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Abstract—Modern OFDM communication systems
must have the property of adapting to the changing pa-
rameters of the communication channel. Intelligent de-
cision support systems using UFMS technology can ef-
fectively solve this problem. The use of UFMS filtering
allows you to select the optimal value of the cyclic prefix
and increase the spectral efficiency of the OFDM signal.
However, this increases the computational cost of per-
forming digital filtering procedures, which leads to an
increase in network latency. Therefore, the development
of a fast algorithm for performing numerical-theoretical
signal transformations for OFDM systems using UFMC
technology is an urgent task.
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I.  INTRODUCTION

The current stage of social development is characterized
by the constant growth of the requirements for the multi-
service communication quality, which leads to the need for
the development of high-speed data transmission systems.
A special feature of such systems is the use of the Orthogo-
nal Frequency Division Multiplexing (OFDM) method. The
most popular one is the implementation of OFDM using the
harmonic Fourier basis [1-4] in systems such as DVB-x, Wi-
Fi, WiMAX, LTE, which are the undisputed leaders in the
information transmission over channels with limited time-
frequency resources [1,5,6]. However, the use of Fast Fou-
rier Transform (FFT) is characterized by a number of short-
comings, due to the presence of two computational paths for
processing the real and imaginary part of the signal, as well
as rounding errors caused by using the sine and cosine func-
tions as turning coefficients. Therefore, the development of

Maksim Kalmykov
Institute of Information Technologies
and Telecommunications
North Caucasus Federal University
Stavropol, Russia
kia762@yandex.ru

Evgeny Voloshin
Institute of Information Technologies
and Telecommunications
North Caucasus Federal University
Stavropol, Russia
jec9999@mail.ru

new orthogonal signal transformation algorithms using inte-
ger arithmetic, which allows eliminating the mentioned
shortcomings, is very urgent.

The main disadvantage of orthogonal signal transfor-
mations based on FFT is the use of trigonometric functions
as an orthogonal basis. This problem can be solved by using
the integer computation. Some works [2,7-9] propose to per-
form digital signal processing using the number-theoretic
transformations (NTT). However, such integral signal trans-
formations have low productivity, since they are similar to
a discrete Fourier transform (DFT). Therefore, the purpose
of the study is to increase the speed of performing orthogo-
nal signal transformations by developing a fast number-the-
oretic transformations algorithm.

II.  MATERIALS AND METHODS

Currently, Galois fields are applied in digital telecom-
munication systems mainly in the areas of corrective code
development, and the formation of pseudo-random se-
quences. The use of finite fields for digital signal processing
issues is restricted by the lack of existence criteria of fast
algorithms for computing the number-theoretic transfor-
mations that are alternative to the Fourier transform. This
restriction is due to the fact that, the modular arithmetic does
not use primitive roots of any degree unit in contrast to the
complex case. Therefore, the development of algorithms for
NTT fast calculation and their existence criteria will im-
prove the efficiency of info-communication systems.

For many practical DSP (digital signal processing) ap-
plications, a fast Fourier transform is used. The implemen-
tation of fast Fourier transform gives several options for or-
ganizing calculations, depending on how the sequence
Xg» X1, Xg,..., Xpnq Of length N is divided into parts. In
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case N iseven itis possible to use the "time-thinning" op-
tion, which is defined as the sum of two points discrete Fou-
rier transforms:

N/2-1 ) ’ N/2-1 )
X(K) = ZXZHWRI/Z + Wy ZXZH-H[WS/Z’ oy
n=0 n=0

. 2n
_jim
where W, =¢ NZ =y, Xons Xonsgs are sub-
sequences of length N/2 with even and odd numbers, re-
spectively.

Equation (1) shows that the FFT implementation is char-
acterized by the presence of two computational paths affect-
ing the design efforts and reliability of the DSP special pro-
cessor. In addition, FFT uses irrational numbers as rota-
tional coefficients, which reduces the accuracy of the calcu-
lations. To eliminate these shortcomings, the number-theo-
retic transformations should be used, defined in an algebraic
system with ring or field properties [1,6,10].

Let GF(M) be a finite Galois field, G, - a cyclic group
of order N, &, € GF(M) - a primitive root of order N (

gy an element of the field GF(M), that fulfils the condition

(en)N =1mod M and (gy)- #1mod M for any natural
L < N). Then the number-theoretic transformations of the

sequence Xgs X105 X9y e ees XN 0 where X; €Gy
k=0,1,...N-1 is given as:
N-1
S(k) = (an xs'Nk"Jmod M. (2)
n=0

The converse number-theoretic transformation is of the
form:

x(n) = (NlNiSk x a';,"Jmod M. (3)

k=0

It is obvious that NTT in its structure is best imple-
mented using a digital element base. For example, if we take
gy inthe form of a power of two, then the multiplication in

(2) and (3) by degrees of ¢, in the calculation of number-

theoretic transformations are replaced by shifts of the code
words and reduction of the shifted code words modulo M

[2].

The work [6] showed the possibility of increasing the
speed of NTT execution due to the use of the developed al-
gorithm for applying modular codes. If the compound num-
bers of Mersenne are used as the number M, then expres-
sions (2) and (3) can be reduced to multidimensional parallel
processing.

The properties of number-theoretic transformations are
isomorphic to the properties of the discrete Fourier trans-
form. Therefore, there must be a possibility to compute
number-theoretic transformations using fast algorithms sim-
ilar to fast Fourier transform. Let us transfer the approaches
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used in constructing fast Fourier transform with time-thin-
ning out from the field of complex numbers (1) to a Galois
field GF(M). Taking into account (1) rewrite (2) in the form:

N/2-1 N/2-1

S(k) = [ ZXZn X Sﬁkn + ZX2n+1 x
n=0 n=0

Xg—’\(‘2n+1)k )mod M =
N/2-1 4
= (ZXangﬁk”JmodM+ “)
n=0
N/2-1
+ [SNk D X X a‘ﬁ”kjmod M |mod M.
n=0

The expression (4) implies the decomposition N of
point number-theoretic transformations into a sum of two
number-theoretic transformations lengths N/2. Consider

the following theorem [11].

Theorem. Let GF(M) be a finite Galois field, N - an
even number, Gy- a cyclic group of order N,
en € GF(M) - a primitive root of order N, fulfilling the
following condition:

(en)" =1mod M, (5)

then number-theoretic transformations of sequence
Xgs X1, Xo, ...y Xng» Where X; € Gy is represented as a
sum of NTT subsequences with even x,,, and odd x,,,,
numbers.

Proof. Condition (5) implies the existence of a primitive
root SN/ =(8N)2 mod M of order N/2 . Transform the ex-
2

pression (4) taking into account the equality (5):

N/2-1
S(k) == (( D Xy X gﬁk”Jmod M+
n=0

N/2-1
(st szm xsﬁnkjmod Mjmod M =

n=0
N/2-1

- (me xs'ﬁ,”szod M + (6)
n=0

N/2-1
(SNK ZXZM X s'N”,kzjmod M]mod M=

n=0

= (5,,(K) +£5¥S,, (K) Jmod M,

where S;;(k) and S;,(K) — are NTT sequences with
even X,,, and odd X,,,; numbers.

Since S;;(K) and S,,(k) have dimension N/2, the for-
mula (6) can only be used to calculate S(K) for 0<k < N/2.

For the case, let us use the periodicity of number-theoretic
transformations:
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Su(k+5) =Su(KandS,(k+ ) =5, (7)

Taking (7) into account, for N/2<k< N the formula
(6) can be rewritten in the form:

509 - [sn(k-%) +(saksn<k-%)Dmod M. (®)

The theorem is proved.

Unlike fast Fourier transform in the field of complex
numbers, in which the roots of any degree unit exist

.21
(Q‘/I —e'N Li=-1 ), the condition for representing the di-
mension of number-theoretic transformations in the form of
a power of two is not sufficient for the existence of fast NTT
with "time-thinning™ because there are no roots in the finite
fields of any degree unit. Let us consider the examples of
the use of the proved theorem.

I1l.  RESULTS AND DISCUSSION

Use the finite fields GF(17), GF(29) to calculate the
number-theoretic transformations signal. Where the length
of the input sequence of the field GF(17) is 16 samples, and
in the final Galois field GF(29) the length of the input vector
will be 28 samples.

A. Example 1.

Let us perform a number-theoretic transformation of a
vector in the Galois field GF(17):

(Xgs Xgs X1 -vvy X5 ) =
(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15).

Therefore prepare a chain of primitive roots:
g6 =3,83 =9,84 =13,&, =16. Note that the given num-
bers fulfil the condition:

(e2)mod 17 = (g Jmod 17 = 2,
(e2)mod 17 = (e jmod 17 = 4,
&2 mod 17 = (1 Jnod 17 =16.

Let us imagine the developed fast algorithm of number-
theoretic transformations modulo 17. At the first stage of the
developed fast PPPS algorithm modulo 17 we obtain

S51(0) = (x, +16°X,)mod 17 = 8;
Sq1(1) = (X, +16 x5 )mod 17 = 9;
S5(0) = (x, +16°x,, Jmod 17 = 16;
S,p(1) =(x, +16x,, Jm0d 17 =9;
Sys(0) = (x, +16°%,, ) mod 17 =12;
Sys(1) = (X, +16 X, Jmod 17 = 9;
S5 (0) = (xg +16°x,, )mod 17 = 3;
S, (1) = (x; +16™x,, )mod 17 = 9;
S4s(0) = (x, +16°x, )mod 17 =10;
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Sy(1) = (X, +16 7%, Jmod 17 = 9;
S4(0) = (x5 +16°X,, )Jmod 17 = 1;
S (1) = (X5 +16 ;5 )mod 17 = 9;
Sy (0) = (x; +16°x,, )mod 17 = 14;
Sy7 (1) = (X, +16x,, )mod 17 = 9;
S4s(0) = (X, +16°x,;)mod 17 =5;
Sas(1) = (X, +167x,5)mod 17 =9,

At the second stage of the developed fast number-theo-
retic transformations algorithm modulo 17 we obtain

$,,(0) =(5,,(0)+13°S,, (0)od 17 = 7;

Sy (1) =S4y (1) +137S,, (1))mod 17 =11;
$,1(2) = (8,1(0) +132S,,(0))mod 17 = 9;
$x(3)= ( Sa (1) +13f3832(1))md 17=7,
S,,(0) = (S55(0) +13°S,,(0)) mod 17 = 15;
S,,(1) = (S3(1)+13 S, (1) Jmod 17 =11;
$»(2)= ( S (0) +137S,, (O)) mod 17 =9;
S,,(3) = (S,5(1) +13°S,,(1))mod 17 = 7;
S55(0) = (S55(0) +13°S,4(0)) mod 17 = 11;
S,5(1) = (S (1) +13 S (1)) mod 17 =11;
Sy(2)= (Sss (0)+137S, (O))mOd 17=9,
Sx5(3) = (835 (1) +137°S,, (1)) mod17 =7,
S,(0)= (837 (0)+13°S;, (O)Md 17=2;
S,(1) = (S, (1) +13 'S5 (1)) mod 17 =11;
S,(2) = (837 (0)+137Sy (O)) mod 17 =9;
S,(3) = (S5, (1) +13°S,5(1))mod 17 =7,

At the third stage of the developed fast number-theoretic
transformations algorithm modulo 17, we get

5,1(0) =(5,4(0) + 9°S,,,(0))mod 17 =5

Su(1) = (S2(1)+97S,,(1))mod 17 = 16;
$1(2) = (6,1(2) +9775,,(2)) mod 17 =11;

$,(3) = (5,,(3)+97S,,(3))mod 17 =12;
S,(4) = (5,,(0)+ 975, (0))mod 17 =9;
Su(8) = ( Su(D+9 5822(1))“’\0(1 17 =6;
$1(6)=(5,(2) +9°°S,,(2))mod 17=7;
Su()= ( SHu(3)+9° 7822 (3)}ﬂ0d 17=2;
S(0) = ( Sy(0)+ 9°sS S, (0)) mod 17 =13;
S(1) = (S,5(1) +971S,, (1)) mod 17 =16
Si(2) = ( Sx(2)+97°S 4(2))mod 17 =11;
52(3) = (S,(3)+9°S,,(3)) mod 17 = 12;
S,(4)= ( S,(0)+ 94824 (0)) mod17 =9;

S,5(5) = (S,5(1) +97°,,(1))mod 17 = 6;
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S2(6) = (323 (2+97°s,, (2)) mod 17 =7,
812 (7) = (823 (3) + 977 824 (3)>'T’Dd 17=2.

In the fourth stage of the developed fast number-theo-
retic transformations algorithm modulo 17, we get

S(0) = (8,1 (0) + 2°S,, (0))mod 17 = 1;
S(1) = (S, (1) + 37S,, (1)) mod 17 =10;

S(2)=(5,,(2) + 375,,(2))mod 17 = 16;
S(3) = (5.1(3) +375,,(3)) mod 17 = 3;

S(4) = (5,,(4) + 3, (4))mod 17 = 11;
S(5) = (5,,(5) + 3°S,,(5))mod 17 = 14;
S(6)= ( S, (6)+ 376312 (6)) mod17 =12;
S(7) = (8,,(7) +37S,,(7))mod 17 =13;
S(8) = (5.,(0)+ 375,,(0)) mod 17 = 9;

S(9) = (S,4(1) +3°S,, (1))mod 17 = 5;

S(10) = (S,,(2) + 318, (2))mod 17 = 6;

S(11) = (S,,(3) + 31S,,(3))mod 17 = 4;

S(12) = (S, (4) + 3?8, (4))mod 17 = 7;

S(13) = (S,,(5) + 3%, (5))mod 17 = 15;

S(14) = (S,,(6) + 33, (6))mod 17 = 2;

S(15) = (8,4(7) +37°S,,(7))mod 17 = 8.

B. Example 2.

Let us calculate the number-theoretic transformations of
the input sample vector
(xo, X1, Xp, Xg...y Xog,, Xogs x2751:

(0,1, 2,3,...,25, 26, 27) in the finite Galois field

GF(29) . Therefore it is necessary to calculate the following
chain of primitive roots:

n=2,8,=4,¢,=16.

To obtain specific values of the 28-point number-theo-
retic transformations, it is necessary to prepare the elements

S21:522,523,S24,Sy; and Sy

$,1(0) = (Xg + X, +Xg +Xqp + Xy +
+X 40 + X5,) Mod 29 = 26;

-10 —11 -12 -13 ~14
S,1(1) = (Xoe7 " + X487 +Xg€7 = +Xpp€7  + Xyg€7 +
+ Xp087," + X,,67%) mod 29 = 3;

20 21 22 23 24
S, (2) =(Xo&7"" + X877 +Xg€7" “ +Xp€7" + Xy687° +
+X0877° + Xp,8,2%) mod 29 = 25;

-30 -31 -32 -33 -34
S, (B) = (Xge7" + X487 +Xg€7 +Xpp€7 +Xye€7 +
+ X087 +X,,8,°%) mod 29 =6;

-4.0 -41 4.2 -4.3 4.4
S, (4)=(Xoe7 " + X487 +Xg€7 " + X7 T +Xys€7  +
X087 +Xp85"%) mod 29 =24

-50 51 52 53 54
S,1(8) = (Xo&7" + X487 + Xg&77" + X877 + Xye877 +

+X08,"° +X,,67°°) mod 29 =5;

61

S,1(6) = (Xo&,"° + X487 .

62
+X887 +X1287 +X1687 +

+X50877° +X,,8,°°%) mod 29 =27.

Similarly, we calculate 7-point number-theoretic trans-
formations S,, = (11,3, 25,6, 24,5, 27),

S,; =(4,3,25,6,24,5,27) and

S,, = (18,3, 25,6, 24,5, 27) for subsequences:
(X X6' XlO' X14' X18’ )(22l XZS)’

(X X5' X9’ X13' Xl7' X21' X25) and

(X3' X7' Xll’ X15’ X19’ X23' X27)

In accordance with the theorem, summing the elements
S,1,S,, and S,,, S, obtaining 14-point NTT S, and S, :

5,1(0) = (5,,(0) +4°S,, (0))mod 29 =8;

S,(1) = (S,,(1) + 475, (1))mod 29 =11;
Su(2) ( Sy(2)+4- 522 (2))mod 29=3;
Su(3) ( S, (3) + 473522 (3)) mod 29=7;

S11(4) = (S, (4) + 4°S,,(4))mod 29 = 25;
$,1(5) = (5,1(8) + 4°S,, (5))mod 29 =12;
S11 (6) =

(S,,(8)+ 4°°S,,(6))mod 29 = 6;

S1(7) = (8,,(7) + 47S,,(7))mod 29 =15;
S1(8) = (S,1(8) +47°S,,(8))mod 29 = 24;
S11(9) = (S,,(9) +4°S,,(9))mod 29 =18;
$,(10) = (S,,(10) + 47°S,,(10))mod 29 = 5;
S (11)=(S,,(11)+47S,, (11))mod 29 = 23;
$1(12) = (S,,(12) + 4 %S,,(12))mod 29 = 27;

$,1(13) =(S,,(13) + 4 S, (13))mod 29 =19;

S,(0) = ( S, (0)+4°S,, (0))mod 29 = 22;
S0 (1) = (S,5(1) + 47%S,,(1))mod 29 =11
S.,(2) = (S15(2) + 47S,,(2))mod 29 =3;

S1,(3) = (5,5 (3) + 47°S,,(3))mod 20 = 7;
S10(4) =(S,5(4) + 47*S,,(4))mod 20 = 25;
S,,(5) = (S5 (5) +479S,,(5))mod 29 =12;
S12(6) = (55(6) + 4°S,,(6)) mod 29 = 6;
S0(7)=(S,(7)+47S,,(7))mod 20 =15;
S1>(8) = (S,(8) +47°S,,(8) )mod 29 = 24;

S15(9) = (S3(9) +47°5,,,(9))mod 20 =18;
S1,(10) = (S,4(10) + 4°S,,(10))mod 29 = 5;
S1,(11) =(S,3(11)+ 48, (11))mod 29 = 23;
S,(12) = (S,5(12) + 425, (12))mod 29 = 27;
S1,(13) =(S,4(13)+ 43S, (13))mod 29 =19,

Summarizing the elements S;; and S;, obtaining a 28-
point number-theoretic transformations:

153



ATLANTIS
PRESS

S(k)=(S1;(K) +27%S,, (K Jmod 29 = (1, 2,11, 26,3, 16,
7,9,25,22,12,13,6,10,15, 20, 24,17,18,8, 5, 21, 23,14, 27,
4,19, 28),

where 0 <k <27.

The formulated conditions for decomposability of the N-
point NTT into transforms of a smaller dimension and the
proof of the theorem allow us to develop fast algorithms for
calculating orthogonal signal transformations in finite
fields. It was demonstrated in examples 1 and 2.

The number-theoretic transformations algorithms are
most effective at the length of the input data vector equal a
power of two and when the condition (5) is satisfied. In this
case, the division of the sequences into two parts can be con-
tinued until the two-element sequences are obtained, which
was shown in Example 1.

Let us estimate the efficiency of the fast NTT algorithm
with time-thinning due to the decomposition of the N-point
transformation into several small ones. To calculate the N
-point number-theoretic transformations according to for-

mula (2) the N? operations is required. The highest accel-

eration of computations can be achieved at N = 2% and with
the existence of a primitive order root N . The number of
operations required can be estimated as N-log,(N). Thus,

the computational efforts are reduced by N/log,(N) in
comparison with the direct use of formula (2).

IV. CONCLUSION

The main advantage of number-theoretic transfor-
mations in comparison with discrete Fourier transform is
that the roots of one have a prime representation, which
makes it possible to replace complex arithmetic in integer
arithmetic in calculations. The use of fast number-theoretic
transformations with time-thinning is relevant if the number
of elements in the analyzed sequence is a power of two and
only if there is a primitive root of the order of the length of
the analyzed sequence in the finite Galois field GF(M). In
this case, the developed algorithm of fast NTT signal is not
an approximate algorithm, and the acceleration is achieved
solely due to the optimal computing organization.

The developed algorithm for fast execution of number-
theoretic transformations signal with time-thinning is in-
tended for simultaneous calculation of all spectral coeffi-

Advances in Intelligent Systems Research, volume 174

cients S(K). If it is necessary to obtain the coefficient values
for any k, itis preferable to use the direct number-theoretic
transformations formula.
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