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Abstract—The use of methods of intellectual decision
support in modern infocommunication systems OFDM allows
to ensure high reliability of data transmission due to their
adaptation to various destructive influences. To make an
optimal decision that allows to effectively counteract such
impacts, it is necessary to conduct a multi-scale analysis of the
parameters of the communication channel using a discrete
wavelet transform. The purpose of research is to improve the
accuracy and reliability of the implementation of discrete
wavelet transform in infotelecommunication systems OFDM.
To achieve this aim it is proposed to use nonpositional
modular codes, in particular code of residue number system.
The paper presents the implementation of discrete wavelet
transform based on Haar discrete wavelet transform by code
of residue number system (RNS). It is shown that the use of
the modular RNS code does not only improve the accuracy in
the OFDM-DWT, but helps to detect and correct errors that
occur in the process of transformation. Thus, the application
of new modular technologies in infotelecommunication
systems OFDM allows not only to increase the computational
accuracy, but also to ensure the correct result due to
parallelization at the level of operation and processing of low-
bit data OFDM.

Keywords—orthogonal frequency division multiplexing
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I. INTRODUCTION

Currently, infotelecommunication systems widely used
the technology of orthogonal frequency division
multiplexing OFDM (Orthogonal Frequency Division
Multiplexing) [1 - 3]. This allows providing a high-speed
transmission of multimedia data in wireless communication
systems. In addition, OFDM technology has a number of
advantages: high spectral efficiency, efficient operation in
multipath signal conditions; high resistance to narrowband
interference [1]. However, the use of Fast Fourier transform
(FFT) in OFDM systems leads to drawbacks, among which
there are two computational tracts, as well as accumulation
of rounding errors.
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It is possible to increase the efficiency of performing
discrete wavelet transform of signals through the use of non-
positional modular codes. It is known that the use of such
codes allows to perform algorithms of digital signal
processing in real time with high accuracy [1, 4, 5]. It is
connected to the fact that basic operations of digital signal
processing are operations of addition, subtraction and
multiplication that can be effectively realized with use of
modular integer arithmetic. These particular operations
provide a basis of algorithms for the discrete wavelet
transform of signals. Besides, modular codes are able to
detect and correct errors that occur during the transmission
of information due to interference in the communication
channel. The ability of such codes to form decisions about
the correctness of the implementation of the message
transmission process and the need for their correction at
reception allow us to refer the issues discussed in the article
to the field of intellectual decision support. Therefore
implementation of discrete wavelet transform (DWT) of
signals with use of modular codes is the important task.

Il. RESEARCH OBJECTIVE

Currently the wavelet transform has found wide
application due to the fact that the Fourier transform and its
fast algorithms are inefficient to provide analysis of non-
stationary signals, which are localized in some interval of
time [6, 7, 8,9, 10, 11, 12]. This is because the information
about the signal in the time domain is lost when performing
the discrete Fourier transform (DFT) and fast Fourier
transform (FFT). Therefore, to gain a true picture of the
signal analysis it is necessary to make this procedure both
in time domain and in frequency domain.

In order to increase the accuracy of the discrete wavelet
transform [7] it was proposed to use algebraic structures of
a finite field. In this case DWT was carried out on modulo
p which is the characteristic of Galois field of GF (p).
Execution of integer DWT provides maximum accuracy of
the large-scale analysis of signals. However, increase in
digit capacity of input signal parameters leads to sharp
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increase of modulo p. It affects negatively the instrumental
expenses that cause lowering of error safety of a special
processor (SP) of DWT. It is possible to solve the problem
of simultaneous increase in accuracy of the large-scale
analysis of a signal and strengthening the failures resistance
which can arise in SP DWT operations by means of
redundant modular codes. Therefore the purpose of our
research is the increase in accuracy and reliability of the
discrete wavelet transform of signals by means of adjusting
codes of residue number system.

I1l.  MATERIAL AND METHODS OF RESEARCH

It is known that the use of modular codes allows you to
speed up and improve accuracy of DSP implementation due
to the transition from the one-dimensional signal
processing to multidimensional signal processing, using the
isomorphism generated by the Chinese Remainder
Theorem (CRT) [RNS]. The use of algebraic systems data
allows to perform in parallel modular operations using low-
bit integer residues. Currently the residue number system
(RNS) has the largest application in this field. The main
fields of wusage of the modular codes are
givenin[1, 5, 13, 14].

In the residue number system integer A is represented
as a set of residues , where ;i =12, ..., n, obtained by
dividing it by pairwise prime modules pi [1, 4].. The main
advantages of RNS are the high speed and accuracy of
modular operations, such as addition, subtraction and
multiplication [2, 3]. However, these operations are widely
used in large-scale analysis, according to

N-1
W,(0,0) = »_ x(b)wgo(b)
b=0 , (1)

N—
Wy (m, j) = Q> x(0)ym (b)

b=0
where X = [x (0), x (1), ..., x (N-1)] - input vector;
Yoo (0), W (D) - skaling-function of discrete wavelet

transform; Wa (0,0) and Wd (m, j) - approximate and detail
sequence.

LN

In case of large-scale analysis of signals in the last
Galois field expression (1) is transformed into

N-1
W, (0,0) = [Z|x(b)|;|w00 (b)|;]mod p
b=0

N-1
Wy (m, j>=(2|x(b)|;
b=0

The use of residue number system code allows us to
transform the calculation of one-dimensional DWT modulo
p into a large-scale multi-dimensional analysis. In this case,
we obtain an approximate sequence of RNS code residues

@)

Vi (b)|;}mod p
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N-1
w;(0,0) Z[ |X(b)|;1 |'//oo (b)|;1 ] mod p;
b=0
: ®)
N-1 . .
w, (0,0) = {Z'X(bﬂpk |‘/’00 (b)|pk }mod Pk
b=0
where w;(0,0)=W,(0,0)mod p;;i=1,2, ..,k
At the same time detail sequence will look like
N-1 . 4
wy(m, j) = [Z|x(b)|pl Vg O] Jmod Py
b=0 '
: )

N-1
w(m, j) = [ZIX@I;
b=0

where w;(m, j) =Wy (m, j)mod p;;i=12,...k.

vy O ]mod Py

However, the transition to parallel computing leads to
increased circuit costs, which affects negatively the
reliability of DWT devices. A promising way to resolve this
contradiction is to give processors the fault tolerance. The
use of modular code allows you to solve this problem at
lower circuit costs compared to the classical method of fault
isolation "2 of 3".

For fail correction using modular codes r number of
redundant bases py.q,..., Px,r IS Used, while
Py <. < Prg < Pk < Prag <o < Piar s (®)
where k - the number of working bases.

Introduction of redundant bases causes a full range of
code

K+r K+r
P :Hpi:PHpil (6)
i=1 i=k+1

k
where P=]] p; - the working range of RNS code.
i=1

RNScode A=(y, y,.... ) deemed to be permitted
if it belongs to the working range of P, i.e.

k
A:(al,az,...,ak+r)<P:H p; 7
i=1

If an error occurs at the i-base RNS code, the incorrect
code is:

A=(8g, 0 8icg, &)y By By ) = ®)

= (@, 00 81, 8j + A}, &)y By )

where ¢; - distorted residue of RNS code; Aa, - the depth
of error for the i-base.

156



ATLANTIS
PRESS

According to CRT converting to a positional number
system (PNS) we have

K+r
/\ = :E:: (Eij E3j + (Eii + szii) E;i) nﬂ()(j F)* . (9)
=
Simplifying the equation

K+r
A=>(a;B;+(a; +Aa;)B;)mod P" = A+Aa;B; (10)
B
Analysis of equation (10) indicates that an error
A>P.

Since modular codes are non-positional codes, the
positional characteristics are used to correct errors in these
codes. They show the location of an error combination of
modular code with respect to the working range of the
system. In [15, 16, 17] the algorithm and the circuit
realization calculation interval number, the physical
meaning of which is defined as L = [A/ P]. If RNS code
has no error, i.e. A<P, the value of interval number is
zero, i.e. L = 0. If an error occurs in RNS code, the
positional characteristic L=0. In[18] it is proposed to use
as the positional characteristics the leading coefficients of
the general polyadic system. In [19, 20] it is proposed for
the error correction to apply algorithm for calculating the
RNS trace code. However, the algorithms mentioned above
require substantial circuit costs and are time-consuming. It
is possible to reduce the costs by use of the developed
algorithm for spreading the system of RNS code bases.

To calculate residues for control bases we use following
interval of RNS code

K+r

Z ;B;mod P”
P P

; (11)

k+r
D e (KiP +B )mod P
i=1

P

where B; = K;P + Bi* - orthogonal basis of the I-base
*
RNS; Bj =1mod p;; B; -

j - orthogonal basis RNS without

reference bases.

It is known that the values in interval L change from
zero when there is no error in RNS code, to a value

~ K+r
P-1= TIp; —1. So the expression (11) can be written as
i=k+1
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kK+r _
= [ZaiKi + R*Jmod P

i=1

where R* is the rank of RNS control system without
reference bases.

If an error in RNS code is absent, L = 0. Substitute this
value in (12) and determine the value of the reference bases

* *
(“k+1""'0‘k+r) on the values of working residues

(al,..., ak) . Then we have

K
— Ky =[ZaiKi +R JmOd P+t

i=1

(13)

k
= OirKiar :{zaiKi +R ]mod Pi+r

i=1

To avoid the negative values of residues lets transform
(13) to

k
A1 = [ Prs1—M k+1[zai Ki+R B mod Py

i1
, (14)

k
Ay :[pm - Mk+r[zaiKi +R DmOd Picr

i=1
where My, ; :(Kkﬂ.ylmod Pesjid =12,

To detect and correct the error in RNS code using the
developed algorithm aimed at expanding the bases we must
find the error syndrome

+

*
Sk = ‘ak+1 — 0O
P

k
=| % —( Pksa —M k+1(zaiKi + R*B mod Py
i-1
' (15)

+

*
Sker = ‘ak+r — Oy
Prsr

k
=| X+r _[ Pk+r — Mk+r[zaiKi + R*J] mod Pi+r

i=1

If the error syndrome is zero, RNS code contains no
errors. Otherwise, the value of the error syndrome shows
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the location of the error and its depth. Error correction is
performed according to

o = (5i

where Ag; - the depth of error for the i-base.

—Ag;)mod p, (16)

IV. RESEARCH RESULTS AND DISCUSSION

Suppose it is necessary to execute Haar wavelet
transform over an input vector of data from eight elements
x(n) = (145, 239, 1002, 564, 231, 11, 94, 123). In positional
number system a matrix of Haar direct conversion will look
like (17)

1 1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 4
V22 -2 -2 0 0 0 0
110 0 0 0 V242 -2 -2
e=F%la 2 0 0 0 0 0o o - (4D
8
00 2 -2 0 0 0 0
00 0 0 2 -2 0 0
000 0 0 0 0 2 -2

1 . . .
where — is a normalizing multiplier.

N

To execute such wavelet transform in the field of prime
number it is necessary to find the base of such field in
which congruence relation is solvable, indicated in the
expression (18).

depsﬁmdp (18)

To perform an integer transform in residue number
system we identified the bases of RNS p:=7; p>» = 17,
ps =23. All bases are coprime numbers because all of them
are the prime numbers by themselves. In the field of each
base the congruence relation described in (18) is solvable

and hence in each of these fields the expression V2 canbe
represented in the form of integer number. Such expression
will have the following values in the fields p1=7; p> = 17,

ps=23 respectively V2=3mod7 ; J2=6mod17 ;
V2 =5mod 23 transform for each of the bases.

For p1= 7 Haar matrix will look like

111111
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For p, = 17 Haar matrix will look like

11 1 1 1 1 1 1]
1 1 1 1 16 16 16 16
6 6 11 11 0 0 0 O
Hy =10 0 0 0 0 6 6 11 11 @)
215 0 0 0 0 0 O
0 0 215 0 0 0 O
0 0 00 215 0 O
0 0 0 0 0 0 2 15]
For ps = 23 Haar matrix will look like
(11 1 1 1 1 1 1]
11 1 1 22 22 22 22
5 5 18 18 0 0 0 O
Hy =10 0 0 0 0 5 5 18 18 1)
221 0 0 0 0 0 O
0 0 222 0 0 0 O
0 0 0 0 2 22 0 O
0 0 0 0 0 0 2 21]

O O O N O W -

O O O U1 ©O W k-

o O N O O b~

o O o1 O O »~ -

O N O O Ww o o

O 01 O O W o o

N O O O » O O B

g O O O » O O B+

(19)

Let’s conduct the valuation of the matrices (19) - (21).
Then, using the matrix (19-22), we calculate the results of
the large-scale analysis for the input vector

x(n) = (145, 239, 1002, 564, 231, 11, 94, 123),
represented in RNS

(5,9, 7)1 1, 9)(1 16,13)(4, 3,12)(0, 10, 1)}

X(n)(7,17,23) :{ (4,11,11)(3,9, 2)(4, 4,8)

In RNS code DWT coefficients are equal. For p1 =7
will look like

Wi, =[x, =
6 6]

mod 7 =

O N O O w o o
N P OO N B OO

A W b O AP P O

o O O o1 O b OO O
O O O N O MO O
o O 01 O O W o o
o 01 O O M O L, O
O N OO MO F O
U1 O O O W O -

N O O O w O -

For p, =17 will look like

158



ATLANTIS
PRESS

.
[W|I7 =‘H8 X(n)‘u B
10 10 10 10 10 10 10 10] [97 1]
10 10 10 10 7 7 7 7] |1 1
9 9 8 0 0 0 O0f |16 4
0 0 0 9 9 8 8| |3 4
= X mod17 =
3 14 0 0 0 0 0f |10 7
0 0 3140 0 0 0f |11 5
0 0 0 314 0 019 14
[0 0 0 0 0 3 14] |4] 15|
For pz= 23 will look like
Wl = ‘H 8 X(”)‘; -
77 7 7 71 71 71 1] [7] 4]
7 7 7 7 16 16 16 16| |9 18
12 12 11 11 0 0 0 0] |13 7
0 0 0 0 12 12 11 11| |12
= X mod 23 =
4 9 0 0 0 0 0 O 1 18
0 014 9 0 0 0 0] |11 14
0 0 0 014 9 0 0] ]2 21
0 000 0 0 14 9] |8 8

To perform the inverse Haar DWT transform in RNS
code the matrix inverse to the matrix (19) - (21) are used.
Implementation of these matrices allows you to recover the
original input signal presented in RNS.

For p1= 7 will look like
X, =|HEw @) =

(6 6 4 05 0 0 0] [6] (5]
6 6 40200 0]]0 1
6 6 30050 0] |4 1
6 6 30020 0]]2 4
= x| |mod7=
6 1 0 4005 0| |6 0
6 1 0 400 2 0| |6 4
6 103000 5|]|1 3
6 1 0 300 0 2| |2] 4]

For p2=17 will look like
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x(fy, =[rHw ) =

(10 10 9 0 3 0 0 O] [1
10 10 9 0 4 0 0 O] |1
10 10 8 0 0 3 0 Of |4 16
10 10 8 0 0 14 0 O |4 3
= X mod17 =
10 7 09 0 0 3 0} |7 10
100 7 0 9 0 0 14 0] |5 11
10 7 08 0 0 0 3| |14 9
10 7 0 8 0 0 0 14| |15] | 4]
For pz =23 will look like
X0, =W )] =
(7 7 12 0 14 0 0 0] [4] (7]
7 7 12 0 9 0 0 O0f |18 9
7 7 11 0 0 14 0 0 |7 13
7 7 11 0 0 9 0 0|1 12
= X mod 23 =
716 0 12 0 0 14 0| |18 1
716 0 12 0 0 9 0 |14 11
716 0 11 0 0 0 14| |21
716 0 11 0 0 0 9] |8] | 8|

Then in PNS code the input vector

(5,9, 7)1 1, 9)(L, 16, 13)(4, 3,12)(0, 10, 1)}

X(M) (717,23 = (4,11,11)(3, 9, 2)(4, 4, 8)

Consider the application of the developed algorithm for
detection and error correction when performing Haar DWT
in RNS code. To correct a single error that distorts only one
residue of RNS code we introduced two reference bases. As
the reference bases let’s use ps= 31 and ps=41. As a result
the operating range of RNS code is

3

P=]]p; =7-17-23=2737. Consider RNS system that
i=1

uses 3 operating bases and one reference base p4 =31. Then

the full range of P1 =84847. For this system the orthogonal
bases are equal

B, =24242=K,P+B; =8P +2346;
B, =59892=K,P + B, = 21P + 2415;
B, =66402=K,P +B; =24P +714;
B, =19159=K,P=7P.

To calculate the residue of the reference base ps it is
necessary to determine the value

M, =(K,) mod p, =7 mod31=9.

Consider RNS system that uses 3 operating bases and
one reference base p5 = 41. Then the full range
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of P1 = 112217. For this system the orthogonal bases are
equal

B, =16031=K,P+B; =5P +2346 ;
B, =46207 = K,P+ B, =16P + 2415 ;

B; =39032= K43P + B; =14P + 714;
By =10948=K;P =4P.

To calculate the residue of the reference base ps it is
necessary to determine the value

M =(Kg) ™ mod p; =4 mod31=31.

Consider the wavelet coefficient that is represented in
RNS code W = (6,10,10) = 1574. This code can be
represented using two reference bases ps = 31 and ps = 41.
Thus we obtain W = (6,10,10,24,16). Suppose that in the
process of calculating DWT coefficients no error occurred.

We use algorithm and calculate the residues for the
reference bases, using the residues of information bases
(14). For the first reference base ps = 31, so we obtain

k
i-1

+

6-8+10-21+10-24+
=[31-9 {6-2346+10-2415+10-714} =24
31

2737

For the second reference base ps = 41

K
as —[ps - M{ZaiKi + R*]] mod pg =
i

6-2346+10-2415+10-714
2737

Then, according to (15) the error syndrome is

+
=16
31

41—3{6-5+10~16+10~14+[

x|t +
S4 =l - a4‘p4 =[24-24; =0
|t +
S5 = a5 - as‘ps =[16-16];, =0
Since the error syndrome is zero, the RNS code contains

no error.

Suppose there was an error in the first RNS base p1 =7
and its depth is Aay =1. Then DWT coefficient in RNS
code has the form

VV = (0{1 +Aa1, 0{2, 0{3, 064, 0{5) = (O, 10, 10, 24, 16)

Using developed algorithm we calculate the residues for
reference bases, using the residues of information bases
(14). For the first reference base ps = 31 we obtain
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i=1

k
a, =[p4 - M4[ZaiKi + R*Dmod P, =

.
_b1-9(0.8+10.21:10. 24, | 02346+10-2415+10- 7141} _
2737
31
For the second reference base p5 = 41 we have
k
a = pS—Mt{ZaiKi +R ] mod ps =
i=1
N
=35.

- 41—31(0~5+1O~16+1O~14+{0'2346+102'7234715+10'714D

31

Then according to (15) the error syndrome is equal to
* + +
S4=|as —a4‘p4 =[24-5; =19
*|t +
Ss = a5 —a5‘p5 =[16-35[;, =22

Since the error syndrome does not equal zero, then RNS
code contains an error. We determined the correlation

between the error syndrome and its depth Ao, ,i=1,2,3,
4, 5. Table 1 shows the values of the error syndrome and its
depth for the first RNS base p; = 7.

Table 1. Values Of The Error Syndrome And
Depth For Modulo p1 =7

Depth of error

AOtl Sa Ss
1 19 22
2 7 3
3 26 25
4 14 6
5 24 38
6 12 19

Then use the expression (16) and correct the error base
in RNS code

To research the effectiveness of discrete wavelet
transforms implemented in modular codes, in order to
improve the resiliency of infocommunication systems with
OFDM, simulation was performed using Matlab 2017.

A pseudo-random sequence was generated from which
a set of 64 samples of 8 bits each was formed. The
formation took place in the frequency band of 20 MHz and
with a duration of 12.8 ps. Then an additive Gaussian noise
was generated, which was added to each of the generated
signals. The received signals were demodulated, and then
the ratio of the erroneously received bytes L * to the total
number of transmitted L () was calculated.

The results of the conducted studies of the OFDM
system wusing FFT, OFDM system realizing the
implementation of hardboard in the modular code and the
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OFDM system realizing the implementation of hardboard
in the redundant COD code are presented in Figure 1.

So with a signal to noise ratio (SNR) of 4 dB, the Byte
Error Rate of a DFT-based OFDM system is Rosh = 0.41.
When using Haar fiberboard implemented in the MC, the
error  probability is provided by Byte Error
Rate Roche = 0.1. The implementation of the OFDM
system based on the corrective modular code provides a
Byte Error Rate of 0.042

o -
- I]—af

0

= W g T ]
K@

Figure 1 — Estimation of noise immunity of OFDM systems.
1 is a model of an OFDM system using an FFT,
2 - model OFDM system using DVP in modular code;

3 model OFDM system using fiberboard in redundant
MC.

To achieve an error probability of equal to Roche = 10-
5 in OFDM systems based on FFT, it is necessary to
provide a signal to noise ratio equal to 19 dB, using the
developed algorithm for realizing a fiberboard in modular
code - it will take 13.5 dB, and application of the developed
mathematical model based on correcting codes RNS- 10
dB. Thus, the integration of the properties of correcting
modular codes and discrete wavelet transforms makes it
possible to increase the noise immunity when performing
orthogonal frequency multiplexing of signals by 1.9 times
in comparison with the OFDM-DFT system and 1.35 times
in comparison with the OFDM-fiberboard system
constructed in modular codes.

V. CONCLUSION

The article presents an algorithm of large-scale analysis
using RNS codes. This example shows that the use of
modular code allows maximizing DWT accuracy by
performing integer calculations. RNS code enables to
increase the reliability of the results of discrete wavelet
transform in infotelecommunication systems OFDM. Due
to introduction of two reference bases the resulting
redundant code is able to eliminate all single errors in RNS
code residues. New modular technologies in the problems
of digital signal processing allow not only to increase the
accuracy of calculation, but also to ensure the correct result
by means of parallelization at the level of operation and
processing of low-bit data. Thus, the integration of the
properties of correcting modular codes and discrete wavelet
transforms makes it possible to increase the noise immunity
when performing orthogonal frequency multiplexing of
signals by 1.9 times in comparison with the OFDM-DFT
system and 1.35 times

Advances in Intelligent Systems Research, volume 174

in comparison with the OFDM-fiberboard system
constructed in modular codes.
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