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Abstract–—Modern OFDM communication systems 
must have the property of adapting to the changing pa-
rameters of the communication channel. Intelligent de-
cision support systems using UFMS technology can ef-
fectively solve this problem. The use of UFMS filtering 
allows you to select the optimal value of the cyclic prefix 
and increase the spectral efficiency of the OFDM signal. 
However, this increases the computational cost of per-
forming digital filtering procedures, which leads to an 
increase in network latency. Therefore, the development 
of a fast algorithm for performing numerical-theoretical 
signal transformations for OFDM systems using UFMC 
technology is an urgent task. 

Keywords—OFDM, orthogonal signal transfor-
mations, fast Fourier transform, fast algorithms, number-
theoretic transformations 

I. INTRODUCTION 

The current stage of social development is characterized 
by the constant growth of the requirements for the multi-
service communication quality, which leads to the need for 
the development of high-speed data transmission systems. 
A special feature of such systems is the use of the Orthogo-
nal Frequency Division Multiplexing (OFDM) method. The 
most popular one is the implementation of OFDM using the 
harmonic Fourier basis [1-4] in systems such as DVB-x, Wi-
Fi, WiMAX, LTE, which are the undisputed leaders in the 
information transmission over channels with limited time-
frequency resources [1,5,6]. However, the use of Fast Fou-
rier Transform (FFT) is characterized by a number of short-
comings, due to the presence of two computational paths for 
processing the real and imaginary part of the signal, as well 
as rounding errors caused by using the sine and cosine func-
tions as turning coefficients. Therefore, the development of 

new orthogonal signal transformation algorithms using inte-
ger arithmetic, which allows eliminating the mentioned 
shortcomings, is very urgent. 

The main disadvantage of orthogonal signal transfor-
mations based on FFT is the use of trigonometric functions 
as an orthogonal basis. This problem can be solved by using 
the integer computation. Some works [2,7-9] propose to per-
form digital signal processing using the number-theoretic 
transformations (NTT). However, such integral signal trans-
formations have low productivity, since they are similar to 
a discrete Fourier transform (DFT). Therefore, the purpose 
of the study is to increase the speed of performing orthogo-
nal signal transformations by developing a fast number-the-
oretic transformations algorithm. 

II. MATERIALS AND METHODS 

Currently, Galois fields are applied in digital telecom-
munication systems mainly in the areas of corrective code 
development, and the formation of pseudo-random se-
quences. The use of finite fields for digital signal processing 
issues is restricted by the lack of existence criteria of fast 
algorithms for computing the number-theoretic transfor-
mations that are alternative to the Fourier transform. This 
restriction is due to the fact that, the modular arithmetic does 
not use primitive roots of any degree unit in contrast to the 
complex case. Therefore, the development of algorithms for 
NTT fast calculation and their existence criteria will im-
prove the efficiency of info-communication systems. 

For many practical DSP (digital signal processing) ap-
plications, a fast Fourier transform is used. The implemen-
tation of fast Fourier transform gives several options for or-
ganizing calculations, depending on how the sequence 

1-N210  x, , x, x,x   of length N  is divided into parts. In 
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case N  is even it is possible to use the "time-thinning" op-

tion, which is defined as the sum of two points discrete Fou-
rier transforms: 
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 , 1i  , ,x2n  ,x 12n  are sub-

sequences of length 2N  with even and odd numbers, re-

spectively. 

Equation (1) shows that the FFT implementation is char-
acterized by the presence of two computational paths affect-
ing the design efforts and reliability of the DSP special pro-
cessor. In addition, FFT uses irrational numbers as rota-
tional coefficients, which reduces the accuracy of the calcu-
lations. To eliminate these shortcomings, the number-theo-
retic transformations should be used, defined in an algebraic 
system with ring or field properties [1,6,10]. 

Let GF(M) be a finite Galois field, NG - a cyclic group 

of order ,N  GF(M)  εN   - a primitive root of order N  (

Nε an element of the field GF(M), that fulfils the condition 

  M mod 1ε
N

N   and   M mod 1ε
L

N   for any natural 

NL  ). Then the number-theoretic transformations of the 

sequence 1-N210  x, , x, x,x  , where Ni Gx   

1-N 1, 0,k   is given as: 
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The converse number-theoretic transformation is of the 
form: 
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It is obvious that NTT in its structure is best imple-
mented using a digital element base. For example, if we take 

Nε  in the form of a power of two, then the multiplication in 

(2) and (3) by degrees of Nε  in the calculation of number-

theoretic transformations are replaced by shifts of the code 
words and reduction of the shifted code words modulo M  
[2]. 

The work [6] showed the possibility of increasing the 
speed of NTT execution due to the use of the developed al-
gorithm for applying modular codes. If the compound num-
bers of Mersenne are used as the number M , then expres-
sions (2) and (3) can be reduced to multidimensional parallel 
processing. 

The properties of number-theoretic transformations are 
isomorphic to the properties of the discrete Fourier trans-
form. Therefore, there must be a possibility to compute 
number-theoretic transformations using fast algorithms sim-
ilar to fast Fourier transform. Let us transfer the approaches 

used in constructing fast Fourier transform with time-thin-
ning out from the field of complex numbers (1) to a Galois 
field GF(M). Taking into account (1) rewrite (2) in the form: 
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The expression (4) implies the decomposition N  of 

point number-theoretic transformations into a sum of two 
number-theoretic transformations lengths 2N . Consider 

the following theorem [11]. 

Theorem. Let GF(M) be a finite Galois field, N - an 

even number, NG - a cyclic group of order N , 

GF(M)εN   - a primitive root of order N , fulfilling the 

following condition: 

   M, mod 1ε
N

N   (5) 

then number-theoretic transformations of sequence 

1-N210  x, , x, x,x  , where Ni Gx   is represented as a 

sum of NTT subsequences with even ,x2n  and odd 12nx   

numbers. 

Proof. Condition (5) implies the existence of a primitive 

root   M modεε
2

N
2

N   of order 2N . Transform the ex-

pression (4) taking into account the equality (5): 
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where (k)S11  and (k)S12  – are NTT sequences with 

even ,x2n  and odd 12nx   numbers. 

Since (k)S11  and (k)S12
 have dimension 2N , the for-

mula (6) can only be used to calculate S(k)  for 2Nk0  . 

For the case, let us use the periodicity of number-theoretic 
transformations: 
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Taking (7) into account, for Nk2N   the formula 

(6) can be rewritten in the form: 
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The theorem is proved. 

Unlike fast Fourier transform in the field of complex 
numbers, in which the roots of any degree unit exist  

( N

2π
i

N e1  , 1i  ), the condition for representing the di-

mension of number-theoretic transformations in the form of 
a power of two is not sufficient for the existence of fast NTT 
with "time-thinning" because there are no roots in the finite 
fields of any degree unit. Let us consider the examples of 
the use of the proved theorem. 

III. RESULTS AND DISCUSSION 

Use the finite fields GF(17), GF(29) to calculate the 
number-theoretic transformations signal. Where the length 
of the input sequence of the field GF(17) is 16 samples, and 
in the final Galois field GF(29) the length of the input vector 
will be 28 samples. 

A. Example 1. 

Let us perform a number-theoretic transformation of a 
vector in the Galois field GF(17): 

 15210  x, , x, x,x 

 15 14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0, . 

Therefore prepare a chain of primitive roots: 

16ε 13,ε 9,ε 3,ε 24816  . Note that the given num-

bers fulfil the condition:  

  17 modε-2

16   217 modε-1

8  , 

    4,17 modε17 modε -1

4

-2

8   
    16.17 modε17 modε -1

2

-2

4   

Let us imagine the developed fast algorithm of number-
theoretic transformations modulo 17. At the first stage of the 
developed fast PPPS algorithm modulo 17 we obtain 

  8;17 mod x16x(0)S 8

0

031   
  9;17 mod x16x(1)S 8

1

031  

 
   16;17 mod x16x(0)S 12

0

432   

  9;17 mod x16x(1)S 12

1

432  

 
   12;17 mod x16x(0)S 10

0

233   
  ;917 mod x16x(1)S 10

1

233  

 
   3;17 mod x16x(0)S 14

0

634   

  9;17 mod x16x(1)S 14

1

634  

 
   10;17 mod x16x(0)S 9

0

135   

  9;17 mod x16x(1)S 9

1

135  

 
   1;17 mod x16x(0)S 13

0

536   
  9;17 mod x16x(1)S 13

1

536  

 
   14;17 mod x16x(0)S 11

0

337   
  9;17 mod x16x(1)S 11

1

337  

 
   5;17 mod x16x(0)S 15

0

738   
  9.17 mod x16x(1)S 15

1

738  

 

At the second stage of the developed fast number-theo-
retic transformations algorithm modulo 17 we obtain 

   7;17 mod(0)S13(0)S(0)S 32

0

3121 
 

  11;17 mod (1)S13(1)S(1)S 32

1

3121  

 

   9;17 mod (0)S13(0)S(2)S 32

2

3121  

 
  7;17 mod (1)S13(1)S(3)S 32

3

3121     

   15;17 mod (0)S13(0)S(0)S 34

0

3322 
 

  11;17 mod(1)S13(1)S(1)S 34

1

3322  

 
   9;17 mod (0)S13(0)S(2)S 34

2

3322  

 

   7;17 mod (1)S13(1)S(3)S 34

-3

3322 
    11;17 mod (0)S13(0)S(0)S 36

0

3523 
 

  11;17 mod (1)S13(1)S(1)S 36

1

3523  

  

  ;917 mod(0)S13(0)S(2)S 36

2

3523  

 
  7;17 mod (1)S13(1)S(3)S 36

3

3523  

 
   2;17 mod(0)S13(0)S(0)S 38

0

3724 
   11;17 mod (1)S13(1)S(1)S 38

1

3724  

 
   9;17 mod (0)S13(0)S(2)S 38

2

3724  

 

  7.17  mod (1)S13(1)S(3)S 38

3

3724  

 

At the third stage of the developed fast number-theoretic 
transformations algorithm modulo 17, we get 

   5;17 mod (0)S9(0)S(0)S 22

0

2111 
 

  16;17 mod (1)S9(1)S(1)S 22

1

2111  

 

   11;17 mod (2)S9(2)S(2)S 22

2

2111  

 

  12;17 mod(3)S9(3)S(3)S 22

3

2111  

 
   9;17 mod (0)S9(0)S(4)S 22

4

2111  

 

  6;17 mod(1)S9(1)S(5)S 22

5

2111  

 
   7;17 mod (2)S9(2)S(6)S 22

6

2111  

 

  2;17 mod(3)S9(3)S(7)S 22

7

2111  

 
   13;17 mod (0)S9(0)S(0)S 24

0

2312 
 

  16;17 mod (1)S9(1)S(1)S 24

1

2312  

 
   11;17 mod (2)S9(2)S(2)S 24

2

2312  

 

  12;17 mod (3)S9(3)S(3)S 24

3

2312     

   9;17 mod (0)S9(0)S(4)S 24

4

2312  

 

  6;17 mod (1)S9(1)S(5)S 24

5

2312  
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   7;17 mod (2)S9(2)S(6)S 24

6

2312  

 

  2.17 mod(3)S9(3)S(7)S 24

7

2312    

In the fourth stage of the developed fast number-theo-
retic transformations algorithm modulo 17, we get 

   1;17 mod (0)S3(0)SS(0) 12

0

11   
  ;1017 mod (1)S3(1)SS(1) 12

1

11  

 
   16;17 mod (2)S3(2)SS(2) 12

2

11  

 
  3;17 mod (3)S3(3)SS(3) 12

3

11    

   11;17 mod (4)S3(4)SS(4) 12

4

11  

 
  14;17 mod (5)S3(5)SS(5) 12

5

11  

 
   12;17 mod (6)S3(6)SS(6) 12

6

11  

 
  13;17 mod (7)S3(7)SS(7) 12

7

11    

   9;17 mod (0)S3(0)SS(8) 12

8

11  

 
  5;17 mod (1)S3(1)SS(9) 12

9

11    

   6;17 mod (2)S3(2)SS(10) 12

10

11  

 
  4;17 mod (3)S3(3)SS(11) 12

11

11  

 
   7;17 mod (4)S3(4)SS(12) 12

12

11  

 
  15;17 mod (5)S3(5)SS(13) 12

13

11  

 
   2;17 mod (6)S3(6)SS(14) 12

14

11  

 
  .817 mod (7)S3(7)SS(15) 12

15

11    

B. Example 2. 

Let us calculate the number-theoretic transformations of 
the input sample vector 

 2726253210 x ,x,,х ,х ,x ,x ,x 

 27 26, 25,,3, 2, 1, 0,   in the finite Galois field 

GF(29) . Therefore it is necessary to calculate the following 

chain of primitive roots: 

16ε 4,ε 2,ε 71428  . 

To obtain specific values of the 28-point number-theo-
retic transformations, it is necessary to prepare the elements 

1124232221 S ,S ,S ,S ,S  and 12S : 

 161284021 xxxxx((0)S

26;29 mod )xx 2420 
 

  41

716

31

712

21

78

11

74

01

7021 εxεxεxεxεx((1)S

3;29 mod )εxεx 61

724

51

720  

 
  42

716

32

712

22

78

12

74

02

7021 εxεxεxεxεx((2)S

25;29 mod )εxεx 62

724

52

720  

 
  43

716

33

712

23

78

13

74

03

7021 εxεxεxεxεx((3)S

6;29 mod )εxεx 63

724

53

720  

 
  44

716

34

712

24

78

14

74

04

7021 εxεxεxεxεx((4)S

;2429 mod )εxεx 64

724

54

720  

 
  45

716

35

712

25

78

15

74

05

7021 εxεxεxεxεx((5)S

5;29 mod )εxεx 65

724

55

720  

 

  46

716

36

712

26

78

16

74

06

7021 εxεxεxεxεx((6)S

.2729 mod )εxεx 66

724

56

720    

Similarly, we calculate 7-point number-theoretic trans-

formations    ,27 5, 24, 6, 25, 3, 11,S22   

  27 5, 24, 6, 25, 3, 4,S23  and  

 27 5, 24, 6, 25, 3, 18,S24   for subsequences:  

 262218141062  x, x, x, x, x, x,x ,  

 25211713951  x, x, x, x, x, x,x  and  

 272319151173  x, x, x, x, x, x,x . 

In accordance with the theorem, summing the elements 

2221 S ,S  and 
2423 S ,S  obtaining 14-point NTT 

11S  and 
12S : 

   8;29 mod (0)S4(0)S(0)S 22

0

2111   
  11;29 mod (1)S4(1)S(1)S 22

1

2111  

 
   3;29 mod (2)S4(2)S(2)S 22

2

2111  

 
  7;29 mod (3)S4(3)S(3)S 22

3

2111  

 
  25;29 mod (4)S4(4)S(4)S 22

4

2111  

 
  12;29 mod (5)S4(5)S(5)S 22

5

2111  

 
   6;29 mod (6)S4(6)S(6)S 22

6

2111  

 
  15;29 mod (7)S4(7)S(7)S 22

7

2111  

 
  24;29 mod (8)S4(8)S(8)S 22

8

2111  

 
  18;29 mod (9)S4(9)S(9)S 22

9

2111  

 
   5;29 mod (10)S4(10)S(10)S 22

10

2111  

 
  23;29 mod (11)S4(11)S(11)S 22

11

2111  

 
  27;29 mod (12)S4(12)S(12)S 22

12

2111  

 
  19;29 mod (13)S4(13)S(13)S 22

13

2111  

 
   22;29 mod (0)S4(0)S(0)S 24

0

2312   
  11;29 mod (1)S4(1)S(1)S 24

1

2312  

 
   3;29 mod (2)S4(2)S(2)S 24

2

2312  

 
  7;29 mod (3)S4(3)S(3)S 24

3

2312  

 
   25;29 mod (4)S4(4)S(4)S 24

4

2312  

 
  12;29 mod (5)S4(5)S(5)S 24

5

2312  

 
  6;29 mod (6)S4(6)S(6)S 24

6

2312  

 
  15;29 mod (7)S4(7)S(7)S 24

7

2312  

 
   24;29 mod (8)S4(8)S(8)S 24

8

2312  

 

  18;29 mod (9)S4(9)S(9)S 24
9

2312  

 
   5;29 mod (10)S4(10)S(10)S 24

10

2312  

 
  23;29 mod (11)S4(11)S(11)S 24

11

2312  

 
  ;2729 mod (12)S4(12)S(12)S 24

12

2312  

 
  .1929 mod (13)S4(13)S(13)S 24

13

2312    

Summarizing the elements 11S  and 12S  obtaining a 28-

point number-theoretic transformations: 
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     16, 3, 26, 11, 2, (1,29 mod(k)S2(k)SkS 12

k

11  

 
27, 14, 23, 21, 5, 8, 18, 17, 24, 20, 15, 10, 6, 13, 12, 22, 25, 9, 7,  

28), 19, 4,  

where 27.k0   

The formulated conditions for decomposability of the N-
point NTT into transforms of a smaller dimension and the 
proof of the theorem allow us to develop fast algorithms for 
calculating orthogonal signal transformations in finite 
fields. It was demonstrated in examples 1 and 2. 

The number-theoretic transformations algorithms are 
most effective at the length of the input data vector equal a 
power of two and when the condition (5) is satisfied. In this 
case, the division of the sequences into two parts can be con-
tinued until the two-element sequences are obtained, which 
was shown in Example 1. 

Let us estimate the efficiency of the fast NTT algorithm 
with time-thinning due to the decomposition of the N-point 
transformation into several small ones. To calculate the N
-point number-theoretic transformations according to for-

mula (2) the 2N  operations is required. The highest accel-

eration of computations can be achieved at k2N   and with 

the existence of a primitive order root N . The number of 

operations required can be estimated as (N)logN 2 . Thus, 

the computational efforts are reduced by (N)logN 2  in 

comparison with the direct use of formula (2). 

IV. CONCLUSION 

The main advantage of number-theoretic transfor-
mations in comparison with discrete Fourier transform is 
that the roots of one have a prime representation, which 
makes it possible to replace complex arithmetic in integer 
arithmetic in calculations. The use of fast number-theoretic 
transformations with time-thinning is relevant if the number 
of elements in the analyzed sequence is a power of two and 
only if there is a primitive root of the order of the length of 
the analyzed sequence in the finite Galois field GF(M). In 
this case, the developed algorithm of fast NTT signal is not 
an approximate algorithm, and the acceleration is achieved 
solely due to the optimal computing organization. 

The developed algorithm for fast execution of number-

theoretic transformations signal with time-thinning is in-

tended for simultaneous calculation of all spectral coeffi- 

 

 

 

 

 

 

 

 

 

 

 

 

 

cients S(k). If it is necessary to obtain the coefficient values 

for any k , it is preferable to use the direct number-theoretic 

transformations formula. 
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