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ABSTRACT

Keywords

Interval-valued intuitionistic fuzzy

This paper studies the multi-attribute group decision-making problems with unknown experts’ weights under interval-valued
intuitionistic fuzzy environment. First, in order to provide more flexibilities for decision-makers in actual decision-making prob-
lems, a novel cross-entropy measure with parameter of interval-valued intuitionistic fuzzy set (IVIES) based on J-divergence
is proposed. The novel cross-entropy measure can obtain more flexible and practical optimal ranking results by adjusting the
parameter. Then, by using the designed cross-entropy measure, two models are established to obtain experts” weights, which
consider the influence of experts’ experience and professional knowledge on experts’ weights. Finally, two examples are provided

set to illustrate the effectiveness and applicability of optimizing the group decision-making approach.
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Cross-entropy
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decision-making

1. INTRODUCTION

Decision-making is generally considered a process in which human
beings make choices among several alternatives [1]. In real life,
due to the increasingly complex socioeconomic environment, it is
impossible for a single decision-maker (DM) or expert to consider
all relevant aspects of the decision-making problem without dif-
ficulty [2-6]. Therefore, many practical decisions are often made
by multiple DMs or experts, which leads to abundant research
concerning the topic of multi-attribute group decision-making
(MAGDM) problems.

In MAGDM problems, DMs or experts should provide their pref-
erences for alternative attributes to achieve a collective decision.
Because of the uncertainty of the problem and the fuzziness of
human thinking, it is difficult for DMs to evaluate alternatives with
real numbers. There exist some hesitation and uncertainty inher-
ent in DMs’ judgments. Then, the intuitionistic fuzzy set (IFS) is
defined in [7], which is just a strong tool to deal with hesitation
and uncertainty [8]. Then the interval-valued intuitionistic fuzzy
set (IVIFS) is proposed [9]. Since the membership and nonmem-
bership of IVIF are described by intervals, IVIES is better than IFS
in representing fuzziness and uncertainty [10]. Since its appearance
in the literature, the IVIFS and its extension theory has attracted
increasing attention, many fuzzy MAGDM approaches have been
presented [11-14].
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In addition, how to obtain comprehensive weights of experts in
MAGDM problems under IVIF environment is also the focus of
many scholars. For example, a nonlinear optimization model is
adopted [15], which minimizes the differences between individ-
ual and group opinions. Soon after, a method to derive experts’
weights based on the distance between each matrix and the average
matrix decision matrix is introduced [16]. Then, another method
which depends on the difference between each matrix and the ideal
group decision matrix is proposed [17]. However, the above meth-
ods for obtaining experts’ weights do not consider the experience
and expertise of experts. The experts experience and the rich-
ness of professional knowledge determine the accuracy and relia-
bility of experts’ weights, and finally determine the feasibility of the
sequencing scheme.

Since the entropy in the theory of information and developed
the cross-entropy is introduced in [18], the fuzzy cross-entropy
is defined to evaluate the relation between two sets or objects
[19]. It is used to measure the divergence between two probabil-
ity distributions or two random variables. After that, in [20], an
effective application of the fuzzy cross-entropy MAGDM problems
is showed. In [21], an integration of the cross-entropy under IF
environments to solve MAGDM problems is proposed. A novel
cross-entropy measure under IVIF environments to solve

MAGDM problems is presented in [22]. An extended
fuzzy cross-entropy measure of belief values based on
a Dbelief degree wusing available evidence is proposed
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to decision-making problems [23], and so on [24,25].
However, the above cross-entropy measures do not consider the
psychology of DMs. The reliability and accuracy of decision results
can be improved by describing decision psychology of DMs in
decision-making methods [26].

Motivated by all mentioned above, in this paper, MAGDM prob-
lems with unknown experts’ weights under IVIF environments are
studied. The main contributions of this paper can be summarized
as follows: (i) A novel cross-entropy measure with a free parame-
ter of IVIFS is proposed based on J-divergence. Compared with the
previous works [27,28], the proposed cross-entropy measure with
parameter of IVIFS may provide more opportunities for DMs in
actual decision-making, and it is more flexible and practical in order
to obtain the optimal ranking results by adjusting the parameter. (ii)
A new method in this paper is presented to obtain experts’ weights,
in which two programming models are constructed by considering
the influence of experts’ experience and professional knowledge on
experts weights.

The rest of the paper is organized as follows: Section 2 presents the
preliminary concepts of IFS and IVIFS. In Section 3, the unknown
expert weights are computed. Section 4 defines new cross-entropy
measure under IVIF environments and studies its properties. In
Section 6, an approach integrated previously proposed methods
for MAGDM under IVIF environments is developed to select an
optimal scheme. Two examples are given to illustrate the effective-
ness and applicability of proposed methods in Section 6. Finally,
Section 7 gives conclusion.

2. BASIC CONCEPTS OF IFS AND IVIFS

To describe the fuzzy nature of things more detailed and compre-
hensive, Atanassov initiated the concept of IFSs by extending FSs of
Zadeh. This section is devoted to reviewing some basic notions of
IFSs and IVIFSs.

Definition 1. [7] Suppose that X = {xy,x,,-+ , x,} is a fixed set.

An IFS A on X can be defined as
A = {(x;, pa(x), 4 ()| € X}

where the function p,(x;) € [0,1] and v4(x;)) € [0,1] repre-
sent the membership degree and nonmembership degree, respec-
tively. m(x;) € [0,1] satisfying 74 (x;) + pa(x;) + v4(x;) = 1
means hesitation degree. Especially, if u, (x;) = v,(x;) holds for any
i=1,2,--,n, the given IFS A is degraded to an ordinary FS.

In 1989, Atanassov and Gargov introduced IVIFS as a further gen-
eralization of IFS and gave the following definition.

Definition 2. [9] Let X = {x;, x5, ..., x,,} be fixed, an IVIFS A in X
is defined by

A = {< x;, pa (), va(x) > |x; € X}
= {< x;, (5 (), 13 )], [va (), vyl ()] > |x; € X}

where 0 < k(%) < u{(x) < 1,0 < vh(x) < vl(x) <1, ul(x) +
vY(x;) < 1forall x; € X.

Similarly, u,(x;) and v,(x;) represent the membership and non-
membership degree of an element to an IVIFS. Then corresponding

interval-valued hesitation degree related to A can be computed as

follows: 77 = [ (xp), 7T ()] = [1 = () = v (), 1 = e () —
L

V()]

Another two important concepts for IVIFSs are deviation degree
and cross-entropy measure which have been applied to many fields.

Definition 3. [29] Deviation degree g(a,b) between any two
interval-valued intuitionistic fuzzy numbers (IVIFNs) a =
[tk ud1, EvED) and b = ((uf 11 (v, 7)) is defined as

follows:
gla,b) = |uk — pp + | — wj|
+ =+ ) — ) =)
+ v = v+ |uk + v — g — v
that is,

8@, b) = |pf — pyl + I — p | + i =y
+d =y + |l = mp) + |l = ).
Definition 4. [20] For two IVIFNs A and B, CDY (A, B) with param-

eter y is a cross-entropy measure, which should satisfy the following
conditions:

(i) Foranyy > 1,0 < CDY(A,B) < 1.
(i) CD(A, B) = CDY (A, B).

(iii) For IVIFNs A, Band C,if A < B < C then CDY(A,B) <
CDY(A, C), CDY(B,C) < CDY(A, O).

Cross-entropy measure is often used to measure the discrimination
information, in the light of Shannon’s inequality in [30].

Definition 5. [9] Supposing «, a;, and «, are three IVIFNSs, then

(D) ay ®ay = (g, + M, — K Hey» Hay + Ha,
—ug, X ug, 1, [vg, vk, v8,v8,1)
) o ® ay = ([, Hé,» My K, ) (VG + VG,

L , L U U U, U
Vg, Va,s Va; t+Va, — Uotlvocz])

(3) Aaw=(1-01-ph1- -],

(i)™, Wi D)

@ e = (@ @)1 - A - pe),

1= (1= p)*)
In order to compare two IVIFNs a; and ,, based on the concepts
of score function s(«) and accuracy function h(«), an approach is
proposed in [31], where s(at) = 3 (uf + u§ — v — v&) and h(a) =
3l + ug +v5 + ).
IfS(O(l) < S(az), then [24] < ay.

If 5(0{1) = S(az), then (1) if h(al) = h(az) then a; = dy; (ll) if
h(al) < h(az), then ay < ;s (111) 1fh(o{1) > h(az), then a > a.
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Definition 6. [32] An n dimension interval-valued intuitionistic
fuzzy weighted averaging (IVIFWA) operator: R" — R is a map-
ping, in which has a weighting vector w = (wy, wy, -+ , w,,), satis-

fying Z w; = land w; € [0, 1], then
i=1

IVIFWA(C{I, vee s an) = w1y @ 5129 @ @ w,a,

[H(v&,)wf, A D

i=1 i=1

3. A MODEL-BASED METHOD TO
DETERMINE THE WEIGHTS OF EXPERTS
UNDER IVIF ENVIRONMENTS

Because the IVIFS can give a more reasonable mathematical skele-
ton to process inaccurate facts or imperfect information, in this
section, we develop a comprehensive algorithm to integrate two
models for obtaining appropriate experts’ weights. Each expert’s
weight in our method is combined with two parts, the experience
and the expertise of expert.

3.1. The Weighting Vector of Expert
Determined by Experience Degree of
Expert

Suppose that A = (AV, 1@ ... | 1®) is the expert’s weighting vec-
tor. From Definition 2.3, it is obvious to observe that ([0,0],[1,1])
and ([1,1], [0, 0]) are the smallest and the largest IVIFNG, respec-
tively. Therefore, we define that RE = (riLj),,Xm = ([0,0],[1, 1]}
as the lowest experience of expert decision matrix, and RV =
(rl.[j])nxm = ([1,1],[0,0]),xm as the highest experience of expert’s
decision matrix. In view of that a certain IVIFN has more expe-
rience when it has a larger divergence from ([1,1],[0,0]) or
([0,0],[1,1]). So we can devise relative divergence measure as the

m
expression Z Z|CEV(rg‘), rhy —
i=1j=1
ence of an individual IVIF decision matrix. Obviously, the expert
who gives the individual decision matrix with higher experience

should be assigned a bigger weight.

Ey(r(k) V)| to represent experi-

By considering the experience of expert to compute the optimal
expert’s weighting vector, it can be formed as the following model:

max F(l;) = —ZZZ/I(k)
=1j=1

M-1)] x|CE (rg‘), rL) _CEY (éj@, rU> |

¢ 2
sty (/13")) =1L, AP >0 k=1, ¢
k=1

where /I(Ik) is weight of the kth expert.

( 1-TJa-wey1-Tla- u&{.w] :
i=1 i=1

To solve model (M-1), the Lagrange function is constructed as

t n m
L9 == IRV ACAUNE 1)
k=1i=1j=1

1 t
—CEV (. )| + 3¢ (Z(A(P)Z - 1)
k=1

where ¢ is the Lagrange multiplier.

By differentiating Eq. (1) with respect to /1(1k) (k=1,2,---,t)and
¢, we set these partial derivatives equal to zero, then the following
equations are obtained:

L L5 S ()

a&‘” ]
e (A0 V) |+ ¢ =0

— Z Z|CEV (rﬁjf),rL)

— CEY (rl(.jt),r )|+{/1(f) =0

/1( t)

o5 () -4

To solve above equations, we can get a simple and exact formula for
determining the weights of experts as follows:

S S |cEr (A0 ) = cer (A0

i=1j=1

JZ; (Z ilCEy (rgo’ fL) — CE (r;(o,ry) |>2

i=1j=1

®) _
Al -

By standardizing /1<1k)(k =1,2,---,t) within the [0, 1], we have

D Zm]CEV (i0. ) = car (#00)|

1j=1

m
D |CEY <r§;‘), rL> — CEY (rg‘),rU) |

2)

Therefore, we can get the experts weighting vector 47 =

#(1)  4%(2) *(t)
Ay 47 A0,

Further, from the viewpoint of similarity degree between pairwise
individual decision matrices in [33] and [34], another optimization
model based on the cross-entropy and the similarity measures for
ensuring weights of experts can be constructed here.
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3.2. The Weighting Vector of Expert
Determined by Expertise of Expert

k
Let R® = (15) e (k = 1,2, ---
vided by experts e®) on evaluating alternatives g; (i = 1,2,--- , n),

K K | (k Lk UKy LK) UK,
where rf]) = (,uf]), ,5)) ([M,]( >,M,]()] [v:®, ij()]) is IVIFNs.

Vi
Here, [,uL(k), u;] ®)] indicates the alternatives g; satisfy the attributes

Gj(j =1,2,--- ,m), while [v; L v]U(k)] indicates the alternatives g;

do not satisfy the attributes G; and e® (k=1,2,--- ,t) represent the

kth expert. Then, a similarity measure with free parameter between
k e

( ) [/,{,] /,{,S]J],[ Vi Y ]1s defined as [29]

, ) be IVIF decision matrices pro-

and m;;

N
1-— ,f # my,
1) v (0
S(,-j,mg>= >.CD (r,],m,J
k=1
) _
1, lf}’ij mi,

t t
! ! /
L _ L(k) uk ' _ 1 Lk U _
where pj; = E ,u ,,ul] == E Hij >V = - E Vi vy =
k=1 k=1

t

1 Uk _ . i
7;1@- andk=1,2, ,i=1,2,- ,mj=1,2,---,m

Note that the closer the value of rl(.;‘) to the mean rating m;; is, the
higher the similarity degree is. Consequently, the experts’ weights
are also higher. All in all, it means that the more expertise of an
expert has, the more the weight of his judgment get. This can
avoid the unduly high or low evaluation values induced by experts
because of limited expertise.

Accordingly, for obtaining the expert’s weighting vector, we concern
similarity degree between individual decision matrices and expert
evaluation matrices.

t . 2
maxF(/lz)= Z Z T

M =2)
d 2
s.t. ;Z:l </1(2k)>

where /l(zk) is weight of the kth expert. To solve model (M-2), the
following Lagrange function has been constructed:

L(,¢) = mi Z:t; (Z Zm;s( o ))W 3)

i=1j=

(zer)

where ¢ is the Lagrange multiplier.

For differentiating Eq. (3) with respect to /1(2]() k = 1,2,---,1)
and ¢, these partial derivatives are set equal to zero, the following
equations are obtained:

- B S st =0

a/l(l)

P

— 2%8( ® ) +§/1<f>

all(t) ps|

t
SEMICHRERT

By solving above equations, a simple and exact formula for deter-
mining the weights of experts can be get as follows:

ZZSW m;

11]

ﬂ,(k) —

By normalizing /1(2’() ,(k=1,2,--- 1) within [0, 1], we can have

ZZS< ® U)

11]

Z ZZS( 2y )

=1li=1j=

#(k) _
A’Z

4)

Then we can get the weighting vector of expert that is 15 =
/‘L*(l) *(2) }l*(t)
( (] )

In practice, models (M-1) and (M-2) can be integrated for com-
puting experts’ weights in MAGDM under IVIF environment. The
steps are summarized as follows:

Step 1. Calculate the fuzziness degree between individual deci-
sion matrix R((k)) of kth and the lowest/highest experience deci-
sion matrix, then get the weighting vector of expert, ] =
(/f'i(l), /f;(z), TN /T:i(t)) by using Eq. (2).

Step 2. Compute the similarity degree between each individual
decision matrix and matrices of expert evaluation, then get weight-

ing vector of expert, 15 = (/1*2(1), /12(2), ,/12(0) through Eq. (4).

Step 3. Let A = AD, 1@ D) be the ultimate weighting vector
of expert, which can be comprehensively determined as follows:

A0 = ¢ /fi(k)

P Lk
A
p+e

p+¢ 2

where ¢ and ¢ are the parameters that can reflect the attitudinal
characteristics of experts, 0 < @,¢ < 1, ¢ + ¢ = 1. Normally, ¢
and ¢ are set to 0.5.

4. CROSS-ENTROPY MEASURE OF IVIFS

In this section, a new cross-entropy measure with parameter of
IVIFES is constructed to support the proposed expert weight-
determining method. We consider A and B of various fuzzy sets
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defined in one-element universal set X € {x;}. Based on the [35,36],
we can obtain the J-divergence of IFS A and B as follows:

-1 Ha+up\Y 1
pas = = {(BE) -5 (v i)

v+v\Y 1
+H(B32) -5 L)

wa+mg\ 1
(BT 5 L )]

wherey € (1,2].

By analogy information and based on the above, an information
measure which is a divergence measure of two IVIFSs A and B can
be defined as

=L [(matms\ Ly
CDY (A, B) = y—l[( ") S ()| 9)

L 1% L U L U L U
U 2-vh— 2pl+2ul+2+mli+m
where y € (1,2], my = A+#A+4 Tt =t AZ+ at T,

_ vy 2uboul24 kY
mp = i = 7 .

Theorem 1. The divergence measure CDY (A, B) (y € (1, 2]) satisfies
the conditions of Definition 2.4.

Proof: Obviously, CD¥(A,B) = CDY(B, A), by Jensen’s inequal-
ity, we have CDY (A, B) > 0. And we can obtain CD” (A, B) is con-
vex if y € (1,2]. The proof is provided in Appendix. Thus, for
all y € (1,2], CDY(A, B) increases as || A — B ||; increases,
where || A — B [|;= g£(A, B). Then, the CDY(A, B) attains its
maximum at A = ([0,1],[0,0],[0,0]), B = ([0,0],[0,1],[0,0]
or A = ([0,0],[0,1],[0,0]), B = ([0,0],[0,0],[0,1]) or A =
([0,1],]0,0],[0,0]), B = ([0,0],[0,0],[0,1]). This means that the
CDY (A, B) attains its maximum at m, = 0.75 and my = 0.25. Thus,
in order to prove CDY(A, B) < 1 at m, = 0.75 and mz = 0.25, an
auxiliary function is defined as

n=r=1s (3 -3[) + (3) | rena

Then, we have for all y € (1, 2],

fip =12 (3) 1[G + (3 - (o

Thereby, we can derive that f{y) > f(1) = 0. Therefore, CD¥ (A, B) <
1atm, = 0.75 and my = 0.25, which means that the value of
CDY(A,B) is 0 < CDY(A,B) < 1 for Vy € (1,2]. In the third
condition of Definition 2.5, if A < B < C then u/ﬁ < uh < ué,
wy < ol < pdo vk > vk > vEkand vy > v > vl By the
same argument, we can obtain that || A — B ||;<|| A — C ||, and
| B—C |I1<|]| A= C ||;. Therefore, CDY (A, B) is a cross-entropy
measure.

Remark 1. If A and B are two IVIFSs in X = {x1,x,,-:- ,x,}, the
associated cross-entropy measures CDY (A, B) y € (1, 2] is defined

by

1 n
CDY(A,B) = = » CDY(A,, B).
)= ; (4, B)

1299

Here A; = (x; [/fff\i(xi), ,uf(,.(xi)], [Vﬁi(xi), Vg(x,-)]) and B; =
(X,‘, [Mé(xl)’ /’tll?](xx)]’ [Vé‘.(xi)’ Vlg(xi)])) the Remark 1 is a more pow-
erful evidence to illustrate Cljy(A,B) is a cross-entropy measure
between IVIFSs.

Remark 2. Flexibility is an indispensable and important element
in modern decision-making. Each individual is different, and DM
tend to consider the problem from his own perspective. By adjust-
ing parameter y € (1, 2], the cross-entropy measure CDY (A, B) pro-
vides more flexibilities and can be applied to different DMs and dif-
ferent decision-making environments.

5. INTEGRATED IVIF GROUP
DECISION-MAKING APPROACH WITH
UNKNOWN EXPERT WEIGHTS

Suppose that the information about the weighting vector of attribute
is given in advance, that is, W = (wy,w,,...,w,,). Then, an
approach for solving MAGDM problems under IVIF environments
with unknown experts” weights is proposed. The steps are summa-
rized as follows:

Step 1. Get the collective IVIF decision matrices R® = (7’§k))n><1 by
using IVIFWA operator to aggregate each individual IVIF decision
matrix R® = (”g())nxw

Step 2. Obtain the weighting vector of expert 4 =
AD @ .. 0y by using our method proposed in Section 3.

Step 3. Aggregate all the collective IVIF decision matrix R® =

(?Ek) )ux1 into an overall group IVIF decision matrix R = (7,),x1 by
IVIFWA operator.

Step 4. From Definition 2.5, the values of the score function s(7;)
and the accuracy function h(#;) can be calculated.

Step 5. Obtain the priority of alternatives according to the above
values of s(#;) and h(#;).

6. ANALYSIS OF NUMERICAL EXAMPLES

In this section, some examples are illustrated to demonstrate the
applicability of the proposed method. Meanwhile, the comparative
analyses are also conducted to show the superiority of the proposed
method.

6.1. Example 1

Suppose that A; (i = 1,2, -+ ,5) are known patterns, d; (i = 1,2,
-+, 5) stand for corresponding five decision alternatives, respec-
tively. From [37], the patterns are given by the following IVIFSs in
X = {x1,x5, %3, %4} A; = {(x;, [0.4, 0.5], [0.3, 0.4]), (x,, [0.4, 0.6],
(0.2, 0.4]), (x5, [0.3, 0.4], [0.4, 0.5]), (x,, [0.5, 0.6], [0.1, 0.3])}, A,
={(x,, [0.5, 0.6], [0.2, 0.3]), (x,, [0.6, 0.7], [0.2, 0.3]), (x3, [0.5, 0.6],
[0.3,0.4]), (x,, [0.4,0.7], [0.1,0.2])}, A, = {(x,, [0.3, 0.5], [0.3, 0.4]),
(x5, [0.1,0.3], [0.5,0.6]), (x3, [0.2, 0.5], [0.4, 0.5]), (x,, [0.2, 0.3], [0.4,
0.6])}, Ay = {(x;, [0.2,0.5], [0.3, 0.4]), (x5, [0.4, 0.7], [0.1, 0.2]), (x3,
[0.4,0.5], [0.3, 0.5]), (x4, [0.5, 0.8], [0.1, 0.2])}, As = {(x,, [0.3, 0.4],
[0.1, 0.3]), (x5, [0.7, 0.8], [0.1, 0.2]), (x3, [0.5, 0.6], [0.2, 0.4]), (X4,
[0.6,0.5], [0.1, 0.2])}.
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Assume that ¢ is an unknown sample, which is considered as the
positive ideal solution of this problem.

t = {(x;,[0.5,0.6],[0.1,0.3]), (x,, [0.7,0.8], [0.1,0.2]),

(x3,[0.5,0.6],[0.2,0.4]), (x4, [0.6,0.8], [0.1, 0.2])}

From Eq. (5), we can obtain the cross-entropy between each pattern
A;(i=1,---,5)and t, as listed in Table 1.

By using the new cross-entropy measure Eq. (5), we can classify
pattern f to one of the decision alternatives d; (i = 1,2,---,5).
Then, Figure 1 shows the effect of parameter y on the cross-entropy
between known pattern A; and unknown pattern ¢. From Figure 1,
we can obtain that the value of CDY (A;, f) increases with the increase
of free parameter y. Further, we can find that the ranking order of
cross-entropy measure CDY (A, t) is not changed with parameter ,
which is CDY (A3, t) > CDY(A1,t) > CDY(A4,t) > CDV(Ay, 1) >
CDY(As, t) for all y € (1,2]. This means that the pattern ¢ belongs
to the decision alternative ds. These results agree with the ones
obtained in [37].

Next, an example from [12], in which the weights of the attribute
are known while the weights of the experts are unknown. Based on
the aforementioned example, we show the method introduced in
Section 4 is effective.

6.2. Example 2

Now, the information quality assessments of four social networks,
Weibo (G1), QQ (G2), WeChat (G3), and Zhihu (G4) are taken
into account. After a thorough investigation and evaluation, five
attributes are constructed as g;: reliability of information acqui-
sition, g;: timeliness of information acquisition, g3: information
availability, g4: rapidity of information dissemination, gs: infor-
mation availability, where w = (0.13,0.17,0.2,0.33,0.17) is the
weighting vector of attribute. The matrices R® = (rg‘)) are provided

Table 1 Cross-entropy between each pattern A; and t.

y 1.2 1.6 2
CDV(Al ,b) 0.0053 0.0058 0.0060
CDV(Az, ) 0.0008 0.0009 0.0010
CDY (A3, 1) 0.0263 0.0253 0.0277
CD”(A4, t) 0.0025 0.0031 0.0032
CDV(AS, 3] 0.0008 0.0009 0.0001

x10°
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Figure1 Values of in example 1.

by experts e®(k =1,2,3)andlet y and ¢ are set to 1.5 and 0.5, then
we can obtain Tables 2-4.

The weighting vector of the attribute is known in advance and then
the individual weighting vector of the expert is unknown. The fol-
lowing steps are given to select the optimal decision alternatives:

Step 1. Construct the aggregated overall individual IVIF decision
matrices based on the opinions of experts.

Aggregate IVIF matrixes R® into an overall individual IVIF deci-
sion matrix R® by utilizing IVIFWA operator, then we can get Table
5 in which each row expresses an overall individual IVIF decision
matrix R®.

Step 2. Determine weighting vector of expert.
By utilizing Eqs. (2) and (4), the weighting vector of expert can be
obtained as follows:

1= (/1(1)’/1(2)’/1(3)) (6)

= (0.3472,0.3360, 0.3167)

Step 3. Obtain the overall group decision matrix.

Combined with the IVIFWA operator and Eq. (6), the overall indi-
vidual decision matrix R® can be aggregated into an overall group
decision matrix R in Table 6.

Step 4. By Definition 2.3, the scores of values in R can be calculated.

s(t) = 0.5625,
0.3584.

() = 03580, s(f3) = 04763, s(fy) =

Step 5. Rank the alternatives.

On the base of the scores of s(#;) (i = 1,2, 3,4), the ranking of the
alternatives G; (i = 1,2,3,4) can be obtained: G; > G3 > G4 >
G,. Consequently, it is obvious that the alternative G, is the most
appropriate supplier among the alternatives.

Comparative analysis: To further shown the superiority of our
approach in comparison with other group decision-making meth-
ods, for example, in [10,23,38,39], some simulation results are
depicted in Table 7.

From Table 7, we can get the alternative ranking result given by
the method in [23,38] is the same with that given by our method.
And the ranking results obtained by the proposed method in this
paper are different from those obtained by methods [10,39]. On
the basis of the above simulation results, we can find that the pro-
posed method in this paper has some advantages over methods in
[10,23,38,39].

(1) Each expert has the same weight in [39] and the weight to each
expert is assigned in advance [10]. Both two methods neglected the
determination of experts’ weights. To overcome the shortcoming,
experts weights for each attribute are derived in [23,38] by using
the similarity degree and proximity degree. But they do not con-
sider the influence of experts’ experience and professional knowl-
edge on expert weights. By contrast, a new method in this paper is
presented to obtain experts’ weights, in which two programming
models are constructed by considering the influence of experts’
experience and professional knowledge on experts’ weights. More-
over, the proposed method can provide more opportunities for
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Table2 Decision matrix R is provided by expert oD,

G, G, G3 Gy
a  ([0.45070],[0.10,0.25])  ([0.40,0.65],[0.20,0.30])  ([0.60,0.80], [0.15,0.20])  ([0.65,0.75], [0.10,0.20])
') ([0.60,0.85], [0.05,0.10]) ([0.45,0.65], [0.20,0.30]) ([0.70,0.75], [0.15,0.25]) ([0.35,0.60], [0.10,0.30])
o ([0.65,0.80], [0.050.15])  ([0.30,0.55],[0.35,0.45])  ([0.35,0.50],[0.30,0.40])  ([0.55,0.70], [0.15,0.25])
g4 ([0.45,0.60], [0.25,0.35]) ([0.55,0.75], [0.10,0.25]) ([0.70,0.75], [0.10,0.20]) ([0.40,0.70], [0.15,0.25])
gs ([0.35,0.60], [0.35,0.40]) ([0.30,0.55], [0.20,0.40]) ([0.60,0.65], [0.25,0.35]) ([0.55,0.75], [0.05,0.20])

Table 3 Decision matrix R is provided by expert @,

Gs

Gy

Gy G,
@ ([0.50,0.65,0.050.30])  ([0.45,0.60],[0.25,0.35])
o) ([0.65,0.80],[0.05,0.20]) ([0.45,0.85],[0.05,0.10])
3 ([0.45,0.85],[0.10,0.15]) ([0.40,0.60],[0.25,0.35])
¢ ([0.70,0.80],0.050.15])  ([0.55,0.75],[0.10,0.20])
g5 ([0.50,0.70],[0.10,0.25]) ([0.55,0.60],[0.25,0.40])

([0.30,0.75],[0.05,0.20])
([0.55,0.70],[0.10,0.25])
([0.60,0.65],[0.20,0.30])
([0.60,0.65],[0.05,0.30])
([0.80,0.85],[0.05,0.10])

([0.55,0.70],[0.10,0.25])
([0.30,0.65],[0.15,0.30])
([0.55,0.70],(0.15,0.25])
([0.35,0.70],[0.15,0.25])
([0.20,0.65],(0.20,0.30])

Table4 Decision matrix R® is provided by expert 3.

Gs

Gy

G, Gy
g ([0.50,0.55],[0.15,0.35]) 0.30,0.60],[0.20,0.30
o) ([0.70,0.85],[0.05,0.10]) 0.55,0.60],[0.25,0.30
&3

0.60,0.80],[0.10,0.20

([0.45,0.75],(0.10,0.25
([0.60,0.75],[0.15,0.20

0.65,0.85],[0.05,0.15
0.20,0.50],[0.40,0.45

0.20,0.45],[0.35,0.50

g4 ([0.80,0.90],[0.05,0.10])

[
[
([0.55,0.65],[0.30,0.35])
[
g5 ([0.65,0.85],[0.10,0.15])

(I LI
(1 LI
(10.40,0.601,[0.10,0.30
(I LI
{ LI

0.20,0.55],{0.30,0.40

([0.55,0.75],[0.15,0.20

[ D
( D
([0.70,0.75],[0.20,0.25])
[ D
([0.50,0.60],[0.30,0.35])

( LI D
( LI D
(10.50,0.801,[0.05,0.20])
(I LI D
a LI )

0.45,0.80],[0.05,0.20

Table 5 A overall individual interval-valued intuitionistic fuzzy set (IVIF) decision matrix R®,

R(l)

R? R®

G ([0.5393,0.7416],[0.1041,0.2083])

[

[
Gs  ([0.6197,0.7059],[0.1634,0.2614])
Gy ([0.4896,0.7016],[0.1103,0.2412])

([0.5959,0.7821],[0.0643,0.1881])
Gy ([0.4321,0.6573],[0.1770,0.3207])  ([0. 4942,0.7109],[0.1398,0.2397])

([0.6094,0.7173],

([0.3954,0.6839],[0.1493,0.2660])

([0.6888,0.8214],[0.0921,0.1612])
([0.4656,0.6763],[0.1542,0.2750])
[0.0738,0.2291])  ([0.5741,0.7294],[0.1691,0.2364])
([0.3853,0.6842],[0.1367,0.3004])

Table 6 The overall group decision matrix R.

Alternative R

Gy (10.6114,0.7835],[0.0846,0.1853])
Gy ([0.4650,0.6828],[0.1560,0.2759])
Gs ([0.6020,0.7175],[0.1251,0.2418])
Gy ([0.4256,0.6900],[0.1312,0.2676])

Table 7 Ranking results of different methods for

Example 2.
Methods Ranking Results
Method in this paper G1>G3> Gy > Gy

Method in [23]
Method in [10]
Method in [38]
Method in [39]

G1>G3>G4>G2
G4>G1>G2>G3
G1>G3>G4>G2
G2>G1>G3>G4

DMs in actual decision-making by proposing a novel cross-entropy
with parameter, which is comprehensive and flexible.

(2) The alternatives ranking method in [39] is to calculate the dis-
tances between IVIF positive ideal solution and schemes, but this
method is not robust for different IVIF positive ideal solutions. The
alternatives ranking method in [38] is directly transformed the IVIF
matrix into an interval matrix, which could result in information

loss. The ranking method in [10] is the same as the ranking method
in [40]. And the ranking order of alternatives is generated accord-
ing to an order relation of IVIFVs in [23]. However, the above rank-
ing methods cannot provide more opportunities for DMs in actual
decision-making, so these methods also cannot be applied to differ-
ent DMs and different decision-making environments. By contrast,
the method in this paper can be applied to different DMs and dif-
ferent decision-making environments by adjusting the parameters.
Furthermore, it has some desirable properties and advantages over
existing ones.

Discussion of the influence of parameters: It is necessary to dis-
cuss whether and how the ranking results change when the values
of these parameters ¢ and y are different. Considering that different
values of the parameter ¢ in can be set, three special cases are calcu-
lated as examples including ¢ = 0, ¢ = 0.5 and ¢ = 1, which rep-
resent the minority, compromise and majority principles, respec-
tively. Accordingly, the computation results are listed in Table 8.

It can be seen from Table 8 that the ranking order of alternatives
is not the same for different decision principles of DMs when the
value of parameters ¢ or y is fixed. First, without loss of generality,
we assume ¥ = 1.5. Based on the minority principle (¢ = 0.0), the
ranking order is G; > G3 > G4 > G,. Based on the compromise
principle (¢ = 0.5), the ranking order is G; > G3 > G4 > G,.
Based on the majority principle (¢ = 1.0), the ranking order is
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Table 8 Computation results with different values

of parameters ¢ and y.

Methods Ranking Results

)/=1.1,¢=0.0 G1>G3> Gy > Gy
y=11,¢ =05 Gy > G3 > Gy > G,
y=11,¢=10 G1>G3>Gy >0y
y=1.5,¢=0.0 G1>G3>G4>G2
)/=1.5,¢=0.5 G1>G3>G4>G2
y=15¢=10 G1>G3> Gy > Gy
}’=l.9,¢=0.0 G1>G3>G2>G4
y=1.9,¢=0.5 G1>G3>G2>G4
y=1.9,¢=1.0 G1>G3>G2>G4

G1 > G5 > Gy > G4. Then, we can discover that the optimal alter-
native will not change with ¢ under the fixed parameter y. Next,
without loss of generality, we assume ¢ = 0.5. Then, it is obtained
that the ranking order is G; > G3 > G4 > G, wheny = 1.1
or y = 1.5 and the ranking order is G; > G3 > G, > Gy
under y = 1.9. We can find that the ranking order of alternatives
G4 and G, will change with the parameter y. Through the analy-
sis above, we can find that although the ranking results will change
with the parameters ¢ and y, the optimal alternative is not changed.
This means that the proposed approach in this paper has the stable
robustness.

7. CONCLUSION

In this paper, MAGDM problems with unknown experts’ weights
under IVIF are investigated by fully considering the experts’ experi-
ence and professional knowledge. Then, a novel cross-entropy mea-
sure with parameter of IVIFS based on J-divergence is proposed
to handle the MAGDM problems. Next, in order to further show
the effectiveness of the proposed method, comparative case stud-
ies have been carried out. Compared with the existing represen-
tative cross-entropy measures [22,23], the proposed cross-entropy
has better discriminating ability. Furthermore, we can further study
and extend it to other practical fuzzy decision-making environ-
ments, such as the fuzzy group decision-making support sys-
tem under the interactive intelligent decision framework of green
suppliers.
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APPENDIX

A proof of Theorem 4.1

1 my +mp\V 1
14 R — u) [ 4 4
CDY (A, B) 1[( ) 2(mA+mB)]

L U L U L U L U
2=V;=V —Vg—
wherey € (1,2],my = ”A+’“‘A+4 A" A mp = /“‘B+’“B+i Y8~V For
the operational rule’s convenience, let

L _ U _ L _ U _
,u/z = Xl,M%—XZ,VQ—X3,V%—X4
HMp = Xs,Mp = Xg,Vp = X7,Vp = Xg.

The CDY (A, B) can be simplified as follow:

f(xl’x2’x3=x4=x5’x6’x7ax8)

14
___1 (M) _ % (! + mg)]

y—1 2
2—x;— 2—x,—
where m, = w, mp = M' For the calcula-
. . _ Y (mytmp\y—2 — ¥, V2
tion easily, we suppose a; = L (=437£)"%, by = Lm) ~, and

) . .
b, = 3—7’2m£ , then we can obtain the Hesse matrix as follow:

C= A1—By A
B Ay A1 —-B
where
[ —ay —a; a;  ap ]
—dp —dp 41 4
Al = )
ap a1 —ap —a
ap a;p —ap —apl
[ by —by by by ]
—by =by by b
Bl = )

by by =by —by
by by —by —b ]

[ —by —by by by ]

—by =b, by b,
by by —by —b,

[ by by —by —b ]

Obviously, C is a symmetric matrix. According to the properties
of symmetric positive definite matrix, the matrix C change into a
matrix D after inverse transformation as follow:

—a1+b1 ay 0--0

a —a1+b2 0--0
D= 0 0 0 0
0 0 0 0

Though the above discussion, D is a positive semi-definite matrix if
and onlyif —a; +b; > 0, —a; +b, > 0and —a;(by+by)+b1b, > 0.
Firstly, since y € (1,2] and mymy > 0, then we have ZmZ_Z >
(my + mg)Y~2. Thus —a; + by > 0. Similarly, we can prove that
—a + by > 0. For the proof of —a;(b; + by) + b1by > 0, we made
the following assumptions:

1 my +mp\Y 1
) =~ | (P52) = 3 ().

From the Theorem 1 in [41], we can obtain g(my, mp) is convex
function, namely,

gmAmu gmAmB

'Dgl =
gmAmB gmBmB
— —aq + bl —ay >0
—ay —aq + bz i

Thereby,
| Dy |= —ay(by + b2) + b1by 20

Therefore, f(xy,x,,x3, X4, X5, Xg, X7, xg) is convex function, which
completes the proof.
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