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This is a follow-up paper to the results published in Studies in Applied Mathematics 143, 139-156 (2019), where
we reported a classification of 3rd- and Sth-order semi-linear symmetry-integrable evolution equations that are
invariant under the Mobius transformation, which includes a list of fully nonlinear 3rd-order equations that
admit these properties. In the current paper we propose a simple method to compute the higher-order equations
in the hierarchies for the fully nonlinear 3rd-order equations. We apply the proposed method to compute the
Sth-order members of the hierarchies explicitly.
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1. Introduction

In an earlier work [2] we derived all (1 + 1)-dimensional semi-linear evolution equations of order
three and order five which are both Md&bius-invariant and symmetry-integrable. The classification
was done for semi-linear and fully nonlinear 3rd-order equations (meaning nonlinear in the highest
derivative) of the form

u = u;'¥(S) (1.1
and for semi-linear Sth-order equations of the form

up = uy'¥(S, Sy, Sxx). (1.2)
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Here and throughout this paper, S denotes the Schwarzian derivative in terms of «, namely

Uper 3 [ Uy 2
S = - = () . (1.3)
Uy 2\ Uy
We remark that S, itself, is invariant under the Mobius transformation.That is
_ _ oqu+py
S(u)=S(u), where u=—- 1.4
(@) = S(u) - (14)

with o B, — a3y # 0. Clearly u, /u, is also Mobius invariant, as well as the x-derivatives of S, so
that the nth-order equation in u,

Uy :Mle(S7SX7SJCX7‘S3X7'"aS(n73)x)7 (15)

is Mobius invariant for any smooth function W with n > 3.
It follows [2] that the only semi-linear equation of the form (1.1) which is symmetry-integrable
is the Schwarzian Korteweg-de Vries equation

Uy = UyS. (1.6)

When (1.1) is not required to be semi-linear, four additional symmetry-integrable fully nonlinear
equations follow, namely [2]

Uy = _2\% (1.7a)
Uy

1.7b
Uy (bl —S)Z ( )
U = % (1.7¢)

aq -5
— ) 1.7d
Uy =1u ((0%4-36!2)(52—ZalS—3a2)1/2> ( )

where the constants a;, a> and b are arbitrary, except for the condition that a% +3a; #0and by #0.

For the 5th-order semi-linear equations
Ur = uxSxx+uxq)1(57SX>Sxx) (1.8)

we obtained two equations, namely [2]

1
Uy = Uy (Sxx + 452> : the Schwarzian Kupershmidt I equation; (1.9a)

Uy = Uy (S e+ 4S2) : the Schwarzian Kupershmidt II equation. (1.9b)

In addition, the Sth-order Mobius-invariant equation
32
Uy = Uy Sxﬁ—ES (1.10)
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follows from the 2nd member of the Schwarzian Korteweg-de Vries hierarchy of (1.6).
The following statement is essential for this classification:

Lemma 1 ([2]). The nth-order Mobius-invariant equation
Uy = (S, 82, Sxxs -5 S(n—3)x) (1.11)
can be presented in the form of the Mobius-invariant system

U = (S, 82, Sxxs -5 S(n—3)x) (1.12a)

S; = (D} +28D, + S,) (S, S, Sy - - - Sn3)x)s (1.12b)

known as the Schwarzian system, where S denotes the Schwarzian derivative in terms of u and n > 3.
For semi-linear evolution equations with n > 3, system (1.12a)—(1.12b) takes the following form:

U = xS 3)x + U Y1 (S, Sxs S -+ 5 S(n—a)x) (1.13a)

St = S+ 25812y + SxS(n-3pe + (D3 + 25Dy + 82) P1(S, S, Suxs - - - S(napy)- (1.13b)
The Mobius-invariant and symmetry-integrable equations listed above then follow from

Proposition 1 ([2]). Let R[S] be a recursion operator for (1.12b), such that

d
Stﬁ

are generalized symmetries (also known as Lie-Biicklund symmetries) for (1.12b) for all j € N .
Then

75 = RI[S] (1.14)

. 9 ..
2§ = (8.8 Sex - S(u3ya) 5 +RIISIS: 5 (1.15)

are generalized symmetries for (1.12a) for all j € N . Therefore, (1.12a) is symmetry-integrable if
(1.12b) is symmetry-integrable.

The hierarchies of higher-order members of the Mobius-invariant and symmetry-integrable
equations (1.6), (1.9a) and (1.9b) are well known and are best presented in terms of their recursion
operators ([1], [2], [4]). However, for the fully nonlinear equations (1.7a)—(1.7d) one encounters a
problem as we have found that these equations do not admit recursion operators of the usual linear
form

p .4
Rul=Y G,D]+ Y mD; ' oAy (1.16)
j=0 k=1
In this paper we propose and alternate approach to compute and present the higher-order mem-
bers of the fully nonlinear hierarchies.

Motivation. The results for 3rd-order and 5th-order semi-linear equations reported in [2] show that
the Mobius-invariant systems that are identified by Proposition 1 are exactly those equations that
play a central role in the construction of nonlocal and auto-Bécklund transformations by multipo-
tentialisation, namely the Schwarzian KdV equation (1.6), the Schwarzian Kupershmidt I equation
(1.9a) and the Schwarzian Kupershmidt II equation (1.9b) (see [1] for more details). We expect that
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the Mobius-invariant and symmetry-integrable fully nonlinear equations of 3rd and higher order are
of similar importance in the study of fully nonlinear evolution equations.

2. Hierarchies of the fully nonlinear evolution equations of order three

Lemma 1 directly leads to the following proposition by which it is relatively easy to compute the
higher-order members of the Mobius-invariant and symmetry-integrable hierarchies of the 3rd-order
equation u, = u,'¥(S):

Proposition 2. Let

u; = uy¥Y(S) (2.1a)

S, = (D2 428D, + S,)¥(S) (2.1b)

be a Mébius-invariant and symmetry-integrable system for some given function ¥ = ¥(S), where
S is the Schwarzian derivative in u. Let R[S| be a 2nd-order recursion operator for (2.1b). Then the
higher-order equations in the hierarchy of the symmetry-integrable equation (2.1a) are of the form

uy; = 'Y j(S, Sx; Sxx, S2j)x) j=0,1,2,..., 2.2)
where W is to be solved for every j > 0 from the relation
(D} 428Dy + Sx) ¥ (S, Sx, ... S2j)) = R [S](D} + 28D, + S) ¥(S) (2.3)
and ¥y =Y.

Remark 1. Note that (2.1b) is never fully nonlinear (in the highest derivative of §), so that the
existence of a recursion operator R[S] of the form (1.16) for the symmetry-integrable equation (2.1b)
can be assumed.

Result. Applying Proposition 2 we obtain the following Sth-order equations that belong to the
hierarchies of fully nonlinear 3rd-order equations (1.7a), (1.7b), (1.7¢c) and (1.7d), respectively:

See 582 4
Uy = Uy <S5/2 - 157);2 + Sl/2> (2.42)

48, 1082 by —4S
= u, X 2.4b
= <b1(b1 —SP T hi (=58 iy —S)4> (245)
28, 582 2
Up = Uy (_ S5 + S6 + S3> (2.4¢)
Y ( Sex B 5(S—ap)S?
TN (S2 = 2015 —3a2)3? 2(S% —2a15 —3ay)7/?
a1S+3a;
_ _ 2.4d
(a%—i—Saz)(Sz—2alS—3a2)3/2) (24d)

To discuss the derivation of (2.4a)—(2.4d), we consider the equations (1.7a)—(1.7d) in four separate
cases, where we also provide the recursion operators for each S-equation associated to (1.7a)—(1.7d):
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Case 1: We consider the 3rd-order Schwarzian system that is associated with the equation (1.7a),
namely

Uy
U= —2—— 2.5a
t \/g ( )
iy 9 s 15 7p a3
S;=S Sz — ES SeSux + ZS Ss. (2.5b)
A recursion operator for (2.5b) is
1 58 S 1582 1 1
RS|==-D*--22D, 254 =% _—gplo— (2.6)

ST 2827 TS 483 277Y T /s

where R[S]S, = 0 and

Sy, =R[S]S;
455 35
= 572850 = 108728, Suc 4 =g S 818 = 38T S8
315 3465 3465
+ S PSS = ST SIS s @7

Applying Proposition 2 we need to find the general solution for ¥ (S, Sy, Sx) from the relation
(D3 +285D, + S) 1 (S, Sk, Sxe) = R[S]S; (2.8)

with R[S]S; given by (2.7). This leads to
5
W1 (S, Sy, Se) = S71/2 (Sszx - Z5*35)% + 4> , (2.9)

so that the Sth-order Schwarzian system in the hierarchy is

w, =ty (sﬁ/zsxx - ZS*WS)% +4s7Y 2) (2.102)
Si, = R[S]S:
5528, — 1087285, + %S”/ZS%S 35 B 725 85
+¥ §79/25.82 3425 STH2838  + 3§65 §13/283, (2.10b)

Case 2: We consider the 3rd-order Schwarzian system that is associated with equation (1.7b),
namely

Uy
(b1—S5)?

283, N 185, N 2453 +(3S+b1)Sx
(b1 =8P (bi=8)* (bi=5)7  (bi—=5)3"

(2.11a)

Uy =

S, = (2.11b)
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where by # 0. A recursion operator for (2.11b) is

1 2 1 108,

RS|=———_D*+——"_D
5] by (by —S)? "+b1 (by—S8)3 "
8 S 352 S
n <(bl —SF T -S7 206, )2
+iSD—lol+iS plo— 1 (2.12)
b] t~x bl X=x (b1—S)2’ .
whereby R[S] maps the x-translation symmetry to the z-translation symmetry. That is
28 185,S 2453 3S+b1)S
RISIS, = = o , BSThUS: o (2.13)

(b1 =8 (bi=8)* (=S89  (b1—S5)°

Calculating R[S]S; and using Proposition 2 to determine ¥;, we obtain the following Sth-order
Schwarzian system for this hierarchy:

45, 1052 by —4S
= — 2.14
" ux<b1(b1S)5+b1(blS)6 bi(by —S)* (2.142)
Sll :R[S]S[
o A4Ss, 80SySax 140883 | 7805283, 20853,
~ bi(b1—S)5  bi(by—S)°  by(by—S)°  bi(by—S)7  by(b;—S)5
N 1080S,S2,  462083S,,  4(55S+5b1)S:Sxe 336083
by(by —S)T " by(by—S)3 by (by —S)6 by (b —S)°
1 1361)S3  (2S? +5b1S —b?
0(35S+13b1)S3 (28 +5b1S —b?)S, (2.14b)

by (b1 —S) bi(b —S)3

Case 3: We consider the 3rd-order Schwarzian system that is associated with the equation (1.7¢c),

namely
1
Uy = Uy <52> (2.15a)
S 9SS 1283 38,
S =-2 <S3 i + 5 + 252) . (2.15b)

A recursion operator for (2.15b) is

1 5, 58S, 48, 1282 2 S Se 1 1
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whereby R[S] maps the x-translation symmetry to zero. Calculating R[S]S, and using Proposition 2
to determine ¥, we obtain the following Sth-order Schwarzian system for this hierarchy:

28, 5§82 2
I/l[l = Uy <_SS =+ S6x + S3> (2173)
S, = R[S]S;
285, 40S:S4x | 708uS3c 3908783 1083 540857,
RS 56 s 7T s i
2310838, 110S,S,, 17583 168082 10S,
+ SSX t s S6x— 5 X GR (2.17b)

Case 4: We consider the 3rd-order Schwarzian system that is associated with equation (1.7d),
namely

al—S
T 2.18
o ((a%+3a2)(52—2als_3a2)1/2> (2.182)

S3x _ 9(S_a1)SxSxx
(82 —2a1S —3ay)3/? (82 —2a1S—3ay)3/?

St:

3(45% = 8a1S+5a1 +3a2)8;  (8? =3a1S* —9azS + 3a142)S,
(82 —2a,S —3ay)7/? (a2 +3a2)(S? —2a1S —3ay)3/?’

(2.18b)

where a% + 3ay # 0. Note that the case a% +3a, = 0 is given by Case 2 above. A recursion operator
for (2.18b) is

1 58 (a; —S) 48, (a1 — S)
R[S] = D? al D
1] S2 —2a;S —3a, x+(52—2a15—3a2)2 x+(52—2a1S—3a2)2
382(48% —8aiS+5a3 + 3az) 28 L
(8% —2a1S —3a)? §2—2a1S—3ar  d?+3a
-S S
+8,D o @ *__plol, (2.19)

— D
(82 —2a1S—3ax)'/2 a2 +3ay *

whereby R[S] maps the x-translation symmetry to zero. Calculating R[S]S, and using Proposition 2
to determine ¥, we obtain the following Sth-order Schwarzian system for this hierarchy:

Y Six B 5(S—ay)S?
(822018 = 3a2)52 2(8? —2a1S —3ay)7/?
a1S+3a2
_ 2.20
(a%+3a2)(52—2alS—3a2)3/2> (2-202)
Ssx 20(S—a1)SxS4x 35<S—a1)SxxS3x

Stl —

(82 —2a1S —3ay)5/2 B (82 —2a,S —3ay)7/? B (82 —2a,S —3ay)7/?
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65(6S? —12a1S +3ax +7a3)S2S3, (2415 +a2S+ 15a28 — 6a1a) Sax
2(8% —2a1S —3ay)?/? (a2 —3a2)(S? —2a1S —3ay)>/?

+45(652 —12a18 + 3az +7a3)S,S2,
(82 —2a;S —3ay)°/?

1155(S —a1)(25% — 4a1 S+ 3az +3a3)S3 Sy,
2(8% —2a1S —3ay)'1/?

(18415 +a{S* +165a25* — 9a}S — 189a142S + 84ajay 4+ 9043)S. S
(a2 +3a2)(S? — 2a1S — 3az)7/?

N 105(165* — 64a; S* + 112a15? + 48a,5% — 9643 S — 96a1a,S)S3
2(82 —2a1S —3ay)13/2

105(33af +54a2ay +9a3)S} (945438 +30a1S — 693a1a3 — 375a}a,)S?
2(82 —2a1S —3ay)13/2 2(a? +3a;) (52 —2a,S — 3a,)%/?

(48a1S* +525a,8° — 17a3S® — 3343 5% — 963a1a25? + 981a2asS)S?
+
2(a? 4 3a2)(S2 —2a1S — 3a,)°/?

3(a1S? +5a,8% — aya,S + 3a%)Sx
(a2 +3a2)($? —2a1S —3ay)>/?

(2.20b)

3. Concluding remarks

We have introduced a simple method, given by Proposition 2, by which it is relatively easy to
compute the higher-order equations for a hierarchy of Mobius-invariant and symmetry-integrable
equations. This is of particular intertest for fully nonlinear equations (1.7a)—(1.7a), where it is diffi-
cult to obtain the recursion operators of the equations. Proposition 2 applies to 3rd-order equations,
but the extension to higher-order equations is straightforward. Our study of 5Sth-order quasi-linear
and fully nonlinear Mdobius-invariant and symmetry-integrable evolution equations is ongoing and
will be published in the near future.
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