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1. INTRODUCTION

This paper is a continuation of [5]; we advise the reader to recall [5].

1.1. Definitions

Let A be an associative Z,-graded algebra with unit; let & denote its parity. All expressions of linear algebra are given for homogenous ele-
ments only and are supposed to be extended to inhomogeneous elements via linearity.

A linear complex-valued function fr on A is called a trace if tr(fg — gf) = 0 for all f, g €. A. A linear complex-valued function stron A is
called a supertrace if str(fg — (-1)¢¢@gf) = 0 for all f, g €.A. These two definitions can be unified as follows.

Let 5 = *1. A linear complex-valued function sp on A is called > -trace if sp” (fg — 3 “/*®gf) =0 forall f, g € A.
Each nonzero s-trace sp” defines the nonzero symmetric' bilinear form B _ (f, g):=sp™ (fg).
p
If B is degenerate, then the set of the vectors of its kernel is a proper ideal in .A. We say that the > -trace sp” is degenerate if the bilinear
p

form B _ is degenerate.

P3

p

1.2. The Goal and Structure of the Paper

The simplicity (or, alternatively, existence of ideals) of Symplectic Reflection Algebras or, briefly, SRA (for definition, see [3]) was investi-
gated in a number of papers, see, e.g., [2,9]. In particular, it is shown that all SRA H, (G) with v = 0 are simple (see [2,10]).

It follows from [4] and [7] that an associative algebra of observables of the Calogero model with harmonic term in the potential and with
coupling constant v based on the root system I(2m + 1) (this algebra is SRA denoted H l,V(IZ(Zm + 1))) has an m-dimensional space of traces
and an (m + 1)-dimensional space of supertraces.

We say that the parameter v is singular, if the algebra H, (I,(n)) has a degenerate trace or a degenerate supertrace.

“Corresponding author. Email: konstein@Ipi.ru
'Initially, we used the term “(super)symmetric bilinear form” currently used by many, e.g., in the paper [1], even in its title. However, in a recent preprint [8], it is explained that the super-
symmetry B(v, w) = (=1)"**™ B(w, v) is related with the isomorphism V & W = W & V; of superspaces and has nothing to do with the (anti)symmetry of the bilinear form Bon V = W.
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In [5], we found all singular values of v for the algebras H := H, ,(I,(n)) in the case of n odd (n = 2m + 1) and found the corresponding
degenerate traces and supertraces; the result is formulated in Theorem 10.1.

We noticed that if v = , where z € Z\ (2m +1)Z, then there exist both a degenerate trace and a degenerate supertrace on H.

2m+1
Denote this degenerate trace by tr_ and the degenerate supertrace by str,

Theorem 10.1 proved in [5] implies that if z € Z \ nZ, then

(i) the trace given by the formula (10.1) in [5] is degenerate and generates the ideal Z, consisting of all the vectors in the kernel of the
degenerate form B, (x, y) =tr,(xy), ‘

(ii) the supertrace (10.2) is degenerate and generates the ideal 7, consisting of all the vectors in the kernel of the degenerate form
B, (x, y) = str.(xy).

The goal of this paper is Theorem 13.1, which proves

Conjecture 1.1.

([5, Conjecture 9.1]) I, =1

str)”
z

In Sections 2-10 we recall the necessary definitions and preliminary facts.

2. THE GROUP /,(2m + 1)

Hereafter in this paper, n =2m + 1.
Definition 2.1.
The group I,(n) is a finite subgroup of the orthogonal group O(2, R) generated by the root system I,(n).

The group I,(n) is the symmetry group of a flat regular n-gon; (1) consists of n reflections R, and  rotations S,, where k=0, 1, ..., 2m. We
consider the indices k as integers modulo #.

These elements (R, and S, for all k) satisfy the relations

RR =S, §5=8.,, RS=R_,, SR=R,.

The element S is the unit in the group I,(n). Obviously, since 7 is odd, all the reflections R, are in the same conjugacy class.

The rotations S, and S, constitute a conjugacy class if k + [ = n.

i
A= exp(ﬂ).
n

G :=C[L,(n)] (2.1)

Let

Let

be the group algebra of the group I,(n). In G, it is convenient to introduce the following basis
1 n-1 kp 1 n-1 kp
LP ::—Zﬂ R,, Qp :=—ZZ S,
Mo M=o

3. SYMPLECTIC REFLECTION ALGEBRA H, (I,(2m + 1))

Definition 3.1.

The symplectic reflection algebra H := H, ,(I,(2m+1)) is the associative algebra of polynomials in the noncommuting elements a and b
where o= 0, 1, with coefficients in G [see Eq. (2.1)], satisfying the relations
LPa” =-b"L LPb“ = —a”’LP_l,
Qa"=a"Q,,,, Qpb"=b"Q, .,
Ll =6,.,Q; LQ =6,L,
QL =6,,L; QQ =6,.Q»

p+1°

(3.1)
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[a%, b ] =& (1+ uL,),
[a“, aﬂ] =e%ul,
[b°, 0" |=e®uL_,

where 0k == 0

.» and £7is the skew-symmetric tensor normalized so that £ = 1, and
Hi=nv.

Defining the parity in H by setting

e@)=¢e")=1, eR)=¢(S,)=0,

we turn this algebra into a superalgebra.

The algebra H 1,V(Iz(Zm + 1)) depends on one complex parameter v.

4. SUBALGEBRA OF SINGLETS

Consider the elements? T% := %({a“, b2 +{b%, a®}) of the algebra H, and the inner derivations of H they generate:

D“ﬂ:fH[f,T“ﬂ] forany f e H.

It is easy to verify that the linear span of these derivations is a Lie algebra isomorphic to si,.
Definition 4.1.

A singlet is any element f € H such that [f, T%] = 0 for all ¢, 3. The subalgebra H° < H consisting of all singlets of the algebra 7 is called
the subalgebra of singlets.

One can consider the algebra H as an s/,-module and decompose it into the direct sum of irreducible submodules.
Observe, that any »-trace is identically zero on all irreducible s/,-submodules of 7, except for singlets.

Let the skew-symmetric tensor ¢, be normalized so that ¢, = 1 and so Zfaﬂgw =0 We set

1 a o
5= Za,;o,l({a =67, a))e,
Proposition 4.1.
([5, Proposition 4.2]) The subalgebra of singlets H is the algebra of polynomials in the element s with coefficients in the group algebra C[I,2m+1)].
The commutation relations of the singlet s with generators of the algebra H have the form:
(s, Q,]1=1[s,S,]1=[T", 5] =0,
sL,=-L,s, sR, =—R;s,

(s—ipuL)a” =a”(s+i+iuL,).

5. THE FORM OF IDEALS IN H AND IN H°

Theorem 5.1.
([5, Theorem 4.3]) Let T be a proper ideal in the algebra H, and I,=InN H° . Then, there exist nonzero polynomials @, € C[s], where k =0,
ws =1, such that T is the span over C[s] of the elements

¢f(5)Qk, @,Okak’ wherek =0,..,n—1and ¢: = ¢[§)
Proposition 5.1.
([5, Proposition 4.4]) If T < 'H is a proper ideal, then T, =T ~ H® is a proper ideal in H".

Definition 5.1.
For each p =0, ..., 2m, we define the ideals J, and J” in the algebra C[s] by setting

J,={f eCls]| f(5)Q, €T}, J":={f eCls]| f(s)L, €T}.

*Here the brackets {-,-} denote anticommutator.
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Proposition 5.2.
(5, Proposition 4.7]) We have J,=J .

Proposition 5.3.

([5, Proposition 4.8]). We have J, #0 foranyp =0, ..., 2m.
Since C[s] is a principal ideal ring, we have the following statement:

Corollary 5.1.

Forany p =0, ..., 2m, there exists a nonzero polynomial ¢P° € Cls] such that J, = ¢P°(C[5].

Theorem 5.1 evidently follows from Corollary 5.1.

6. GENERATING FUNCTIONS OF 3-TRACES

For each s~trace sp” on H, one can define the following set of generating functions which allow one to calculate the s -trace of arbitrary
element in H° via finding the values of the derivatives of these functions with respect to parameter t at zero:

P (1):= sp” (exp(t(s —itiL,))Q, ),
¥ ()= sp” (exp(ts)L,),  where p=0,..., 2m.

(6.1)
Since Lon =0 for any p # 0, it follows from the definition (6.1) that
F*" (1) =sp” (exp(ts)Q,)  if p#0,
B ()= sp™ (exp(t(s — it ))Q,).
It is easy to find \P;P% for p#0. Since s =~L s forany q =0, ..., 2m, we have
WP (t) = sp” (exp(ts)L,) = sp” (L,). (6.2)

Next, since sp” (R,) does not depend on k, we have sp”(L,) =0 for any p # 0 and

Pr(t)=0 for any p # 0. (6.3)

The value of sp”(L,) will be calculated later, in Section 9.
We consider also the functions

D7 (1) = sp” (exp(t(s +ipL,))Q, ).
It is easily verified, by expanding the exponential in a series, that these functions are related with the functions F;P% by the formula
d);f’ )= F;" )+ 21'A;P @), where AP(t)“’ = 5;; sin(ut)sp” (L,).

The form of generating functions is related with (non)degeneracy of the form B _ as described in Proposition 7.1 below.

7. DEGENERACY CONDITIONS FOR THE x»-TRACE

Proposition 7.1.

([5, Proposition 6.1]). The s«trace on the algebra H is degenerate if and only if the generating functions F;PK defined by formula (6.1) have the
following form

. p
F? (t):gexp(twjyp)(oj’p(t), (7.1)

where @, € C and ¢; , € Clt] might depend on s
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8. EQUATIONS FOR THE GENERATING FUNCTIONS Fpsp%

In [5, Eq. (7.1)], the following system of differential equations for the generating functions is obtained:

4
dt * dt

The initial conditions for this system are:

p+l p+1

3 . d P3 P 1 d . P
F? — e —F" =iF" +ie"F? +2i—/[e"AT |.
P dt p+1

EY (0)=5p"(Q,):

To solve the system (8.1), we consider its Fourier transform. Let

/1 o eZﬂi/(2m+l)

>

2m »
G? = 2/1ka;" , where k=0, ..., 2m,
p=0

P+1

~sp* 2m P3
AL = ZﬂkPASP =1* (sin(,ut)sp” (LO)), wherek =0, ..., 2m.
=0

For the functions G ”, we then obtain the equations

d P

—@G?

dr *

with the initial conditions

o .
=i —GY + _— | " Ax
Ak s Tk AF—sce dt

At et iz AF d( ~sp”)

G (0)=sp” (S,).

We choose the following form of the solution of the system (8.3):

where

g,‘(”% ) = [%(cos(t,u) —1)+2iA7F (A = e" )sin(tﬂ)] sp” (L)) + e A7 (3¢ = AV sp” (S,).

Evidently, this solution satisfies the initial condition (8.4) for each ¢ and k, except for the case where »r =+1 and k= 0.

it
e e
Sl (),

G (t)=——s
k ( ) (%ext _ﬂk)

127

(8.1)

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

If x =+1 and k=0, then the expression (8.5) for G!" has a removable singularity at # = 0. In this case, instead of the condition G;'(0) = t(S,)

we consider the condition limHon)r(t) =tr(S,).

When s = +1 the solution (8.5) and (8.6) gives

it

Gy ()=

and one can easily see that

It is shown in Subsection 9.1 that if ¢ = +1, then

for any trace tron H.

_¢
(eit _ 1)2

(%(cos(t,u) —1)+2i(1- e”)sin(t,u))tr(LO),
ltirr(}Gér(t) =—uir(L,).

tr(S,) = —ptr(L,)
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So, G, (t) satisfies the initial conditions (8.4) also.

In the case where 2 =—1, the ¢-trace is a supertrace (see [4]). In this case, the m + 1 values str(S,) = str(S,, ., ,) for k=0, ..., m completely

define the supertrace on H (see [7]).

In the case where sc = +1, the s-trace is a trace (see [4]). In this case, the m values r(S,) = tr(S,, ., ) for k=1, ..., m completely define the
trace on H (see [7]). The value tr(S)) linearly depends on parameters r(S,), where k = 1, ..., m, and this value is found in Subsection 9.1
(see Egs. (9.4 and 9.5)).

9. VALUES OF THE »-TRACE ON C[/,(2m + 1)]

From [5] we have

¥4 2/” 1+% tr 1_% str
sp” (R)=— X"+ Y|, 9.1
P (R) 2m+1( 2 2 ©.1)

where

X" = Emsm{ ! l]tr(Sr), 9.2)

VA
2m+
Ystr = icosz[ 7
r=0

r )
Py IJ str(S,). (9.3)

Below we consider these values for the traces and supertraces separately.

9.1. Values of the Traces (s = +1) on C[/,(2m + 1)]

The group I,(2m + 1) has m conjugacy classes without the eigenvalue +1 in the spectrum: {S , S }, wherep =1, ..., m.

2m+1-p

By Theorem 2.3 in [4], the values of the trace on these conjugacy classes

s, =1r(S,), wheres,, ., =s,k=1,...,m,

are arbitrary and completely define the trace on the algebra . Therefore, the dimension of the space of traces is equal to m.

Further, the group I(2m + 1) has one conjugacy class with one eigenvalue +1 in its spectrum: {R , ..., R, }. The value of tr(R, ) is expressed
via s, by formula (9.1).

Besides, the group I(2m + 1) has one conjugacy class with two eigenvalues +1 in its spectrum: {S }.

The traces on conjugacy classes with two eigenvalues +1 in the spectrum is calculated in [5] using Ground Level Conditions (for their defi-
nition, see [4]):

tr(S,) =2v2m+1)X". (9.4)
We also note that

(L) = —%X”, (L) =0for p#0,  tr(S,) = —putr(L,). 9.5)

9.2. Values of the Supertraces (sc = -1) on C[/,(2m + 1)]
The group I,(2m + 1) has m + 1 conjugacy classes without the eigenvalue -1 in the spectrum:
{54, 8,011, > where p=1,...,m.
By [4, Theorem 2.3], the values of the supertrace on these conjugacy classes
u, = str(S,) = str(S

.)» where k=0, ..., m,

2m+1—

are arbitrary parameters that completely define the supertrace str on the algebra H, and therefore the dimension of the space of supertraces
is equal to m + 1.



I.A. Batalin et al. / Journal of Nonlinear Mathematical Physics 28(1) 123-133 129

Besides, the group I,(2m + 1) has one conjugacy class with one eigenvalue ~1 in the spectrum: {R, ..., R, _}.

> T am+1

The supertraces of the conjugacy class with eigenvalue 1 in its spectrum are given by Eq. (9.1): str(R,) = =2vY*, where k=0, 1, ..., 2m, and
where Y*" is defined by Eq (9.3).

10. SINGULAR VALUES OF THE PARAMETER x

The solution Eq. (8.5) and (8.6) determines the generation functions of traces and supertraces on H° for any trace and any supertrace on .

Generally speaking, G;P% is a meromorphic function on t, but if 4 and sp™ are such that the form B _ is degenerate, then G;”% is an integer

3

fungtion on t for each k. The complete list of such pairs of 4 and sp” is given in Theorem 10.1. Forsihese values of p and sp”, the functions
G} are Laurent polynomials in exp(it).

Theorem 10.1.

([5, Theorem 9.1]). Let m € Z, where m > 1, and n = 2m + 1. Then

(1) The associative algebra Hu(Iz(”)) has a one-parameter set of nonzero traces tr, such that the symmetric invariant bilinear form

B, (x, y)=tr,(xy) is degenerate if and only if v = 2, where zeZ\nZ . These traces are completely defined by their values at S, for
z n

k=1,...,m:

r 27kz)
tr,(S,)=———-|1—cos ,  wherer eC, 7#0.
k zﬁkL J (10.1)

nsin”——
n

n

Here 7 is an arbitrary parameter specifying the trace in one-dimensional space of traces.
(2) The associative superalgebra H, (I,(n)) has a one-parameter set of nonzero supertraces str_such that the symmetric invariant bilinear form

B, (x, y)=str,(xy) is degenerate if v = E, where z € Z\nZ . These supertraces are completely defined by their values at S, for k=0, ..., m:
z n

2rkz

n

r )
str(S,)=———-] 1= (~1)"cos , wherer €C, 7#0.
k Tkl ) (10.2)

ncos
n

Here 1 is an arbitrary parameter specifying the supertrace in one-dimensional space of supertraces.
(3) The associative superalgebra H, (I(n)) has a one-parameter set of nonzero supertraces str,, such that the symmetric invariant bilinear
1
form Bm”2 (x, y)=str,,(xy) is degenerate if v=2z+ > where z € 7. These supertraces are completely defined by their values at S_for k =

0,...,m:

str, where 7 €C, 7 #0.

1/2

T
8)=—o,
(S , 7k

ncos ——
n

Here 7 is an arbitrary parameter specifying the supertrace in one-dimensional space of supertraces.

(4) For all other values of v, all nonzero traces and supertraces are nondegenerate.

11. GENERATING FUNCTIONS Fps"% FOR THE DEGENERATE -TRACE

Let 4 € Z\nZ. Substitute the solutions (10.1) for the case s> =+1 and (10.2) for the case sz =—1 to Egs. (8.5) and (8.6). We obtain the
formula for both values of s«

5 . 2k
g7 =—£|:cos(t,u)+iﬂ/lk(ﬂk—%e”)sin(tﬂ)—%”cos il ,u:|. (11.1)
n n

Introducing the new variable y instead of ¢

y:=se" (11.2)
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we can rewrite Eq. (11.1) in the form

. 27k
& =—277%”[(y”+y”)+ﬂ/1k(/l"—y)(y"—y”)—Zcos z #]

and Eq. (8.5) in the form
o Ay
G¥ = Ty rap (11.3)
Now we see that G~ are the Laurent polynomials in y with the highest degree <|u| and the lowest degree >1—|u|.
Note, that the expressions (11.3) are even functions of the parameter 4, so we can assume that 4 is a positive integer.

Let 4 > 0 in what follows.

Thus, G;PK can be expressed in the form

1-u
G =x"Y By, (11.4)
l=p

where the ! are constants not depending on » and not all of them equal to zero.

Equation (11.4) implies that

27
B = 2 (11.5)
n
Further, Eq. (8.2) implies
1 2m B
sp”* —kp ~sp™*
g =15 gy
M=o
and the generating functions F;"% have the form
1 7# p
F;" =%ﬂ2a;y[’ (11.6)
l=p

where the ¢/ are constants not depending on . Observe that F;"% can be equal to zero for some p # 0 (e.g., if 4 = 1, then F;"% =0 for each

p#0),but F #0 since Eq. (11.5) implies o, = 2% L. Equation (11.5) implies also that o, =0.
n

12. THE GENERATING FUNCTION F¥~ = sp” (exp(ts)Q,) FOR THE DEGENERATE
»-TRACE

Let # € Z\nZ and > -trace be defined by Eq. (10.1) in the case sr =+1 and by Eq. (10.2) in the case » =-1.

In this section we introduce the function

Fo =sp” (exp(ts)QO)

. . >
and express it via E7 .

Proposition 12.1.

F¥" is an even function of t:
F¥ = sp” (cosh(t$)Q,. (12.1)

Indeed, F¥” = sp” (cosh(t5)Q, +sinh(t5)Q,) and sp” (sinh(t5)Q,) =0 since

sp” (sinh(t5)Q,) = sp™ ((sinh(ts)L,)L,) = sp” (L, (sinh(ts)L,)) = sp” (L, sinh(ts))L,) = sp” ((—(sinh(ts)L,))L,) = sp” (—sinh(t5)Q,)
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L
Now, decompose E’ :

=sp” (et(5 WL")Q ) E .. +FE. where
- (12.2)
_ x - _ 2s _ T 42502 2N
Fo=sp (g(z j(t(o—iul,)) QO] p” (;Qs)!t (s #)Qo],
— x < g 2s+1
w5 ( ERRIAG ) Qo]
— > - 25+1 _ L
sp (So(zsﬂ)' (6" —u’) (s —iu )QJ
L~ 1 2541 2 250 (12.3)
= ¢ - —iul .
sp (§(25+1)! (8" = ) (=ip 0)QO]
~ 1 2s5+1 2\s . 1
= _t — — L =
§(25+1)! (—48) (=igt)sp
o
=sinh(—ig)sp” L, = —T(y” -y “)sp”L,.
Equation (11.6) implies that
P -y
Eo=— za’?yi_za—oz)’[ . (12.4)
2 l=u l=u
Comparing Eq. (12.4) with Eq. (12.3) implies
a)=al,,if 0+ u, 0 #—u,
o 0‘ SR (12.5)
u —#:_SP "Ly,
and
e M
evenzTa 'y +y”‘)+—20{ '+y "= a cosh(itp) + s Z%[aocosh(ztﬁ) (12.6)
(=0 =0

Proposition 12.2.
F W =a 4500 S o al cosh " = ¢*).

(=0

Proof. Taking Proposition 12.1 into account let us decompose Eq. (12.1) into the Taylor series
oo t25

sp** _ v
Fr @)= ;ah aor

where a, :=sp” (s*Q,) fors=0,1,2,.
Equation (12.2) implies

& '
Ay _(E"'ﬂ ] even |z 0

and Eq. (12.6) implies
-1
b +3" Y ' ifs=0
=0

2s T

u-1
w" Y xla)(~C )y if s#0.

So
-1
F (1) = z a,. —0{0 +%”Z%/afcosh(t\[,u2 -7 )

(2 no 0



132 I.A. Batalin et al. / Journal of Nonlinear Mathematical Physics 28(1) 123-133

13. IDEALS GENERATED BY DEGENERATE -TRACES

Let 4=z € Z\nZ and the s -trace be defined by Eq. (10.1) for the case > =+1 and by Eq. (10.2) for the case » =-1.
These degenerate > -traces are denoted in Theorem 10.1 by tr_and str,.

Denote the ideals generated by these traces sp™ by Z*;in H’, consider the ideals Z," :=Z”* N H".

Now we can prove Conjecture 1.1 ([5, Conjecture 9.1]):

Theorem 13.1.

It=1"

To prove Theorem 13.1 we use Theorem 4.2 from [6] which in our case implies

Theorem 13.2.

([6, Theorem 4.2]) T =T " ifand only if T ~"H® ="'~ H".

So, Theorem 13.1 follows from

Theorem 13.3.
I"NH'=I"'nH°.

Proof. For degenerate sp”, we established the following facts:

4
EY (t)=sp” (e’ng) = ”20([% feitt for p=1,2,..,n-1,
(=

. gl
F¥ (t)=sp” (e”‘QO) =a, +x “Nx'a) cosh(t\/,u2 -0 ) where o, #0,
=0

and where the ¢~s do not depend on s¢.

Forany p =1, ..., n, it is easy to find the lowest degree polynomial differential operators with constant coefficients D}’ (d /dt) such that
D7 (d/dt)F ()=0:

x

» =N {l(=—u a; #0

—|= p
dt

so(d Y
(d) H (E—Zé) lf]:P #0,
1 if 7*" =0,
and D7 (d/dt) such that D (d/dO)F*" (t)=0:

d\ d v (&
Dl === Z i+
0 (dt) dt HO 0[alt2 )

(=0: 0 #

Further, it is a simple exercise to prove that
D: (5)QP, D: (5)L7p €Z; forany p=0,..n-1,

namely,

Bp% (D; (5)QP, = Bp” (D;’ (5)pr’ f)=0forany fe Hand p=0, ..,n—1L
Consider, for example, BP% (Dy (8)Q> f) for f=g(s)Q, and f =g(s)L,:

sp” (D5 (8)Q,8()Q,) = sp”™ (D5 (8)Q,g(s)L,) =0 for p #0,
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since Qon = QOLP =0forp=#0,
2 ts d > d sp**
)Sp (e QO) o= g(EJDO (EJ}- " (0)],=0,

ts d 7 d >
)Spﬂ (e Lo)|:=o=g(E)Do (E)Sp L,)=0

SN

sp” (D7 (8)Q,8(9)Q,) = sp” (D7 (8)g(8)Q,) = D (%)g(

SN

sp” (D7 (8)Qug(8)L,) = sp™ (D (s)g(s)L,) = Dy (%)g(

due to Eq. (6.2) and since the operator D (di) contains the factor %
t

Further, it is easy to see that for each of the ideals Z*, where sc = %1, the polynomials ¢p0 € C[s] defined in Corollary 5.1 satisfy the relations
¢p°(5) =D: (s) forp=0,...,n—-1.

So, Theorem 5.1 implies that the C[s]-span of the D; (s)Q, and D, (s)L_, forp=0,...,n~1is I .

. 1 -1 - —
Since D; =D,’, we have I/'=7.  andasresult, 7" =7"".
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