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1.  INTRODUCTION

The pioneering work in the integrable bi-Hamiltonian systems is done by Magri [9] and then followed by the fundamental papers by 
Gelfand and Dorfman [6], Kosmann-Schwarzbach and Magri [8] and Magri and Morosi [11]. These works show that integrability of many 
systems in mathematical physics, mechanics, and geometry is closely related to their bi-Hamiltonian structures. It is shown that many clas-
sical systems have the bi-Hamiltonian structure, at the same time by using the bi-Hamiltonian methods many new nontrivial and interesting 
examples of integrable systems have been found (for more details see [4]). As we know, the study of bi-Hamiltonian structure is based on 
the very simple notion of compatible Poisson structures. It is proved that bi-Hamiltonian structure is very powerful in the theory of inte-
grable Hamiltonian systems not only for finding new examples, but also for the integration of systems, constructing separation of variables 
and description of properties of solutions (see [17–21] for a review). In Abedi-Fardad et al. [2], by the adjoint representation of Lie algebra 
authors have calculated some compatible Poisson structure and bi-Hamiltonian systems on Lie groups as phase space. In this work, we give 
a method to construct compatible Poisson structures on Lie groups by means of structure constants of its Lie algebras and some vector field 
X. Then we obtain new integrable bi-Hamiltonian systems by using Magri–Morosi theorem [11], for which the Lie group is the phase space.

The structure of this paper is as follows. In Section 2, we briefly review the definitions and notations of compatible Poisson structures and 
integrable bi-Hamiltonian systems. In Section 3, we give a method to obtain the compatible Poisson structures on low-dimensional Lie 
groups by means of structure constants of Lie algebras and some vector field X. In Section 4, we obtain these structures on two, four and 
nilpotent six-dimensional symplectic real Lie algebras. Finally, in Section 5, we obtain some compatible Poisson structures and integrable 
bi-Hamiltonian systems with two, four and nilpotent six-dimensional symplectic real Lie groups as phase spaces.

2.  PRELIMINARIES

In this section, we recall some basic definitions and notations on compatible Poisson structures and integrable bi-Hamiltonian systems.

Definition: [11] A bi-Hamiltonian manifold M is a smooth manifold endowed with two compatible bi-vectors P and P′ such that

						      [ , ] = 0, [ , ] = 0, [ , ] = 0 ,P P P P P P′ ′ ′ � (1)

where [. , .] is the Schouten bracket.

The Poisson bracket corresponding to the Poisson bi-vector has the form
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for all f, g ∈ F(M) and similar brackets {. , .}′ to P′. The brackets {. , .}′ and {. , .}′ satisfies the Jacobi identity: i.e. ∀ f, g, h ∈ C∞(M),
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if [P, P] = 0 and vice versa. A family of functions {Hi} on the manifold M that are in bi-involution with respect to these compatible Poisson 
brackets,

						        { , } = { , } = 0,H H H Hi j i j ¢ � (4)

is called bi-integrable system or generalized bi-Hamiltonian system [10]. So to introduce the bi-Hamiltonian structure on the manifold M, 
we must determine a pair of compatible and independent Poisson bi-vectors P and P′.

Definition: [13] In the coordinate basis, TpM spanned by {em} = {∂m} and Tp
*M  by {dx μ}, let us consider their linear combinations,
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where m = dim(M), ei
m  and ei

m  are non-singular (m × m)-matrices. In other words, {ei} is the frame of basis vectors which is obtained by a 
GL(m, R)-rotation of the basis {em}. In the above ei

m  is inverse of ei
m  and we have
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the bases {ei} and {Θi} are called the non-coordinate bases and coefficients ei
m  are called the vielbeins. We have

						        [ , ] = ,e e f ei j ij
k

k � (7)

where fij
k  is a function of coordinates of the manifold M. When M is a Lie group G, we suppose that coefficients fij

k  be the structure con-
stants of the Lie algebra g of the Lie group G and also ei are (left or right) invariant vector fields on the group G (for more details see [13]). 
We have
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Consider a symplectic manifold M endowed with a second compatible Poisson bracket. An important class of bi-Hamiltonian manifold 
occurs when one of the compatible Poisson structures is invertible, then one can define a linear map N: TM → TM acting on the tangent 
bundle by Magri et al. [10]

							       N P P= .1¢ - � (9)

Also by using Magri–Morosi’s theorem as follows, one can find the Hamiltonian and integrals of motions of bi-Hamiltonian systems.

Theorem (Magri–Morosi): [8,11] A remarkable consequence of the compatibility of P and P′ is that the torsion of Nijenhuis tensor N, i.e.

				          T N N N N N N NN( , ) =[ , ] [ , ] [ , ] [ , ],2X Y X Y X Y X Y X Y- - + � (10)

identically vanishes, where X and Y are arbitrary vector fields and the bracket [X, Y] denotes the Lie bracket (commutator) of vector fields. One 
of the main properties of N is that the normalized traces of the powers of N
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k

Trk
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,N � (11)

are in involution and satisfy Lenard–Magri recurrence relations [10]

							       P P¢ dH dHi i= .1+ � (12)

3.  COMPATIBLE POISSON STRUCTURES ON LOW-DIMENSIONAL LIE GROUPS

In this section, we give a method to obtain compatible Poisson structures on low-dimensional Lie groups by means of structure constants of 
related Lie algebras and some vector field X. For this purpose, we write the Poisson structure P (which is presented in Abedi-Fardad et al. 
[2]) in terms of the non-coordinate basis as
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							       Pmn m n= ,e e Pi j
ij � (13)

where Pij’s are constant antisymmetric matrix1. One can rewrite the Schouten bracket [P, P] = 0 in the following matrix forms [2]:

						      P X P P Y P P X Pi
ij j ij

i
t+ + = 0, � (14)

where ( ) =X fi j
k

ij
k-  and ( ) =Y fk

ij ij
k- . In this way, having the structure constants of the Lie algebra g, one can solve (14) and obtain con-

stant antisymmetric matrix P. Then, by substituting P in Eq. (13) we can obtain Poisson structure P of the Lie group G. The list of some 
Poisson structure P obtained by Eq. (14) are brought in Abedi-Fardad et al. [2].

Now, according to Tsiganov [18,19] and Vershilov and Tsiganov [21], let us suppose that the desired second Poisson bi-vector P′ is the Lie 
derivative of P along some unknown vector field X

							       P P¢ = ( ) ,LX � (15)

which must satisfy the equation

					     [ , ] =[ ( ), ( )] = 0 [ ( ), ] = 0 ,2P P P P P P¢ ¢ L L LX X XÛ � (16)

with respect to the Schouten bracket [. , .]. By (15) bi-vector P′ is compatible with a given bi-vector P, i.e. [P, P′] = 0. Obviously, Eq. (16) is 
too difficult to be solved, because it has infinitely many solutions labeled by different separated coordinates (see [18] and [17]). To solve 
Eq. (16), we will use the vector field [18]

							       X X= .m
mî � (17)

In this way the relation (15) has the following form:
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We suppose that

							       X m m= ,X ei i � (19)

where Xi is a linear function of group coordinates xi of the Lie group G. Note that one can obtain another set of vector field and second 
Poisson bi-vector by setting Xi as a quadratic function of the Lie group coordinates and in this way obtain new bi-Hamiltonian systems. Now 
using (8), (13) and (19) one can rewrite the relation (18) as follows2:
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Also, we can rewrite Eq. (16) in the following matrix forms [2]:
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where et is a transpose of the vielbein ea
m  and A and B have the following forms:
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1The study of non-constant Pij can be a new problem. 
2Note that here Pij’s are constant. 
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In this way, having the structure constants of the Lie algebra g and using the relation (20), we can solve the matrix equation (21) in order 
to obtain P′ and then by inserting P′ in Eq. (13) and using the related vielbeins, the second Poisson bi-vector P′ on Lie groups is obtained.

Note that in Abedi-Fardad et al. [2], by the adjoint representation of the Lie algebra, the authors have calculated some compatible Poisson structure 
and bi-Hamiltonian systems on Lie groups as phase space. Indeed, the Schouten bracket (1) has been rewritten in the matrix forms (2.17), (2.21) 
and (2.22) in Abedi-Fardad et al. [2] and they have obtained the set of compatible Poisson bracket by setting P′ as linear functions of the Lie group 
coordinates and new bi-Hamiltonian systems. In this work according to Tsiganov [18,19] and Vershilov and Tsiganov [21] we consider

						        P P X XX′ = ( ), = ,L m
mî �

and by using adjoint representation, we rewrite (15) in the matrix form (18) and obtain completely different new compatible Poisson bracket 
and bi-Hamiltonian systems on Lie groups as phase space.

The method which is used in Abedi-Fardad et al. [2] is completely different from the method of current work. By the new method we can 
find new integrable bi-Hamiltonian systems, for example, for two-dimensional symplectic real Lie groups, but by using the method which 
applied in Abedi-Fardad et al. [2] one cannot obtain them for the two-dimensional cases.

Our new results are not isomorphic to the systems that have been found in Abedi-Fardad et al. [2]. In this work we suppose vector field X 
to be linear. Study of non-linear vector field can be a new complicated question, but maybe gives us some newer systems.

4.  SOME COMPATIBLE POISSON STRUCTURE ON LOW-DIMENSIONAL LIE ALGEBRAS

In this section, we will consider all of the two, four and nilpotent six-dimensional symplectic real Lie algebras and solve matrix equation (21) 
in order to obtain the vector field X and P′. For this purpose, we use the classification of two-, four- and six-dimensional real Lie algebras 
(A2, A4 and A6) which have been presented in Patera et al. [15]. Let us consider an example; for Lie algebra A2 ⊕ A2 we have the following 
non-zero commutators:
						      [ , ] = , [ , ] = .1 2 2 3 4 4e e e e e e �

Also, according to Mojaveri and Rezaei-Aghdam [12] for Lie algebra A2 ⊕ A2 the matrix ( )ei
j  and P are as follows:
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Substituting fij
k , P and ei

j  in Eq. (20) and solving (21) one can obtain the vector field X and Poisson structure P′ for this Lie algebra. One 
of the solutions has the following form:
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In this way, we have obtained vector field X and compatible Poisson structure on two, four and nilpotent six-dimensional symplectic real Lie 
algebras. The results are summarized in Table 13. Note that in the Table 1 we present some Lie algebras in which we can construct integrable 
bi-Hamiltonian systems over their related Lie groups. Also, all parameters ai, bi, ci, di, ei, fi and pij are arbitrary real constants.
3Note that in Abedi-Fardad et al. [2] the Poisson structure P on Lie algebras have been given. 
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5. � COMPATIBLE POISSON STRUCTURES AND INTEGRABLE BI-HAMILTONIAN SYSTEMS 
ON TWO, FOUR AND NILPOTENT SIX-DIMENSIONAL SYMPLECTIC REAL LIE GROUPS

In this section, we construct the compatible Poisson structures and integrable bi-Hamiltonian systems with real Lie groups separately as 
follows. Substituting P′ in Eq. (13) and using the related vielbeins, the compatible Poisson structure P is obtained. Using relations (15) and 
(16), the compatible Poisson structure P′ and vector field X on Lie groups are obtained. In this way we find new bi-Hamiltonian systems 
over two, four and nilpotent six-dimensional symplectic real Lie groups as phase spaces.

Lie group A2:

Substituting Xi in Eq. (19) and P′ in Eq. (13) one can obtain the vector field X and compatible Poisson structures P and P′ as follows:

						    
X
X
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= ,
= ,
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2

1 1 2 2
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Table 1 | Some vector fields and compatible Poisson structures on two, four and nilpotent six-dimensional symplectic real Lie algebras

g Vector field X Non-zero Poisson structure relations P′

A2 X1 = a1x1 + a2x2
X2 = b1x1 + b2x2

{x1, x2} = −a1p12 − b2p12 + a1p12x1

{ , } =
21 2 2 12 3 3 12

2 4 12x x a p d x p a x p
- - +

A4,1 X1 = a2x2 + a3x3 + a4x4
X2 = b1x1 + b2x2 − c3x3 + b4x4
X3 = −b1x1 − b2x2 + c3x3 + c4x4
X4 = d3x3 − (a2x4)/2
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A4,3 X1 = a1x1 + a2x2 + a3x3 + a4x4
X2 = b1x1 + b2x2 − b3x3 + b4x4
X3 = −a1x1 − a2x2 + (d3 − a3) + c4x4
X4 = d3x3 − b2x4

{ , } =
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II ⊕ R X1 = d1x1 + a2x2 + a3x3 + a4x4
X2 = b4x4
X3 = c2x2
X4 = d1x1 + d2x2 + d3x3 + d4x4

{x1, x2} = − a2p12 − c2p12 − d2p12 − c2p12x2 
{x1, x4} = − a3p13 − d3p13 + b4p13x4 
{x3, x4} = − a3p34 − a4p34 − b4p34 − d3p34 − d4p34 + b4p34x4

III ⊕ R X1 = −a3x2 + a3x3 + a4x4
X2 = b1x1 + b2x2 + b3x3 + a4x4
X3 = c1x1 − b2x2 − (2a3 + b3 + d3)x3
X4 = d1x1 + d3x3 + d4x4

{x1, x2} = − p13(b1 + c1 + d1 − 2b1x1 − 2c1x1 + 2d3x3 + a3( − 1 + 8x3)) 
{x1, x3} = − p13(b1 + c1 + d1 − 2b1x1 − 2c1x1 + 2d3x3 + a3( − 1 + 8x3)) 
{x2, x4} = p24( − d4 + a3(1 + 2x2 − 2x3) − 2a4(1 + x4))

VI0 ⊕ R X1 = −b1x1 − b2x2 + a3x3 + a4x4
X2 = b1x1 + b2x2 + b3x3 + b4x4
X3 = c1x1 − c2x2
X4 = (− c1 − c2 − d2)x1 + d2x2 + d3x3 + d4x4

{x1, x2} = − 2p12(c1x1 + c2x2) 
{x3, x4} = p34( − b3 − b4 − d3 − d4 + a3( − 1 + x3) + b3x3 + a4( − 1 + x4) + b4x4)

A2 ⊕ A2
X1 = a1x1 − (d2p12x2)/p24
X2 = b1x1 + b2x2 + b3x3 + (c4p24x4)/p34
X3 = c3x3 + c4x4
X4 = d1x1 + d2x2 + d3x3 + d4x4

{x1, x2} = − a1p12 − b2p12 + a1p12x1 
{x2, x4} = d1p12 − b2p24 − d4p24 − b3p34 + a1p24x1 + c3p24x3 
{x3, x4} = c3p34 − d4p34 + c3p34x3

A6,7 X1 = a1x1 + a3x3, 
X2 = − 2a1x1 + b3x3, 
X3 = c2x2 + c3x3 + c6x6
X4 = d1x1 + c2x2 + (−c3 − h4)x3 − c6x6
X5 = f1x1 + f2x2 + f3x3 + f5x5 + f6x6,
X6 = h1x1 + h2x2 + h3x3 + h4x4 − f5x5 + (−c3 − f6)x6
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By means of Eqs. (9) and (11), the integral of motion can be found for this Lie group as follows:
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Lie group A4,1:

Similar to previous case, from (13) and (19) we calculate the vector field X and compatible Poisson structures P and P′ as follows:
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ç
ç
ç
ç

ö

ø

÷
÷
÷
÷
÷
÷

*
* *
* * *

�

						        P¢=

0
0 0

0 0
0

p p p
p

12 13 14

23*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

where

			 

p12 = 1
2

1
2

1
2 22 23 4

2
3 23 4

2
3 23 4

2
3 23 3 4

2 2 12 4- - - - + -a p x a p x d p x d p x x
a p x

aa p d p x

p a a d d x x

p a a

2 12 3 12 3

23 2 3 3 3 3 4

14 2

,

= ( 2 ) ,

= 1
2

( 2(

-

- + + +

-

p

p

13

14 44 4 4 4

2 23 3 23 3 23 3 3 23

( )( 1 ))),

= 2 .

- + - +

- - - -

b c x

a p a p d p d x pp23

�

For this Lie group, by means of (9) and (11), the integrals of motion can be found as follows:

				  
H

a
a a b c d d x b x c x

H a a d d

1
2

3 4 4 4 3 3 3 4 4 4 4

2 2 3 3 3

=
2

2 ,

= 1
2

(( 2

- - - - - - - + +

+ + + xx
a

a b c x3
2 2

4 4 4 4
2)

2
( )( 1 )) .+ - + + - +æ

èç
ö
ø÷

�

Lie group A4,3:

Again, substituting Xi in (19) and P′ in (13) one can obtain the vector field X and compatible Poisson structures P and P′ for this Lie group 
as follows:

				    

X
X

1

2

= ,
= ,

1
4

1 2
4

2 3
4

3 4
4

4

1 1 2 2 3 3 4 4

a e x a e x a e x a e x
b x b x b x b x

x x x x+ + +

+ + +

XX
X

3

4

= ( ) ,1 1 2 2 3 3 3 4 4 1 1 4 2 2 4 3 3 4 4 4
2- - - + - - - +a x a x d a x c x a x x a x x a x x c x

== ,3 3 2 4d x b x-

�

						      P =

0 0
0 0

0 0
0

12
4

14
4

23

p e p e
p

x x

*
* *
* * *

,

æ

è

ç
ç
ç
ç
ç

ö

ø

÷
÷
÷
÷
÷

�
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						      P¢=

0 0
0 0

0 0
0

p p
p

12 14

23*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

where

			 

p

p
12

14

= ,

=
2

4
12 1

2 4
12 3

4
3 12 2

4
4 12

4
4

1

- - - +

-

b e p b e p d e x p b e x p

a e p

x x x x

x
44 2

4
14 4

4
14 4

4
14 1

2 4
14 4

4
4 14 2

4
4+ - - - + +b e p b e p c e p b e p a e x p b e xx x x x x x pp c e x p

b p b p d p d x p

x
14 4

4
4 14

2 23 3 23 3 23 3 3 23

,
= 2 .

+
- - - -p23

�

Also the integrals of motion can be found as follows:

				  
H a b b c d b e d x a x b x c x

H b b

x
1 4 3 4 4 3 1

4
3 3 4 4 2 4 4 4

2 2 3

= 2 ,

=
1
2

((

- - - - - - - + + +

+ ++ + + + + + - - - +d x a b c b e a x c x b xx
3 3

2
4 4 4 1

4
4 4 4 4 2 4

2(2 )) ( (1 )) ).
�

Lie group A2 ⊕ A2:

Substituting Xi in Eq. (19) and P′ in Eq. (13) one can obtain the vector field X, compatible Poisson structures P, P′ for this Lie group are 
obtained as follows:

					   

X

X

1

2

= ,

=

1 1
2 12 2

24
1 1 2

2 12 2
2

24

1 1 2 2 3 3
4

a x
d p x

p
a x x

d p x
p

b x b x b x
c

- + -

+ + +
pp x
p

c x c x c x x c x
d x d x d x d x

24 4

34

3 3 4 4 3 3 4 4 4
2

1 1 2 2 3 3 4 4

,

= ,
=

X
X

3

4

+ + +

+ + + ,,

�

							       P =

0 0 0
0 0

0
0

12

24

34

p
p
p

*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

				    P¢=

0 ( 2 ) 0 0
0 0

1 1 1 1 1 1 1 12

1 24 1 1 24 1 3 24 3

- - - + -
+ + +

a b c a x b x p
a p x c p x b p x* cc p x

b p c p d p c x p d x p
3 24 3

3 34 3 34 3 34 3 3 34 3 3 340 2
0

* *
* * *

- - - + -

æ

è

ç
ç
ç
çç

ö

øø

÷
÷
÷
÷÷

. 	 �

By means of (9) and (11), the integral of motion can be found for this Lie group as follows:

				  
H a b b c c d a x b x c x d x

H a b

1 1 1 3 1 3 3 1 1 1 1 3 3 3 3

2 1 1

= 2 2 ,

= 1
2

(( 2

- - - - - - + - + -

+ + cc a x b x b c d c x d x1 1 1 1 1
2

3 3 3 3 3 3 3
2) (2 ) ).- + + + + - +

�

Lie group III ⊕ R:

Also for this Lie group, from (13) and (19) one can obtain the vector field X, compatible Poisson structures P, P′ as follows:

				    

X
X

1

2

= 2 2 2 2 ,
=

3 2 3 2
2

3 3 3 3
2

4 4 4 2 4 4 3 4

1 1

- + + - + - -

+

a x a x a x a x a x a x x a x x
b x b22 2 3 3 4 4

1 1 2 2 3 3 3 3

1 1 3 3 4

,
= (2 ) ,
=

x b x a x
c x b x a b d x
d x d x d x

+ +

- - + +

+ +

X
X

3

4
44 ,

�

							        P =

0 0
0 0

0 0
0

13 13

24

p p
p*

* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�
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							       P

p p
p

¢=

0 0
0 0

0 0
0

12 13

24*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

where

				  
p12 = 2 2 8 23 13 1 13 1 13 1 13 1 1 13 1 1 13 3 3 13 3a p b p c p d p b x p c x p a x p d- - - + + - - xx p

a p b p c p d p b x p c x p a x
3 13

3 13 1 13 1 13 1 13 1 1 13 1 1 13 3 3

,
= 2 2 8p13 - - - + + - pp d x p

a p a p d p a x p a x p a
13 3 3 13

3 24 4 24 4 24 3 2 24 3 3 24 4

2 ,
= 2 2 2 2

-
- - + - -p24 xx p4 24 .

�

By means of (9) and (11), the integral of motion can be found for this Lie group as follows:

			 
H a a b c d d b x c x a x a x d x a x1 3 4 1 1 1 4 1 1 1 1 3 2 3 3 3 3 4= 2 2 2 2 2 10 2 2- - - - - + + + - - - 44

2 1 1 1 1 1 1 1 3 3 3 3
2

4 3

,

=
1
2

(( 2 2 2 ( 1 8 )) ( (H b c d b x c x d x a x d a+ + - - + + - + + + -11 2 2 ) 2 (1 )) ).2 3 4 4
2- + + +x x a x

�

Lie group II ⊕ R:

Through substituting Xi in Eq. (19) and P′ in Eq. (13) one can obtain the vector field X and compatible Poisson structures P and P′ for this 
Lie group as follows:

						    

X
X
X
X

1

2

3

4

= ,
= ,
= ,
=

1 1 2 2 3 3 4 4

4 4 4 3 4

2 2

1 1 2

- + + +

+

+

d x a x a x a x
b x b x x
c x
d x d x22 3 3 4 4 ,+ +d x d x

�

							          P =

0 0
0 0 0

0
0

12 13

34

p p

p
*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

							        P

p p

p

12 13

34

¢=

0 0
0 0 0

0
0

*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

where

					   
p
p
p

12

13

3

= ,
= ,

2 12 2 12 2 12 2 2 12

3 13 3 13 4 4 13

- - - -
- - +

a p c p d p c x p
a p d p b x p

44 = .3 34 4 34 4 34 3 34 4 34 4 4 34- - - - - +a p a p b p d p d p b x p
�

By means of (9) and (11), the integrals of motion can be found for this Lie group as follows:

					   
H a a a b c d d d c x b x

H a c d c x

1 2 3 4 4 2 2 3 4 2 2 4 4

2 2 2 2 2 2

= ,

= 1
2

((

- - - - - - - - - +

+ + + )) ( ) ).2
3 4 4 3 4 4 4

2+ + + + + -a a b d d b x
�

Lie group VI0 ⊕ R:

Again, substituting Xi in Eq. (19) and P′ in Eq. (13) one can obtain the vector field X and compatible Poisson structures P and P′ as follows:

				        

X
X

1

2

= ( )( [ ] [ ]),
= (

1 1 2 2 3 3 4 4 3 3

1 1 2 2

- - + + +

+

b x b x a x a x h x h x
b x b x

Cos Sin
++ + +

+

- + +

b x b x h x h x
c x c x

c c d

3 3 4 4 3 3

1 1 2 2

1 2 2

)( [ ] [ ]),
= ,
= (

Cos Sin
X
X

3

4 )) ,1 2 2 3 3 4 4x d x d x d x+ + +

�
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						        P =

0 ( ) ( ) 0 0
0 0 0

0
0

12
2

3 12
2

3

34

p x p x

p

cos sin
*
* *
* * *

h h-æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
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,, 	 �

						        P

p

p
¢=

0 0 0
0 0 0

0
0

12

34

*
* *
* * *

,

æ

è

ç
ç
ç
çç

ö

ø

÷
÷
÷
÷÷

�

where

			 
p12 = 2 ( ) 2 ( ) 2 ( )1 12 1

2
3 2 12 2

2
3 1 12 1

2
3- - +c p x x c p x x c p x xcos cos sinh h h ++

- - - - - -
2 ( ),

=
2 12 2

2
3

3 34 4 34 3 34 4 34 3 34 4

c p x x
a p a p b p b p d p d p

sinh
p34 334 3 3 34 3 3 34 4 4 34 4 4 34 .+ + + +a x p b x p a x p b x p

�

By means of (9) and (11), the integrals of motion can be found for this Lie group as follows:

			 
H a a b b d d c x c x a x b x a x b x

H

1 3 4 3 4 3 4 1 1 2 2 3 3 3 3 4 4 4 4

2

= 2 2 ,

= 1
- - - - - - - - + + + +

44
(8( ) 2( )1 1 2 2

2
3 4 3 4 3 4 3 3 3 3 4 4 4 4

2c x c x a a b b d d a x b x a x b x+ + + + + + + - - - - )).
�

Lie group A6,7:

Substituting Xi in Eq. (19) and P′ in Eq. (13) one can obtain the vector field X and compatible Poisson structures P and P′ as follows:

					     

X
X

1

2

= ,
= 2 2

1 1 3 3 1 1 3 3 3
2

1 1 4 3 3 4

1 1 3 3 1

a x a x a x x a x a x x a x x
a x b x a
+ + + + +

- + - xx x b x
c x c x c x
d x c x c h x d x

1 3 3 3
2

2 2 3 3 6 6

1 1 2 2 3 4 3 6 6

,
= ,
= ( ) ,

+

+ +

- - + +

X
X

3

4

XX
X

5

6

= ,
= (

1 1 2 2 3 3 5 5 6 6

1 1 2 2 3 3 4 4 5 5

f x f x f x f x f x
h x h x h x h x f x

+ + + +

+ + + - - cc f x3 6 6) ,+

�

						      
P =

0 0 0 0 0
0 0 0 0
* 0 0 0
* * 0 0
* * * 0 0
* * * * 0

15

16

34

45 15 3

p
p

p
p p x

*
*
*
*
*

+

æ

è

ç
ç
ç
ç
çç
ç
ç
ç

ö

ø

÷
÷
÷
÷
÷
÷
÷
÷
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P¢=

0 0 0 0 0
0 0 0 0
* 0 0 0
* * 0 0
* * * 0 0
* * * * 0

p
p

p
p
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26

34

45

*
*
*
*
*

æ

è

ç
ç
ç
ç
ç
ç
ç
ç

ö

øø

÷
÷
÷
÷
÷
÷
÷
÷

,
�

where

				  

p
p
p

15

26

34

= ( ) ,
= ( ) ,
=

1 1 1 1 1 1 15

3 2 2 2 2 6 6 26

a d f h d x p
c f h c x c x p
- - - -
- - - -

(( 2 ) ,
=

3 3 3 3 3 3 3 3 34

4 45 1 45 1 1 15 3

- - - - + +
- + + -

a b f h a x b x p
h p a p x a p x dp45 11 15 3 1 15 3 1 15 3 3 45 3 1 15 1 3.p x f p x h p x a p x d p x x- - + -

�



	 Gh. Haghighatdoost et al. / Journal of Nonlinear Mathematical Physics 28(2) 194–204	 203

By means of (9) and (11), the integrals of motion can be found for this Lie group as follows:

			 

H a a b c d f f f h h h d x c x a x b x c1 1 3 3 3 1 1 2 3 1 2 3 1 1 2 2 3 3 3 3= 2- - + - - - - - - - - - + + - 66 6

2 1 1 1 1 1 1
2

3 3 3 3 3 3 3 3
2

,

=
1
2

(( ) ( 2 )

x

H a d f h d x a b f h a x b x- + + + + + + + + - - + (( ) ),

=
1
3

( ( ) (

3 2 2 2 2 6 6
2

3 1 1 1 1 1 1
3

3

- + + + +

- - + + + + - +

c f h c x c x

H a d f h d x a b33 3 3 3 3 3 3
3

3 2 2 2 2 6 6
32 ) ( ) ).+ + - - - - + + + +f h a x b x c f h c x c x

�

Lie group A6,25:

Finally, the vector field X, compatible Poisson structures P, P′ and the integrals of motion of this Lie group are obtained as follows:

					   

X
X
X

1

2

3

= 1/2( ) 1/2( ) ,
= ,
=

3 3 3 2 3 6 5 6 6 5 2 6

1 1

1 1

a x a x x c f x c f x x
b x
c x

+ - + - +

-- + + +

+

+ + +

2 ,
= ,
=

3 3 4 4 5 5 6 6

5 5 5 5
2

2 2 3 3 4 4 5

a x c x c x c x
d x d x
f x a x f x f x

X
X

4

5
55 6 5 6

1 1 2 2 4 4 5 5
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= ,

- +

+ + +

c f x
h x h x h x h xX6

�

						      
P =

0 0 0 0 0
0 0 0
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* * * 0
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24 24 5
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p
p p x

p

p

*
*
*
*
*

æ

è

ç
ç
ç
ç
ç
ç
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ç

ö

ø

÷
÷
÷
÷
÷
÷
÷
÷
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where
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p p
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æ
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= ( )

1 1 1 1 1 13
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=
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5

p
p
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,
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�

By means of (9) and (11), the integrals of motion can be found for this Lie group as follows:

H b c c c d f f h h h h b x f x f x d x

H

1 1 1 4 5 5 2 4 1 2 4 5 1 1 2 2 4 4 5 5= ,- - - - - - - - - - - - - - +

22 1 1 1 1 1
2

4 2 4 2 4 2 2 4 4
2

5 5= 1
2

(( ) ( )b c h b x c f f h h f x f x c d h+ + + + + + + + + + + + + 55 5 5
2

3 1 1 1 1 1
3

4 2 4 2 4 2 2 4

) ),

= 1
3

( ( ) (

-

- + + + - + + + + + +

d x

H b c h b x c f f h h f x f xx c d h d x4
3

5 5 5 5 5
3) ( ) ).- + + -
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