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1. INTRODUCTION

The Hirota equation was introduced in 1973 as a generalization of the Nonlinear Schrédinger (NLS) equation and the Modified Korteweg-
de Vries (mKdV) equation [23]

v, +ov|vl+av, +3iyv |v[ +ifv,, =0, (1.1)

where v is a scalar function depending on x and ¢ ((x, t) €R?), i is the imaginary unit, and ¢ /3 & and y are real positive constants satisfying
oy= 0. Let & be 2cxand y be 23 The Hirota equation (1.1) can be rewritten as

v, +a@v|v] +v )+if6v |v] +v_)=0. (1.2)
Obviously, as =0, f= 1, and v being real, the Hirota equation becomes the focusing mKdV equation; whereas o= 1, =0, and v being
complex it is reduced to the focusing NLS equation.

The NLS equation is a universal model with various physical applications ranging from nonlinear optics and hydrodynamics to Bose-
Einstein condensates due to a simple balance between nonlinear and dispersive effects. Thanks to the significant complexity of ocean
waves, the third-order dispersion v__and a time-delay correction to the cubic term v |v|? are added to the NLS equation for a more pre-
cise description [35], similar to those high-order equations related to water waves considered by Osborne [33]. Under the Hasimoto map,
it has been shown the relevance of the Hirota equation (1.2) in the modelling of the vortex string motion for a three dimensional Euler
incompressible fluid [16,25]. As for the wave propagation of picosecond pulses in optical fibers [29], one needs to bring in the high-order
dispersion and some other nonlinear effects for the simulation. Therefore, such an integrable extension of the NLS equation is relevant to
the physical contexts in the high-intensity and short pulse picosecond regime [20,28].

The Hirota equation is of also mathematical interests, since it can be identified as an integrable PT-symmetric extension of the NLS equation
[7]. The N envelope-soliton solution has been derived by the Hirota’s bilinear method [23]. A more general soliton solution formula was
obtained through the inverse scattering transformation, which includes the N-soliton solution, the breather solution, and a class of mul-
tipole soliton solutions [14]. With the nonlinear steepest descent method, the long-time asymptotic was analysed for the Hirota equation
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[24], as well as that of initial and boundary value problems on the half line [22]. Remarkably, by modifying the Darboux transformation
method, it is found that the second-order rational solution of the Hirota equation (1.2) can be used to describe high-order rogue waves
under random initial conditions with a given small amplitude of chaotic perturbations [2].

From the isospectral nature of Lax representations [26], a linear spectral problem usually results in a hierarchy of soliton equations, includ-
ing both the positive and negative directions in view of bidirectional Lenard gradients [8]. It has been confirmed that the integrable cou-
plings of arbitrary two commutable flows lying in the same soliton hierarchy are integrable in the sense of Lax compatibility [38]. Seen
from the profile of equation (1.2), the Hirota equation can be regarded as an integrable coupling of NLS and mKdV flows in reference to
the Ablowitz—Kaup-Newell-Segur (AKNS) spectral problem [1]. However, this kind of combination does not automatically give us explicit
solutions to the integrable equation.

It is necessary to know not only soliton solutions, but also quasi-periodic (finite-gap, or algebro-geometric) solutions of integrable Nonlinear
Evolution Equations (NLEEs) in a number of physical problems. The quasi-periodic solutions to the NLS and mKdV equations have been
obtained using either by the algebro-geometric method or by the combination of commutation methods and Hirota’s 7-function approach
in Belokolos et al. [4], Gesztesy [19] and some others, but the quasi-periodic solutions are still missing for the Hirota equation. Using the
nonlinearization of Lax pair [5], the rogue periodic waves to the NLS and mKdV equations have been presented in Chen and Pelinovsky
[9], Chen and Pelinovsky [10], Chen et al. [11], and the rogue waves on the periodic background have been given to the Hirota equation in
Gao and Zhang [17], Peng et al. [34]. In the present work, the complex Finite-dimensional Hamiltonian Systems (FDHSs) with real-valued
Hamiltonians are generalized to deduce some quasi-periodic solutions of the Hirota equation in view of finite-dimensional integrable
reductions.

The real FDHSs have been used to derive soliton solutions, quasi-periodic solutions, and rogue periodic waves for NLEEs [6,8-11,13,17,18,34].
A natural issue is whether the complex FDHSs can be adapted to deduce solutions for complex NLEEs. To obtain solutions of integrable
NLEEs, no matter N-solitons or quasi-periodic solutions, one key step is to specify a finite-dimensional invariant subspace associated
with the phase flows [27,32]. It was known that the solution space of Novikov equation is a finite-dimensional invariant set of infinite-
dimensional integrable systems. Recently, it is found that integration constants appearing in the Novikov equation are determined by
eigenvalues and conserved quantities of FDHSs, from which the branch points of spectral bands are figured out in view of the symmetric
constraint [5]. As a result, some interesting exact solution, such as the algebraically decaying solitons and the rogue periodic waves, are
obtained by means of the Darboux transformation [9-11,17,34]. In this study, we reduce the Hirota equation to two complex FDHSs and
construct its quasi-periodic solution.

The purpose of this work is to develop an alternative algorithm for getting quasi-periodic solutions of the Hirota equation by virtue of com-
plex FDHSs. Subject to the finite-dimensional integrable reduction, the Hirota equation is decomposed into a pair of complex FDHSs with
real-valued Hamiltonians by separating temporal and spatial variables. The relation between the Hirota equation and the complex FDHSs
is established in view of the commutability of complex Hamiltonian flows, which simplifies the process of getting explicit solutions. Also,
the finite-gap potential to the complex Novikov (high-order stationary) equation is presented, which cuts out a finite-dimensional invariant
subspace for the Hirota flow via the symmetric constraint. Followed by a set of elliptic variables of complex FDHSs, a systematic way is given
to elaborate Abel-Jacobi variables that straighten out the complex Hamiltonian and Hirota flows on the Jacobi variety of a Riemann surface.
By using the technique of Riemann-Jacobi inversion [21,30], the Abel-Jacobi solution of the Hirota flow is transformed to the potential rep-
resented by Riemann theta functions. Although our computations are reported in the context of Hirota equation, the constructing scheme
can also be applied to some other complex integrable NLEEs [12].

This paper is organized as follows. Section 2 is to decompose the Hirota equation into two complex FDHSs. The connection between the
Hirota equation and the complex FDHSs is established in Section 3. Section 4 exhibits the evolution behavior of various flows on the Jacobi
variety of a Riemann surface. Finally, in Section 5 the algebraic geometrical datum are processed to deduce quasi-periodic solutions for the
Hirota equation.

2. REDUCTION TO THE HIROTA EQUATION

To reduce the Hirota equation, we first reformulate it into the Lenard scheme. Let us begin with the AKNS spectral problem [1]

0. =Up, U=i/10'1+170'2—110'3, ¢:(¢1’ ¢2)T> (2.1)

0_1 0 0—01 0_00
lo -1 2 lo o) 1 oof

Solve the stationary zero-curvature equation of the AKNS spectral problem (2.1)

where v is the complex conjugate of v, and

V,=[U,V], V=a0,+bo,+co,=) (a0,+bo,+c,0)A7, (2.2)

20
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which coincides with
a, =vb+vc, b, =2ib,, -2va, c,=-2ic,, —2va, j=0. (2.3)

Let a,=2iand b, = ¢, = 0 be the initial values. Up to constants of integration, , b, and ¢, can be uniquely determined by means of the recur-
sive formula (2.3), for example

a,=0, b =27, ¢, =-2v, a,=—i|v[, b, =-iv,, c, =—v,,
1 1, 1 ,
a, =E(Wx_"x")) b, =—E(vxx+2v [v ), C =E(Vxx+2"|"| ), (2.4)
a4=i(v17m+17vm—vx17x+3|v|4), b4=i(7m+6|v|2 v.), c4=i(vm+6|v|2 V).
Based on the recurrence chain (2.3), we introduce the Lenard gradients {gj} and the Lenard operator pair K and J:
ng :]ng’ 8 :(iCjJrl’_iij)T’ jz-1 (2.5)
where
_2iva Wy 1 797! —
K< 2iv0, vl_ i(0, +2v?x v) ’ J- 0 -2 ’ (2.6)
i(0, +2v0, V) —2iv0_v 2 0

are two skew-symmetric operators, and ;' is to denote the inverse operator of dx = 9/dx under the condition 9.9, =99, =1.

Recalling (2.4), it is clear to see that
(0 [ 2iv v
8. = ol & = Zoiv | &= = >

i . ) 1 2
—v_+iv|v -, +6|v| Vv 2.7
S vyl L0 #61VF v @)

S EPRIY B (Y,
2 4
It is assumed that @ satisfies a spectral problem determined by the Lenard gradients {g}
9, = Ve, V" =0'(vg® -0, + g%, -¢g"0,,  n>0, (2.8)

where

g=(g"g") =id g, A",
=0

The zero-curvature equation of spectral problems (2.1) and (2.8),i.e. U, — Vx(") +[U, v"]=0, gives the focusing NLS hierarchy

@, v ) =Jg, =X, nz0, (2.9)
together with a fundamental identity

VO —[U V") = Ull=i(K - A))g), (2.10)
where

_.d _ —_ _
UJE]l=—| U@+eE,v+£E), E=(E,E,)".

de|,_, !

It is found that the Hirota equation (1.2) is the compatibility condition of Lax pair (2.1) and

0, =V®p, VO =gV 428V, (2.11)
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where

V® =(2i —i|v[)o, + Qv —iv )o, - v +iv,)o,,

1 1 1 (2.12)
VO =[2i4° —id|v[ + E(va —w)lo, +[24°V —idv, - 5(17” +2|v[ Mo, +[247v —idv,_ + E(VM +2|v[ v)]o,.

Let A, A, ---, A, be N arbitrary distinct nonzero complex eigenvalues, namely, (4, # Zj, 1<i,j<N), (¥, ¥,)" be the vector eigenfunction

pertinent to ﬂ] Due to the symmetry of (2.1), (¥, j,—l/71j)T corresponds to the eigenvalue /TJ Only for the convenience, we make the con-
ventions A = diag(4, 4, -, ), ¥, = (W, , ¥, =+ ¥, ) and ¥, = (¥, ¥,,, -, ¥,,)". The diamond bracket (., .) stands for the vector prod-
uct: (&, 77)= Zilfjﬂj, where £= (&, &, -+, &) and 7= (77, 17,, =, 77,)". According to the nonlinearization of Lax pair [5], we consider
N copies of spectral problem (2.1)
Vi = ixljyllj +VY,,
Vo = W0 —id¥),

_ = _ (2.13)
Vi = _M’jl//lj TV
1/721x = _Vl/711 + M’jlpzj'
It follows from [37,39] that the functional gradients of /11 and /Tj with respect to v and v are
(32, (o2,
e a2 T e a2
va=| %7 - (2w vi-| o7|- ( Zl,l/f;’) , (2.14)
% —2iy; % =21y
ov oy
which satisfy the Lenard eigenvalue equations
(K=A4])VA, =0, (K-A4]J)VA, =0. (2.15)
Recall the Bargmann (symmetric) constraint
N -_—
g = Z(Vﬂj +VA4,), (2.16)
j=1
which gives a Bargmann map to connect the potential v with the eigenfunctions (¥, ¥,)
v=Wov)+ W) (2.17)
On C*", we define the symplectic structure [3]
N _— —_—
@' =Y (dy,, ndy,, +dy,, Adi7,), (2.18)
j=1
and the Poisson bracket
& of 0 of 0O of 0 of 0o
=L e, O & F & O & | (2.19)
T\ OV, 0y OV, 09, OV, 0y, OV, 09,
Substituting (2.17) back into (2.1) and (2.11), we arrive at two complex FDHSs with real-valued Hamiltonians
V.= {I/II’HI}’ Voo = {Wz’Hl}’ V71x = {'/71’H1}’ ‘/72x ={V72’H1}’ (2.20)
where
. O | _
H, =—i{Ayy,) +i{Ay W) 3 Ky sy +wo.w,) 2, (2.21)
and

V= {l//vH(z,s)}’ Vy = {V/Z’H(z,a)}’ '/71: = {WI’H(Z,S)}’ V72z = {I/72’H(2,3)}’ (2.22)
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where H ,, = oH, + 2H, together with

(2,3)

H, = <2i((A°W,0,) = (N 0,0 +i | o)+ 00) (o) — (0 0,)) (2.23)
= (W) + W) (AW, + (AT L,)) = (W0, + W0 ) (AW + (AL 0,)).

and

H3 = _2i(<A3l//1’Wz> - </_\3‘/71)l/72>) +i | <W1>W1>+<l/72>§iz> |2 ((A‘//1"//z> _</_\l/71"/72>) +i(<W1>W2> - <l/71)l/72>)
X[(W0,) + WD CAYL) + AT + (W 0) + WD) (AW, + (AL 0,))]

W) + i) F W) — ) = (W) + Tl (AW ,) + (K27, 7.) (2.24)

— (N0 + (N LT ) W) +T010) = [(AwL ) + (A7, 07, | +i|<wpv/1>+<v7pv72> .

It is noted that the Hirota equation (1.2) can be represented as the compatibility condition of spectral problems (2.1) and (2.11). The Hirota
equation (1.2) is indeed reduced to two complex FDHSs separating its temporal and spatial variables over (C*", @?).

3. RELATION BETWEEN THE HIROTA EQUATION AND THE COMPLEX FDHSs

In order to establish the relation between the Hirota equation (1.2) and the complex FDHSs (2.20) and (2.22), it is necessary for us to prove
the Liouville integrability of the complex FDHSs. The Liouville’s definition of integrability is based on the notion of integrals of motion [3].
We need to construct a sufficient number of involutive integrals of motion for the complex FDHSs (2.20) and (2.22). Firstly, let us bring
in a bilinear generating function

iy VA Vi QW) +Q; (7, %7)
G, == = »re AT 3.1
2 z;(z—zfﬂ—ﬂj {Ql(wl,z//thl(y?z,y?z)J G0

where

Ql(é‘:xn)zz é:j i

n X S
R Qi(f’”)‘;ﬂ_zj'

It follows from (2.15) that
(K-AG, =0. (3.2)

Substituting G, back into the expression of V" gives rise to a Lax matrix

_ i— Q/l(yll’l//z) + QZ('/Z’Wz) Q/i(l/ll’y/l) + Qj(l/?z’liz) (3 3)
* _Q/l(l//z’l//z)_Q;j(l/?l’Wl) _i+Q1(l//1’V/2)_QZ(':71’l/72) ’ .
which satisfies the Lax equation
(V/i )X - [U> Vg] =0, (34)

in view of (2.10) and (3.2). It follows from (3.4) that detV’, is a generating function of integrals of motion for the complex FDHSs (2.20) [36].
With |4] > max{|4], [4,], -+, | 4|}, we come to

F, = detV/{ = 1+2iQA(I//1’l//2)+Q/l('//l"/ll)Q/l(V/z’l//z)_Q/Zi(l//l’l//z)_ZiQZ(‘/z"pz)+Qj('/71"/71)Q1('/72»'/72)_Qf{('/?vlpiz)
+Ql(l//1’l//1)QZ(l/71’y71)+2Q1(W1’W2)QZ(V71’1/72)+QZ('//2’I//2)QZ(I/72’1/72) (3.5)
N E. N E. w
-1 j i1 F A
102y Erid Yy e 2

j=1 ;

where

Ej — Zil/fljyfzj " ZN: (l/fljl/jzk _l/llkyfzj)z n i (lel/71k +y/_2jy72k)2

> (3.6)
k=Lk=#j /’ij - ﬂk k=1 ﬂj - 21(
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Fy =2y 9,) =W ¥)); (3.7)

E = 2i(AW0,) = (AL + W )XW 0, ) = W) + 000,00, ) (38)
(VW) WYX T) + 200 X0, + W W X0, ),

E = 20(A%,0) = A0 + (Ayuy) + RTLEWoba) + (i) (39)
+ (AW, +HATLT )W)+ T00,)) = 20A W0, — (AL WL, — (WL,),

D o R etaa RO

Let F, be a real-valued Hamiltonian on (C*, ®*), and 7, be the flow variable of F,. From the Poisson bracket, a direct calculation results
in two canonical Hamiltonian equations

d () (Wi v
dr, ik ] Wi4, ’ 3.11
) el o

d 1/72j - {1/721"1:/1} '//21
E(_WU)_({_!ZPFA}) W(ﬂ/ﬂ)( ;[/1])’ (312)

where
W=7V, (3.13)
'

Lemma 3.1. On (C*, @), the Lax matrix v, satisfies a Lax equation

dT=[W(/L w,v,l, VA ueC A#u. (3.14)
!
Besides,
{/I)F}ZO) vﬂ,,ﬂE(C, ﬂiﬂ, (315)
{ j)Fk}ZO) j)k:O) 1:2)"'- (316)

Proof. Only for simplifying the description, we denote

2 2 = —2 —2
& =Y ¥,,0, +¥,,0,=¥,05 & =W\¥,,0,TV¥,;0, —¥,;0;5

It follows from (3.11) and (3.12) that

WA, S =W )E . (3.17)
dr, L dr, U
Resorting to (3.3), (3.13) and (3.17), a direct calculation yields
dV/l N N
dz, - ;ﬂ 21‘ d
N N
= (W(4,4), €] [W(/i /1) &)l
]Z::‘,u 4 Z::‘ 4

2 N 1 1 1 1
__ﬂ—#;([ﬂ—ﬂj_/1—%][‘/”8”] [ -k A-3 JJ[ S]J

Vi e_ 81]_82]
zy” ,u/1 ﬂz./iﬂ A=A,

_ _%[Vl, V, =V, 1= WA @), V,].

/1_ M
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Furthermore, from (3.14) we arrive at

df, d 1
{F,,F,}= d—T: = d—%(—ztrvj) =—trV,tr[W(4, 41),V,]=0. (3.18)

Substituting (3.5) into (3.18) leads to the identity (3.16), which completes the proof.

Apart from the involutivity of integrals of motion, the other essential element to the Liouville integrability of FDHSs is the functional inde-
pendence, which means that solutions of the FDHSs can be obtained by solving a finite number of algebraic equations and computing a
finite number of integrals. Below, we turn to the functional independence of F, (0 < k < 2N -1).

Lemma 3.2. The integrals of motion {F, F,, -, F,, } given by (3.7)-(3.10) are functionally independent in a dense open subset of (C*", @*).
Proof. It is known from (3.5) that

N —_— =
E, =Zl(,1ij+1jkEj), 0<k<2N-1. (3.19)
=
Let P, = (Wy1 > Wins Wrs > Wons Wars s Wans —Wiys -+ — W,y )" be a fixed pointin C*" with ¥, =0, ¥, #0, (1 <£j<N). And then,
OE, OE, _
5 Ll =2i6,p, an =-2i6,%,, 1<jk<N. (3.20)
Yikly, Vicly,

By (3.20), we arrive at the Jacobi determinant of {E j,E j} associated with {y, i v, j} at P,

o, - ,E.,E,E N
( ! — ﬁ) | :22NH|'//2j |2> (3.21)
a(l//n”’’>§//1N’l//11"">W1N)|p0 j=t

which signifies the linear independence of {dE,, ---, dE,, dEl, e dEN} over a dense open subset of C*" [3]. It is supposed that there are

2N constants }, %, **, %, such that
2N-1
> y.dE, =0, (3.22)
k=0
which is in agreement with
2N-1 . 2N-1 -
DNA=0, Dydf=0,  1<j<N, (3.23)
k=0 k=0

in view of (3.19) and the linear independence of {dE j,dE ;1. Itis noted that the determinant of coefficients of 7, is the Vandermonde deter-
minant. Namely, 3, = -+ = 7, = 0, which means that {F,}(0 < k < 2N - 1) are functionally independent in a dense open subset of (CN,0?).

On one hand, it is seen from (2.21), (2.23), (2.24), and (3.7)-(3.10) that

1 1 1 1
Hl:_EE +§Fo2> H,=-F +EF1E)_§E]3’

] ] ] ] (3.24)
2 2 4
Hy==E+ kKb +7h —gFoFl +6—Fo ,
on the other hand, by (3.16), (3.24) and the Leibniz rule of Poisson bracket we obtain
dF,
ST {F,,H,,} = {F,, oH, +2fH,} =0, (3.25)

which indicates that {F,} are also integrals of motion for the complex FDHSs (2.22). We attain the Liouville integrability to the complex
FDHSs (2.20) and (2.22).

Proposition 3.1. The complex FDHSs (H,, @*, C*") and (H,,, @, C*") are completely integrable in the Liouville sense.

Based on Proposition 3.1, it is known that two complex FDHSs (2.20) and (2.22) reduced from the Hirota equation (1.2) are compatible over
(C*™, @*). This means that there exists a smooth function in x and ¢ giving an involutive solution for complex FDHSs (H,, @*, C*") and
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(Hy,)» @, C*Y). To progress further, from the commutability of Hamiltonian flows, we are in a position to establish the relation between
the Hirota equation and the complex FDHSs, and then to confirm the existence of a finite number of spectral bands for the eigenvalue
problem (2.1).

Proposition 3.2. Let (¥, (x, t), ¥,(x, )T be an involutive solution of integrable complex FDHSs (2.20) and (2.22). Then
v(x, ) = (W, (x, ), W, (x, 1)) + (W, (x, 1), W, (x, 1)), (3.26)

is a finite parametric solution of the Hirota equation (1.2).

Proof. Resorting to the complex FDHSs (2.20) and (2.22), we compute

v, = =2(A W0, )+ (ATLIT)) = 210 + W W)W 0,) — 1, (3.27)
v, = 4(AWLY,) — (AL T 0,) + WooW,) — AN YL 0,) + (KNT,1,)
+HAGAY, W) +H AL + (Wl + W W) W) = W) (W) = WL 1,)),
Vo = BN, + (NWL10.0) = 80,0, + W0 Ko, — (W i7,))
—8i((AYL W) + (AT W 0,) —(T10,)) + 80, 0,) + (T W) (N W0, —(A,.17,))
+4i [0, + o) (AW, 0,) + (AL 0,0 + 8UA W0, + (AL ) (AW, w,) — (AW, 1,)
—16i(Y,.¥,) — W W) W) + D CA W0, = (AW 0,)) — 40, 0,) + W0, (A wL )
(AT + 8 0,) = (T W) (W, 00,) + (N, 10,),
v, = al=4i(A YL ) + (NTL0)) + 2600 + W) W00 + W) = 4CA WL p) + (AT (W01
— (VL)) + (W) + W W D)WL = 00D = AW + Wl D CAWLY,) — (A1)
+ B8 + Wl DAY LY) ~ (AFL1,)) = 8(A Y1) — (AT T) (A ) + A7)
+16/(W0,) + Wl D (Wol) = Do) CAWLY,) — (A0, = 8(Wa0,) — W) (A1) + (A1)
+ iAW) HATLTD W) = W) + 800 + Wl DWW) = W 10,)) =8I Y 0, + (N W.1,))
120 0) + o WD) W) = WD) Wl) + Wost)) + 8 [0 + Wl | (AW, +(AWL1,)
+ 40, + W0 (AW, + (AW, 1,)].

(3.28)

(3.29)

(3.30)

Substituting (3.27)-(3.30) back into the Hirota equation (1.2), it is shown that the expression (3.26) exactly solves the Hirota equation (1.2).

Remark 3.1. As a concrete application of Proposition 3.2, the derivation of explicit solutions to the Hirota equation is transformed to the
problem of solving two complex FDHSs.

Proposition 3.3. Let (;(x), w,(x))" be a solution of the complex FDHSs (2.20). Then

v =W, (X)W, (X)) + W, (%), 1, (%)), (3.31)

is a finite-gap solution to the complex Novikov (high-order stationary NLS) equation

Xy +0, X, +6,X, 5+ + 6 X, =0, N2=2, (3.32)
where
2
Ejzdj+ 4, Cj—k» j=2,3,---,2N,
k=0
N _ _ N _
a,=1, aq :—Z(lj+ﬂj), a, = z (/77/1;"’27/1;)“‘2/1,'/1,"
j=1 1<i<j<N ij=1
i =(—1) 1.1 ) i
a;=(-1) y z N(ﬂil ﬂi}_+/1il ﬂij)+ 1le ﬂkl /7,,(5/771 27,-4’ 3<j<N,
7,1<...<,jg <s<N-—

lsk1 <-~<k$ <N
1<l <--<l._ <N
1 j=s

A A A, N+I1<j<2N,

a=0-1 > A-
1 ) 1 1 s
Jj—N<s<N
1<k <<k <N

1<l <<l <N

and ¢z, s, -+, Can are some constants of integration.
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Proof. One one hand, take into account an auxiliary polynomial in A

N —
aD) =] [(A-A)(A-2) =32 +a,A" "+ +a,,. (3.33)

2N
j=1

Applying the operator J"'K on the symmetric constraint (2.16) k times, we derive

N _— —_— ~ ~
Z(}“jkv’ij + /ljkVﬂ’j) =8t Cagy kg k=3, (3.34)

j=1

in view of the Lenard eigenvalue equations (2.15). On the other hand, it follows from (2.16), (3.33) and (3.34) that

4

0= [a(4)VA +a(A)VA)]

J

z L

[(ANVA+ ANV +a (AN VA + ANVA) + -+, (VA + V)] (3.35)

j
= (gZN tgn,t "'+C2Ngo)+ al(gZN—l tCgns Tt "'+C2N*1g0)+"'+ &ZNgO
=&nta&on 1 T GEn ot T GnEoo

which immediately becomes the complex Novikov equation (3.32) after being acted with the Lenard operator J. This completes the proof.

4. STRAIGHTENING OUT OF HIROTA FLOW

It is shown that the Hirota equation (1.2) has been reduced to two complex FDHSs with real-valued Hamiltonians on (C*",®?). And
further, the Bargmann map (2.17) results in a finite-gap potential to the complex Novikov (high-order stationary NLS) equation (3.32). In
this section, the complex FDHSs (2.20) and (2.22) serve as a basis to display the evolution picture of Hirota flow on the Jacobi variety of a
Riemann surface.

For the sake of succinctness in writing, let us make the notation
vV, =V'o,+V,’0,+V;'c,.

From Lemma 3.1, we know that the Lax matrix V satisfies a Lax equation along with 7,-flow. In particular, after a direct but tedious calcu-
lation, the Lax matrix V/, also satisfies two Lax equations associated with the variables of x and ¢, respectively.

Lemma 4.1.

0.V, =[0,V,], U=ido+(yp y) + W V)0, — (W0 V1) + W ¥ ))0s, (4.1)
oV, =[v* v,], v =V + V0, + V0, 8,=010, (4.2)

where

VY = a2id =i [ww) + W0 W) P+ Bl4iA° =204 [y w0, ) + W W) =200 w) + W ) (W 7))
W W W 1) =W VD) + AW, 1) + (AL D) = 20 1) + (0, 1)
X (AW YD)+ AW W0 + (W ) + W0, 1)) W v0) = L 1))
ViS? = a2 AW v + W WD) + 20A WL W) + AW 1) = 260 ) + W W) (W 1) = 0 1,))])
+ ﬂ[4ﬂ'2(<y/1’ W1>+ <§;2> 1/72» + 4/1((<A 4% l//1> + <A V72’ V72>) - i(<l//1’l//1>+ <l/72> l/72>)(<W1’ W2> _<W1’ ‘/72>))
=20 W) + W V) (W ) + W W) + ACN YL ) + (N, 0,)) = 41y ) + (0 DK A Y, 1,) = (AL 7,
- 4i(<AW1’ l//1> + <A§72> 1/72>)(<'//1> Wz) - <‘/71’ l/72>) - 4(<W1> l//1> + <y72> ‘72»(('//1’ l//2> - <l/71’ V72>)Z]’
Vi = e =240 ) + W W) = 20A W 0,) + (AW W) + 260 1) + W W )W 1) = 0 7,))]
= BLAX WL W) + W W) + AACAY, 1) + (AL W))W W) + W W D (W V) — (W06 1))
=2 W)+ W W V) + WV )+ AN Y, 1) + (KL 7)) = 40 1) + W W) AW, 1) = (AL 7))
- 4i(<AW2’ V/2>+ <Ay71’ V71>)(<I//1’ l//2> - <1/71’ 1/72» - 4«1/71’ 1/71> + <W2’ l//2>)(<'//l’ l/’z) - <V71’ ‘/72»2]

) (4.3)
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It follows from (3.3) and (3.5) that F, and V"' are the rational polynomial functions of A with simple poles at {4,, Zj}( j=1,2,--,N). Asa
result, we define

__yly2 iy b(4) _ a(A)b(4) _ R(4) (4.4)
LG e ey
n(4) (4.5)

le = _Qﬁ(l//z’l//z)_Qz(l/?pVZ) ((V/l"//1>+<'//2’l//2>) (/1)

where

a(D)=[A-2)A-2), b =4~ 4.0

(4.6)
N _ 2N 2N-1
R(ﬂ'):H(ﬂ_ﬂk)(ﬂ_ﬂk)n(ﬂ_ﬂwﬂc)) n(/l): H(ﬂ'_vk)’
k=1 k=1 k=1
and v, v,, ..., v, areaset of elliptic variables for the complex FDHSs (2.20) and (2.22).
Lemma 4.2.
AV W)+ ATT) v, 7y
[ — = ( + )_ V> (47)
W)+ W) ; At Z ‘
Ny, )+ (N 7,) [ S ] I e (4.8)
Y+ | XA+ A= v | - XA+ A1) -3 A A,
W)+ W, Z, Z Z A Z Z,: Y zl ;’
2i(<'//1"//2> - <'/71":72 >) = Z(/ik + Ik)_ Zﬂ’h-N' (4-9)
k=1 k=1
Proof. Multiplied by —a(A4) on both sides of (4.5), the Right-hand Side (RHS) of (4.5) can be rewritten as
N 2N-1
RHS = ((7,.%,) + <wz,wz>>[ﬂ”1 ST A = [ J (4.10)
j=1 i<j j
simultaneously, the Left-hand Side (LHS) of (4.5) can be expanded as
N N _ N N _
LHS = Zl//z, AN N 2[ > A +Z/1J /12’“( DALY AL+ Y ,.lejj+-~~— 1TALTA
i=1,i#l i<jsi,j#l i<j i=Lizl  j=1 i=lizl  j=1
. o (4.11)
l//ll(ﬂml FES 2(z/1+ Zﬂ]+12N3{Zﬂl+ Zﬂ/’[ +Z/1 Z/’I_VJJ'F /’L,-sz}
i=1 j=Lj#l i<j i<jsi,j#l j=1,j=l i=1  j=1,j#l

By comparing the coefficient of 22¥> and A*¥= in (4.10) and (4.11), we have

<wpwl>+<w2,wz>)2v -Z%(ZM +A) - /L)+ V/U(Z(lﬁ/ﬂ)—i}

T+ W) Eow, = 3V (ﬂq RO ICEVEED YEERFERED V) V) ]

i<j i<j i=1

+Nz/7”[z7 42(/1 +A)+ D (A4 + AA)+ i i ]

i<j =1 j=1

which leads to the formulas (4.7) and (4.8). It is seen from (3.4), (3.7) and (3.25) that the LHS of (4.9) is the constant of motion F, both
in x and ¢. Similar to the treatment as (4.10) and (4.11), the coefficient of A*V-! in the expansion of (4.4) reads

Z(ﬂ% + /Tk) _Z(EI +E1) = ZA’I(+N’
k=1 =1 k=1

which gives the formula (4.9) since E]. are described by (3.6).
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Replacing A with v, in (4.4) gives rise to

_VRO) 1<k<2N-1. (4.12)

11| —
A 2=y a(v,) ’

Considering the (2, 1)-entry of Lax equations (4.1) and (4.2), we derive

OV =2 )+ W W, )V, = 2iAV), (4.13)
OV =2V -2V

By combining (4.5), (4.12), (4.13) and Lemma 4.2, we attain the Dubrovin type equations

b 2RO e

dx ﬁl v, Vj) =h= (4.14)
j=1,j#k
dr | 2J7RO) \/‘R(Vk)l (ka _zZNzlv +2</1 +7 )+2 MN]
dt H (Vk _ Vj)
Jar (4.15)

+2ﬂ[2vk 2vk2ilv +22vv +[Z(ﬂ +/1)+z ﬁNJ

( 2i“le+ Z(/lz+l )+ = z iyt [2(1 +/1)+2 ,+N] ,  1<k<2N-1,

which control the dynamics of elliptic variables {v,}.

To solve the Dubrovin type equations (4.14) and (4.15), the subsequent attention in this section is instructed to the theory of algebraic
curves. From the generating function of integrals of motion, we define a hyperelliptic curve of Riemann surface T': {2 + R(4) = 0, which
allows with 2N — 1 linearly independent holomorphic differentials

1-1
G- <i<on-1

2J-R(A)’
Thanks to deg R(4) = 4N by Eq. (4.6), the genus of I" is 2N — 1 that coincides with the number of elliptic variables {v,}. For any
A=A, /1 (1<j<N); A, (1<k<2N))eC, there exist two points P, (4)=(4,4/-R(4)) and P (1)=(4,—J-R(4)) on the upper and

lower sheets of I'. In particular, there are two infinite points co and eo, as A = co, which are not the branch points and can be expressed as
(0, 1) and (0, 1) in the local coordinate 4=z

Introduce a set of canonical basis of cycles {a }ZN !

l.j, (i,j=1,2,--,2N~-1). By the canonical basis of cycles, let us bring in the integral A; I @, (1<i,j<2N -1), Wthh yieldsa 2N -1) by
(2N - 1) nondegenerate matrix C = (CU) (Al]) [21,30]. And then, the holomorphic d1fferent1al @, can be converted into a normalized one

on I, which are independent with the intersection numbers a, 0 a,=b,0 b,=0,a,0 b, =

2N-1
w =) Cu, 1<j<2N-1, (4.16)
I=1
with the property

IN-1 L 1, i=j,
L_wj = zCﬂL_a’z = zcleli :§ji = {O .. (4.17)
i =1 i =1

, i#].
Write @= (@,, @, -** @, )" for short, and define

2

5‘=L.“” B:La), 1<j<2N-1. (4.18)
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It is found that 0= (J.)

ii/ 2N-1x2N-1

145

is a unit matrix, and B = (BU)W Lon.; 18 @ symmetric matrix (B B ) with positive-definite imaginary part

[21,30]. Moreover, the 4N — 2 periodic vectors {5 B} span a lattice 7 in C*"™' that specifies the ]acobl variety J(I')=C*"'/T of Riemann

surface I,

After the above preparations, we suitably select out the Abel-Jacobi variable with a fixed point p, (#ee, (i=1,2); 4

(1£k<2N))onT

I-1
pj(x o zj_‘k(x o :ZN IZNZIleJ.Vk(xJ) AdA

k=1 =1 ) 2\/—R(l).
By using (4.14) and (4.15), a direct calculation results in

N-12N-1
le

9P t)==3 3 —
k=1 I=1 H(Vk j

j=1,j#k

apmn=Y Y A { [sz 23, +2(/1 +7)
klllH(vk V]) j=1

j=1,j#k

2N-1

2 ,+NJ+2,5(2W 2vk2v +2) vy,

i<j

2N-1

(2(/1 +2)+2 ,+N)( Zv]+ 2(/12+/1)
O PO V|

With the aid of the algebraic formulas [31]

=) sx5——=0,y, 1<s<2N-2,
k=
FIT ee-w)
Jj=lj#k
2N-1 2N-1 2N-1

Lo =Ly, z Iy =Ty, Zvj Ly, z ViV
j=1

i<jsi, j=1
we arrive at

3.p(xt)=—Cppy, = QY,

6,,0}-(35’0:_0{ N2 T ]ZN 1[21(/1 +7, )+z ;+NJ:|
_ﬂl:4CJ2N 3 }2N z(i(ﬂ +ﬂ’ )+§: J+NJ JZN-IX
=1 j=1
Z(/tz+/1 )+Z it [Z(/i +ﬂ)+z ”NJ =QY.

By using (4.23), the H -, H , , - and the Hirota-flows are represented as

(2,3)

H, —flow: px)=QVx+p,
H, —flow: pt)=Q%+p,

. ) _ oW @
Hirota — flow : px, 1) =Q x+ Q7+

2N-1 v (0,0)
where g, = Z j @, is a constant of integration.

A (1S JSN) A

N+k

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

It has been shown that the evolution velocities le) and Qi.z) are the combination of constants of motion and constants of integration.

Having a look at the shape of (4.24), the Abel-Jacobi variable pj(x, t) can be understood as the angle variable, which exhibit the linearity of

Hirota flow on the Jacobi variety J(I') of a Riemann surface.
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5. QUASI-PERIODIC SOLUTIONS

Followed by the Bargmann map (2.17) and Lemma 4.2, we bridge the gap between the Hirota equation (1.2) and the complex FDHSs (2.20)
and (2.22), and further connect the eigenfunctions with the symmetric functions of elliptic variables. It is noted from (4.24) that the Hirota
equation has been integrated with the Abel-Jacobi solution over J(I'), which stimulates us to discuss the Riemann-Jacobi inversion from

pj(x, t)to {v}.
We turn to the Abel map from the divisor group to the Jacobi variety A : Div(I") = J(7)

2N-1 2N-1
A(p)zj;;a), A(;nkka= kzz;nkA(Pk).

Let us choose a special divisor p = Z p(vk) where p(v,) =(v,, £(v,)). Denote p= (P Py "5 Pyy.,) for short. The Abel-Jacobi variable
can be rewritten as

2N-1

z ,[P( Qo A(Zilp(vk)) _ ZA(P(Vk))~ (5.1)
k=1 " Po k=1 k=1

By the symmetric matrix B, we introduce the Riemann theta function of I" [21,30]

o) = Z exp7i((Bz,z) +2({,z)), £ eC™,

ZEZZN—l

According to the Riemann theorem [21], it is known from the Abel-Jacobi variable (5.1) that there exists a vector of Riemann constant
M =(M,M,,--,M,, )" € C**" such that f(1) = O(A(p(A)) — p— M) has 2N - 1 simple zeros at v, v,, **, v, ,. To make the function f(4)
single value, the Riemann surface I" should be suitably cut along with the contours 4, and b, to form a 51mply connected region with the

boundary % which is consisted of 8N — 4 edges in the order ab/a b a;bjab; - Ay bon G5y 1box_» Where the symbols +, — denote the
orientation. And then, the positive power sums of {v;}.} 207" can be figured out by the calculation of residues of f(4) at e, and . , namely

2N-1

Zv =1,(D)- ZRes/lkdlnf(/i) (5.2)

where

B 1 f _2N—1 ‘
() _z—mgs/z dln f(A)= ;jﬂjx ,

is a constant independent of the Abel-Jacobi variable p [15].

Lemma5.1. Let S, = Z (/1" + /l )+ Z The coefficients in the expansion

=1 ]+N

AZN
= AL AL maxl] & ol A bl A bl Aug I (5.3)
JRA)

are given by the recursive formulae
1
A, =0(k=21), Aj=1, A= ES“
1 1 1
=Z(SZ+SIA1)=ZSZ+§SIZ, (54)

1
Ak=ﬁ(sk+ > SA), k=3

i+ j=k i, j21

Lemma 5.2. Near o (s = 1, 2), under the local coordinate z= A" the holomorphic differential @, can be described by

B =TI A (55)
k=0

We denote the jth component of (4) by ¢, 9, =09/dg, 9}, = 9°/d5dg;., etc. With the Einstein summation convention, in the neighborhood
of A= eo (s =1, 2) the Riemann theta function f{A) has the asymptotic expansion (z = 1™')
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-, (1) -, 21 -, (1) -
f(ﬁ):Q( )+2_icj2N—lzaj€s( )+? _ZCjZN 1~k2N—- 1ajk9( ) 2i j2N—lAl ]2N 2)8]6( :
5.6)
ZS (_1)s+1 _ 3 ) (
+€[ 3 Cij—lckZN 1~12N- 1ajk19( '~ 4 ;21\1 1(Ck2N 1A1+Ck2N—z)a§k0s( )
( ) 9 H(N)
j2N—- 1 CjZN 2 jZN 3) +O(Z )
which together with (4.23) gives rise to
s+1 s+1 2)
4D D5 oo - Z[z( 2 Qm 216"+ 6" Jz+0(z2), (57)
i
~ P
where Q@ =C . A +C.,, .0 =" (p+M+ y) and X.= ‘@ . Resorting to (5.2) and (5.7), we attain the trace formulae
5 jaN-11V jan-22U; s \P X - g
2N-1 e(w)
ZVk ~I(N+—d 1n€(w) ,
2 (5.8)
2N-1 Q(z) 9(0«) o
ZVk I (r)+ Ot d,In 5 2+ 4321 né~6".
By using the Bargmann map (2.17) and the complex FDHS (2.20), a direct calculation yields
0,1y =2 MV AVAN) 4, 7,7, (59)
WsW)+Woy,)
which together with Lemma 4.2 and the trace formula (5.8) results in
) @
8 lnv=N, +8,In 0 x+ Q1+ ad) (5.10)
0 Q" x+Q%t + )
where
N, =2il (1")—{2(/1 +/1)+2 }“N), a=p+M+y, s=1,2.
Taking one integration on (5.10) with respect to x, we obtain
) 6)
v:veNIXH(Q x+Q%t+a,) (5.11)

T x+Q% o)’

where v, is independent of x, but may depend on t. On the other hand, taking one partial derivative with respect to £ on (5.11), we also have

Q" x +Q%t + ;)
Q" x+Q% + )’

0lnv=N,+0,In N, =0,Inv,. (5.12)

Analogous to the treatment conducted as in Cao et al. [6] (see Theorem 11.1), it is found that N, is also a constant of motion with regards
to t. Finally, based on the presentations (5.10) and (5.12), we obtain the quasi-periodic solution for the Hirota equation

Nyx+N,t 67(0(1) Q(Q(I)X + Q(Z)t + 6(2)
0(c,) 0%+ Q% +ar,)’

v(x, t) =v(0, 0)e (5.13)

Remark 5.1. It looks like that only the quasi-periodic solution of odd genus (g = 2N — 1) has been attained in the above constructing scheme.
In fact, the solution in the case of even genus (g = 2N — 2) can be obtained by the degeneration procedure of v,, , = 0, because the finite-genus
solution can be embedded into an invariant torus with one more genus (for more details, see the subsection 2.4 in Chen and Pelinovsky [9]).

In conclusion, an explicit quasi-periodic solution has been constructed for the Hirota equation (1.2) with the aid of two complex FDHSs
(2.20) and (2.22). In particular, as &= 1 and £ = 0, the quasi-periodic solution (5.13) becomes the exact solution of the focusing NLS equa-
tion that coincides with the one in the book [4] [see Eq. (4.1.22)]; whereas = 0 and = 1, for real v(x, t) the quasi-periodic solution (5.13)
delivers a new solution for the focusing mKdV equation.



148

J. Chen and R. Tong / Journal of Nonlinear Mathematical Physics 28(1) 134-149

CONFLICTS OF INTEREST

The authors declare they have no conflicts of interest.

ACKNOWLEDGMENT

This work was supported by the National Natural Science Foundation of China (No. 11971103).

REFERENCES

(1]

(2]
(3]
(4]

(5]
(6]

(7]
(8]
(9]

(10]
(11]
(12]
(13]

(14]
(15]
[16]
(17]
(18]
(19]

(20]
(21]
(22]
(23]
(24]

[25]
[26]
(27]
(28]
(29]

(30]
(31]
(32]
(33]

(34]

M.]. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur, The inverse scattering transform-Fourier analysis for nonlinear problems, Stud. Appl. Math.
53 (1974), 249-315.

A. Ankiewicz, ].M. Soto-Crespo, N. Akhmediev, Rogue waves and rational solutions of the Hirota equation, Phys. Rev. E 81 (2010), 046602.
V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer-Verlag, Berlin, 1978.

E.D. Belokolos, A.I. Bobenko, V.Z. Enol’skii, A.R. Its, V.B. Matveev, Algebro-Geometric Approach to Nonlinear Integrable Equations, Springer-
Verlag, Berlin, 1994.

C.W. Cao, X.G. Geng, Classical integrable systems generated through nonlinearization of eigenvalue problems, in: C.H. Gu, Y.S. Li, G.Z. Tu,
Y. Zeng, Editors, Research Reports in Physics, Springer-Verlag, Berlin, 1990, pp. 68-78.

C.W. Cao, Y.T. Wu, X.G. Geng, Relation between the Kadometsev-Petviashvili equation and the confocal involutive system, J. Math. Phys. 40
(1999), 3948-3970.

J. Cen, A. Fring, Asymptotic and scattering behaviour for degenerate multi-solitons in the Hirota equation, Physica D 397 (2019), 17-24.

J.B. Chen, Quasi-periodic solutions of the negative-order Jaulent-Miodek hierarchy, Rev. Math. Phys. 32 (2020), 2050007.

J.B. Chen, D.E. Pelinovsky, Periodic travelling waves of the modified KdV equation and rogue waves on the periodic background, J. Nonlinear
Sci. 29 (2019), 2797-2843.

J.B. Chen, D.E. Pelinovsky, R.E. White, Rogue waves on the double-periodic background in the focusing nonlinear Schrodinger equation,
Phys. Rev. E 100 (2019), 052219.

J.B. Chen, D.E. Pelinovsky, R.E. White, Periodic standing waves in the focusing nonlinear Schrodinger equation: rogue waves and modulation
instability, Phys. D 405 (2020), 132378.

J.B. Chen, R.S. Zhang, The complex Hamiltonian systems and quasi-periodic solutions in the derivative nonlinear Schrodinger equations,
Stud. Appl. Math. 145 (2020), 153-178.

H.H. Dai, X.G. Geng, New finite-dimensional completely integrable systems associated with the sine-Gordon equation, J. Phys. Soc. Jpn. 68
(1999), 2878-2881.

E Demontis, G. Ortenzi, C. van der Mee, Exact solution of the Hirota equation and vortex filaments motion, Phys. D 313 (2015), 61-80.

L.A. Dickey, Soliton Equations and Hamiltonian Systems, World Scientific, Singapore, 1991.

Y. Fukumoto, T. Miyazali, Three-dimensional distortions of a vortex filament with axial velocity, J. Fluid Mech. 222 (1991), 369-416.

X. Gao, H.Q. Zhang, Rogue waves for the Hirota equation on the Jacobi elliptic cn-function background, Nonlinear Dyn. 101 (2020), 1159-1168.
X.G. Geng, H.H. Daj, J.Y. Zhu, Decomposition of the discrete Ablowitz-Ladik hierarchy, Stud. Appl. Math. 118 (2007), 281-312.

E Gesztesy, Quasi-periodic, finite-gap solutions of the modified Korteweg-de Vries equation, in: S. Albeverio, J.E. Fenstad, H. Holden,
T. Lindstrom, Editors, Ideas and Methods in Mathematical Analysis, Stochastics, and Applications, Cambridge University Press, Cambridge,
1992, pp. 428-471.

J.P. Gordon, Theory of the soliton self-frequency shift, Opt. Lett. 11 (1986), 662-664.

P. Griffiths, J. Harris, Principles of Algebraic Geometry, John Wiley & Sons, New York, 1994.

B. Guo, N. Liu, Y.E Wang, Long-time asymptotics for the Hirota equation on the half-line, Nonlinear Anal. 174 (2018), 118-140.

R. Hirota, Exact envelope-soliton solutions of a nonlinear wave equation, J. Math. Phys. 14 (1973), 805-809.

L. Huang, J. Xu, E. Fan, Long-time asymptotic for the Hirota equation via nonlinear steepest descent method, Nonlinear Anal. Real World
Appl. 26 (2015), 229-262.

T. Ivey, S. Lafortune, Stability of closed solutions to the VEF hierarchy with application to the Hirota equation, Nonlinearity 31 (2018), 458-490.
PD. Lax, Integrals of nonlinear equation of evolution and solitary waves, Comm. Pure Appl. Math. 21 (1968), 467-490.

PD. Lax, Periodic solutions of the KdV equation, Comm. Pure Appl. Math. 28 (1975), 141-188.

EM. Mitschke, L.F. Mollenauer, Discovery of the soliton self-frequency shift, Opt. Lett. 11 (1986), 659-661.

L.E Mollenauer, R.H. Stolen, T.P. Gordon, Experimental observation of picsecond pulse narrowing and solitons in optical fibers, Phys. Rev.
Lett. 45 (1980), 1095-1097.

D. Mumford, Tata Lectures on Theta II, Birkhauser, Boston, 1984.

A.C. Newell, Solitons in Mathematics and Physics, SIAM, Philadelphia, PA, 1985.

S.P. Novikov, The periodic problem for the Korteweg-de Vries eqution, Funct. Anal. Appl. 8 (1974), 236-246.

AR. Osborne, Approximate asymptotic integration of a higher order water-wave equation using the inverse scattering transform, Nonlinear
Processes Geophys. 4 (1997), 29-53.

W.Q. Peng, S.E Tian, X.B. Wang, T.T. Zhang, Characteristics of rogue waves on a periodic background for the Hirota equation, Wave Motion
93 (2020), 102454.


https://doi.org/10.1002/sapm1974534249
https://doi.org/10.1002/sapm1974534249
https://doi.org/10.1103/PhysRevE.81.046602
https://doi.org/10.1007/978-3-642-84148-4_9
https://doi.org/10.1007/978-3-642-84148-4_9
https://doi.org/10.1063/1.532936
https://doi.org/10.1063/1.532936
https://doi.org/10.1142/S0129055X20500075
https://doi.org/10.1007/s00332-019-09559-y
https://doi.org/10.1007/s00332-019-09559-y
https://doi.org/10.1103/PhysRevE.100.052219
https://doi.org/10.1103/PhysRevE.100.052219
https://doi.org/10.1016/j.physd.2020.132378
https://doi.org/10.1016/j.physd.2020.132378
https://doi.org/10.1111/sapm.12311
https://doi.org/10.1111/sapm.12311
https://doi.org/10.1143/JPSJ.68.2878
https://doi.org/10.1143/JPSJ.68.2878
https://doi.org/10.1016/j.physd.2015.09.009
https://doi.org/10.1017/S0022112091001143
https://doi.org/10.1007/s11071-020-05835-9
https://doi.org/10.1111/j.1467-9590.2007.00374.x
https://doi.org/10.1364/OL.11.000662
https://doi.org/10.1016/j.na.2018.04.004
https://doi.org/10.1063/1.1666399
https://doi.org/10.1016/j.nonrwa.2015.05.011
https://doi.org/10.1016/j.nonrwa.2015.05.011
https://doi.org/10.1088/1361-6544/aa89d6
https://doi.org/10.1002/cpa.3160210503
https://doi.org/10.1002/cpa.3160280105
https://doi.org/10.1364/OL.11.000659
https://doi.org/10.1364/CLEO.1981.WF1
https://doi.org/10.1364/CLEO.1981.WF1
https://doi.org/10.1007/BF01075697
https://doi.org/10.5194/npg-4-29-1997
https://doi.org/10.5194/npg-4-29-1997
https://doi.org/10.1016/j.wavemoti.2019.102454
https://doi.org/10.1016/j.wavemoti.2019.102454

(35]
(36]
(37]
(38]
(39]

J. Chen and R. Tong / Journal of Nonlinear Mathematical Physics 28(1) 134-149 149

A.V. Slunyaev, A high-order nonlinear envelope equation for gravity waves in finite-depth water, J. Exp. Theor. Phys. 101 (2005), 926-941.
G.Z. Tu, The trace identity, a powerful tool for constructing the Hamiltonian structure of integrable systems, J. Math. Phys. 30 (1989), 330-338.
R.G. Zhou, Finite-dimensional integrable Hamiltonian systems related to the nonlinear Schrédinger equation, Stud. Appl. Math. 123 (2009), 311-335.
R.G. Zhou, Mixed hierarchy of soliton equations, J. Math. Phys. 50 (2009), 123502.

R.G. Zhou, Nonlinearizations of spectral problems of the nonlinear Schrédinger equation and the real-valued modified Korteweg-de Vries
equation, J. Math. Phys. 48 (2007), 013510.


https://doi.org/10.1134/1.2149072
https://doi.org/10.1063/1.528449
https://doi.org/10.1111/j.1467-9590.2009.00452.x
https://doi.org/10.1063/1.3257918
https://doi.org/10.1063/1.2424554
https://doi.org/10.1063/1.2424554
https://doi.org/10.1063/1.2424554

