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1. INTRODUCTION

Multiple attribute decision-making (MADM) issue involving a series of approaches to choose optimal alternative or acquire their priority
ordering in accordance with given attribute [1], which is a major branch of modern decision science. Considering the complicacy of the
realistic decision circumstances, decision makers (DMs) may realize that it is difficult to describe crisp values about attribute evaluation
information. For this, the theory of intuitionistic fuzzy set (IFS) [2] was initiated by Atanassov in 1986, it suits for tackling the issue of
insufficient evaluation information. IFS expresses attribute evaluation information by membership degree (MD), nonmembership degree
(NMD) and hesitation degree, respectively, which is a useful extension of fuzzy sets [3]. Nowadays, plenty of researches [4-8] have been
implemented on MADM techniques within intuitionistic fuzzy information.

More recently, the notion of Pythagorean fuzzy sets (PFS) was explored by Yager [9,10] as a useful assessment technique, which is successful
extension of IFS. Similar to IFS, PFS is also represented by MD and NMD, the sum of MD and NMD are permitted to bigger than one, but
the square sum of these two degrees is not exceed than one. Therefore, PFS possesses more superiority comparing with IFS to express the
indeterminacy in both theory and application aspects [11-15]. In the field of MADM, some classical evaluation approaches are extend to
PES, including LINAMP [16], TODIM [17], VIKOR [18], ELECTRE [19] and so on. Zhang and Xu [20] developed detailed mathematical
structure representation for PES, they also proposed the notion of Pythagorean fuzzy numbers (PFNs), and corresponding fundamental
operations on PFNs. Meanwhile, they developed ranking rules over PFNs by defined scores function. Additionally, they explored the dis-
tance between PFNs, and combined it and TOPSIS method to address Pythagorean fuzzy MADM issues. Apart from above mentioned
evaluation methods, a large number of aggregation operators (AOs) [21-30] were proposed by some scholars to fuse PFNs employing the
operations provided by Ref. [20]. For instance, in the light of the ordered weighted averaging (OWA) operator [31], Zhang [21] defined
the Pythagorean fuzzy OWA operator and utilized it to manage group decision-making issue. Enlightened by the work [5], Ma and Xu [22]
defined the Pythagorean fuzzy weighted averaging (PFWA) operator. Further, considering the information about MD and NMD should
be equally handled, they initiated neutrality AOs, that is, symmetric PFWA, and also discussed the relationships over these AOs. Zeng

»Carresponding author. Email: Intuwl@126.com and harishg58iitr@gmail.com


https://doi.org/10.2991/ijcis.d.201215.002
https://www.atlantis-press.com/journals/ijcis/
https://orcid.org/0000-0001-9695-3196
https://orcid.org/0000-0001-9099-8422
http://creativecommons.org/licenses/by-nc/4.0/

504 L. Wang and H. Garg / International Journal of Computational Intelligence Systems 14(1) 503-527

et al. [23] discussed the Pythagorean fuzzy induced OWA weighted average operator and corresponding decision approach for settling
group decision problems in Pythagorean fuzzy setting. In Ref. [24], several generalized Pythagorean fuzzy averaging AOs were presented
utlizing the Einstein t-norm and t-conorm. Garg [25] proposed neutrality Pythagorean fuzzy geometric AOs for aggregating PFNs. Yang et
al. [26] developed a series of Frank power AOs for interval-valued PFNs. Wu and Wei [27] created several Hamacher AOs to settle MADM
issues with Pythagorean fuzzy information. Besides, in view of the relationship of attributes, some AOs [28-30] are initiated. However, Wei
[32] pointed that the ranking orders are not reasonable by using above AOs [21-30] in some situations. For instance, let f; = (149,7;) and
B2 = (u2,12) be two PENs, when w; = 0 and u, # 0, then employing the multiplication operation ® in [20], we obtain g gg, = 0.
Which indicates that regardless of the value of MD ,, the outcome g, gg, = O can be obtained always, it’s an unreasonable situation.
Similarly, the outcome V3,08, = Ois always kept based on the addition operation @ in [20], when ¥; = 0 and v, # 0. It’s also an irra-
tional situation. In order to overcome these shortcomings, enlightened by the idea [33] he defined the interactive operations on PFNs, and
proposed various Pythagorean fuzzy AOs with the help of interactive operations, including Pythagorean fuzzy interactive weighted aver-
age, weighted geometric, ordered weighted average, ordered weighted geometric, hybrid average and hybrid geometric, labeled by PFIWA,
PFIWG, PFIOWA, PFIOWG, PFIHA and PFIHG, respectively. After the work [33], certain interactive AOs [34-36] were presented within
intuitionistic fuzzy circumstances. Based on the interactive operations [32], Gao et al. [37] proposed several interactive power AOs, which
can reduce the impact of confused data on integration results. Taking the relationship over aggregated information into account, Wang and
Li [38] explored the Pythagorean fuzzy interactive power Bonferroni means (BM) operator and weight form along with their properties and
special cases. Zhu et al. [39] built interactive power partitioned BM operators for PFNG. Li ef al. [40] created several new Pythagorean fuzzy
interactive hybrid weighted AOs, the merit of these AOs is that possess the property of idempotency.

Meanwhile, alternative and appropriate operational laws play a crucial role in AOs. The Archimedean t-conorm and t-norm (ATT) [41,42]
are formed using an additive function and a dual function. When the additive function was chosen with different expressions, ATT reduced
to various t-conorm and t-norm, they are the Algebraic, Einstein, Hamacher and Frank t-conorms and t-norms and so on. ATT has been
extended to diverse fuzzy circumstances, including IFSs [43,44], interval-valued hesitant fuzzy set [45], single-valued neutrosophic set [46]
and dual hesitant fuzzy set [47]. Recently, based on the ATT, Yang et al. [48] proposed two Pythagorean fuzzy BM AOs for PFNs, and applied
them to match investment selection problem.

From the above discussions, the existing operators [32], [27] for Pythagorean fuzzy information have the following two limitations:

1.  Although the AOs presented in [32,37,38] can capture the interactions between MD and NMD for Pythagorean fuzzy information, the
operational laws of these AOs only adopted algebra t-conorm and t-norm. It cannot offer a more flexible result.

2. AOsprovided in [24,25,27] employing the Einstein and Hamacher operations, respectively, but they cannot acquire reasonable decision-

making outcomes under some cases.

Clearly, the ATT [41,48] is a good alternative to avoid the first limitation, which contains many different types of the t-conorm and t-norm,
and the algebra form is the special case of ATT. Interactive operations [32] can overcome the second limitation effectively via capturing the
interactions between MD and NMD.

On the basis of above analysis, the main intentions of this study are:

1. To explore several novel interactive averaging and geometric AOs about PFNs to avoid the above two limitations with the aid of ATT.
2. To obtain some important properties and some specific cases of the defined newly AOs.

3. To build a new MADM approach by using the proposed interactive AOs in Pythagorean fuzzy context.

4. To demonstrate the availability and the merits of the constructed MADM approach.

An outline of this research is listed as follows: Section 2 concisely recalls the fundamental knowledge of PESs, interactive operations on PFSs,
and ATT. In Section 3, we define certain interactive operational rules on PFSs with the help of ATT. In Section 4, we propose Archimedean
based PFIWA (A-PFIWA) and Archimedean based PFIWG (A-PFIWG) operators, and we discuss their desirable properties. In Section 5,

we build a novel MADM technique utilizing the constructed A-PFIWA and A-PFIWG operators and in Section 6 we utilize a actual instance
to show our technique and compare it with the previous research. Finally, Section 7 concludes the paper.

2. PRELIMINARIES

Some preconditions for PFS, interactive operational rules of PFS and ATT are briefly provided in this section.
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2.1. Pythagorean Fuzzy Set
Definition 2.1. [9,10] A PFS P on universal set Z is defined as:
P={{z,(up (2,9 (2))) |z € Z}. (1)

where pp (2) , ¥p (2) stand for the MD and NMD for each z € Z, respectively, which meets the conditions: up (z) , vp (2) € [0, 1]and (1p (z))2 +

vp () € [0, 1]. Indeterminacy degree is 7p () = \/1 — (up (2)* - (v @)%

Zhang and Xu [20] defined 8 = (,uﬁ, Vﬂ’) as a PEN with ug, vz € [0,1] and ,ué + vé € [0, 1]. All PFNs are denoted by Q. Wei [32] defined
interactive operational laws for PFNs.

Definition 2.2. Suppose § = (,uﬁ, Vﬂ’) ,B1 = (,uﬁl » VB, ) and 3, = (,L{ﬁz, v/_gz) are three PFNs, then the interactive operations are provided
in the following expressions [32]:

— 2 2 2,2 2 2 2 ,,2 2,2 2,2 .
D P& = (\/'uﬁl t Mg, _’uﬁlﬂﬁz’\/vﬁl TV, V3, V3, T M6, VB, _Vﬁl'uﬁ’2>’

@ Fr® o= (\/ish, +, — b, — B~ VbR R R )
@ 1= (Vi-(-8) (-8) - (= (44)) )+
4) 5k=<\/<1—V§>k—(1—(,ué+vé>>k,\/1—(1—vﬁz>k),k>0.

Zhang and Xu [20] also have given the comparison rules for two PFNs.

Definition 2.3. [20] Let § = (,uﬁ, Vﬁ) be a PFN, the score and accuracy of 8 are expressed by s(8) = ,ué - VE and a(B) = ,ulzg + vé,
respectively. Suppose 81, B, are two PENs, the following two expressions, as long as one holds

L s(B1) > s(Ba)s
2. s(By) =s(By)and a(By) > a(By).

then ﬁl > 62.

2.2. Archimedean t-conorm and t-norm

The notions of Archimedean t-norm and t-conorm were initiated by Klir and Yuan [41] and Nguyen and Walker [42], the formal definitions
shown as follows:

Definition 2.4. [41,42] A t-norm is a mapping T : [0, 1]? — [0, 1], and meets the following properties:

1. T@d,a) = a,forallg;

2. T(a,b) =T(b,a),forall aand b;

3. T(a,T(b,c))=T(T(a,b),c),foralla,bandc;
4. Ifa<bandc<dthenT(a,c) < T(b,d).

Definition 2.5. [41,42] A t-conorm is a mapping T* : [0,1]®> — [0, 1], and meets the following properties:

1. T*(0,a) = a,forall g

2. T*(a,b) =T*(b,a),forall aand b;

3. T (a,T"(b,c)) = T*(T* (a,b),c), forall a, b and ¢;
4. Ifa<bandc<dthen T*(a,c) < T* (b, d).

Ref. [49] indicated that a strict Archimedean t-norm is depicted through its following additive continuous function I:

T(a,b) =1"Y({(a) + 1 (b)) ()
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In which [ : [0,1] — [0, +00) is a strictly decreasing function and /(1) = 0.

Analogously, utilized to its dual t-conorm, the following expression can be derived:
T*(a,b) = h™" (h(a) + h (b))

where h(r) = I(1 — 7).

3. ATT ON PFNs

3)

Enlightened by the idea [50] and Equations (2) and (3), next, we shall develop new interactive operations rules for PFNs in the light of ATT.

Definition 3.1. Suppose § = (/,tﬁ, Vlg) P1 = (/,tﬁ1 , Vﬁ’l) and 3, = (,uﬁz, Vﬁz) are three PFNs, then the novel operational rules for PFNs

applying ATT are defined as follows:

Bl 952 = (\/T* <M§1”uéz)’\/T* ('ug’l +V/-%1"u1232 +Véz) - ('["%1’“%2))

AL®p = (\/ <’u/31+vﬁ1 Mﬁ2+vl32 Vﬁl Vﬁz \/T* Vl31 vﬁz )

Further, we can deduce

= (i (18 ) 1o (i +8) o0 (s 008)) = 0 o) 0 (.)
o= (i (rleg w8 ) ol +8)) =t (0 (3) 0 () () 4 (1)
6= (i (1)) (g 8)) - () ) >0
= (i (a3 8) 0 ()i (0 (4))) 20

Proof. Now, we shall verify the Equations (6) and (8) and the others are similar.

With the help of Equation (3), we have

o<ht k() +h(13,)) < 1.0<h (n(w3, +93 ) +h (K2, +93,)) <1
Since ki (-) is a strictly increasing function, so we can obtain
W (n (i3, 43 )+ (i3, +93,) ) 20 (n(2,) + 0 (52,)).
which further gives that
o (n(sh 4 ) o4 (5 +o4)) - (1) 4 4)) <1

Moreover,

2

I/\

FrG8))) + (i (w8 o ) (1) 1 ()

t(n (s, +vﬁl>+h</xﬁ +33,))

s

IAN

Hence, Equation (6) holds.

(4)

®)

(6)

@)

®)

©)
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Similarly, from Equation (3), we get
0<h! (kh (;%)) <1, 0<hl (kh (,uz, + vg)) <1

As h(:) is a strictly increasing function, then we have h~! (kh </,tfg + v/_%)) > b1 (kh <,ué)) thatis 0 < h~1 (kh (,ué + vé)) -
Kl <kh <,ué)) < 1. Additionally,
i ))) + (fim (oegr)) - ()
pl (kh (# +vg)
1

2
0

IA
N =
~—

Al

So, Equation (8) holds.

If we set specific expressions to the function /, then the following several fundamental t-conorms and t-norms can be obtained:

Case 1: Ifl(r) = —log(r), then h (r) = —log(1 — 1), I71(r) = e tand ™1 (r) = 1 — ™7, based on Definition 3.1, we have

— 2 2 2,2 2 2 2 .2 2,2 2,2
D kOB = <\/#51 + M, _MBI#BZ’\/VBI + 8, = V5B, T M8,V _vﬁﬂ['{ﬁz) (10)

— 2 2 2,2 2 .2 2,2 2 2 2 52
@ P®p= <\/’u/31 t Hp, — M Hp, — M3 V3, _V131'u/32’\/vl31 T3, _V/31V/32) an

o wo=(\1-(-8) /(=) - (= (3 +4))) )
@ o= (V) - (- (3 9) i (-4

which are Algebraic interactive operations on PFNs defined by Wei [32].

Case2: Ifl(r) =log (2—_r ), then h (r) = log <i—4_'r ), and ™l (r) = Z:%, from Definition 3.1, we get

ﬁ(1+uf3])—f[<1 ué}) f[<1+y§+v§j)—f[(1 #fa]—V;?]) ﬁ(1+u§])—ﬁ<1_ﬂ[2§])

wass| |F—E |
g<1+#§j)+g(1—%) g<1+u§+v§j)+g(1—u§]—vgj) E(1+y§j)+1=1<1—%)
(14)
[1(+3+3)-T1(1-3-3) T1(+2)-T1(1-3) |[TT(1+2)-T1(1-%)

(2 i ®B,= j=21 j=21 _ j=21 J'=21 J=21 J=21
E<I+M§+v/§>+g(1—#§—v§,> E(1+v§j>+g<l—v§> E<I+V§>+E<I_V§J>
(15)

J(uuzws)"—(l—uz—vé)" (e -(-m)|
2
)



508 L. Wang and H. Garg / International Journal of Computational Intelligence Systems 14(1) 503-527

o5 (1+ué+v§>i—(l—#é—v§>i_(1+v§>i—<1—v§)k, 1+93) - (1-%3) -
(1+,ué+v§> +(1—,LL§—V§> (1+v§) +<1—v§)k <1+v§)k+<1—v§>k
which are called Einstein interactive operations on PFNs.
. Ifl(r):log(@),p>O,thenh(r):log<%>,andh‘l(r):e,i;il,accordingtoDeﬁnition3.1,weget
2 2
A1<p+(1_p)(1_’uéj))_11<1_’u2‘f)
1) B BB = = = )
}i(ﬁﬂl—p)(l—uﬁ’]))+(p—1)Jlf[(1—u§]>
[T (e+a-p(1-53 ) -T1(1-55 %)
— — (18)
]:1 p+(1—p)(1—/x§j—v§j>)+(p—1)]1i<l—ugj—véj)
T(era-n(1-48))- 11 (1-4)
_F =1
\ f[ p+(1—p)<1—u§j>>+(p—1)ﬁ<1—u§j>
j=1 j=1
2 2
. <P+(1—p)<1—uéj—v§j>>—j=1 (l—uéj—véj)
2 p+<1—p>(1—ﬂg.—vg_))+(p—1>f[(1—u§—vg)
@mp/K=| | , - 7 S (19)
f1{e=0-n1-9)-[1 (%)
T2 2
\ ]1]1: p+(1—p)<1—v§j>)+(p—1)g<1—v§j)
[l(e+a-p (1) -T1(-3)
= =1
jli p+(1—p)<1—v§j>>+(p—1)§<1—v§j>
(ra=o(i-5-4)) -(1--4)
Gy kf = <P+(1—p)(1—ﬂfg))k—(1—#§>k <p+(1—p)(1—/x§—v§>>k+(p—1)(1—ﬂ§—vg>k o0
(p+(1—p)<1—u§>)k+(p—1)(1—M,%)k, B (p+(1—p)<1—ué))k—<1—ué>k
\

(p+a-p(1-)) +e-n(1-43)
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(ra=p(1-5-4)) -(1--4)
a3 +e-n(1-5-3) | _lra-n(=g))~(-4)
(P+(1—p)<1—V§))k—<1—VE>k ’ <p+(1—p)(l—vg)>k+(p—1)<1—v§)k

\ _<p+(1—p)(l—v§)>k+(p—1)(1—v/§)k

. Ifl(r)=—log<s_1>,£>1,thenh(r)=—log< £-1 ),andh_l(r)=1—logs<

er—1 gl-r—1

@) g+ = 1)

e—1+e "

), on the basis of Definition 3.1, we obtain:

1 2 (1 =1
D p®B= 1-log |1+ -— I[M(e ™ —=1)) |log, n (22)
=1 2 —2
j=1

j=1 1 21
2 L ®B= log, Al1-log (1+—1II(e -1 (23)
<81—M§j—v§j 3 > e-lj=1

pl
1-u3 -1 1-u
e "B—-1 =" "+ "F-1
(3) 1B = 1—log |1+ ( /1_1> . |log, ( ) (24)
e—-1) (e 1)1—1 " (El—,ué—vé _ 1)
-1+ (sl_”fﬁ - 1>/1 (gl"’fi — 1>/l
@ pr=| |log . |1=log [14 ——2 (25)
€ 2 2 A € -1
-1 4 (El—/xﬁ—vﬁ _ 1) (-1

which are called Frank interactive operations on PFNs.

Furthermore, we can verify some operational laws straightforward as follows.

Theorem 3.1. Suppose f = (/l[g,?/l@) ,P1 = (/xﬁl,vﬁl)and By = (/"Bz’”ﬁz) are three PFNs, and real numbers k > 0, ky > 0, ky > 0, then

L Bi@®B=pHD B

2. B ®Pr=phR B

3. k(B ® By) = kP @ kB,
4. (B1®B) =B @B
5. kiB @ kap = (ky + kp) B.
6. ﬁkl ® 5k2 — 6(k1+k2)'

7. (B4)" = g

Proof. We shall prove the parts (3) and (4), while others parts (1), (2), (5), (6), (7) can be proved analogously.
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1. For PFNsf; = (/xﬁl,vﬁl)and By = (/,{52,1152) and a real k > 0, we have

6@ o =k (\fit (13, ) + 1 3, ) ) (1 ( (i o3 ) + (13, 3, )) = (3, )+ 03,))) )
\/h—l (ki (5 ( (s, )+ (123,))) ).

\/<h-1 (kh (h—l <h (uél +v/§1) +h (ufgz +v§2)))) e (kh (h—l <h (#g ) +h (/x
= <\/h—1 <kh (”,%’1) + kh (,uéz>>,\/<h—1 (kh (/xél + Vﬁ21> + kh (”/232 + VEZ)) —h

= kB, ® kP,

5)))))
- (kn (1) +kh (12,)) )

2. For PFNs f3; and f3,, we have

B ® 52)

(V-

<\/ (g, o3, ) 1 (3, +3,)))) = (ke (52 ( (8, ) +1.(3,))))
i (o (2 (e (03) +(2.)))
< h U(kh (13, + 93, ) + (12, +93,)) = l(kh(v§1>+kh(vgz))),\/h—l (kh(v§1>+kh(vgz))>

B ® B

4. ARCHIMEDEAN BASED PYTHAGOREAN FUZZY INTERACTIVE AOs

The focus of this part is to establish some novel interactive AOs for PFNs based on the ATT.

4.1. Archimedean Based Pythagorean Fuzzy Interactive Averaging Operators

Definition 4.1. Suppose §; = <,uﬁj, Vﬁj) (j =1,2,3,...,n) isa group of PFNs, an A-PFIWA operator is a mapping A — PFIWA : Q" - Q,
meeting

A — PFIWA (B, Bay wves By) = _6_79 @;3; 20

where, w = (w1, w,, ...,a)n)Tis the weight vector ofﬁj (] =1,2,3,.. ) satisfing w; € [0,1], Z] L@ =1

Theorem 4.1. Suppose f; = (,u,g]_, Vlg}) (j=1,2,3,-++ ,n) is a group of PENE, then the aggregated outcome employing A-PETWA operator is
also a PFN, and

A — PFIWA (By, B2, s By) = é wB = [J h-1 (Z w;h (M;g.z )) \j h-1 (/Z w;h (M/zz + vé)) —h1| D wh </‘ﬁ2 ))] (27)
j=1 i=1 ! i=1 ! ! =1 :

Proof of Theorem 4.1.

We verify Equation (27) via utilizing mathematical induction on n.

1. When n = 2, and by the operations of the PFNs on 3; and (3,, we have

o = (3 (o1, )i (o 4, +2)) = (o 1)
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b= (o () o)) ()

then

w181 @ w23,

N St ol W st (o, [ 7 (7 (ot (3, +93,) ) ) (17 (s (13, +93,) ) ))
e RN R DR AR
=|\/ht (wrh (pd ) +wh (u3 ), h_l<w1h(#é1+V§1)+m2h(#§2+v§2)>
s RHTRRRRR

(G B+ (Bt

2. Assume Equation (27) is true for n = k, that is,

k k k :
A—PFIWAwuﬁz,---,ﬁw=J.@zwjﬁj=Nh-1 ijh(ﬂéj))’dh-l wah(ﬂﬁf”éj))—h‘l Zwﬂ(w))]
= i=1 i=1 =1

Then when n = k + 1, by Definition 3.1, we obtain

A — PFIWA (ﬁl,ﬁz, ,ﬁk, ﬁk+1) = A — PFIWA (ﬁl: ﬁZ’ aﬁk) @ CL“k+16k+1

- N - <j wjh @gj)), \} = (ﬁ o (43, + vg,)> — (ﬁ wh (ﬂg))]

o (i ort (o I ot (o ) (e (5.)

\jh-l <h<h-1 (éwjh (uﬁj>>>+h h 1 wth Mﬁ“ )

-l [ <h (h-l (é wh (u,%j N %))) +h (h-l (cukﬂh (uﬁ,kﬂ +v3 )))) _
({2 (Ber))) ot s 3.))

Lo~

| e e
e (o) i)} | )
o <J§1 jh (“/2%) + @ <”ﬁ" ' >>

=
—
N
IiME| =
=
—
=
SN—
~_
N —

Nt (Eovta )+

That is, Equation (27) is true for n = k + 1.
Hence, according to the result of (1) and (2), Equation (27) is true for all n.
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Furthermore, function h (r) is strictly increasing, then

0< \}h—l(éwj yﬁj ) \Jh 1<th ,u5+vﬁ>> h-1<_
( 1

— -1 (‘Z wih (ufgj +vﬁ) ) K1 h(l)) =hh() (Efj) =

Therefore, the proof is completed.
When we adopt diverse forms of the function I (r), then some especial AOs can be determined as follows:

i
£
=
—
=
RN
S——
N———

IIM:

Case 1: IfI(r) = —log(r), according to Theorem 4.1, then A-PFIWA operator becomes the PFIWA operator introduced by Wei [32].

() ) A7) )

=1 j=1 j=1

PFIWA (By, Bys ., By) = <\J 1-

Case2: Ifl(r) =log ( ) from Theorem 4.1, A-PFIWA operator becomes

EPFIWA (1, B2, - )

_ =1 =1
() 10-5)
(4 +3) -1 (-2 -3)" TI(+m)" -T1(1-43)"
=1 =1 = j=1
(4 +3) + T (-2 -3)" TL(+)" +11(1-43)"
=1 =1 j=1 j=1

which is called the Einstein PFIWA (EPFIWA) operator.

Case 3: Ifl(r) =log (m) ,p > 0, then in the light of Theorem 4.1, A-PFIWA operator becomes

HPFIWA (81, Bas - » Br)

ﬁ<p+(1—p)(1—u§j))wj -~ .nl (1—#§j)wj
_ j= j=
[(e+a-o(1-))" +o-0T1(1-4)"
j= j=
[(r+a-p(1--4))" - T1(-4 )

n

1 <p+(1_p)<1_’u/23f_Vﬁzj>>wj+(p_1)]1i(l_ﬂzj_V§j>wj

[(e+a-m(1-3))" -1 (1-1)"

j=

n n

T S S T
j=1 =

(28)

(29)

(30)
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which is called the Hamacher PFIWA (HPFIWA) operator.
Particularly, when p = 1, then Equation (27) can become the PFIWA operator [32], when p = 2, then Equation (27) can become
the EPFIWA operator.

Case4: Ifl(r) = —log (%) ,€ > 1, then A-PFIWA operator becomes

n - @; =1
FPFIWA (By, B2, -, B) = |\ [1=log [ 1+ ] <£ Her _ 1) . |log, d — (31)
=1 " ( 1-f g —v3 >
j 1+ e & fiq
j=1
which is called the Frank PFIWA (FPFIWA) operator.
The following useful properties of the explored A-PFIWA operator are discussed carefully.
Property 1 (Idempotency). If all ﬁj = (,uﬁj,vﬁj> (j =1,2,3,.., n) areequalto § = (,uﬁ,vﬁ), then
A — PFIWA (B1, B2, > Bn) =B (32)

Proof. Since ﬁj =B=W,v) (j =1,2,3,.., n), based on Theorem 3.1, then we have

n

A = PFIWA By, B, -, B,) = \h_IC wfh(/«t?s))\h‘l 2%}1(#?3”5))—’1‘1 (Z%Wé))

pr

N GRS

I
&
¥

—
—
=
N
=
N
—
=
R
/
=
—
=
™I
+
W
~—
—
|
=
R
A/
=
—
=
RN
SN———
S———
N———

= (ug.ve) = B
Hence, the Property 1 holds.

Property 2 (Monotonicity). Let §; = (/xﬁj, V5j> anda; = (/xaj, Vaj> (] =123,.., n) are two groups of PFNs, if/xlgj 2 U, and uﬁ;j +V§] <

M&, + Vg, then

s(A — PFIWA (B, Bas -, B) = s(A — PEIWA (a1, d, ... , 1)) (33)

Proof. From Equation (3), we known that £ (7) is strictly monotonically increasing, as Mg, 2 Mo ug,] + Véj < ,uéj + vozcj. Then, we obtain

= <Zi wjh (%)) > i1 (; wh </¢é}.)) :
hl (; w3, + v§j)> <k (Zl wh (3, + vg(]_)) .

Further, h~! ; wh (uf;j + V§j>> —h! Z{ wh <,uéj>) <K Z{ wh (ugj + %)) — K1 Zl wh (%)) . On the basis of Def-
inition 2.3 and Equation (27), we have

s(A — PFIWA (B, Bas ., B,)) = s(A — PEIWA (g, g, ..., 1)) -
Property 3 (Boundedness). Let §; = ( g, VIgj) be a group of PFNs, then

s(B-) < s(A = PFIWA (B, Bas -, Bn) < s (B4) (34)
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where f_ = <rnin {,uﬁj} , \/max {,uéj + véj} — min {,ué}}) By = (max{,uﬁ]}, vﬁ+)

and
B O o e e A P R A
B = 0, min{,uéj +v§j —max{uéj <

Proof. Since, /,té > min {,ué'}, then
J J

= (B (3)) 27 (S (mnba) ) =mnli)

Jh—l (ﬂ wh (%)) > min {ug ).

-1 éwjh <,u;231, + vgj)) < p! éwjh (max{/,t[zgj + vj}})) = max{/,tlzgj + véj}

and

Because '”/23] + Véj < max {/xéj + VEJ}, then

and

[ (Borta o)) (Fon ) = oo -]

Thus, from Definition 2.3 and Equation (27), we have s (8_) < s (A — PFIWA (81, 33, ... , 8,,)). Similarity,

(B () eme)

, then
V(B o)) smsto]
Further,
h! (; o (3, + vgj)) — K éwjh (%)) > min{u +v3} - maxfu3 |
and
(th HE ) (th H3 )
Thus,

(ol +8)) - (S () ) 2 mosfomnl ) mucf3)

If min {/.tf;j + véj} — max {,u[zgj} > 0, then

J h-1 (é w;h (,ufgj + véj)) — K1 éa}jh </,t§})) > \/min {#[zgj + ng} - max{,uéj}
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If min {Méj + véj} — max {/.Léj} <0, then

Jh—l éwjh(#fgj+véj>>—h—l éwjh(ufgj»zo

According to Definition 2.3 and Equation (27), we get s (A — PFIWA (81,85, ..., ) < s (ﬁ+). Therefore, the Property 3 holds.

Property 4 (Shift-invariance). Let §; = (,uﬁj, vﬁj> be a group of PFNs and & = (U4, Vy) be a PEN, then

A—PFIWAB1 B a,B®a,..., 5, ®a)=A—PFIWA(By,8;,...,8,) B« (35)

Proof. Since,

goa=|\i (n(ig)+h(2)) J W (1 (13 +93) + h (& +2) ) | then

(133 ) )

A—PFIWA(B ®a,B Da,...,0, D)

=(\h_1 (z o (171 (1 (3) + (42)) ) J (z aph +-h b f%a;véj))_h—l (z o (171 (1 (Mfaj)+h(/x§)>>>>

:(\h_1<j§1wj(h<ﬂé]>+h(ﬂg))),\ <§ ((uﬁ+vﬁ)+h(ua+va)))—h-l(éwj(h(u?gj)+h(ué))>>
\r

=(\h-1(iwjh<uéj>+h<ua (Borlar)ertan)- h‘l(ﬁwﬂ‘““@”(“@))

=1

and

A= PFIWA (B, B3y -, B) @ @ = \} Bl (El wjh (#fej)) \} Bt (El o (4, + Véj)) — b1 (El wjh (%))) D (Mar> V)
\}h—l <h (3 wph (%))) +h (;@)) :

&)

|

Heers
(o (Borten))) )

o (; wh (ng + ng) +h (2 + y§)>
(,uéj) +h (,ué)), =
Property 5. Let §; = (,uﬁj, vﬁj> be a group of PENs, if k > 0 then

—h~
= )
=

- (
j

e (§on ) )

Thus, the Property 4 is correct.

A — PFIWA (kf31,kpBs, ..., kB,) = k (A — PFIWA (81, B2, ... » ) (36)

Proof. Because

8= (i (90 (13 ) ) fi (k0 o 3 )) - (40 (2))).
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A — PFIWA (kBy, kB, ..., kp,)) = [\jh 1( 2))))
\Jw( (= (sn ( ,uﬁ+vﬁ>>>> (]Zlcuh(h1<kh< ))))
Nh l(kzwh ) \Jh 1<k2wh</xﬁ +Vﬁ)>—h_1<kj§:1wjh<,uéj>)]

In the light of Properties 4 and 5, we can obtain the following properties:

Property 6. Suppose & = (i, Vy) isa PFN and 3; = (yﬁj, vﬁj) is a group of PFNs, if k > 0, then
A — PEIWA (kB @ a,kBy @ a, ..., kB, @ ) = kA — PEIWA (B, Bas ..., B,) ® (37)

Proof. It is straightforward, so omitted here.

Property 7. Let §; = <,uﬁj, vﬁj> and o = <,ua ) (j=1,2,3,...,n) be two groups of PFNs, then

A —PFIWA (B, ® oy, B2 ® &, ..., B, ® ) = A — PFIWA (B, By ..., B,) D A — PFIWA (ay, 0y, ..., @,,) (38)
Proof. For PFNs §3; and a;, we have

N +h(ﬂg{j>),d W (i (g 43 )+ (k2 ”3@))J,then

1 (h (Mfgj) +h <#3@>>

B ®a=

A — PFIWA (8; ® a1, 3, ® oz, ..., B, ® )

o B T ) N el I R T AR ))
(12, +4%)
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and

200 i (S (5) i (S5 +)) - (Bon ()
? \J " (El ! <Méj>>’ \J " (él o+ Voz{j)) - <J§1 o (ﬂg‘))

(N (Bt )
g () St (B (n(5) +1(2)) )

j=1 +h (,ug(j + g,

Then, the result of Property 7 holds.

4.2. Archimedean Based Pythagorean Fuzzy Interactive Geometric Operators

Definition 4.2. Suppose 8; = (ﬂﬁj, vﬁj) (] =1,2,3,---, n) is a group of PFNs, an A-PFIWG operator is a mapping A—PFIWG : Q" — Q,
meeting

A — PFIWG (B, Bas s B,) = ‘élﬁj‘”" (39)
]=

where, w = (w1, Wy, ..., a)n)T is the weight vector of,Bj (] =1,2,3,.., n), satisfying w; € [0,1], 2;21 w; =1

Similar to Theorem 4.1, we can derive the following result:

Theorem 4.2. Suppose 3; = <,uﬁj, vﬁj> (] =1,2,3,--, n) is a group of PFNs, then the outcome employing A-PFIWG operator is again a PFN,
and

A= PEIWG By, By Br) = ® B = \j h-1 (Z wh (ﬂg_ + vg_)> ! (Z wh <v§v>), \J h-1 (Z wh (%)) (40)
]=1 ] 7 J ‘1 7 -1 ]

Proof. The way of proof is like to Theorem 4.1, so omitted here.

Similar to the A-PFIWA operator, if we utilize different forms of function I (r), then we can acquire the following certain particular AOs:

Case1: Letl(r) = —log(r), then utilizing Theorem 4.2, A-PFIWG operator can become the PFIWG operator introduced by Wei [32].

n

PFIWG (B1, B2, - Bn) = ( q 11 (1 - ng)wj —]13[1 (1 - Mfaj - véj)wj, Q 1— f[ (1 - véj)wj> (41)

j=1 j=1

Case2: Letl(r) =log (Z—_r ), then by Theorem 4.2, A-PFIWA operator becomes

EPFIWG (B1, B2, -+ » B)

n n

1 2 2 \“ 1 2 2 \“ 14 2 @i 1— 2 @i : 142 @i . 1— 2 @i
[O+w+%3) -II0-x—4) T0+4) -TT0-—4) |[II(+3) -I1(1-%)
_ j=1 j= _1:1 j=1 j=1 j=1
. 2 2\ . 2 2 \“ . 2\ : 2 ©’ : 2\ - 2 \“
(1t +3) +11(0-w3-3) TI(1+%) +I1(1-%) [1(1+) +I1(1-%)
j=1 j=1 j=1 j=1 j=1 j=1

which is called the Einstein PFIWG (EPFIWG) operator.
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Case 3: Letl(r) =log (M> , 0 > 0, then with the aid of Theorem 4.2, A-PFIWG operator becomes

HPFIWG (By, B2, -+ » Bn) =

n

(43)

n n

[[(p+a-p(1--3)) -11(1-#3-4)" | I[(e+a-p(1-2))"
j=1 j=1 j=1
n w]
_}1(1_1}‘%)

1 <‘°+(1—P)<1_P‘[23j_vgj>>wj+(p_1)jlj<l_ﬂf23j_vgf)wj

Mera-o(-%)"-110-3)"  |TI(e+a-p(1-3))"

j=1 = =1

n n n CU]
+(p—1)g<1—vﬁ2j>

N\ era-o(i-%))"+e-nIT(-4)"

j j=1

n

j=

which is called the Hammer PFIWG (HPFIWG) operator.
Specially, when p = 1, then Equation (40) can become the PFIWG operator [32], if p = 2, then Equation (40) can become the
EPFIWG operator.

Case 4:

LetI(r) = —log ( ) ,€ > 1, then in the light of Theorem 4.2, A-PFIWG operator becomes

e—1
er—1

FPFIWG (By, B2, --- » Bu) (44)

i 1-v2 @i
1+ ] <s B — 1)
j=1

n @j
_ 1—11%,
= log, T wj,\Jl—logs(1+1__[1<s J—1> )
1+]] (s BERC —1> =
=1

]

which is called the Frank PFIWG (FPFIWG) operator.

Like properties of A-PFIWA operator, we can prove the following outcomes of A-PFIWG easily.

Property 8. Let 3; = <,uﬁj, v;;j) and a; = <,uaj,vaj> (] =12,3,.., n) are two groups of PFNs, if/xéj + Véj > /Jéj + Véjand Vg, < vajthen

s(A — PFIWG (B, By, -, B,) = s (A — PFIWG (ay, &y, .. , @) (45)
Property 9. Let 3; = ( ;s vﬁj> be a group of PFNs, then
$(B-) < s(A—PFIWG (B, B, . B)) < s (B+) (46)

where f_ = (/xﬁ_, max{vﬁj}) with

_ \/min {ué] + Véj} — max {VE}_}, min {,uéj + Véj} — max {véj} >0
0, min {,uéj + Vé)} — max {vg =

J

Mp_

and B, = (\/ max{u +vZ} - min{y2}, mm{vﬁj}).

In addition, the remainder properties of A-PFIWG operator are the same as A-PFIWA operator.

5. ANOVEL APPROACH FOR MADM UTILIZING THE CREATED AOs

In a MADM problem with PFNGs, consider a collection of alternatives denoted by A = {A1, A,, ..., A,,,}, and attributes C = {C;, C;, ..., C,}
whose relevant weight is described by w = (wq, w,, ..., cu,,)T, where w; € [0,1] and Z;;l w; = 1. The DMs provide their evaluation
values in PFNs form, d,-j = (”d;,-’ Vd[j) (i =12,..,mj=1,2,.., n) for the candidate alternative A; € A (i = 1, 2, ..., m) concerning the

attribute Cj eC (] =1,2,.., n), thus the decision assessment matrix D = (dij) L, S0 be established, such that Hd,» Vi, € [0,1], and
mxn 1] 1]



L. Wang and H. Garg / International Journal of Computational Intelligence Systems 14(1) 503-527 519

Table1 The Pythagorean fuzzy decision matrix D

(o} C, Cs C, Cs
A (0.6,0.3) (0.7,0.1) (0.9,0.2) (0.4,0.5) (0.8,0.2)
Ay (0.4,0.7) (0.5,0.7) (0.8,0.4) (0.8,0.1) (0.5,0.6)
Az (0.8,0.5) (0.3,0.5) (0.8,0.4) (0.7,0.5) (0.8,0.0)
Ay (0.4,0.2) (0.5,0.6) (0.6,0.7) (0.9,0.4) (0.7,0.6)

2 2
0< < M, ) + <Vdij ) < 1. Then, with the aid of the proposed A-PFIWA and A-PFIWG operators, the ranking of the whole alternatives are
obtained through the steps below:

Step 1.  Convert the preference matrix D = (dij) ., into the normalized preference matrix ¥ = (yl-j) L D which
mxXn mxXn

d.;, for benefit attribute G

S Ml

Vi = dfj, for cost attribute G

where df; = (de_j,/vcdl_), (i=1,2,..,m;j=1,2,..,n) [20,22].

Step 2. Aggregate the PFNs y;; via utilizing the A-PFIWA operator as follows:

yi=A — PFIWA (y;1,Yi2s -+ Yin)

or

y;=A — PFIWG (yil,)’a’ ’yin) .

Step 3. Determine the score value s (y,») (i=1,2,..., m) for every collective value y; (i = 1, 2, ..., m).

Step 4. Generate the ranking of all the candidate alternatives A; (i = 1,2, ..., m) according to s ( y,-) (i=1,2,...,m), and then acquire the
optimal alternative(s).

6. PRACTICAL APPLICATION EXAMPLE

In this part, we consider an actual MADM issue involving the assessment of online payment service providers (revised from Refs. [30,38])
to show the application and the working process of the presented approach.

6.1. Description

GCB Bank Ltd., with over 60 years of efforts has been made to encourage and support business growth in Ghana. In order to expand its
business scope and for the convenience of its customers, GCB Bank Ltd. prepare to purchase a new online payment system. Therefore, how to
choose the appropriate online payment service providers will possess vital impact on the development of the GCB Bank Ltd itself, meanwhile,
it is an important task for the e-banking director. Four underlying service providers {A;, A,, A3, A4} were regarded as possible providers
for chosen after careful research. The e-banking director considers the following five attributes, which are technical ability and innovation
(Cy), truly competitive rates (C,), performance history (C3), technical competence (C4) and logistics (Cs). w = (0.3,0.1,0.2,0.1, 0.3)Tis the
corresponding weight. The feature of provider A; (i = 1,2, 3,4) in terms of attribute Cj are described via the following preference matrix
D= (dij)4x5’ which is provided in Table 1.

6.2. Decision Process

The presented approach to address the MADM issue is provided as follows:

Step 1. In viewing of each alternative is benefit form, so the normalization does not need.

Step 2. On the basis of the HPFIWA operator (we set o = 3) , the collective value y; (i = 1,2, ...,4) is obtained as follows:

y1 = (0.7449,0.2695) , y, = (0.5392,0.5761),
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Table2 The aggregation results of different case of A-PFIWA operators.

Aggregation Operators Score Value s (yi> Ranking

PFIWA s(y1) = 0.5110, s (y2) = 0.0686, s (y3) = 0.4127, s (y4) = 0.0648 Al > A3 > Ay > Ay
EPFIWA s(y1) = 0.4924, s (y5) = 0.0375, s (y3) = 0.4055, s (y4) = 0.0504 Al > A3 > Ay > Ay
HPFIWA s(y1) = 0.4822, 5 (yp) = 0.0200, s (y3) = 0.3998, s (y4) = 0.0429 Ay > Az > Ag > Ay
FPFIWA s(y1) = 05021, s (y2) = 0.0546, s (y3) = 0.4102, s (y4) = 0.0587 Ap > A3 > Ay > Ay

y3 = (0.7617,0.4248) , y, = (0.6248,0.5895).

Step 3. The score value of y; (i = 1, 2, ..., 4) is determined as follows:

s (1) = 0.4822; s (y,) = 0.0200,
s(y3) = 0.3998; s (y4) = 0.0429

Step4. Because s (yl) >s (y3) > (y4) > (yz), then we can get the priority result

Ay > Ay > Ay > A,
Hence, the optimal alternative is A;.
Analogously, we deal with the above Example based on the HPFIWG operator:

Step 1. is the same.

Step 2. Based on the HPFIWG operator (we set o = 3), the comprehensive value y; (i = 1, 2,

y1 = (0.7453,0.2683) , y, = (0.5869, 0.5825),

y3 = (0.7786,0.3930), y, = (0.6838, 0.5199).
Step 3. The score value of y; (i = 1,2, ...,4) is obtained as follows:

s(y1) = 0.4836; s (y5) = 0.0051,

s(y3) = 0.4517; s (y4) = 0.1973
Step 4. Since s (y1) > s (y3) > s (y4) > s (2), then we can determine the priority result
Ay > Ay > Ay > A,

Hence, the optimal choice is A;.

..., 4) is acquired as follows:

We can see that the ranking orders are the same by using the HPFIWA operator and HPFIWG operator.

6.3. Discussion and Comparison Analysis

6.3.1. The influence of diverse specific AOs on decision results

In what follows, we will observe the effect on the decision results by utilizing diverse specific AOs. The proposed AOs: PFIWA, EPFIWA,
HPFIWA, FPFIWA, PFIWG, EPFIWG, HPFIWG and FPFIWG operators are used to settle above example. In HPFIWA and HPFIWG
operators, we take parameter value p as 3, and in FPFIWA and FPFIWG operators, we set parameter value € = 2. The final score values and

ranking outcomes are listed in Tables 2 and 3.

As displayed in Tables 2 and 3, the score values of the same alternative are different by utilizing diverse specific algebraic and geometric AOs.
The ranking results are slightly different via using PFIWA and PFIWG operators, the reason is that PEIWA operator highlights the function

of whole PFNs, while PFIWG operator reflects the function of individual PFN, the ones are

the same by employing other AOs. However,

the optimal choice is completely consistent by all AOs, that is, A;, which shows that diverse specific AOs have no significant impact on the

ranking outcomes, and the decision-making approach is relatively stable.
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Table 3 The aggregation results of different case of A-PFIWG operators.

Aggregation Operators Score Value s (yl.) Ranking
PFIWG s(y1) = 0.4894, s (y5) = —0.0246, s (y3) = 0.4420, s (y4) = 0.1873 Ay > A3 > Ay > Ay
EPFIWG s(y1) = 0.4845, 5 (yp) = —0.0073, s (y3) = 0.4461, s (y4) = 0.1912 Al > Az > Ay > Ay
HPFIWG s(y1) = 0.4836, s (yz) =0.0051, s (y3) = 04517, s (y4) = 0.1973 A] > Az > Ay > Ay
FPFIWG s(y1) = 0.4860, s (y2) = —0.0178, s (y3) = 0.4422, s (y4) = 0.1863 A > Az > Ay > Ay
DB T T T T T
osf -
04F -
. 03t — A A
5 — A
o2t — A A
Ay
01f -
D - .
_D1 1 1 1 1 1
0 ] 10 15 20 25 30
P

Figure 1 Scores for alternatives determined using the Hamacher Pythagorean fuzzy interactive
weighted averaging (HPFIWA) operator.

6.3.2. The effect of diverse parameter values on MADM results

Next, we analyze the influence of parameter value changes on decision results. As we discussed before, if parameter value p = 1, then
the HPFIWA and HPFIWG operators become the PFIWA and PFIWG operators, respectively; if o = 2, then the HPFIWA and HPFIWG
operators become the EPFIWA and EPFIWG operators, respectively. Therefore, we choose HPFIWA, HPFIWG, FPFIWA and FPFIWG
these four operators for analysis.

First, we set the diverse value p from 0 to 30 in HPFIWA and HPFIWG operators to settle above example. The variation trend of score
results with the change of parameter p is shown in Figures 1 and 2, respectively.

From Figure 1, we can obtain that the scores determined by the HPFIWA operator of alternative Aj first increases and then decreases
as the value p increase,the reason is that the score function of alternative A3 is a monotone increasing function about parameter p in
interval [0,0.4097] and a monotone decreasing function about parameter p in interval (0.4097,30], whereas the scores of other alternatives
determined by the HPFIWA operator decrease as the value p increase. Since the parameter p is smaller, the score values of all alternatives
are larger, then for an optimistic DM, smaller p is advised. Further analysis, we can get the following results:

1. When p € (0,1.2275], the ranking is A; > Az > A, > Ay.

2. When p € (1.2275, 30], the ranking is A} > A3 > A4 > A,.

As shown in Figure 2, the scores determined employing the HPFIWG operator of alternative A, increase as the value p increase, whereas
the scores of other alternatives derived from the HPFIWG operator first decrease and then increase when the value p increase. Because the

parameter p is bigger, the score values of all alternatives are larger, then as an optimistic DM, bigger p is advised. Further analysis, we can
get the following results:

1. When p € (0,11.8182], the ranking is A} > Az > A, > Ay.



522 L. Wang and H. Garg / International Journal of Computational Intelligence Systems 14(1) 503-527

2. When p € (11.8182,30], the ranking is A3 > A; > A4 > A,.
Furthermore, if the HPFIWA and HPFIWG operators are replaced respectively with FPFIWA and FPFIWG operators to resolve above
example, then the score outcomes with the change of parameter ¢ are described in Figures 3 and 4, respectively.

In the light of Figure 3, we can get that the scores acquired via the FPFIWA operator of alternative A, first decreases and then increases as the
value ¢ increases, whereas the scores of other alternatives determined utilizing the FPFIWA operator decrease when the value ¢ increases.
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Figure 2 Scores for alternatives determined using the Hamacher Pythagorean fuzzy interactive
weighted geometric (HPFIWG) operator.
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Figure 3 Scores for alternatives determined using the Frank Pythagorean fuzzy interactive
weighted averaging (FPFIWA) operator.
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Because the parameter ¢ is smaller, the score values of all alternatives are larger, then as an optimistic DM, smaller ¢ is advised. Further
research, the following results can be obtained:

1. Whene € (0,1.4185], the ranking is A; > A3 > A, > Ay.
2. Whene € (1.4185,30], the ranking is Ay > A3 > A4 > A,.

Based on Figure 4, we notice that the scores generated via the FPFIWG operator of alternatives A; and A4 decrease when the value ¢
increases, whereas the changing trend of scores for alternative A is just the opposite of alternatives A; and Ay4. The scores acquired using
the FPFIWG operator of alternative Aj first increases and then decreases when the value € increases. And regardless of the scores of the
four alternatives change, the ranking results are always the same, thatis A; > A3 > A4 > A,.

6.3.3. Comparative analysis with the relevant approaches

In order to show the effectives and merits of proposed approach (As mentioned above, we select HPFIWA and HPFIWG operators to stand
for the proposed AOs), we will compare with the following methods: Ma and Xu’s method [22] based on PFWA operator, Garg’s method
[24] based on PFEWA operator, Wu and Wei’s method [27] based on PFHWA operator, Wei’s method [32] based on PFIWA operator, Gao et
al’s method [37] based on PFIPWA operator and Wang and Li’s method [38] based on WPFIPBM operator. The evaluation values in Table
1 are employed, and the comparison results are provided in Table 4.

This Table reveals that the ranking outcomes utilizing the presented method are same with the methods defined by [32,37,38], which
indicates that our novel proposed approach is valid. Moreover, the ranking outcomes are different from the methods given by [22,24,27].
Further discussions are listed as follows:

1. Ma and Xu’s method [22] is on the base of PFWA operator, the PEWA operator adopted the algebra t-conorm and t-norm, it is a
particular form of ATT. Although the calculation process is relatively easy, it cannot capture the interaction over MD and NMD of
PFNs. Hence the ranking output by Ma and Xu’s method [22]is different from our defined method.

2. Gargs method [24] and Wu and Wei’s method [27] are based on the PFEWA and PFHWA operators, respectively. The PFEEWA operator
adopted the Einstein t-conorm and t-norm, and the PFHWA operator adopted the Hamacher t-conorm and t-norm. Whereas, the
presented method used the ATT, and Einstein t-conorm and t-norm, Hamacher t-conorm and t-norm are all special cases of ATT. On
the other hand, like Ma and Xu ’s method [22], the methods[24,27] also do not reflect the interactive influence among MD and NMD,
so the ranking outputs by these two methods [24,27] are different from our constructed method. It reveals the superiority of our built
method.
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Figure 4 Scores for alternatives determined using the Frank Pythagorean fuzzy interactive
weighted geometric (FPFIWG) operator.
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Table4 The aggregating results by different approaches.

Approaches Score Value s (yi> Ranking

Ma and Xu’s method [22]

based on PFWA operator s (yl) = 0.5223, s (yz) = 0.1354, s (y3) = 0.5910, s (y4) = 0.2337 Az > Ay > Ay > Ay
Garg’s method [24]

based on PFEWA operator s(y1) = 0.5080, s (y2) = 0.1059, s (y3) = 0.5844, s (y4) = 0.2075 Az > A1 > Ay > Ay
‘Wu and Wei’s method [27]

based on PFHWA operator s (yl) = 0.5008, s (yz) = 0.0916, s (y3) = 0.5802, s (y4) = 0.1948 Az > Ay > Ay > Ay
Wei’s method [32]

based on PFIWA operator s(y1) = 0.5110, s (y2) = 0.0686, s (y3) = 0.4127, s (y4) = 0.0648 Ay > A3 > Ay > Ay
Gao et al’s method [37]

based on PFIPWA operator s (yl) = 0.5060, s (yz) = 0.0534, s (y3) = 0.4207, s (y4) = 0.0626 Al > A3 >Ag > Ay
Wang and Li’s method [38] based on

WPFIPBM operator (p = q = 1) s(y1) = 0.4981, s (y) = 0.0719, s (y3) = 0.4780, s (y4) = 0.1887 Al > A3 > Ay > Ay
Proposed method based on

HPFIWA operator (0 = 3) s(y1) = 0.4822, s (y2) = 0.0200, s (y3) = 0.3998, s (y4) = 0.0429 Al > A3 >Ag > Ay
Proposed method based on

HPFIWG operator (0 = 3) s(y1) = 0.4836, s (y3) = 0.0051, s (y3) = 0.4517, s (y4) = 0.1973 Al > A3 > Ay > Ay

BWei "s method [32)
BYWu and Wei's method [27]

BGarg "= method [24]

mMa and Xu '= method [22]

OWang and Li’ s method [38]

OGao et al.’s method [37]

BProposed method based on HPFIWA

BEProposed method based on HPFIWG

Figure 5 Spearman correlation: presented methods versus others.

3.  Wei’s method [32] is based on PFIWA operator, which is the special case of proposed HPFIWA operator, when the function /(r) takes
—log (7).

4. Gao et al’s method [37] is on the basis of PFIPWA operator, which can reduce the impact of confused data during the aggregation
process. Although the PFIPWA operator can capture the interactive influence over MD and NMD, but it utilizes algebra t-conorm and
t-norm.

5. Wang and Li’s method [38] is based on WPFIPBM operator, to settle above MADM issue, we take the valued p = g = 1, and then
decision result coincides with the presented HPFIWA operator. It displays that the effectiveness of our defined AOs. But the superiority
of our built method is that it uses ATT, so it is more flexible.

As shown in Figure 5, the spearman’s coefficient of proposed method (HPFIWA, HPFIWG), Gao et al’s method [37] and Wang and Li’s
method [38] are all 1, which reveals the validity of the explored method. Furthermore, the spearman’s coefficient of Ma and Xu’s method
[22], Garg’s method [24], Wu and Wei’s method [27] and Wei’s method [32] are all 0.2, which indicates the superiority of the constructed
method.

In a word, the superiorities of our explored method are summarized as follows: (1) It can offer a more flexible method via selecting diverse
forms of ATT; (2) It can reflect the interactive influence among MD and NMD for PFNs in the decision-making process.

7. CONCLUSION

ATT can derive many famous t-conorms and t-norms, PFS is a remarkable technique to depict the fuzziness and indeterminacy in MADM
issues. In this study, we have constructed several novel interactive operational rules for PFNs in the light of ATT, based on which, some
novel interactive AOs are explored, they are A-PFIWA operator and A-PFIWG operator. In addition, we discussed their properties, such as
their idempotency, monotonicity boundedness, shift-invariance and so on. When the parameter varies in the presented AOs, we acquire
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certain specific Pythagorean fuzzy interactive AOs. Further, we have provided a decision-making approach for MADM issue on the basis
of these AOs. Finally, an actual issue on assessment of online payment service providers is settled to show the availability of presented
approach, meanwhile, a detailed investigation are also provided with respect to the change trend of decision results when the parameter
varies in introduced AOs. Furthermore, the superiority of built approach is given by comparing to relevant approaches. The shortcomings
of the operators proposed in this paper are that: (1) They do not consider the interrelationship between the input PFNs; (2) The aggregated
result is relatively complicated by using the proposed operators.

In the succeeding research, we shall extend the constructed approach to other applications [51-58], or study the parameter determination
of Bonferroni operators [59] and also extend to proportional interval type-2 hesitant fuzzy set [60].
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