters u,o2. If t—oo, the distribution log x(t) tends
asymptotically to the normal law.

The work of Robert Gibrat resulted in a number of
works devoted to applying of the law of proportional growth
for various markets, industries and business sectors. In these
works, the questions of fulfillment or nonfulfiliment of
Gibrat’s Law for certain subject areas are investigated.

T. Dunne, M. Robertson, L. Samuelson, V. Hall, D. Evans
analyzed the conditional density of probability distribution
p(g|x) of growth rates g for firms with a characteristics

vector x. The density of the growth rate of surviving firms
h(gx) and the density of the measured growth rates f(g|x)

were considered separately. V. Hall and D. S. Evans [4,5]
applied a technique of simultaneous assessing growth
regression and mortality regression using the maximum
likelihood method. T. Dunne, M.J. Robertson and
L. Samuelson [6, 7] proposed a method of grouping of
enterprises by intervals in accordance with their size and age.
Consistent estimates of the parameters of the distribution of
growth rates hg[x), f(g]x) were obtained under the

assumption that enterprises within each group in terms of size
and age are homogeneous with accuracy to a random
component with zero mean and constant dispersion.
D.S. Evans and T. Dunne, M.J. Robertson and L. Samuelson
found out following statistical regularities: the probability of
survival increases with the company size increasing; the
growth rate of surviving firms decreases with the company
size increasing; for any given firm size, the growth rate
becomes smaller with increasing the size, but the probability
of survival becomes greater.

Works on the survival of enterprises deal with the firm
survival probability Pr (survival) considered as a function
depending on  enterprise  characteristics, industry
characteristics, characteristics of the environment functioning
and ways of organizing the production process. D. Evans
studied the relationships among firm growth, firm size, and
firm age for manufacturing firms. As a basic model,
D.S. Evans considered the "selective selection” model and
obtained a probit model based on it. An analysis of the
resulting regression equation shows that the probability of
survival is positively but non-linearly affected by the size and
age of the enterprise.

D.B. Audretsch [8] found out that the firm survival
probability depends on the technological regime and the inter-
industry characteristics such as economies of scale and capital
capacity. The results show that the minimum efficient level of
output increasing in this sector decreases the probability of
new-firm survival and the ability to achieve average branch
size. If a share of innovative activity of small enterprises in the
total innovation activity increases then the probability of the
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prevailing business regime in the industry and the survival of
new enterprises increases too.

The functioning of firms is influenced by sectoral and
industry specifics, and the successful life cycle of a new
enterprise depends directly or indirectly on market specifics
and the structure of demand.

K.V. Arshakuni [9, 10] fulfilled a multifactor research on
genesis and development of small innovative enterprises. The
author tests hypotheses about the influence of various types of
state aid on the genesis and dynamics of new enterprises, as
well as hypotheses about the nature of the influence of factors
that determine the formation of the initial conditions for the
formation of new enterprises and their subsequent evolution.
In particular, these hypotheses relate to the impact of the size
of initial capital on the survival and dynamics of employees in
new enterprises.

Yu.S. Pinkovetskaya [11] analyzed the size distribution of
small enterprises. It is proved that the number of employees is
the most constructive characteristics among the various
characteristics of small firms used in practice because it
reflects the specificity of small enterprises and how they differ
from other types of firms. The author considered mathematical
models of firm size distribution for small enterprises. These
models were tested to estimate small enterprises'
characteristics in the Russian Federation and in particular
Russian regions in 2007. The results indicate that the size
distribution of small enterprises obeys a normal distribution
with the density

(x-8,66)
10,54

f(x)=——=—e
) 2,3V2r

This article discusses the theoretical and algorithmic

aspects of the application of mathematical models based on

the Kkinetic equation of transfer to assess the dynamics of the

distribution of employment in the system of small and

medium-sized enterprises in a region. The study is based on

the work of A.T. Mustafin and A.K. Kantarbayeva [12], in

which a mathematical model of the distribution by size of the

population of firms was built and its solution to the stationary
case was analyzed.

I1l. METHODOLOGY AND RESULTS

Consider a population of small enterprises functioning in a
whole region or within a particular industry. The existence of
a population occurs in conditions of constant organizational
changes associated with the processes of creation, growth and
closure of its objects [13].

Consider a differential equation that reflects the
differential conservation law for the number of objects of a
certain size within the analyzed population:

%ﬁ%r) _Q(xt)-D(x,t)-n(x.t), (1)

where n(t,x)dx is the number of objects having a size in the
range fromx to x-+dx; r(t,x):% is the speed of resizing

objects of this type; Q(x,t) is the number of new objects of
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this type created at time t; D(x,t) is the relative frequency of

closure of objects. The equation aggregates three streams that
determine the dynamics of the distribution of population
objects by size: a stream of objects whose size goes beyond
the interval [x, x+dx]; a stream of new appearing objects with

a size belonging to the interval [x,x+dx]; stream of objects
leaving the population with sizes in the interval [x, x +dx].

Equation (1) can be converted with normalization to:

%+?:%—[D+%dex—jDvdx)v, (2
n(x,t) °

where v(x,t)=

., N(t)=[n(xt)dx is total number of
N(t) 0
objects of the analyzed population. The function v(x,t) should
satisfy the following conditions:

(0,t) = v(m,1) =0, Zv(x,t)dx:l. @3)

We denote by E(t) the total number of people employed
at the objects of the analyzed population at the time point t.
The value E(t) can be calculated using the integral:

o0

E(t)=N (t)g v(x, t)xdx, 4)

and the variation of this function satisfies the differential
equation:

g€ _ N(t)- jvrdx+ijQxdx— [ Dwxdx (5)
dt 0 N o 0

In order to solve equations (1) and (2) it is necessary to

determine the initial conditions N(0), v(0,x) and the functions

D(t,x), Q(t,x), r(t,x).

At first, we consider a stationary case, which describes the
process of population development, when the main functions
N(t), v{tx), D@x), Qtx), r(t,x) are clearly time-
independent. For this stationary case, the following relations
hold:

d—N=O, Tde:NojODvdx,

dt 0 0

dE ® ®
— =0, [Qxdx +N [vrdx = N[Dwxdx, (6)
dt 0 0

QZO, d_v+[ﬂ+DjK:g

ot dx dx r Nr

In [12], an analytical form of the size distribution function
v(x) of population objects was obtained for a stationary

situation and particular versions of functions D(x), Q(x) and
r(x) given in Table 1.

This article considers a more general power law for the
growth rate: r =", —o<y<1 (solutions for y=0, y=1
are presented in table 1, y ——oo corresponds to the trivial
case of lack of growth).
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If r=px", the size of the object is the function of time

1
X= x0(1+,Et)E and equation (2) for the stationary case has
the form:

v (partip) Yy -9
i +(ﬂ7x +D)ﬂx7 = N . @)
TABLE I. ANALYTICAL SOLUTION FOR SPECIAL CASES OF STATIONARY
SITUATION
r(x) Q(x) D(x)
1 r =const Qo X
Q(x)_T-exp - D = const
2 r=px
v(x)
expl~ X4 |-exp|—=X
1 V(X): p( x~) p( j,)
X—A
15
2 (x)_D/ﬂ(XJ X2 X >0
X* X*

In order to solve equation (7), we use the numerical Euler's
method. Taking into account the singularity of the equation,

we introduce the lower restriction on the size rangex>x" >0,
and the upper restriction x<B<o.

To implement the Euler’s method [14], the following
difference scheme is used in the work:

gem(§][7+ L)

i D
L=V 4| — _ - AX; , o =— , 8
Vitl =Vj 2 Xiy Xiy_l X i 8 ( )

M
Zvi'AXi =1. (9)
i=0
The accuracy of the calculations is provided by the choice
of the step Ax; .

Figure 1 shows the results of a numerical solution for
various values of the power dependence of the growth rate

(Fig. 1).

The analysis of numerical calculations shows that when the
power of the function r = A’ the distribution shifts v(x) to
the region of small objects.

A variation in the power of the growth function r = X"
provides an opportunity to vary the distribution v(x) in wide

range. This allows to a certain extent solving the inverse
problem. Based on the experimental distribution v/(x)
obtained from statistical data processing, we will be able to
restore the growth function for further solving the problem of
forecasting the movement of labor resources and ensuring
optimal employment.
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Fig. 1. Employment distribution function for various growth rate laws

The above calculations have been carried out for the
function D =const, however, a numerical solution allows
using other types of functions, for example, functions that
reflect the assumption that the probability of closure decreases
with increasing numbers. Choosing functional dependencies, it
is necessary to consider that

Tde

N=—o. ©)
J Dvdx
0

If N is finite, the function D(x) must satisfy the condition:

0< [D-wdx<oo.
0
This condition holds for the decreasing exponential and the
power law

D(x)=Dg -6,

*
Dg, 0<x<X

D(x) = x ) . (10)
DO(—J , X=X

*

For the existence of a solution under the power law, an
additional restriction is introduced on the growth of the
closing frequency at x —> 0.

Figure 2 shows a graphical demonstration of variation of
the solutions to the differential equation under consideration
for various laws of closing frequency.

The analysis of the calculation results shows that a
decreasing nature D(x) leads to a shift of the function v(x)

towards objects with a large number of employed.

In this paper we also investigate a non-stationary case,
when the behavior of the functions D(t,x), Q(t,x), r(t,x)

depends explicitly on time. A numerical solution of equation
(2) is used whenever the integral condition (3) is satisfied. For
the numerical solution of the equation, we apply the «finite
volume» method developed for technical applications [14]. Let
us briefly discuss the essence of this method. The range of
variable X is divided into a finite number of intervals, the so-
called "finite volumes". Values depending on X are replaced
by an average value on each of the intervals. Separate volumes
are connected with equations of balance of determining
quantities, and we get a system of ordinary differential
equations.

The obtained system is solved by numerical methods
adapted for large dimensions. Consider this method for
solving equation (1). The domain of definition is divided into |
intervals, a certain large number X" is taken as the right
border. Equation (1) is transformed into a system of ordinary
differential equations:

Ziti:ni_l»ri_l—ni~ri+Qi—Di'ni, i=1..1 (11)
X Xj
where nj = [n(x)dx r=r(xj) Q= [Q(x)dx, D;=D(X).

Xj-1 Xi-1

Suppose that at the initial moment of time the distribution
of objects by size n; =const, Vi, ny=0.
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Fig. 2. Solutions of differential equation (2) for various types of functions of the relative frequency of closure of population objects
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Fig. 3. The results of numerical calculations for the non-stationary case (by periods)
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Fig. 4. Comparison of solutions of stationary and non-stationary equations

For the numerical solution of the resulting system, we use
the Euler’s method:

nik+1 = nik +((nik,1 fig —nik -Ti )/ AXi +Qi —Di 'nik )Atk , (12)
where i=1..1 is the number of intervals for partitioning a

domain X, 4x; is the interval size; k =1..K is the number of
time steps, At, is the time step.

The accuracy of the solution is determined by the choice of
the time step 4t, and the step of partitioning the domain X.

The results of the numerical solution are shown in Figure 3.
The function v(x,t) deforms rather quickly and approaches
the obtained stationary solution with the functions D(x),
Q(x), r(x) after 5 periods.

The solution of the non-stationary problem allows, with

the adopted functional dependencies, to assess the dynamics of
employment E(t) in small innovative enterprises (Fig. 5).

The distribution v(x,t) and through it the employment
E(t) in the considered population of enterprises can be
influenced by choosing the type and parameters of functions
D(t,x), Q(t,x), r(t,x). At the beginning of the article, we
gave an overview of the works devoted to the analysis of the
considered functional dependencies, and highlighted a number
of significant factors that influence their formation. It is
possible to regulate the process of forming these functions

purposefully from the position of the management center in
order to achieve the goals of population development.

We introduce the following quantities: @(x,t) is the cost
of creating a new size object x ; ¥(xt) is the released value
when closing an object of size X; h(x,t) is the cost of
creating one job in the process of object growth.

Based on the introduced functions, it is possible to
calculate the cost of the processes of creation, growth and
closure of population objects:

C(t)= Z(@(x,t)Q(x,t)+ h(x,t)r(x,t)n(x,t)— D(x,t}Z (x,t)n(x,t))- dx

It is assumed that the cost for any time is limited from
above C(t) < Cy(t).

As target criteria for regulating the processes of creation,
growth and closure of population objects, one can consider

maximizing the total number of workers employed at
population objects:

E(t) = Tn(x,t)xdx — max
0

and (or) minimizing the costs of process regulation:

C(t)= O(jj((b(x,t)Q(x,t)+ h(x,t)r(x,t)n(x,t)— D(x,t } (x,t)n(x,t))dx — min

The stationary maximization problem E(t) takes the form:
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on or
PRl =Q(x)-D(x)-n

z(@(X)Q(X)+ h(x)r(x)n(x)— D(x)}# (x)n(x))- dx < Cq,

r
(13)

ofn(x)-x-dx—>max
0

Consider a cost function that satisfies the following conditions:
there is a constant cost component that does not depend on the size
of the objects; unit costs ¢(x) per worker initially decrease, then

increase, and then stabilize with increasing size:

strength
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2
o(x)= A By e el gy e P,
Consider the costs of creating new jobs in the growth process
identical to the unit costs in the event of an economic entity.

As a function characterizing the released value with the
closure of entities, we consider the function

¥(x)= A3+\/;-[A4+ B3-e*8'(xfb)2j .
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Fig. 5. Employment Dynamics E(t)

In order to solve problem (13), we used the simulation
method of choosing the optimal solution on a certain set of
alternatives.

V. CONCLUSION

The tools applied to study the dynamics of the population
of enterprises analyzed in the work allow obtaining the
distribution of population objects by size depending on the
type of functions of their life cycle, creation and closure;
determine the number of people working at population objects
and analyze the effectiveness of various strategies for
regulating the processes of creation, closure and growth of
population objects. The solution of these problems on the
basis of high-quality regional statistics will allow formulating
a system of recommendations for regulating at the regional or
sectoral level the processes of support and future development

of employment in the context of organizational changes in the
digital economy.
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