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Abstract—A time of computing has a significant importance 

in some domains. Especially, it comes a medicine. Such method 

as an approximate entropy is widely used to analyze a 

biomedical data, but it has non-linear algorithmic complexity. 

Therefore, there is a requirement to decrease a time of 

calculating of an approximate entropy. In this paper new 

approach of calculating by using matrices and graphic 

processor unit is proposed. In addition, some results of this 

approach are shown. In order to propose a solution to this 

problem, it was necessary to evaluate the complexity of the 

algorithm for calculating approximate entropy. In this regard, 

it is also necessary to show its asymptotic complexity using the 

notation big-O. Based on the obtained complexity estimates, a 

new approach based on matrix calculations was developed and 

proposed. In this case, the matrix calculations themselves are 

implemented in the form of parallel computing using a graphics 

processor (GPU). The graphics processor has been widely used 

for machine learning and data mining, where parallel 

computing is of great importance in solving the problem of 

improving performance. Since matrix operations are well 

parallelized, this makes it possible to speed up the execution of 

matrix calculations. For calculations, one of the most promising 

tools is currently the TensorFlow platform. The comparative 

effectiveness of the proposed approach was evaluated. 

Keywords—approximate entropy, calculation performance, 

parallel computing, TensorFlow, graphic processor unit, matrices, 
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I. INTRODUCTION 

Biological and medical research objects are complex. The 
biomedical data obtained during their study have non-linear 
properties and complex behavior, e.g., heart rate variability 
(HRV), electroencephalography (EEG) etc. The signal 
complexity is usually estimated provided that the data were 
obtained by the dynamic system under stationary conditions. 
However, biomedical data are often unsteady and contain 
some noise [1].For these reasons, it was previously proposed 
to use the characteristics of signal non-linearity, in particular, 
entropy estimates. One of the most famous among such 
quantities is the approximate entropy [2]. 

Approximate entropy (ApEn) is a method in statistics, 
which allows quantifying the amount of regularity and the 
unpredictability of fluctuations over time-series data [2]. It is 
widely used in medical field and statistic researches. For 
example, it has been applied to classify EEG in psychiatric 
diseases [3, 4, 5], to analyze HRV [6, 7, 8], to assess 
hypoxemia severity [9], to measure of analgesia depth during 
propofol-remifentanil anesthesia [10], to predict of treatment 

resistance in obsessive-compulsive disorder patients [11], to 
analyze a complexity of cardiotocographic examinations [12], 
to detect coronary heart disease [13], to detect early fault of 
ball bearing [14], etc. Also entropy measurements have been 
explored in activities of daily living [15]. This entropy 
measure is by definition dependents on two predefined 
parameter values, namely: m (the embedding dimensions) and 
r (the tolerance threshold); these parameters has different 
values by an application area. Thus, the first main drawback 
of this parameter is the difficulty of comparing various 
studies, since different values of a priori parameters can lead 
to different physiological interpretations [16, 17]. Another 
disadvantage is the complexity of the algorithm. Computing 
time is of great importance, especially in medicine, but its 
asymptotic complexity does not allow it to be used for a large 
data set. Therefore, the problem arises of increasing the 
productivity of computing this parameter. 

Thus, the aim of the work is to increase the productivity of 
approximate entropy calculation. To achieve this goal, it is 
necessary to solve the following tasks. First, it was necessary 
to evaluate the complexity of the algorithm for calculating 
approximate entropy. Secondly, to propose an approach to 
increase the productivity of approximate entropy calculation. 
Thirdly, choose a tool for implementing the proposed 
approach. Fourth, assess the effectiveness of this 
implementation of the proposed approach. 

To evaluate the complexity of the algorithm for calculating 
approximate entropy, it is necessary to use a unified indicator. 
The search for estimates of the complexity of the approximate 
entropy algorithm in the available literature yielded no results. 
In this regard, it is also necessary to show its asymptotic 
complexity using the notation big-O.  

Based on the obtained complexity estimates, a new 
approach based on matrix calculations was developed and 
proposed. In this case, the matrix calculations themselves are 
implemented in the form of parallel computing using a 
graphics processor (GPU). It is known that in recent decades, 
the graphics processor has been widely used for machine 
learning and data mining, where parallel computing is of great 
importance in solving the problem of improving performance. 
Since matrix operations are well parallelized, this makes it 
possible to speed up the execution of matrix calculations. 

One of the most promising tools currently is the 
TensorFlow platform [18], which uses Google’s CUDA and 
is widely used for GPU computing using the concept of 
tensors. 
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II. ENTROPY MEASURE 

To understand a proposed approach of calculating of an 
approximate entropy we should show the original method 
approach. 

Given a sequence of numbers: 

𝑆𝑁 = {𝑢(𝑖): 𝑢(𝑖) ∈ 𝑅 𝑎𝑛𝑑 1 ≤ 𝑖 ≤ 𝑁}. (1) 

Form vector sequences x(j) defined by: 

𝑥(𝑗) = [𝑢(𝑗), … , 𝑢(𝑗 + 𝑚 − 1)]. (2) 

Define the distance d[x(i), x(j)] between vectors x(i) and 
x(j) as a maximum difference in their respective scalar 
components: 

𝑑[𝑥(𝑖), 𝑥(𝑗)] = 

= 𝑚𝑎𝑥𝑘=1,…,𝑚(|u(i + k − 1) − u(j + k − 1)|). 
(3) 

Each distance is compared with a threshold r to compute 
the number of reconstructed vectors that lie within a 
hyperspace centered in the reconstructed vector of reference: 

𝐶𝑖
𝑚 =

1

𝑁 − 𝑚 + 1
∑ 𝐻(𝑟 − 𝑑𝑖,𝑗

𝑚 )

𝑁−𝑚+1

𝑗

, 

where𝐶𝑖
𝑚  is the correlation sum and H is the Heaviside 

function. 

This procedure is repeated with all reconstructed vectors 
and the probability of a pattern of length m appearing along 
the time series was denoted by the following: 

𝜑𝑚(𝑟) =
1

𝑁 − 𝑚 + 1
∑ log(𝐶𝑖

𝑚(𝑟)) .

𝑁−𝑚+1

𝑖=1

 (5) 

And ApEn is defined based on the correlation integral, 
computed for 2 embedding dimensions: 

𝐴𝑝𝐸𝑛(𝑚, 𝑟) = 𝜑𝑚(𝑟) − 𝜑𝑚+1(𝑟). (6) 

The number of recurrences is higher in the lower 
dimensions [1]. So ApEn increases if the number of 
recurrences decreases when the embedding dimensions are 
increased (from m to m+1) [1]. 

Generally speaking, ApEn is approximately equal to the 
negative average natural logarithm of the conditional 
probability that two subseries of length m that are similar 
remain similar for subseries of length m+1 [17]. 

III. ALGORITHM COMPLEXITY 

To assess the relative effectiveness of methods for solving 
the problem of increasing the speed of calculations, it is first 
necessary to determine the theoretical complexity of the 
original algorithm. 

Since the basic steps are presented in the second section, 
but to determine the complexity, it may be useful to present 
the algorithm in pseudo-code (Algorithm 1). 

 

The algorithm consists of three parts. The first part is a 
loop of creating a vector sequences presented in (2). The 
second part is loops of comparing with a threshold r to 
compute the number of reconstructed vectors that lie within a 
hyperspace centered in the reconstructed vector of reference 
for m and m + 1 that are presented in (2) and (3). The third part 
calculates φ for m and m + 1. 

Obviously, the algorithm performance depends on data 
size and m parameter.  However, we can change m argument 
to give the best case and the worst case [19]. 

We give a case of an algorithm complexity for a time in 
the worst case, which will be shown in the results later. 
Consider we have N points of data and m = 1, then the U1 and 
U2 in the algorithm on Fig. 1 will have size N and N – 1 
respectively. In this case, the second part of the algorithm will 
do the operations in 𝑁2𝑇 + (𝑁 − 1)2𝑇 time, where T is some 
constant. All the operations will be performed in the following 
time: 
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𝑁𝑇 + 𝑁2𝑇 + (𝑁 − 1)2𝑇 = 𝑂(𝑁2). (7) 

For the second case, we have an algorithm complexity for 
a time in the best case. Let us have the same number of points 
of data and m = N – 1, then the U1 and U2 in the algorithm on 
Fig. 1 will have size 2 and 1 respectively. In this case, the 
second part will do its operations in 4𝑁𝑇 + 𝑁𝑇 time. All the 
operations will be performed in the following time: 

𝑁𝑇 + 4𝑁𝑇 + 𝑁𝑇 = 𝑜(𝑁). (8) 

In this paper, we consider an algorithm complexity for a 
time in the worst case and show results. 

There is a possibility to improve this algorithm. We can 
reduce using of memory by removing the U1 and the U2. Then 
we can replace them in the function for finding a maximum 
value. In this paper, memory complexity is not shown. 

IV. MATRIX APPROACH 

The modern technologies allow performing of calculations 
by using GPU. It opens up new possibilities for a computation. 
But to parallelize a computation of an approximate entropy we 
propose to represent a vector sequences given by (2) as a 
matrix of size (𝑁 − 𝑚 + 1) × 𝑚: 

𝑋𝑁−𝑚+1,𝑚 = (
𝑢(1) ⋯ 𝑢(𝑚)

⋮ ⋱ ⋮
𝑢(𝑁 − 𝑚 + 1) ⋯ 𝑢(𝑁)

). (9) 

Define ashift operation to shift elements of matrix as 
multiplication of a source matrix and a shift matrix: 

𝑋𝑁−𝑚+1,𝑚
(𝑖)

= 𝑆𝑖 × 𝑋. (10) 

A shift matrix has the size (𝑁 − 𝑚 + 1) × (𝑁 − 𝑚 + 1) 
and it is described as: 

𝑆 = (

𝑠11 ⋯ 𝑠1,𝑁−𝑚+1

⋮ ⋱ ⋮
𝑠𝑁−𝑚+1,1 ⋯ 𝑠𝑁−𝑚+1,𝑁−𝑚+1

), (11) 

where𝑠𝑖is defined as: 

𝑠𝑖𝑗 = {
 1,   if 𝑖 = 𝑗 + 1

1,   𝑗 = 𝑁 − 𝑚 + 1 and 𝑖 = 0
0,   otherwise

. (12) 

Thus, a shift matrix has only ones and zeros. 

We give a matrix of distances by subtracting the source 
matrix and the shifted source matrix: 

𝐷𝑖 = 𝑋 − 𝑋(𝑖). (13) 

Thus, we has all the differences of 𝑥(𝑖)  and 𝑥(𝑗)  by 
shifting N times. However, there is still a need to define 
function for finding a maximum value for matrix. This 
function represented as: 

𝑟𝑒𝑑𝑢𝑐𝑒𝑚𝑎𝑥 ∶ ℝ𝑛×𝑛 → ℝ𝑛 , 

𝑈 = 𝑟𝑒𝑑𝑢𝑐𝑒𝑚𝑎𝑥(𝐴𝐾,𝑀), 
(14) 

where 𝑢𝑖 = max
1≤𝑗≤𝑀

𝑎𝑖𝑗 , 𝑖 = 1, … , 𝐾 . The vector of 

maximum distances is given by using this function. Now we 
use the Heaviside function, which should be applied to the 
vector: 

ℎ𝑙 = 𝐻(𝑢𝑙) (15) 

Where ℎ𝑙 is an element of vector H. If an element of this 
vector equals one this means that length of the vector 𝑑𝑗 of 

𝐷𝑖is less than r.And, finally, we summarize elements of the 
resulting vector with ones and zeros, divide it into 𝑁 − 𝑚 +
1to get𝐶𝑖

𝑚 (4).Logarithm from (5) is calculated the same. The 
next steps is the same as in the section two, but for vectors. 

V. TENSORFLOW FRAMEWORK 

TensorFlow is an end-to-end open source platform for 
machine learning developed by Google Inc. [18]. Machine 
learning algorithms in it are represented as computational 
graph [13]. This graph is a form of directed graph where 
vertices or nodes describe operations, while edges represent 
data flowing between the operations [13]. An example of a 
computation graph is shown in Fig. 2. 

The basic type in the TensorFlow is tensors [20]. A tensor 
is a multi-dimensional collection of homogeneous values with 
a fixed type, where number of dimensions is termed its rank 
[20]. In the mathematical sense, a tensor is the generalization 
of two-dimensional matrices, one-dimensional vectors and 
scalars, which are simply tensors of rank zero [20]. 

 

Fig. 1. A computational graph example 

To execute computational graphs composed of the various 
elements, TensorFlow divides the tasks for its implementation 
among four distinct groups: the client, the master, a set of 
workers and devices [13]. Their interactions are shown in Fig. 
3. The client sends a query for executing of a computation 
graph to the master process. The master delegates the task one 
or more worker processes. 
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Fig. 2. A visualization of the different execution agents in a multi-machine 

and multi-device hardware configuration 

Devices are basis entities in the TensorFlow execution 
model. A device will most often be either a CPU or a GPU 
[20]. 

For TensorFlow a visualization toolkit has been developed 
named TensorBoard [18]. This toolkit allows: 

 Tracking and visualizing metrics such as loss and 
accuracy 

 Visualizing the model graph 

 Displaying images, text and audio data 

 Profiling TensorFlow programs and more 

 The second point allows to show the resulting graph for 
calculating of an approximate entropy. 

VI. RESULTS OF NUMERICAL EXPERIMENT 

The algorithm has been implemented by using Python and 
C++ programming languages. Moreover, Python is used for 
computation on a CPU and a GPU by using NVIDIA CUDA. 

The algorithm is tested using computer characteristics, 
which are shown in Table I. 

TABLE II.  TESTING PLATFORM CHARACTERISTICS 

Component Model 

CPU Intel Core i3-2130 3.40 GHz (AMD64) 

GPU NVIDIA GeForce GTX 1050 Ti 

OS Kubuntu 18.04 (Linux) 

RAM 8 Gb 

 

The GPU has Pascal architecture, 768 CUDA cores, 4 GB 
framebuffer [21]. 

The resulting computation graph is shown in Fig. 4. It 
consists of two loops for shifting matrices (9). The matrix (11) 
is ineffective for large dataset. However, TensorFlow supports 
rolling of tensors by using a hardware [20]. It allows to reduce 
an used memory .At the end an absolute value of ApEn has 
been calculate to get non-negative value of an entropy 
measure. 

The results are shown in Table II. Testing the algorithm 
carried out with step equals 500. The initial size of the dataset 
is 500, and the final 80,000. Not only runtime is shown, but 
also the value of entropy. For all the runs m is equal 2 and r is 
equal 2. 

 

A runtime plot versus data size is shown in Fig. 5. As can 
see, the Python is very ineffective, with size of data equals 
5000 points the Python implementation of the algorithm 
performs calculation ApEn for a very long time. 

TABLE I.  CALCULATING RESULTS 

Data size 
Results (m = 2, r = 2) 

GPU ApEn GPU Time CPU ApEn (Python) CPU Time (Python) CPU ApEn (C++) CPU Time (C++) 

1000 0,8437 0,5408 0,8437 18,0843 0,8437 0,0626 

2000 0,8447 0,9235 0,8447 71,1068 0,8447 0,2338 

3000 0,8435 1,293 0,8435 160,727 0,8435 0,5217 

4000 0,842 1,6762 0,842 290,1594 0,842 0,9226 

5000 0,8446 2,0799 n/a n/a 0,8446 1,4382 

10000 0,8446 4,0787 n/a n/a 0,8445 5,7337 

15000 0,8431 6,0205 n/a n/a 0,8431 12,9046 

20000 0,8418 8,1756 n/a n/a 0,8419 22,5808 

25000 0,8404 10,2693 n/a n/a 0,8404 35,2846 

30000 0,8401 13,1882 n/a n/a 0,8401 50,752 

40000 0,8409 19,1218 n/a n/a 0,8409 90,2389 

50000 0,8397 26,1304 n/a n/a 0,8397 140,881 

60000 0,8397 35,1 n/a n/a 0,8397 202,848 

70000 0,8398 44,5593 n/a n/a n/a n/a 

80000 0,8397 56,0116 n/a n/a n/a n/a 
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Fig. 3. A computational graph example 

The C++ is effective, with size of data equals 60,000 
points the C++ implementation of the algorithm performs 
calculation of ApEn for ~202 seconds. This implementation 
has been optimized for using a memory (see Section II). This 
implementation delivers the best runtime results for small 
dataset. 

 

Fig. 4. A runtime plot versus data size in the worst case 

CUDA delivers the best runtime results for large dataset. 
The TensorFlow implementation performs calculation for ~56 
seconds by using size of data equals 80,000.  However, it is 
ineffective for small datasets. 

VII. CONCLUSION 

The article considers the calculation of approximate 
entropy as a significant indicator of the nonlinear dynamics of 
complex processes. 

At the same time, the complexity of the calculation was 
estimated for various components of the algorithm and it was 
shown that the total complexity is O (N2). This shows that the 
execution time of the algorithm grows exponentially in the 
worst case. 

An approach is proposed to increase the productivity of 
calculating approximate entropy based on a matrix 
representation, which allows you to efficiently parallelize the 
algorithm for calculating approximate entropy and reduce its 
execution time. 

Since modern GPUs have large computing resources, the 
TensorFlow library for GPU computing was used to 
implement the proposed approach. 

The comparative effectiveness of the proposed approach 
was evaluated, which showed a significant reduction in the 
calculation time for large volumes of data (up to one order of 
magnitude) and the possibility of operating with a 
significantly larger volume of source data. 
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