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The article concerns the occurrence of the k = 2 and k = 3 generalised Chazy equation in a geometric setting, closely connected to the occur-
2 3
rence of the solutions of the generalised Chazy equation with parameters k = 3 and k= 3 respectively. We first discuss the set-up in which

the differential equations will appear. This concerns the theory of maximally non-integrable rank 2 distribution D on a 5-manifold M.
The maximally non-integrable condition of D determines a filtration of the tangent bundle TM given by

D c[D,D] c[D,[D,D]] = TM.

The distribution [D,D] has rank 3 while the full tangent space TM has rank 5, hence such a geometry is also known as a
(2,3,5)-distribution. Let M denote the 5-dimensional mixed order jet space J*°(R,R*) = J*(R,R)xR with local coordinates given
by (x, y, 2, p, q) = (x, y, 2, ¥',y”) (see also [15], [16]). Let D{p(x,y,z,y',w denote the maximally non-integrable rank 2 distribution on Mmpq
associated to the underdetermined differential equation 2’ = ¢(x, y, z, y",y”). This means that the distribution is annihilated by the
following three 1-forms

o, =dy — pdx, w, = dp — qdx, o, = dz — ¢p(x,y,z, p,q)dx.

Such a distribution D,.. ey 18 said to be in Monge normal form (see page 90 of [15]). In Section 5 of [11], it is shown how to associate
canonically to such a (2,3,5)-distribution a conformal class of metrics of split signature (2,3) (henceforth known as Nurowski’s conformal
structure or Nurowski’s conformal metrics) such that the rank 2 distribution is isotropic with respect to any metric in the conformal class.
The method of equivalence [5] (also see the introduction to [3], Section 5 of [11], [14] and [10]) produces the 1-forms (&, 8, 6, 6,, 6,) that
gives a coframing for Nurowski’s metric. These 1-forms satisfy the structure equations
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d0 =0 AQ2Q +Q,)+6,AQ,+0,70,,
d6, =0 AQ,+6, A(Q,+2Q,)+6, AG,,
dO, =0 AQ,+0, ANQ +0, A(Q +Q,)+6, A, (0.1)

d194291/\Q7+§93/\QG+94/\QI+95/\QZ,

4
d6’5=¢91/\Q7—56’3/\Qs+¢94/\£23+95/\§24,

where (Q,, ..., Q) and two additional 1-forms (€2, Q,) together define a rank 14 principal bundle over the 5-manifold M (see [5] and
Section 5 of [11]). A representative metric in Nurowski’s conformal class [11] is given by

g=260.-200, +§9393. (0.2)

When g has vanishing Weyl tensor, the distribution is called maximally symmetric and has split G, as its group of local symmetries. For
further details, see the introduction to [3] and Section 5 of [11]. For further discussion on the relationship between maximally symmetric
(2,3,5)-distributions and the automorphism group of the split octonions, see Section 2 of [15].

The historically important example is the Hilbert-Cartan distribution obtained when ¢ (x, y, z, p, q) = ¢* [5]. This distribution gives the
flat model of a (2,3,5)-distribution and is associated to the Hilbert-Cartan equation z’ = (y”)* (see Section 5 of [11] for a discussion of this

”

equation). When ¢ (x, y, z, p, q) = q", we obtain the distribution associated to the equation z’ = (y”)". For such distributions, Nurowski’s

12 1 2
metric [11] given by (0.2) has vanishing Weyl tensor precisely when m e {—1, 33 2}. For the values of m=—1, 3 and 3 the maximally

symmetric distributions are all locally diffeomorphic to the m = 2 Hilbert-Cartan case.

2

q
H”(x)
the 6th-order ordinary differential equation (ODE) known as Noth’s equation [3]. For such maximally symmetric distributions we find
the corresponding Ricci-flat representatives in Nurowski’s conformal class. This involves solving a second-order differential equation (see
Proposition 35 of [15]) to find the conformal scale in which the Ricci tensor of the conformally rescaled metric vanishes, which turns out to

In this article, we consider distributions of the form ¢@(x, y, z, p, q) = . The Weyl tensor vanishes in the case where H(x) satisfies

be related to the solutions of Noth’s equation. The 6th-order ODE can be solved by the generalised Chazy equation with parameter k = %

2
and its Legendre dual is another 6th-order ODE that can be solved by the generalised Chazy equation with parameter k = 3 [12].

We find the second-order differential equation that determines the conformal scale for Ricci-flatness involves solutions of the generalised
Chazy equation with parameter k = 3 and in the dual case k = 2. This is the content of Theorems 3.1 and 3.2 in Section 3. We also give few
remarks concerning the case for other parameters of k in Section 4.

The aim of finding Ricci-flat representatives is motivated by the consideration that in the Ricci-flat, conformally flat case, we might be
able to integrate the structure equations and redefine local coordinates to obtain the Hilbert-Cartan distribution. This is possible for the

12
distributions of the form @ (x, y, z, p, q) = ¢", with m E{—l, 3 5} (see [9]), but would require further investigations in the general setting.

The computations here are done using the indispensable Differential Geometry package in Maple 2018.

1. DERIVING THE EQUATION FOR RICCI-FLATNESS

7”\2
We consider the rank 2 distribution D,,, ., on M, associated to the underdetermined differential equation Z = @(x,y”) where ¢(x, y”) = %
x
and H”(x) is a non-zero function of x. This is to say that the distribution Dw,q) is annihilated by the three 1-forms
w, =dy — pdx,
w, =dp —qdx,

, =dz — ¢(x, q)dx,

2

9

where ¢(x,q) = ')

- These three 1-forms are completed to a coframing on M, _ by the additional 1-forms

(3) ”

w,=dq—- qdx, @,=— 5 dx.

H ”
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Taking appropriate linear combinations, we let

2 2 )3
01 =W, _mqwz’ 02 =0, 63 = ﬁ @,,
with
2
2 )3
6, = (FJ w,+a,6 +a,0,+a,0,
and

2 )3
o, = (Ej o, +a,0, +a.,0, +a.,0,.

Imposing Cartan’s structure equations (0.1) on (8, 8, 8, 6,, €,) then gives the constraints a,, = a., = 0 and a,, = a_,, which we can set both to

2 1
3 npy@) _ (3)\2 3770)
L 2°GH"H SS(H )) and a,, =— 2H . We obtain the 1-forms (6, 8, 6, 6, 6,) that give a coframing
(Hn)E 3(H")3

for a metric in Nurowski’s conformal class [11], related to the 1-forms (@,, @,, @,, @,, @,) as follows:

be zero, and we also find a,, =

0 24 0
HH
1 0 0 0 0
1
91 0 2 ) 0 0 0 w,
0, " ,
63 =2 2 2 @,
6,| | 2°GH"HY -5(HY))  2°HY 2 ) o,
- - -0 | = 0
05 > > H” a)S
30(H")? 3(H")?
2
0 0o 0 o0 [iT
HH

The metric g =266, 26,0, + %0393 is conformally flat, i.e. the metric g has vanishing Weyl tensor if and only if H(x) is a solution to the

6th-order nonlinear differential equation

10(H”)*H® —70(H”YHYH® — 49(H”)*(H®)* + 280H”(H®)*H® —175(H®)* = 0. (1.1)

This equation is called Noth's equation [3]. In this case the distribution of the form D,  is maximally symmetric and in the paper we will
concern ourselves with the problem of finding Ricci-flat representatives in the conformal class of metrics associated to this distribution.

3

—P(x)dx
The explicit form of the metric given by the distribution D, ) isas follows. If we replace H"(x) = eI , then we find that equation (1.1)

o(x,

reduces to the k = % generalised Chazy equation

4
P" —2PP"+3P"? —————(6P'—P*)* =0,

(]
2
2 2

and we find that the conformally rescaled metric g = 2 3(H")? g has the form

2
2 4 4 4 —5Pdx
g= —E(P' - ng)a)la)1 + ;Pa)la)2 T 0.0, 20,0, - 20,0, - 4qe'[ o,
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We can reexpress this metric as

2
_o2( 1 4(p 2 ~Spdx
g= [P ——sza)la)l+g(ga)l+a)zj(ga)l+a)2)+2w3w5—20)la)4—4qe-[ ’ ww,.

By defining the new coframes

and making the further substitution Q = P* — 6P’, we get the following cosmetic improvement for &:
-1 4( P P L -
g= EQa)la)l + E(E o, + a)zj(ga)l + a)zj+ 20,0, - 20,0, - 4q0,0;.

From this we can rescale the metric § further by a conformal factor Q to obtain a Ricci-flat representative. When Ric(Q’g) =0, we say that
Q’g isaRicci-flat representative of Nurowski’s conformal class. We find that Q’ is Ricci-flat when € satisfies the second-order differential
equation

Q'Q-2(Q) —EPQQ'—lPZQ2 —iQQ2 =0.
3 18 30

T T
We make the substitution Q= —¢ ° to obtain
P

1
"——Qp=0, 1.2
i Qp (1.2)
where p(x) is to be determined.

The function H(x) is related to another function F(x) by a Legendre transformation [3], [12]. We say that F(x) is the Legendre dual of H(x)

determined by the relation H(x)+ F(X) = xX. This implies X = H'(x) withd% = H”dx and H” = L We can make use of this transformation

to write dx = F,dx. The Legendre dual of the distribution D, is therefore given by the annihilator of the three 1-forms

w, =dy — pF,.dX,
@, = dp - qchxd;C’
w, =dz - qz(Fﬁ)zdic

on the mixed jet space with local coordinates (X, y, z, p, q). Relabelling X with x, we have

w, =dy — pF"dx,

w, =dp —qF"dx,

w, =dz - q*(F")dx.
Here F now becomes a function of x. These three 1-forms are completed to a coframing on M with local coordinates (x, y, z, p, g) by the
additional 1-forms

"

a)4:dq+qux, 10} :—%dx.

5
(These are the Legendre transformed 1-forms @, and @,). Similar as before, we consider the linear combinations

1
6, =w,-2F"qw,, 0, =w, 0,=Q2F") w,,

with

2

0,=QF" @, +b,0,+b,6, +b,.0,
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and

2

0. =(2F") o, +b,,6, +b.,0, +b_0,.

Imposing Cartan’s structure equations (0.1) on (6,,6,,6,,6,,6;) once again gives b, = b, =0and b, = b,,, which we set to be zero. We also have

52’

2 1
1 2°(3F"FY —4(FY)*) 2°FY
-—— m and b
30

3= 5"

(Fn)? 3(F”);

=

We obtain the 1-forms (6, 6, 6, 6,, 6,) that give a coframing for a metric in Nurowski’s conformal class [11], related to the 1-forms (@,, @,,
w, @, @,) as follows:

0 —2F"q 1 0 0
1 0 0 0 0
6, 1 o,
0, 0 (2F"y* 0 0 0 o,
93 = : (4) (3)\2 : 3) 2 @,
23(3F"F™ —4A(F 23F =
o | |2 ) 2F ot e
o; 30(F")? 3(E")? @;
2
0 0 0 0 (2F")?

A representative metric of Nurowski’s conformal class is again given by (0.2). The condition that the metric g is conformally flat, i.e. the
metric g has vanishing Weyl tensor, occurs when F(x) is a solution to the nonlinear differential equation

10(E”Y F© —80(F”)*FPF® —51(F”)*(F®)* + 336 F”(F®)*F® —224(F¥)* = 0. (1.3)

le(x)dx ! 2

If we replace F"(x)=e”’ , then we find that the conformally rescaled metric g = 23(F ")_gg has the form

lPd)c lde

-1 ' 2 J-ipdx 2 7_.-2 8 ,[2
g= 5(6P —P%)e 0,0, — EPe 0,0, + ga)zw2 +4w,0, - 40,0, —8qe ,0;. (1.4)

Here equations (1.3) is reduced to the generalised Chazy equation

4
P —2PP" +3P"” ————(6P' - P*)*=0

o0

. 2 - . . Che
for P(x) with parameter k = 3 From the form of the metric § we can locally rescale the metric again by a conformal factor to obtain Ricci-
flat representatives.

We find that the Ricci tensor of Q*g is zero when Q satisfies

40Q7Q —-80(Q)* —6Q°P'+ Q*P* = 0.

1
If we make the substitution Q =—, then we obtain the differential equation
n

1
’——Qn=0 1.5
=20 (1.5)
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where Q = P?— 6P and 7 is to be determined. From the form of the metric  in (1.4), we can also define new coframes by

- de d
~ Y
@ =e -[2 , F”—pdx,
@, =w,=dp—qF"dx,
—|=dx d
o, =e -[2 a)3=F,Z, q’F"dx,

L

|7 1 ~
We have used that e '[ Po= o Also replacing 6P" — P> = —-Q, this gives the cosmetic improvement for g:

g=—9a3a3 _2P

8 . . .
02 ?a)lwz+5a)2a)2+4w3w5—4a)1a)4—8qa)2a)5.

w

We now investigate the solutions to (1.2) and (1.5). They are given by Theorems 3.1 and 3.2. We first review some results about the solutions
to the generalised Chazy equation.

2. GENERALISED CHAZY EQUATION

The generalised Chazy equation with parameter k is given by

4
—K2

ym_zyyn+3y!2_ (6}}!_)/2)2:0
36
and Chazy’s equation
ym—zyy"-f'?’)/lz :0
is obtained in the limit as k tends to infinity. The generalised Chazy equation was introduced in [6], [7] and studied more recently in [8],

[1], [2] and [4]. The generalised Chazy equation with parameters k = %, %, 2 and 3 was also further investigated in [13]. The solution to

the generalised Chazy equation is given as follows (see also Table 2 in Section 3.3 of [4] and Proposition 2.2 of [13]). Let

1d s’
w, =———1Ilog ,
2dx “s(s—1)
oo rd s
: 2 dx gs—l’
w ——lilo s
: 2dx & s’

where s = s (&, [, % x) is a solution to the Schwarzian differential equation

{s,x}+%(s’)zV 0 2.1)

{S’x}_dx s' 2\s’

is the Schwarzian derivative with the potential V given by

and

> 2 2 2 2
vl zﬂ 41 72+,B+;/ a1 (2.2)
s (s—1) s(s—1)
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The combination y = 2w, — 2w, - 2w, solves the generalised Chazy equation when

112 222
(0!,,5,7)—(5,5,%) or (E,E,Ej (23)

This combination corresponds to cases 1(b) and 3(b) of Table 2 in [4]. The combination y = —w, — 2w, — 3w, solves the generalised Chazy

equation when
111 121 113
a) > = T T T T THT T 2.4
@f7) (k32jor[kk2jor(k3kj 24

with permutations of w, w, and w, in y corresponding to permutations of the values ¢; fand y in (& £, ). This combination corresponds to
cases 1(a), 2(a) and 2(b) of Table 2 in [4]. The combination y = —w, — w, — 4w, solves the generalised Chazy equation whenever

114 112
(0{,,3,7)—(%,%,%) or (E,E,EJ, (25)

again permuting w,, w, and w, in y corresponds to permuting the values &, /3 ¥ in (o5 B, 7). This combination corresponds to cases 2(c) and
3(a) of Table 2 in [4]. Following [1], the functions w,, w, and w, satisfy the following system of differential equations:

r_ 2
wy =w,w, —w,(w, +wy) + 77,

Wy =ww, —w,(wy +w) + 77, (2:6)
Wy =ww, —w,(w, +w,)+7°,
where
2 = P (W, —w,)(wy —w,) + B (w, —w,) (w, —w,) + ¥ (W —w,) (w, —w,).
The second-order differential equation associated to the generalised Chazy equation with parameter k is given by
1
u, +ZVM =0 (2.7)

with the same potential Vas given in (2.2) and (& £, 7) is one of the triples in (2.3), (2.4) or (2.5). The equation (2.7) corresponds to the gen-

eral solution of the Schwarzian differential equation (2.1) after interchanging dependent and independent variables [8]. In this case x = Ll

U

-y 1-8
2 2

where u, and u, are linearly independent solutions to (2.7). Using the further substitution u(s)=(s—1) 2 s ? z(s), the equation (2.7) can be

brought to the hypergeometric differential equation
s(1=s)z +(c—(a+b+1)s)z, —abz =0
with

azé(l—a—ﬂ—;/), b:%(1+a—ﬁ—7), c=1-p.

W, =W,
w,—w

From the differential equations (2.6), we can recover s by s = . From this we deduce s = 2(w, — w,)s and we also obtain the relation

2 3

ds = 2(w ~w,)sdx.

3. MAIN RESULTS: SOLVING THE EQUATIONS FOR RICCI-FLATNESS

In this section we give the general solution to the differential equation (1.2) where Q = P> - 6P and P is a solution of the k = % generalised

Chazy equation in Theorem 3.1 and the general solution to the differential equation (1.5) where again Q = P> - 6P’ and P is a solution of

the k= % generalised Chazy equation in Theorem 3.2. We first prove the following theorem.
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Theorem 3.1. The solution to the differential equation
1
= =0,
5 Qp

3 u
where Q = P2 - 6P and P is a solution to the k = 5 generalised Chazy equation, is given by P = v where v is the solution to the second-order

differential equation associated to the k = % generalised Chazy equation and u is a solution to the second-order differential equation associated

to the k = 3 generalised Chazy equation.

Proof. To prove the claim, we consider the second-order differential equation of the form

1
VSS+ZVV=0 (3.1)

3
associated to the generalised Chazy equation with parameter k = > where V is the function given by

Ve 1- ﬂ ,B+;/ -a’-1
s (s—1) s(s—1)

and (o B3, 7) is one of the triples in (2.3), (2.4) or (2.5) with k = % We find that v = v(s(x)) as a function of x satisfies

v, =2(w,—w, —w v, — (&> —Dw] + (B2 w2 +(y* —1)wl)v (32)
H(@ + B =y = Dww, + (& = B+ 7 = Dww, —(a* = B = y* +1)w,w, v =0. '

We have used that
d (w, —w,) i

ds 2(w, —w,)(w, —w,) dx

and the differential equations (2.6). Furthermore, the Wronskian W = v (v,) — v,(v,), of the solutions to the differential equation (3.1) sat-
isfies W =0, so W = ¢, and we have

Vi =2¢,(w, —w,)s

v . . . . . v(s(x))?

from the consideration that s"=2(w, —w,)s =—-. We also obtain from the differential equation the Wronskian W = ——""2"
w 2(W1 - WZ)S(X)

satisfies, that

v, —v(w, —w,—w,)=0. (3.3)

This equation implies the differential equation (3.2) for v above, by using the fact that the ws satisfy the differential equations (2.6).

u(x)

Upon making the substitution p =
v(x)

into equation (1.2), and using equation (3.3), we obtain a differential equation for u(x) of the form

u_ —2(w, —w, —wu, — (& —1)w? + (S = Dw? + (7 —1)w)u
(@ + B =7 = Dww, +(@ = 2+ 7 ~Dww, —(@* = B = 7> +D)w,w,)u =0,

which is the same differential equation for v with different constants &, £, 7. We claim that this is the differential equation u +— Vu 0
associated to the generalised Chazy equation with parameter k = 3, with

V:l_ﬂ2 +,B +7r-a’ -1
s (s—1)? s(s-1)
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and (&, B,7) is one of the triples in (2.3), (2.4) or (2.5) with k = 3. We compute the triples (&, f3,7) when Q = P>~ 6P’ and P is the solution
of the generalised Chazy equation with parameter k = % Fixing (¢ f3, 7) to be one of the triples in (2.3), (2.4) or (2.5) determines the values

&, B, 7 up to sign. Specialising to the case where k = %, we obtain the following:

222 411
For the solutions given by P = 2w —2w,-2w,, when (a, 8,¥) = é é 4 , we find (&, 5.7) = (— = —j When (@, ,7) = [— = —j,we
3373 333 333
211
find (@,
ind (& 5.7)= (3 3 J
211 111 241
For the solutions given by P = —w —2w,-3w,, when (e, §,¥) = [5 3 Ej we find (aﬂy) [5 3 Ej When (e, 8,7) = (5 3 Ej we find

(aﬂ )= [1 § ;j When (@, 8,7) = [ ;2j,weﬁnd (0?,,3,77)=(

1
,_,1)
3

W |~

Finally, for the solutions given by P = —4w —w, —w,, when (&, §,y) = z 2 % ,we find (e, /3 V)= (z 1 lJ When (&, 5,7) = (§ 2 z),
3’373 333 333
-5 411
find (&, ,7)=| - == |-
weind @59+ 1:11)

The values of (&, 5,7) are precisely the triples (2.3), (2.4) or (2.5) that show up in the solutions of the k = 3 generalised Chazy equation. See
[13] for the list of (¢, 3,7) when k = 3.

The determination of solutions to equation (1.5) is similar to that of Theorem 3.1.

Theorem 3.2. The solution to the differential equation

1
" —Qn=0, 3.4
é 40 7 G4

u
where Q = P> — 6P and P is a solution of the k = 2 generalised Chazy equation, is given by 11 = —, where v is a solution to the second-order
3 v

differential equation associated to the k = 2 generalised Chazy equation and u is a solution to the second-order differential equation associated
3

to the k = 2 generalised Chazy equation.

1
Proof. The proof of the claim is similar to the proof of the previous theorem. From the differential equation of the form v+ ZVV =0 asso-

ciated to the k= % generalised Chazy equation, where V is the function given by

2 2 2 2 2
V:1—ﬂ+1—7/ +/)’ +y —o -1
s (s—-1)° s(s—1)

>

and (¢ B, ) is one of the triples in (2.3), (2.4) or (2.5) with k = %, we find that v = v(s(x)) as a function of x satisfies

v =2(w, —w, —w,)v, — (&> =)W} +(B —1)w; +(¥* —D)wl)v

3.5
+(@*+ =y -ww, +(@* = +y* -Dww, — (&’ = = y* +Dw,w, v =0. (3.5)
Like in the proof of Theorem 3.1, it can also be deduced that (3.3) holds for v, i.e.
v, —v(w, —w,—w,)=0, (3.6)

which again implies the differential equation (3.5) for v above, by using the fact that the w/s satisfy the differential equations (2.6).
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)

Upon making the substitution 77 =
v(x)

given by

into equation (3.4), and using equation (3.6), we obtain a differential equation for u(x) again

u, 20w, —w, —w)u, — (@ 1w} +(F* =)W} + (7> —Dw)u 5)
(@ + B =7 —Dww, +(@ = B+ 7 ~Dww, —(@ = f* = 7> + Dw,w,)u =0, '
which is the same differential equation for v but with different constants &, B.7. Equation (3.7) corresponds to the second-order differ-

1~
ential equation u +ZVu =0 associated to the k = 2 generalised Chazy equation, with

Vzl—ﬂz +,B +7—at -1
s (s—1)? s(s—1)

and (&, 5’ ,¥) is one of the triples in (2.3), (2.4) or (2.5) with k = 2. To see this, we shall compute these constants when Q = P>~6P” and P is

the solution of the generalised Chazy equation with parameter k = % Specialising to the case where k = %, we obtain the following:

" 11
For the solutions given by P = 2w —2w,-2w,, when (&, £, ) = (3, 3, 3), we find (&, 8,7) = (1,1,1). When (e, 8,7)= (3’5’5J , we find
11
0{ .
ﬂy)(33j

1
For the solutions given by P =—-w, —2w, —3w,, when (&, 3,¥) = [— é %j we find (&, ,7) = ( J When (@, 5,7) = [ —J, we

1
2 2

UJI»—A

1
2’

. 19 o 113
i SPs) )= a, i a,f, - -z
find (&, 5.7) (2 2) When (@, ,7) = [2 3 ZJ we find (&, 8,7) = (2 3 2)
. . . 233 211 33
Finally, for the solutions given by P = —4w —w,-w,, when (&, B,7) :(5 ot Ej we find (&, .7) = (5 % Ej When (@, 8,7)= ( % Ej ,

we find (&, 8,7) = ( ; ;]

The values of(o?,ﬁ',f) are again precisely the triples (2.3), (2.4) or (2.5) that show up in the solutions of the k = 2 generalised Chazy equa-
tion. See also [13] for the list of (&7, #,7) when k = 2.

4. SOLUTION TO THE EQUATION FOR RICCI-FLATNESS FOR GENERAL CHAZY PARAMETER

More generally, when P is a solution to the generalised Chazy equation with parameter k, the metric g is no longer conformally flat but we
can still find the conformal scale for which the Ricci tensor vanishes.

u
In the case of (1.2) with solutions given by £ = N where v is the second-order differential equation associated to the generalised Chazy

equation with parameter k, we find that u is a solution to the second-order differential equation associated to the generalised Chazy equa-
tion with parameter k with
45 9

£-2-1 (4.1)

The values (¢ £ ) appearing in V in the differential equation v, +in =0 are related to the values (&, ,7) appearing in V in the

~ 222
differential equation u_ +iVu =0 by the following. For the solutions given by P =-2w, —2w, —2w,, when (&, 5,7)= (E e %j

find (&, B,7) with



M. Randall / Journal of Nonlinear Mathematical Physics 28(1) 1-13 11

L»l»—t
L»I»—a

When (a,,ﬁ,Y):(% ) we find (&, 5,7) with

2
Edz_(ij =1
4 k

-1
and B==, 7=~ .Hereand subsequently, we consider the positive square root that gives positive ¢, ,B and 7.
111
For the solutions given by P = —w —2w,~3w,, when (&, 8,7) = (k 3 zj we find (&, 5, 7) with
2
. 3 = 1
450° - = | =1, B=—, y==
(k) P=3 773

When (&, 8,7) = ( J we find (&, 5,7) with

_, (3Y 45 o, (3Y _1
4507 —| = | =1, —p*—|=]| =1, y=-.
“ (k] if [kj 773
j we find (&, 3,7) with

2 2
45072—(%] =1, /?:l, 57—(% =1.

(‘\‘IN
l\)l»—t

1
K’

w|>—-
»Iw

When (&, B,7) = (%

Finally for the solutions given by P = 4w —w,~w,_, when (e, 8,) = (%

2
Edz—(i) =1, 458’ -

16 k

When (e, 3,7) = (

W
»l»—t
-

) we find (&, ﬂ 7) with

_ 2 < (3Y , (3)2
a=2, 458 |2 =1, 457°—| 2| =1.
3 p (kj Yk

In all cases the appropriate substitution of ¢, B and 7 in terms of the Chazy parameter k gives equation (4.1), so it can be seen that the
equation for u is the second-order differential equation associated to the generalised Chazy equation with parameter k, related to k by (4.1).

The further substitution k = 3 and k= % into (4.1) gives
m m

5’ —m® =1,
which has integer solutions when considered as a negative Pell equation. For integer solutions m and 1 we obtain
1 2n+1 1 2n+1
=+ —(2+J§) +—(2—J§) )

2 2

N 5 2n+1 5 2n+1

P RCTPN 5 SR TP
10 10

They take on values (m, m) = (2, 1), (38, 17), (682, 305), (12238, 5473) and so on for n € NuU{0}. They also give the corresponding pairs

of Chazy parameters (k, 12) = (%,3) s (3—38,%) and so on, with the fundamental solution (n = 0) agreeing with the result of Theorem 3.1 in

the conformally flat case.
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In the case of (1.5) with solutions given by 7 = 2 where v is the second-order differential equation associated to the generalised Chazy
v

equation with parameter k, we find that u is a solution to the second-order differential equation associated to the generalised Chazy equa-
tion with parameter k with

40 4
T o
222
In this case we obtain the relationship between the values (¢ £, 7) and (&7, ﬂ 7)as follows. For P=—2w —2w,—2w,,when (&, 8,7) = (Z %)Ej’

we find (a,ﬁ,)/) with

2 2 2
10&2—(%) =1, 1052—[%] =1, 1072—(%) =1.

Considering integer solutions & and & to the negative Pell equation 104 — @> =1 (and also B, /5 and } 7 respectively), we find

( (3+\/—)2n1 2n+1}
d:i(%(3+\/ﬁ)znﬂ \/_( \/—)2“1}

where n € Z. Positive integer solutions are given by («r,c¢) = (3, 1), (117, 37), (4443, 1405), (168717, 53353) and so on for n € N {0} . They
- ~ 2 2 2
give the relationship between the pairs of Chazy parameters k = 2 and k = % , with (k, k) = [5, 2), [m, Ej and so on for ne NU{0}.
o o

For these parameters, the associated hypergeometric functions are algebraic. Again the fundamental solution (n = 0) agrees with the result
of Theorem 3.2 in the conformally flat case.

) , we find (&, 5,7)

w|>—
U)l»—t

The determination of the other values of (¢, £, 7) and (&, B,?) is as follows. For the same P, when (&, 3,¥) = (%

with
2
10a° —(Ej =1
k

~ 1 . 1
andﬂ—5,7—3.

For the solutions given by P = —w —2w,—3w,, when (&, B,7) = (% % %j we find (&, 3,7) with
2Y 5 1 1
400 - =| =1, f==, 7=-.
(kj P=3 773
121
When (e, B,7) = (E T Ej we find (&, ﬂ 7) with
2 5 2 2
400° =1, 105°-|=2| =1, y==
ORERAGEES
113
When (o, 8,7) = (% 3 Ej we find (&, £,7) with



Finally, for the solutions given by P = —4w, — w, — w,, when (a, B,7) = (%

When (&, 8,7) = (
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| =

1
)k,
5_, (2Y ~ (2Y o, (2Y
2@ 2] =1, 408 -|2| =1, 407°-|Z] =1.
27 (kj p (kj 4 (kj

’%)’We find (@, ,7) with

.2 = (2Y ., (2Y
a==, 40B°—-|=| =1, 409°—-|=| =1.
3 P (kj 4 (kj

j,we find (&, B,7) with

W
| =

>

In all cases the appropriate substitution of ¢, £ and 7 in terms of the Chazy parameter k gives equation (4.2), and therefore the equa-
tion for u is the second-order differential equation associated to the generalised Chazy equation with parameter k, related to k by (4.2).

3 2
Altogether, with the exception of the parameters k = 3 and k= 3 as mentioned above, they give Ricci-flat but non-conformally flat exam-

ples of Nurowski’s metric.
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