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1. INTRODUCTION

Mixture distribution [1,2] was first coined in 1894. A number of authors like Pearson [3], Rider [4], Blichke [5-8], Cohen [9], Chahine [10],
Hasselblad [11], Day [12], Jewell [13], Roy et al. [14-16], Adnan et al. [17-26] defined mixtures of two distributions and studied various
mixtured distributions which they called poisson mixture, binomial mixture, negative binomial mixture, chi-square mixture, erlang mixture,
laplace mixture, pareto mixture, F mixture, weibull mixture and Maxwell mixture of distributions. Adnan et al. [27,28] also studied several
properties of triple and folded Gamma mixture distributions.

2. PRELIMINARIES

A mixture distribution is a weighted average of probability distribution of positive weights that sum to one. The weights themselves consti-

tutes a probability distribution. The mixing distribution g (x; 0) is a weighted average of a distribution in either in Z]_(_l f(x;6,) g(6;) form

orin [f(x; 0) g(6) dé form.

3. MAIN RESULTS

Here in this paper, we define the beta second kind mixtures of some well-known distributions such as normal, lognormal, gamma, expo-
nential, beta second kind, rectangular, erlang, chi-square, ¢, and F distributions. Then some characteristics of these distributions such as
characteristic functions, moments, and shape characteristics are also obtained. The main results of the paper are presented in form of defi-
nitions and theorems.

Definition 3.1. A random variable X is said to have a beta second kind mixtured distribution if its probability density function is defined as

00 1 p—1

Flxipagia) = | d

o Bl GO w

where g (x; o) is a probability density function. The name of second kind mixture distribution comes from the fact that the distribution (1)
is the weighted average of g (x; or) with weights equal to the ordinates of second kind distribution.
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Definition 3.2. If X follows a beta second kind mixture of normal distribution with parameters p and g, then the density function is given by

dr; —oo < x < © 2)

1,
[+3] 1 T’P_l e—ixer
X p,q ZJ
TP ), B P o )

with parameters p and g since

J f(x:p,q)dx=1 3)

—00

The characteristic function and moments of the same distribution are presented in the theorem below.

Theorem 3.1. IfX has a beta second kind mixture of normal distributions with parameters p and q then its characteristic function is represented

as

1

® 1 ! 6_5”‘2 r < 27’) 2m rr i ( 1 )

@22 (4 S —m ) dr (4)
J'O B (P7 Q) (14 rytd 2r+%r (1’+ %) Zm=0 2m 2

° 1 T(r+2i+s
and the 25" moment about origin is J Tlr+5+s)

dr and (2s + 1) moment about origin is zero. Mean = 0,
o B(p.g) A+ry* " T(r+1) ¢

Variance =1 + 2%,
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Remark. If p = g = 0 then all the values of ¢, (£), Més+1 s Whsr M1 Mas M3» Uy, By and B, are true for normal distribution with mean zero and
variance unity.

Definition 3.3. If a random variable X has the density function

dr; x>0, (5)

flpa) =] st 2% (logx)”
xp,q) =
0 B(pa) T+ i (g 1)

then it is said to have a beta second kind mixture of lognormal distribution with parameter p and g since
J flx:piq)dx=1 (6)
0

Various moments of the distribution are given in the next theorem.

Theorem 3.2. If X is a beta second kind mixture of lognormal variable with parameters p and q then its characteristic function is given by

) 1 1 1 ) (it)k Lo r < 27’) s 41 < 1 )
— €2 KTM"TIT (m+ = ) dr )
J B (p, q) (1 + r)pta 2r+%1, (r+ %) Zk=o k! Zm=0 m 3

0

and the s" moment about origin is

/= o1 ! e?’ - (27) 2r—2"l1"< l)d
K Jo B (p,q) (L + P 2r=nT (r+ 1) 2\ om)* mra)e

Definition 3.4. A random variable X having the density function

© 1 1 ﬁa+re—ﬁxxoc+r—1

dr; x>0, (8)

fwpgaf) = JO B(p,q) (1+rP*®  T(a+r)

is defined a beta second kind mixture of Gamma distribution with parameters p, g, @ and 8 since

J f(x;p,q,oc,ﬁ)dle. 9)

0

The characteristic function and moments are provided in the theorem below.
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Theorem 3.3. If X denotes a beta second kind mixture of gamma variate with parameters p, q, o and 8 then its characteristic function is
obtained as

1 AN _ﬂn(l_;_;)
B (p.q) <1_E> L A+t dr (10)
and ean = % o+ %] Variance = ﬁ% [oc = (ql—)(g(rqlzﬂ B (qj—zl)2 '
b p(p+1) p(p+1)(p+2) _ P P(p+1) » 2
_ [Za Fam (4-1)(a-2) * (9-1)(a-2)(9-3) 3 (a1 3 (a-1)(4-2) +2 (a-1)
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Remark. If p = q = 0 then all the values of ¢, (£) , ul, iy, Uz, U3, Ma> B1 and B, are true for Gamma distribution with parameters ct and 3.

Estimates of parameters by the method of moments: Let X1, X, ... ..X;» be a random sample from the distribution (8). We assume that param-

eters p, g and f are known. Then the distribution contains only one unknown parameter ct. We have u{ = + [cx + #] and m] = % =X.

B

Hence by the method of moments, we get % [oc + #] = X. Therefore,

y=Xp— L
&=Xp ) (11)

Definition 3.5. A random variable X having the density function

e 1 I’P_l C{H—l —ax, r

f(x “)_J e Fx
P = o B(pq) A +rP™ T(r+1)

dr; x>0, (12)
is said to have a beta second kind mixture of Exponential distribution with parameters p, gand « since

J flxpga)dc=1 (13)
0
Various characteristics of the above distribution are described in the following theorem.

Theorem 3.4. If X follows beta second kind mixture of exponential distributions with parameters p, q and « then its characteristic function is
given by

. —1 poo —1 it
1 (1 _ l_t> J' e - e—rln(l—a>dr (14)
B(p.q) al Jo (1+1)
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Remark. If p = q = 0 then all the values of ¢, (£), ul, iy, hp, M35 Ha B1 and B, are true for Exponential distribution with parameter a.

Method of moments: If X1, Xa, ... ..X;» be a random sample drawn from the distribution (12) and parameter p, q is assumed known, then the
distribution contains only one unknown parameter a. According to the method of moments, we get é [1 + q% = X. Therefore,

1+ 5
& = [fql (15)
X
Definition 3.6. If a random variable X has the density function

© 1 e (otﬁ)a“ e—ocﬁxxoc+r—1

flspac) <

) Blpq)GtrP  Ta+n x>0 (16)

then it is said to have a beta second kind mixture of Erlang distribution with parameters p, g, « and 8 since

J f(xp.gap)de=1 17)

0

The characteristic function as well as the moments is stated in the following theorem.

Theorem 3.5. If X has beta second kind mixture of erlang distributions with parameters p, q, & and [3 then its characteristic function is given by

e

B (p.q) ap o 1+ T)p+q
p(p+1) 2
and Mean = _ﬁ [oc ¥ pl] Variance = (Ofﬁ) [cx + L‘ G@D(-2) (qfl)2 ’
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Remark. If p = q = 0 then all the values of ¢, (t) , !, 14y, i, 3, fy» B1 and B, are true for Erlang distribution with parameters a and 3.

Estimating parameters: For a random sample Xl, X3, ... .Xm from the distribution (16) we assume that parameters p, g and 8 is known and

o unknown parameter. Now, y{ = [oc + ] and m] = Zx‘ = X. We obtain —13 [oc + L 1] = X. Therefore,
=
& = m (19)
Definition 3.7. A random variable X having the density function
o -1 r
Flxip.gom) = Jo . (;, 3 fr)m (r:lri)lx dr 0<x<m, (20)
is said as beta second kind mixture of Rectangular distribution with parameters p, g and m since
m
L f(x:p,q,m)dx=1. (21)

Different moments of the abovementioned distribution are expressed in the theorem below.
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Theorem 3.6. If X follows a beta second kind mixture of rectangular distribution with parameters p, g and m then its characteristic function is
obtained as

* 1 P! o (@ (r+1) mtH
J r)"+q2

0 B(Pa‘]) a+ k=0 kIl r+k+1dr (22)

and the s™ moment about origin is

Sr" 1 ! r+l
o B(pg) A+rfTir+s+1

Remark. If p = g = 0 then all the values of ¢, (t), u!, U, b, 1y, are true for Rectangular distribution with parameter m.

Definition 3.8. A random variable X having the density function

_ . 1 -1 K-l (1—x)'6_1
AL R T e i

dr; 0 <x <1, (23)

is called a beta second kind mixture of Beta distribution of first kind with parameters p, q, @ and 8 since

J f(x;p,q,oc,ﬁ) dx = 1. (24)

0

Different moments of the same distribution are provided in the following theorem.

Theorem 3.7. If X follows beta second kind mixture of beta distribution of first kind with parameters p, q, & and B then its s™ moment about
origin is given by

dr. (25)

J‘” 1 1 Ba+s+1p)
o B(p,q) A +rP* B(a+rp)

Remark. If we put p = g = 0 then all the values of 1/, ul, ,ué, and u, are true for beta distribution of first kind with parameters ot and 3.

Definition 3.8. A random variable y? with the density function

dr; x* >0, (26)

_1. Z4r—1
) 1 rp—l e 2){ (XZ)Z
xX5p.an =J 5
Ssran =) G g aerm 227 (5 +7)

is said to have a beta second kind mixture of chi-square distribution having the parameters p, g and n since

J fO%p,qn)dy? =1 27)

0

Some characteristics of the distribution are represented in the theorem below.

Theorem 3.7. If x* has beta second kind mixture chi-square distribution with parameters p,qandn then its characteristic function is
expressed as

1 Cen [T T aan
and Mean = n + Zﬁ, Variance = [Zn + 4# + 4(;_)(113?;22) - 4(;1)2]
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Remark. Putting p = g = 0 we find that all the values of ¢, (t), u;, 4y, Us, 1y, By and B, are true for chi-square distribution with
parameters n.

Estimates of parameters: Let X1, Xa, ... ..X;» be a random sample from the distribution (26). We assume that parameters p and q is known and
n is unknown. Now, uj = n + Zq% and m| = ZT" = X. Hence, we get n + 2% = X. Therefore,
h=X-2-P2_ (29)
q—1

Definition 3.9. If t as a random variable has the density function
oo 1 rp—l tZr
F(pan) = |

B(p,q (1+r)p+q 2 ntl
o Bl nB(Lant) (145)

dr; —00 <t < o0, (30)

then it is said to have a beta second kind mixture of ¢ distribution with parameters p, g and n provided

Joo f(tp,g,n)dt=1. (31)

—00

The following theorem expresses here some of the properties of the distribution.

Theorem 3.8. If t is beta second kind mixture of t distribution with parameters p, q and n then the 2s™ moment about origin is given by

oo —1 r (2 _
SJ 1 e - (r+sl+2) (i S)dr (32)
o B(p,g) A+rf™ T (347)T(5)
3+s%+47P(P+1)
and the (2s + 1) moment about origin is zero. B, = 0, §, = Z—j[ 1 [l (2‘1]2(”) .
1+2qT1

Remark. If p = g = 0 then all the values of ty., 1, s, U1, Moy M35 Mg, B1 and B, are true for t distribution with parameter #.

Definition 3.10. A random variable F having the density function

m

5 +r m
© el (?ﬁ) R
F;p,q,ni,ny) = dr;, F>0, 33
f( p.q9m 2) JO B(p,q) (1 +r)p+q ., . n1-;nz_'_r ( )
B (% +1,%) <1+n—iF>
is said to have a beta second kind mixture of F distribution with parametersp, q, n; and n, since
o0
J f(Fp,q.m,m)dF =1 (34)
0

The following theorem presents the characteristic function and moments of this distribution.

Theorem 3.9. IfF follows beta second kind mixture of F distribution with parameters p, q, n1 and n, then the its characteristic function is given

by
[y (#2) T (3 4400 (% =) -
o B(p.g) 47/ =0 xl T (3 40T (%)
and the s™ moment about origin is
s oo -1 T(a (% —
(2)[ L D(3+r9T(F o), (36)
m/) Jo B(p,q) 1+rP™ T (Z+4r)I(2)
2
n} p plp+1) ]
Then, Mean = —————— +2)+4(m +1 +4
o s = 2)(n — 4) [m("l e N PRy Py
2 2
— g2 st
Vi =— 2)+4 1 4 - 2———¢]| .
ariance 1’!%(1’12—2)(}’!2—4) [m(n1+ )+ am+ )q—1+ (q—l) (q—2) ni(ny —2) m q—1

Remark. If p = q = 0 then all the values of ¢, (£), u!, ul, ,ué and 1, are true for F distribution with parameters n; and n,.
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4. CONCLUSION

Various integral representations of beta functions can be found using the mixture beta distributions. These integrals are useful in finding
mathematical and statistical properties of the various beta behavioral populations. A comparison among various features of the different
beta second kind mixture distributions is shown in the tables of Appendix.
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APPENDIX

A comparison among various features of the different beta second kind mixtured distributions is shown in the following Tables A1 and A2.

Table A1 Comparison of density functions of different beta second kind mixture distributions.

Sl Name of the Distribution Probability Density Function f(x) Support Parameters
[ oo 1 rp—l e_%xzer
1 Beta 2nd kind mixture normal i dr —00 <x< 00 p.q
Jo B(p,q) A+ ¥ praip (r+1)
2
° ] Pl e_%(l"g ) (logx)*
2 Beta 2nd kind mixture lognormal . dr x>0 p.q
Jo B(prg) A+ DM petip (p 4 1)
(oo 1 rp—l 5a+re—ﬁxx0l+r—%
3 Beta 2nd kind mixture gamma dr x>0 P,q, o, 8
Jo B(pg) @+ rpre T+
[ oo 1 p—1 ar+1 —OX 4 1
4 Beta 2nd kind mixture exponential z ¢ T x>0 P g,
Jo B(p,q) A+ Pt T(x+1)
© 1 -1 (aﬁ)“"" e~ OBx yatr—1
5 Beta 2nd kind mixture Erlang dr x>0 g, B
Jo B(p,q) (1 + rp*a F@a+r)
(oo 1 p—1 + 1)x"
6 Beta 2nd kind mixture rectangular 7 r+ Dx r 0O<x<m p,g,m
o B (p, q) (14 rypts mr+
o 1 p—1 a+r=1 1 — 4,\B-1
7 Beta 2nd kind mixture beta 1st kind J i X Gt dr 0<x<1 P,q, %, 8
0 B(p,q) (1 + rypta B(oc+r,[3)
1_, n
[ oo 1 p—1 53X 2 §+r—1
8 Beta 2nd kind mixture chi-square 50 G :_ i e ke V) dr x>0 p>g.n
y r 5 +r
uooo bq j 22 F(%+r)2
. 1 _ .
9 Beta 2nd kind mixture ¢ z s d o -0 <t< o0 pgon
0 B (p, q) (1 + Y)P 9 l+r . R & T+r
n2""B (3 +rn’,2)(l + E)
o o (ﬂ)?"‘r A
. . r n
10 Beta 2nd kind mixture F 3 ( ) L+ 2 T dr F>0 p>q,ni,n
o PP Bﬂ+r“—2)<1+”11= CEN
2 I
Table A2 Comparison among first two moments of different beta second kind mixture distributions.
SI.  Name of the Distribution Mean Variance
1 Beta 2nd kind mixture normal 0 1+ Zﬁ
2 Beta 2nd kind mixture lognormal Can be obtained from Equation (7) Can be obtained from Equation (7)
: . 1 P 1 P rp+) __p
3 Beta 2nd kind mixture gamma 3 [0( + 471] 3 [0( tot W (q_zl)z]
. . . p(p+1
4 Beta 2nd kind mixture exponential é [1 + #] % [1 + ﬁ + W )— (qi—l)z Z
. . 1 P 1 P p(p+1 _ 4
5 Beta 2nd kind mixture Erlang e [0{ + F] sy a+ = ENaD @y
6 Beta 2nd kind mixture rectangular Can be achieved from Equation (22) Can be achieved from Equation (22)
7 Beta 2nd kind mixture beta 1stkind ~ Equation (25) provides Equation (25) provides
8 Beta 2nd kind mixture chi-square n+ Zﬁ [Zn + 4‘1%1 + 4% - 4#]
9 Beta 2nd kind mixture ¢ 0 1+ 2P
n—2 q—1
2 n2 [ p
" - 2 mm+2)+4(m+1) ——
_ n? (ny — 2) (ny — 4) ni(ny —2) (ny — 4) q-—1
10  Beta 2nd kind mixture F (o+1) » (P " 1) " 3
[m(n1+2)+4(m+l)ﬁ+4m +4 ]—[ 2 {1’11+2 P }:|
(q—l)(q—Z) ny (np —2) -1

Comments If a = 1, then the beta 2nd kind mixture of gamma distribution and Beta 2nd kind mixture of Erlang distribution becomes Beta
2nd kind mixture of exponential distribution.
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