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Let G be a connected and simple graph with the vertex set V(G) and the edge set E(G). The set S € V (G) is called a
k-metric generator for G if and only if for every two pairs different vertices u,v € V(G), there are at least k vertices
wl,w2, .. .,wk € S such that d(u,wi) # d(v,wi) for every i € {1, 2, ..., k}, with d(u,v) is the length of shortest u — v
path. A minimum k-metric generator is called a k-metric basis and its cardinality is called the k-metric dimension of
G, denoted by dimk(G). A barbell graph Bn,n for n > 3 is the simple graph obtained from two complete graph Kn
connected by a bridge. A t-fold wheel graph Wnt for t > 2 and n > 3 is the simple graph that contain the central t
vertex which are adjacent to each vertex in a cycle, but not adjacent to each other. In this paper, we determine the k-

metric dimension of a barbell graph and a t-fold wheel graph.
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1. Introduction

Graph theory is one branch of mathematics that deals
with a network of point connected by lines. According to
Chartrand et al. [1], A graph G is a finite nonempty set V
of objects called vertices together with a possibly empty
set E of 2-element subsets of V called edges. The
development of research on graph theory has given rise
to new concepts. One of the new concepts in graph
theory is the metric dimension. The metric dimension
was introduced by Slater [2] in 1975, then Harary and
Melter [3] in 1976 also introduced the same concept.
Along with development of research in graph theory,
new concept was emerged to expand the concept of the
metric dimension, that is the k-metric dimension. In
2015, Estrada-Moreno et al. [3] introduced the k-metric
dimension of a graph. Let G be a connected and simple
graph, the set S € V (G) is called a k-metric generator
for G if and only if for every two pairs different vertices
u,v € V (G), there are at least k vertices wl,w2,...,.wk €
S such that d(u,wi) # d(v,wi) for everyi € {1, 2,..., k}. A

minimum k-metric generator is called a k-metric basis
and its cardinality is called the k-metric dimension of G,
denoted by dimk(G). In 2015, Estrada-Moreno et al. [4]
discovered the k-metric dimension of path graphs, cycle
graphs, tree graphs and graphs resulting from joint
operations with vertices on each graph are twin vertices.
In 2016, Estrada-Moreno et al. [5] discovered the k-
metric dimension of corona product graphs. In 2017,
Geetha and

Sooryanarayana [6] discovered the 2-metric
dimension of Cartesian product graphs. In 2017, Yero et
al. [7] investigated computing the k-metric dimension of
a graphs. In 2018, Rahmadi [8] discovered the k-metric
dimension of double fan graph and some related graphs.
In this paper, we determine the k-metric dimension of a
barbell graph and a t-fold wheel graph.

1.1. Our Contribution

This paper presents the k-metric dimensions in several
graph classes that have never been examined. This paper
presents the k-metric dimensions on the barbell graph

Copyright © 2020 The Authors. Published by Atlantis Press SARL.
Thisis an open access article distributed under the CC BY-NC 4.0 license -http://creativecommons.org/licenses/by-nc/4.0/. 23


mailto:erisetyawan201@gmail.com

ATLANTIS

PRESS

and t-fold wheel graph that refer to Estrada-Moreno et al.

[3].

1.2. Paper Structure

The rest of the paper is organized as follows. Section 2
presents the results of the k-metric dimensions on the
barbell graph and t-fold wheel graph. Finally, Section 3
concludes the paper and presents direction for future
research.

2. Main Result

Before strarting the main results we give the following
definition and lemma due to Estrada-Moreno et al. [4].

Definition 1. Let G be a graph. Two vertices x,y are
called false twins if N(x) = N(y) and x,y are called true
twins if N[x] = N[y]. Two vertices x,y are twins if they
are false twins or true twins. A vertex x is said to be a
twin if there exists a vertex y € V(G) - {x} such that x
and y are twins in G.

Lemma 1. A connected graph G of order n > 2 is 2-
metric dimensional if and only if G has twin vertices.

2.1. k-Metric Dimension of a Barbell Graph

Ghosh et al. [9] defined a barbell graph is the simple
graph obtained from two complete graph K, connected
by a bridge.

Vi

‘Y-t
Figure 1 Barbell Graph Bn,,

Advancesin Social Science, Education and Humanities Research, volume 467

Distance Vi V2 Vs ... Vq Vne1 Vpe2 Vne3a ... Vo
Vi 11 1 01 2 2 2
Vn+1 2 2 2 1 0 1 1 1
Vn+2 3 3 3 2 1 0 1 1
Vn+3 3 3 3 2 1 1 0 1
Von 3 3 3 ... 21 1 1 o1

Lemma 2. Let Bnn be a barbell graph with n > 3, then
Bn,n is @ 2-metric dimension graph.
Proof. Let By be a barbell graph with order 2n. Based
on Figure 1 obtained that Ngnn [Vi] = Nenn [V2] = ... =
Ngn,n [Vn-1] and Nenn [Va+2] = Nenn [Va+a] = ... = Nann [Van],
SO V1,V2,... V-1 and Vns2,Vnes,..., V2n IS @ twin vertices. Based
on Lemma 1 obtained that By, is a 2-metric dimension
graph.

O

Lemma 3. Let By be a barbell graph with n > 3. If S is
a 2-metric generator for Bnnso | S|>2n - 2.

Proof. Let S be a 2-metric generator, meaning that for
each u, v € V (Bn:n) has W c Ssuch that r(u | W) # r(v |
W) with |W |= 2. Suppose S is 2-metric generator with
[S| < 2n — 2, then there is set Sthatis S S{vpi | 1 <i <
(2n — 2) — 1} with 1 <p; <2n. Based on table 1 there is
r(u|W)=r(v| W) for each W c S with |W | = 2. This
contradicts with the statement that S is a 2-metric
generator. The presumption is false and must be denied,
thus S is not 2-metric generator. So, obtained that |S| >
2n — 2.

m]

Theorem 1. Let Byn be a barbell graph. Then for n >3
dimz(Bnn) = 2n — 2.

Proof. Based on Lemma 2, given By, is a 2-metric
dimension graph for n > 3, it means there is 2-metric
basis on By n.

Let S = {vi, Vo, V3 V4 . Vi1, Vns2, Vines, ..., Von} it will
be show that S set is 2-metric basis. The following is
given a representation of each vertex in By, with respect
to Sare

The following Table 1 is the distance of every two r(v4S)=(0,1,1,1,...,1,3,3,... ,3);

different vertices on the barbell graph. r(velS)=(1,0,1,1,...,1,3,3,....3);

r(vs|S)=(1,1,0,1,...,1,3,3,... ,3);

Table 1 the distance of every two different rvas) =1, 1,1,0,....1,3,3, ... .3)

vertices on the barbell graph. (ValS) = (L1, 1,1, 1, 2,2, ... 2):

Distance Vi V2 Vi ... Vn Vpst V2 Viez ... Vo r(va+1lS) =(2,2,2,2,...,2, 1,1, ...,1);

Vi 0 1 1 1 2 3 3 3 r(vn+2|S)=(@3,3,3,3,...,3,0, 1, ...,1);

Vo 1 0 1 1 2 3 3 3 r(vn+3lS)=(@3,3,3,3,...,3,1,0,...,1);
V3 1 1 0 1 2 3 3 3

Ve 11 1 1 2 3 3 3 r(va|S)=(3,3,3,3,...,3,1,1,...,0).

24



ATLANTIS

PRESS

Based on the representation obtained if taken W c S
with |W|= 2 for each u, v € V (Bn.n) applies r(u|W) #
r(v]W). Thus it is obtained that S is 2-metric generator.
Furthermore, based on Lemma 3, it is obtained that S is
2-metric basis, and so dimz(Bn,) = 2n—2. o

2.2. k-Metric Dimension of a t-fold Wheel Graph

Wallis [10], defined a t-fold wheel graph is the
simple graph that contains the central t vertex which are
adjacent to each vertex in cycle, but not adjacent to each
other.

v, V3
Figure 2 t-fold wheel Graph Wy!

Lemma 4. Let Wy! be a t-fold wheel graph with t >2 and
n > 3, then W, is a 2-metric dimension graph.

Proof. Let Wy' is t-fold wheel graph with order t + n.
Based on Figure 2 obtained that Nwn' (U1) = Nwn' (U2) =
Nwn' (Us) = ... = Nwn® (Uf), SO U1,UzUs ., Ut is @ twin
vertices. Based on Lemma 1 obtained that W' is a 2-
metric dimension graph.

O

Lemma 5. Let W,! be a t-fold wheel graph with t >2 and
n = 3,4. If S is a 2-metric generator for Wytso | S| >t
+n.

Proof. Let S be a 2-metric generator, meaning that for
each u, v e V (Wy') has W c S such that r(u | W) #r(v |
W) with |W|=2. Suppose S is 2-metric generator with |S]
<t+n E] Let V1 ={uy, Uz, Us,..., uFand V2 = {v1, Vo, Vs,...,
vn}. Defined S; =S N Viand S; =S N V,. Because | S +
| Soj<t+n E] there are u, v € V1\ S such that r(u|W) #
r(v|W) for each W c S with [W | = 2. This contradicts
with the statement that S is a 2-metric generator. The
presumption is false and must be denied, thus S is not 2-
metric generator. So, |[S|>t+n.
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Lemma 6. Let W' be a t-fold wheel graph with t >2 and
n > 5. If Sis a 2-metric generator for Wptso | S| >t

n
+[5]

Proof. . Let S be a 2-metric generator, meaning that
for each u, v € V (W,') has W < S such that r(u | W) #
r(v | W) with |W |= 2. Suppose S is 2-metric generator
with |S| <t + [g] Let V1 = {Us, Uz, Us,..., udand Vz = {vi,
Vo, V3,..., Vn}. Defined SSs=SNV; and S,=S NV,
Because | Si| +| Sz <t + g , there are u, v € V1\ S such
that r(u|W) # r(v|W) for each W < S with |[W | = 2. This
contradicts with the statement that S is a 2-metric
generator. The presumption is false and must be denied,
thus S is not 2-metric generator. So, obtained that |S| > t
40

2
[m]

Theorem 2. Let W,!be a t-fold wheel graph. Then for t
>2andn>3
t+n,t =22andn =34

dim, (W) = t + [g],t >2andn>5
Proof. Based on Lemma 4, given W,! is a 2-metric
dimension graph for t > 2 and n > 3, it means there is 2-
metric basis on Wy!. In this case, the proof is divided into
two cases according to the value of t and n.
Casel.t>2andn=34.
Let S ={us, Uz, . U V1, Va..., Vn} it will be show that S is
2-metric basis. The following is given a representation of
each vertex in Wyt with respect to S are
r(ugS)=(,2,...,2,1,1,....,1);
r(uzlS)=(2,0,...,2,1,1,....,1);

ruls)=2,2,...,0,1,1,....,1);
r(valS)=(, 1, ...,1,0,1, ... ,2);
r(vo[S)=(1,1,...,1,1,0,....1);

r(valS)=(1,1,...,1,1,2,...,0).
Based on this representation, if taken W c S with |W |=
2, then for every u, v € V (Wy') applies r(u|W) # r(v|W).
Thus it is obtained that S is a 2-metric generator.
Furthermore, based on Lemma 5, it is obtained that S is
2-metric basis, and so dimz(W,') =t + n.

Case2.t>2and n>5.

The proof for t > 2 and n > 5 divided into two cases, that
are n odd and n even.

(1) Forn odd.

Let S ={uy, Us, . Uy V1, V3 Vs . Vn} it will be show that S
is 2-metric basis. The following is given a representation

of each vertex in W, with respect to S are
r(u)S)=(,2,...,2,1,1,1,...,1);
r(u2S)=(,0,...,2,1, 1,1, ... ,1);
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rulS) =@ 2, ...,

22,...,0,1,1,1,....,1);
r(va)8)=(1,1,...,1,0,2,2,....,1);
r(v2lS) = (1,1, ...,1,1, 1,2, ... 2):
r(valS) = (1,1, ...,1,2,0,2, ... .,2);

r(valS)=(1,1,...,1,1,2,2,...,0).
Based on this representation, if taken W c S with |W |=
2, then for every u, v € V (W,!) applies r(u|W) # r(v|Ww).

(2) Forneven.

Let S={us, Uy, .. Ut V2, Vs, Ve, .., Vn} it will be show that S

is 2-metric basis. The following is given a representation

of each vertex in Wyt with respect to S are
r(usS)=(,2,...,2,1, 1,1, ...,1);
r(ulS)=(2,0,...,2,1,1,1,...,1);

rwsS)=2,2,...,0,1, 1,1, ...,1);
r(viS)=(1,1,...,1,1,2,2,...,1);
r(v2]S)=(1,1,...,1,0,2,2,....,2);
r(vslS)=(1,1,...,1,1,1,2,...,2);

r(valS)=(1,14,...,1,1,2,2,...,0).

Based on this representation, if taken W c S with |W |=
2, then for every u, v € V (W,!) applies r(u|W) # r(v|Ww).
Thus it is obtained that S is a 2-metric generator.
Furthermore, based on Lemma 6, it is obtained that

S is 2-metric basis, and so dima(W,") =t + E]

3. Conclusion

Based on the main result, it can be concluded that 1) The
k-metric dimension of Bn, with n > 3, then dimy(Bn,) =
2n — 2, and 2) The k-metric dimension of Wy! with t > 2
and n > 3, then
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t+n,t >22andn =34

: £y — n
dim, (Wy) t + [E]'t > 2andn=>=5
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