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This paper is devoted to a study of the connection between the immersion functions of two-dimensional sur-
faces in Euclidean or hyperbolic spaces and classical orthogonal polynomials. After a brief description of the
soliton surfaces approach defined by the Enneper-Weierstrass formula for immersion and the solutions of the
Gauss-Weingarten equations for moving frames, we derive the three-dimensional numerical representation for
these polynomials. We illustrate the theoretical results for several examples, including the Bessel, Legendre,
Laguerre, Chebyshev and Jacobi functions. In each case, we generate a numerical representation of the surface

using the Mathematica symbolic software.
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1. Introduction

To describe the behavior of a continuous medium (fluid, gas or solid), theoretical physics uses var-
ious models, most of which lead to nonlinear partial differential equations (PDEs). The study of
the general properties of these nonlinear equations and of the methods for solving them is a rapidly
developing area of modern mathematics. Specifically, this is true in the study of integrable models in
two independent variables, which have generated a great deal of interest and activity in several math-
ematical as well as physical fields of research. In particular, surfaces immersed in Lie groups, Lie
algebras and homogeneous spaces which are associated with these models have been shown to play
an essential role in several applications to nonlinear phenomena in diverse areas of physics, chem-
istry and biology (see e.g. [1-10] and references therein). An algebraic approach to the structural
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equations of these surfaces (i.e. the Gauss-Weingarten (GW) and Gauss-Codazzi (GC) equations)
has often been very difficult to carry out. A geometrical approach to the derivation and classifica-
tion of such systems, which we propose here for special functions, seems to be of importance for
applications in several branches of science. The construction and investigation of two-dimensional
(2D) surfaces obtained through the use of the soliton surface technique [11] allows the plotting of
these functions, which constitutes the main objective of this work. We examine certain aspects of a
visual image of surfaces reflecting the behavior of some special functions, focusing mainly on such
functions as the Bessel, Legendre, Laguerre, Chebyshev and Jacobi functions and the associated
series [12—16], which can be of interest. This may provide some clues about the properties of these
surfaces, which are otherwise hidden in some implicit mathematical expressions. This is, in short,
the main topic of investigation.

The paper is organized as follows. Section 2 contains a brief summary of the results concern-
ing the construction of minimal and constant mean curvature lambda (CMC-A) surfaces (H = A)
immersed in the three-dimensional (3D) Euclidean and hyperbolic spaces, respectively. It is shown
that the use of successive gauge transformations allows us to reduce the GW system of equations
for the moving frame on these surfaces to a single linear second-order ordinary differential equation
(ODE). The coefficients of this ODE are expressed in terms of two arbitrary holomorphic func-
tions. Comparing them with the coefficients of the ODE associated with orthogonal polynomials
allows us to construct their associated 2D-surfaces. It is shown that these surfaces are defined by
the Weierstrass formula for immersion. The properties of surfaces associated with these polyno-
mials are discussed in detail. In section 3, we illustrate the theoretical considerations for several
classical orthogonal polynomials. We summarize the obtained results in tables 1 to 8. This analysis
includes explicit solutions of the GW system, that is the wavefunctions and their potential matrices.
For each orthogonal polynomial, a 3D numerical representation is constructed and investigated. The
last section contains remarks and suggestions regarding possible further developements.

2. Linear problem and immersion formulas

In this section, according to [17], we recall the main concepts required to study the linear problem
(LP) related to the GW equations for frames on 2D-surfaces, which are the Enneper-Weierstrass
and Sym-Tafel formulas for immersion, both in Euclidean and hyperbolic spaces. We make use of
the gauge transformations in order to reduce the LP to a single linear second-order ODE and to
investigate its links with orthogonal polynomials.

2.1. The linear problem for minimal surfaces

To make the paper self-contained, we summarize the basic facts on the immerson of minimal sur-
faces in the Euclidean space IE3 given in [11, 18], together with the quaternionic description of these
surfaces in the su(2) algebra. Let F be a smooth orientable and simply-connected surface in E?
given by a vector-valued function

F=(F,BR) % —FE 2.1
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where Z is a Riemann surface. A conformally parametrized surface involving complex coordinates
z and 7 requires that the tangent vectors dF, dF and the unit normal N satisfy the following nor-
malization

(OF |dF) =0,  (dF|dF)=0, (8F\§F):%e”, (2.2)
(9F [N) =0, (OF | N) =0, (NIN)=1, (2.3)

where u is a real-valued function u : % — R. The brackets (- | -) denote the scalar product in E?

w2

(a|b)=Y aib;. (2.4)

i=1

We have used the notation for the holomorphic and antiholomorphic derivatives

10 .0 = 1/(ad 0 .
a_2<8x_l8y>’ a_2<8x+l(9y>’ =x-+iy. (2.5)
The Hopf differential Qdz on &% and the mean curvature on F are defined by
Q= (d*F|N), H=2e"(dJF |N), (2.6)

respectively. For a minimal surface (H = 0), the GW equations for a moving frame ¢ = (9F,dF,N)T
take the form

do=%oc, do=7Vo, (2.7)
where
du 0 O 0 0 0
=0 0 0|, 7= 0 Jdu 0O]. (2.8)
0 —2¢7%0 —2¢7“0 0 0

The compatibility conditions of the GW equations (2.7), often called the Zero-Curvature Condition
(ZCO)

QU — oV + %, V] =0, (2.9)
are reduced to the GC equations
20u—2|0e =0, 9Q=0, (2.10)

where Q is a holomorphic function of z. It is convenient to use the Lie algebra isomorphism so(3) ~
su(2) and to write the GW equations in terms of 2 X 2 matrices

0D =YD, oD =7, (2.11)
where
1ou —Qe 2 —19u 0
_ (3 _ 7 v
oo (N, (e, e
Here ¥ = —% T is an anti-Hermitian matrix.
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The Enneper-Weierstrass immersion formula for minimal surfaces is defined by the contour
integral [19,20]

T
P (gre [a-mtag, —jim [0+ ag ve [ntaz) ew, ey
20 20

20

in terms of two holomorphic functions 1 and ¥, i.e. 9N = dx = 0. Equations (2.11) can be reduced
to two equations expressed in terms of these two holomorphic functions. We apply the gauge trans-
formation M to the wavefunction & in equations (2.11) as proposed in [17], i.e.

nl(1+x7)"/2 0
W—MD,  where M= ”ﬁ? | . € SL(2,C). (2.14)
(402 nl(1+x2)'2
We obtain
x —1 —
oY = An? ) v, oY =0, (2.15)
X=X
where
x —1
UNz)=2an*| " € su(2). (2.16)
X —x

Note that ¥ is a holomorphic function and % is parametrized by A € C\{0}. The wavefunction ®
in (2.11) can also be expressed in terms of the holomorphic functions 1 and

0 i
P (Xe ‘ ) € SU(2), 2.17)

(14 x7)'/? \ e=i0 Fe—i®

where n = re'®, r ¢ RT, 6 € [0,27[ and A = 1/7 = ¢*? is the spectral parameter. The Sym-Tafel
type formula F57 for the immersion of a 2D-surface in su(2) ~ E? is given by [21,22]

g l—xx 21 _
FT—o 1 9,0= ), 9x=o. (2.18)
L+xxX \ 2x —1+xx

Let F be the quaternionic description of the Enneper-Weierstrass formula (2.13). In view of the
isomorphism so0(3) ~ su(2), the Enneper-Weierstrass formula (2.13) for the immersion of minimal
surfaces takes the form

- i<;xnzd5+(;xnzd€)* En?dé - (J5x’n*dg)”

F=-7 Z 5202 7 2 * 4 2 4 2 *> 65”’(2)’ (2'19)
— 2P dE+ (Jin*dE)" — [Zxn* d& — ([5 xn* d§)

where * denotes the complex conjugate of the considered expression.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
532



V. Chalifour and A.M. Grundland / Minimal surfaces associated with orthogonal polynomials

2.2. Immersion in the hyperbolic space H> (1) of curvature A

In this section, we use results from the soliton approach [11,22,23] for the study of CMC surfaces in
the hyperbolic space H>(A). Consider the conformal immersion of surfaces in the hyperbolic space

F°:% — H*(A) C R¥!, (2.20)
where R>! is the Lorentz space with standard bilinear form
(X 1Y) =X1Y1 +XoYs + X3Y3 — XoYo (2.21)
and the hyperboloid H? is given by the scalar product
(X|X)=-A"2% (2.22)
The conformality conditions are given by
(OF° | dF°) =0, (dF°|dF°)=0. (2.23)

The vectors F°, dF°, dF° and N form a moving frame ¢ = (F°,dF°,dF°,N)" on a surface
which satisfies the following normalization relations

(F°|N)=0, (JF°|N)=0, (IF°|N)=0, (N|N)=1. (2.24)

We define the functions u, H and Q as in (2.6). The GW equations for the moving frame are given
by

_ A2 1 _
0’F° = QudF° +QN, JJF° = 7e"F° + EHe”N, ON =—HJF° —2Qe¢ “dF°, (2.25)
and the GC equations take the form
= 1 = 1 — 1=
88u+§(H2—7Lz)e“—2|Q|2e_” =0, 00 = 5aHe“, 00 = 5(9He“. (2.26)

In the case of CMC-A surfaces (H = A), the reduced GC equations take the form [17]
d0u—2|QP¢e =0, 9Q=0, (2.27)

where Q is a holomorphic function. We note that equation (2.27), which is a Liouville type equation,
coincides with the reduced form of the GC equations (2.10) obtained in the case of minimal surfaces
(H = 0) immersed in the Euclidean space [E*, with general solution

P=nn(l+xx),  Q=-ndx. (2.28)
The reduced linear problem associated with equations (2.26) takes the form
1ou —Qe 2 _ —L9u 0
ob=|("" ® do=(_"_  _ | (2.29)
Aez —%au Qe 2 %(%t

Let us identify the vector X € R*! with 2 x 2 Hermitian matrices using the Pauli matrices
{04}3,_, and the identity oy := 1, [24]

3 Xo+X3 X1 —iXp
X = (Xo,X1,X2,X3) — X7 =Y Xo04= . (2.30)
a=0

Xi+iXo Xo—X3
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The scalar product is then given by
(X|Y)= %Tr(X"iGZ(YG)TiGZ), (2.31)
where (X | X) = —det(X?). We use the homomorphism
p:SL(2,C) = SO(3,1),  (p(A)X)° =ATX°A. (2.32)

Consider ® € SL(2,C) which transforms the orthonormal basis B = {1,,0,0,03} into the
orthonormal basis (the frame) B’ = {F°,0,F°,d,F° ,N} by the relation

(AF%,e 29,F%, e 29,F° ,N°) = ®' (12,01, 02,03)P. (2.33)
To study the LP, we define the potential matrices %/, ¥ in the s[(2,C) algebra by
Ob=U%d, 0b=V"D. (2.34)
Therefore these matrices take the following explicit form [11]
U — ( 19 _Q€2>, "1/:( ~40u Qez) e 51(2,C). (2.35)
lex(A+H) —1du lex(A—H) 1du

Note that with the same gauge M (2.14), the gauge transformation process leads to the same struc-
ture, either with the transformation of the LP (2.11) associated with minimal surfaces immersed in
the Euclidean space E>, or with the transformation of the LP (2.29) associated with CMC-A sur-
faces immersed in the hyperbolic space H>(A). Therefore, the linear system (2.15) can equivalently
be expressed by the system

%y, — 281;73% —An?dyx¥, =0, (2.36)
oV,
Wy =¥ — rnz, (2.37)

where W = (W1, ¥,)”. The coefficients of the linear second-order ODE (2.36) possess a degree
of freedom involving two arbitrary locally holomorphic functions 17 and ). The complex-valued
functions of one variable 1(z) and x(z) correspond to the arbitrary functions from the Enneper-
Weierstrass representation (2.13) describing minimal surfaces in [E3, which is equivalent to the
Sym-Tafel formula (2.18) [25].

From a solution @ of the linear system (2.34), the formula

1
F° = IcI>T<1> e H} (M) (2.38)
represents a conformal immersion in H>(1). In the limit A — 0, we have H*(1) — E3, but the
denominator in (2.38) goes to infinity. To solve this problem, before taking the limit, we perform
a translation by shifting the origin from the center of the hyperboloid to one of the points on the
hyperboloid, applying a limiting procedure used in [17], similar to the one proposed in [26]

~ 1
F° = /%11)%% (07 —15). (2.39)
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3. Special functions and associated soliton surfaces

In this section, we examine the ODE (2.36) in the case where it coincides with ODEs describing
orthogonal polynomials. We present an example in which we solve the LP associated with the
Laguerre polynomial. We discuss the explicit form of the Enneper-Weierstrass representation of
2D-surfaces immersed in E? associated with this polynomial. Next, a summary of the results is
presented for several classical orthogonal polynomials, under the form of tables, together with 3D
images of selected surfaces.

3.1. The Laguerre equation: a complete example
The Laguerre equation for the unknown function ® takes the form

o l1-zdo «
2 Ze=o, 2#0, aeN. 3.1)
dz z dz z

Comparing the coefficients of (3.1) with those of (2.36), we obtain the explicit form of the mero-
morphic functions 11 and . In general, for an ODE of the form
d*p dp
ViZ)—> Viz)—— V; =0, 0, 32
p(vie) o +4(vie)—+r(viz)p p# (32)
we obtain the relations

V; 0 V;

avia) _ ,0n Vi) apay, (3.3)
p(v;2) n q(v:z)

where we abbreviate the notation for the dependence of a function f on the parameters of the ODE
(3.2) by writing f(v;z), v:=(V1, Va,...,V,). For any second-order linear homogeneous ODE of the

form (3.2), the meromorphic functions 17 and y take the form

n(viz) =k EXP{—;/OZ Z((tg dé‘}, (3.4)
aon_ ka “q(v;$) r(v;z)
x(Vid;z) = QL/EXP{/Q PviE) d&} pvi2) dz, (3.5)

where ki, k; € C are arbitrary integration constants and A # 0 is the parameter of the LP (2.15).
Making use of (3.3) for the Laguerre equation, we find
2 et 1 .
") =—, x(&i;z)=(acie*+c), (3.6)
1z A
where ¢; € C\ {0}, c» € C are arbitrary integration constants and the functions 1 and  are holo-
morphic, i.e. dn = dx = 0. In view of (2.16), the potential matrix becomes

a+ Efez —le—z
.. _ Z C1Z

U (A7) = | (gce e atbe € sl(2,C). (3.7)
A C1Z Z

Making use of (3.6), we eliminate 1) et )} from equation (2.36) and obtain the Laguerre equation

with dependent variable W
d*¥, d¥,
—4+(1l—2)—+a¥; =0 0, xeN. 3.8
o (1) =0, 2#0, (3.8)
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To determine the wavefunction W which satisfies the LP (2.15), we solve (3.8) for its first component
¥,

¥, :lea(Z)+k2U(—OC,1,Z), k],szC, (39)
where L (z) et U(—a, 1,z) are, respectively, the a'"-order Laguerre polynomial and the hypergeo-

metric function of the second kind [15]. The general solution of the Laguerre equation (3.9) allows
us to calculate the second component of the wavefunction ¥, from relation (2.37)

‘Pz:"%_ﬁ; (3.10)
= % [kl (CzLa(Z) + C;—ZaLa_l(z)) +h ((C;—Za —i—cz) Ul-a,l,z) - Clgf‘ZU(l - a,2,z)>] ,

where we use the well known recurrence formulas [15]

d
ZIZLin(Z) =mLy, (Z) —mLy, (Z)a (3.11)
d
ZZU(Vl,VQ,Z)Z—VlU(V1+1,V2+1,Z). (3.12)

The wavefunction W associated with the LP (2.15) takes the form

kiLy(z) +kU(—a,1,z)

Y(a;A;z) = (3.13)

1 [kt (c2La(2) + 4% Lg—1(2)) ’
+ho ((4F +e2) U(=a,1,2) = CEU (1 - a,2,7)) |

where z # 0. We make use of (2.13) to calculate the Enneper-Weierstrass representation of the
surface F € [E3. We find

— 1 1 1 2 2 . 2 . 5
Fi(@:4:¢,€) = S Re (xz [(z ~A)Ei(x) ClEl(—@—ZO‘CﬂOg(Z)] )

1 &

- :
Fy(a; A€, ) = —%Im (;2 [Cll(xz + A)Ei(z) + o2c1 Ei(—2) +2acz10g(z)L ) LG4

Fo:hiE,§) =Re (i (tonte + 21) | ) ,

1 &

where the notation }EO means that the previous expression is evaluated from a constant & to an

arbitrary complex number £. The function Ei(z) corresponds to the complex exponential integral as
defined in [27]

N o 1 1
Ez(z)—k;lm—i—g <log(z)—log <Z>> +7, (3.15)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
536



V. Chalifour and A.M. Grundland / Minimal surfaces associated with orthogonal polynomials

where 7 is the Euler-Mascheroni constant. In view of (2.19), the components of the quaternionic
representation F' = (Fj;) of the surface immersed in the su(2) algebra take the form

- _ [6) : €2 )
Fn(oc;?L;é,i):—ng——ﬁ ({alog(z)—FEi(z)] + ([alog(z)+qu(z)] > ),

Cl o &o

- - if1, 1 3. =\
Flz(a;l;‘é,é):—i }éo = [(x c1Ei(—z )+C1E1(z)+2aczlog(z)L :

- 1 2 ¢ L, *
le( )L é 6) < 3 |:(12C1Ei(—z)—|— —in(Z) —1—2OCC210g(Z):| — < "g' ) > . (316)
7L C1 & C1
We simplify the problem to illustrate a particular case of the Laguerre equation and to show a

numerical display of the surface in E*. Let @ = 1. The Laguerre equation (3.1) becomes

d>o dw
—+(l—2)—4+w=0 3.17
e +(1—2) = + (3.17)
and by comparing the coefficients of (3.17) with those of (2.36), we find the holomorphic functions
as in (3.6). Considering fixed arbitrary integration constants and the parameter A, letc; = 1, ¢, =0,

ki =1,k =1and A = 1. From (3.3), the holomorphic functions 1 and ) become
e
n*(1;1;2) = 7 x(1:1z) =e 7, (3.18)
where 91 = dx = 0. The potential matrix (2.16) takes the form
1/ —1 ¢
%(l,l,z)z<_e_Z 1> €sl(2,C) (3.19)
and the wavefunction takes the form
z—D)(Ei(z)+1)—¢€*
W(1;152) = (‘I“) _ (e DEEED =) (3.20)
ko) —e ¥(Ei(z) +1)

where we use the relations (2.36) and (2.37). The second component ¥, was obtained using the
differentiation formula [15]
d eZ
—Ei . 3.21
dz ()= z ( )

We verify that %7 and W are solutions of the LP (2.15) using the notation ZW := (AI,AQ)T and
verifying that 0¥ = Ay,9d¥, = A,.

Al (Ei(z)+1)-< AN
U(A,z)¥ ( Az) (ez (B +1) - €] =0 <%> =J¥. (3.22)

The Enneper-Weierstrass representation (2.13) takes the form
IRe ([Ei(z) - Ei(—z)]éo)
F(1:E,8) = | ~Lm ([Ei(z) +Ei(—z)]§0) cE. (3.23)

Re <log(z) }§0>
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The quaternionic representation (2.19) of the surface immersed in the su(2) algebra takes the form
B B ; log(z) ‘Eo + (log(z) |§0> Ei(z) ]20 — (Ei(—z) ‘§0>
~Ei(=2)[; + (Ei2)[5) ~log(a)|}, — (loe(2)[,)

We keep in mind that the formulas (3.23) and (3.24) describe different representations of the same
surface.

| esu2). 324

Fig. 1: The Laguerre equation.
3D numerical display of the Enneper-Weierstrass representation of the surface (3.23) describing the
Laguerre equation, obtained by computing & = 1+4iand & = re®, r € [-3,3], 6 € [0,27].

3.2. Solutions of the linear problem and soliton surfaces associated with orthogonal
polynomials

We summarize our results in the form of tables, giving the explicit form of surfaces and LP elements.
Each table is made of five parts: the meromorphic functions 1 (3.4) and ¥ (3.5), the components of
the potential matrix % (2.16), the components of the wavefunction ¥ defined by (2.36) and (2.37),
the components of the surface F € E3 (2.13), and the components of the surface Fe su(2) (2.19).

In each case, we consider in the table the parameter A € C\{0} of the LP (2.15), the parameters
{vik 1 k=1,2,...,n} of the specific ODE, and four arbitrary integration constants ¢; € C\{0},
¢2,k1,ky € C. To keep the expressions compact, in what follows, we use the notation z* to designate
the complex conjugate of z. We identify the special functions appearing in the formulas at the bottom
of each table, accompanied by the notations and the constraints, in certain cases. For example, for
the Jacobi equation, a restriction on the domain of the parametrization is necessary in order to
integrate the functions 1 and y, to find the components of the surface and to ensure the convergence
of the infinite series. This restriction arises from the chosen representation of the functions appearing
in the integrands of the Enneper-Weierstrass formula (2.13)

Djacobi = {6 €C : [E| < 1and |E+1] < 2|a|}. (3.25)

Each table is accompanied by a numerical 3D representation of a selected surface obtained by
fixing the parameters of the classical ODE considered, the parameter of the LP and the integration
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constants. To keep the expressions in the captions compact, we use the notation F?, k = 1,2,3 to
specify that the parameters and constants have fixed values.

Table 1: Summary. The Legendre equation

o do
The Legendre equation: (1 —z )ﬁfZ d—+a(a+l)w:0, oaeN, z#=£1.
2
2_ € _ 1A1z+cz
n-= 12 1=—7 2
Uy =—u __Aizte u —fli u _ 1Azt
1= —un=-"""5 2="ATT o 21 23012

W1 = k1 Po(z) +k2Qa(2),

¥y = % (k1 (Pa(2)(A2z+€2) — APy—1(2)) +K2(Qa(2) (A2z+c2) — @ Q0 —1(2))]-
I

1
1
B= —W]Im(cl? [A3(¢1 $) - 2A%4§ )

F= %Re ([(A1 —c2)¢r + (A +‘72)¢1]§0>‘

Fi=-Fp=-4 <[(A1 =)+ (A +62)¢1]§0 -
— (A1 — )%y — 2027 gﬂ)* )

Fvlzz—i ( 1 — ]g e (* (A1 +c2)%9

0

(Ia1 =202+ (A1 +e2)n)})) )

P = (lz 7 [(A1+¢2)201 — (A — )¢ — 2A77] go - (6% (01 — ¢2]§0>* )

Note: Py, Qg : oM-order Legendre polynomials, 15 and 2" kind.
Ar=a(a+1), M=ala+2), Az=2Ax}—(a(a+1)+c)?,
o1 =log(1+2), 6> =log(1-2).

Fig. 2: The Legendre equation.
3D numerical display of the Enneper-
Weierstrass representation of the surface
describing the Legendre equation, obtained
by computing & = 1 +i, & = re’, where
€ [-8,8], 8 € [0,67]. For fixed parameters
andconstants x =1,¢c;=1,¢,=0,k; =1,
ko =—1, A = —2, we obtain

F)=1Re (z \go),
F)=—1Im ([log(l +2) —log(1 —z) *Z]g )
F)=—1Re (log(l *Z2)|§0>-
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Table 2: Summary. The Legendre associated equation

o | do 2
The Legendre associated equation: (1 _Z2)ﬁ — 217 + (a(a +1)— 0 2) 0=0,ameNm#0,z#=*l.
b Z —z
2
2_ 4 _ 15 (91—¢)-Azter
n _17112’ x=7" a :
2 A > 2
Uy =—up = —7A1'Zfzzcz, up=—Ar, uy = + <C%](Z,+_Cz'z>)

W =k Py (z) + k205 (2), /
i 2 1ym/2
¥y = [(% (91— 92) — Azt 02) k1 P (2) + ka0 (2)] + ey Sy
' (mz%(zz D% (2B (2 - 1)“) + ko (22— 1)/ (W%Qa(z) + (2= 1) e Q“(Z))}'

dz’"“

2
F = %Re([%‘ (91— 02) — 372 (—24(02 +20° + &%)z + 12(c3 + 2020+ 0% + 2207 +20% + )
+6m?(ca + A) 9} +m4¢§ +3m293 (22 — 2A+m> 1) — m* @3 — ¢ (12¢3 — 24cr A+ A(12A - 7,225 -m?)
+12m2(cy + A) @y +3m*9?) — 24m>ALiy ((1 —z)/Z))]go),
2
Fy=—1mm ( [% (91— 02) + gtz (-24(02 +20% + @)+ 12(3 + 2020+ 02 + 20207 + 20 + 0*) gy
+6m?(cy +A) ¢ +m*¢7 +3m* 93 (2c2 — 28+ m? 1) —m* 3 — ¢2(12¢3 — 24 A+ A(12A — 7,225 - m?)
122 (e2 + A)01 +3m*07) — 24mP AL ((1-2)/2)) 3 ).
B = Re ([m2¢22+¢1 (4(A— c2) — 2m291) + 61 (4(A+c2) +m2¢|)]§0).

Fi=—Fp=—¢ ([m2¢22+¢2(4(A—62) =20 ¢1) + 41 (4(A+c2) +m2¢1)]§0
+ (72603 + 9248 — c2) —2m291) + 1 (4(8 + 2) 429 ] ) ),
Fp=-1 ([c% (¢ — ¢2)]§0 - o (017 [(—24(0? +203 + o*)z+ 12(c3 + 2c200+ (22 + 1) a® + 203
+0) Py +6m>(ca+A) 7 +m* ¢ +3m> 93 (2c2 — 28+ m> 1) —m*¢3 — ¢o (1263

FA(12A— 7,225 m? — 24c3) + 120 (e + A) oy + 3m*9?) — 24m> ALy ((1 —z)/z))}éo) )

By=1 (ﬁ [—24(a? +203 + a*)z+ 12(c3 + 20000+ (2c + 1) 0 + 203 + o) 9y + 6m> (e + A) 97 +m* ¢}
+3m? 3 (2c —2A+m*¢1) — m* @5 — ¢2 (1263 + A(12A— 7,225 - m* — 24c;)
12 (e + A)0n +3m*97) — 24mP AL (1-2)/2)]§ + ([ (01— 92)]5,) ).

Note: P, Q7 a™-order Associated Legendre functions of degree m, 1%t and 2" kind, ~ Liy: Polylogarithm function.
A=a(a+1), ¢ =log(l+z), g =log(l —2).

Fig. 3: The Legendre associated equation.

3D numerical display of the Enneper-Weierstrass
representation of the surface describing the Leg-
%:ndre associated equation, obtained by computing

0 = _1 - ia

& = re'®, where r € [-5,5], 8 € [0,27]. For fixed
parameters and constants ¢ =1, m =1, c; = 1,
c=0k=1k=-1,A= %, we obtain

F)= %Re([—%(log(l—f—z)—log(l—z))+4z]§ ),
Fz‘):—%lm([% log(1+z) —log(1 —z))—4z]§o>,
F) :ZRe([log 22— 1)]20)
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Table 3: Summary. The Bessel equation

o do
2—2 +z2—+(Z-pHo=0, peC.
dz

The Bessel equation: z
dz

2
n=az, 1= (leog(z) -7 +C2)-

2
2 . 2
up =—up =1 <P210g(2) -5 +62), wp =28,y =4l (leog(l) -5 +Cz) :

Y =k 7p(2) + k2% (2), ,
2= g [ (<501 @) + (P08~ 5 +2) S5 4501 (2)
+ky (Y1 (2) + (pzlog(z)*

2.2 4 5

Fi = 513 Re (Ci] [(/’ch% —3+ %) log(z) — cop?log?(z) — &-log®(z) — (4p* — 8ca +22)%6] 50) .
2.2 4 5

B = fﬁlm <% [(lzc% +c% - p%) log(z) +c2p210g2(z) + %log3(z)+ (4p2 78624»22)%}5 ),
0

¢
F3= %Re ([C210g(1) + %2 log?(z) - é] 50).

2
= o\
Fir =4 (crtog@lf, ~ s (& [loe) (G- ) + o (8ea v +2) b eapiog? @)+ B 1080 ) )
0

3
~ . 13 *
Bi=} <,12%1 [(10(2) (G = 757 ) + f5(~8ca +4p% + 2) - capog(2) + B log () ) | o (cr1022)[%))

3
Note: _#,, %, p-order Bessel functions, 1* and 2" kind. ¢ = [%2 log?(z) — % ) log(z)}é .

0

Fig. 4: The Bessel equation.

3D numerical display of the Enneper-
Weierstrass representation of the surface
describing the Bessel equation, obtained by
computing & = 1 and & = re’®, where

r € [155.2], 0 € [0,27]. For fixed parameters
and constants p=0,c; =1,¢c, =0,k =1,
ko =1, A = —1/2, we obtain

Flo _ %Re Klog(Z) - %) ‘go} ’
T (R ]
F)=1Re {zz\go]-
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Table 4: Summary. The Chebyshev equations

o do
The Chebyshev equation of the 1%t kind? : (1 — zz)d—2 - +n’w=0, neN, 7# £1.
Z 2
2= c] x,_l"2¢+c2
V122 A e
) Acy 1 (19+c)?

Uy = —un = J1—2’ up2 = V=2 U1 = 7§ vz *

]

¥ =kiT(z) +hkovV1—22T 1 (2),

. k . ,
¥ = ﬁ (*kl (n*arcsin(z) + ¢1)Tu(2) + I/(lnjzlz) Th-2(2)+ (71‘2(”2 arcsin(z) +¢1)V1 -2 + k:n/f?z) TZ"“l)'

¢

Fi=1Re <“‘Cl [(/’ch% —2)p+nPcr9? — % ¢3] 50),
S

F = 7% Im < 215] [(AZC% +c%)¢ —n2erp? + —”34 ¢3] ),

A &
20+ % 07] z)

~ ~ i ¢ E\*
Fiy=—-Fpn=5; ({cz¢+ %(bz} 5 + ([cz¢+ ”72¢2} éo> )
> cii i n g

Fip = *7"¢’§U+W (% [C%¢*ﬂ2c2¢2+§¢3]5o) ,

For= g [0 - Pert + 507 4 (cr-0ff)”

Note: Ty, T ,: Chebyshev polynomials, 1% and 2" kind. ¢ = arcsin(z).
To obtain the results for the Chebyshev equation of the 2" kind, we perform the transformation n —s Vnyn+2.

Fig. 5: The Chebyshev equation.
3D numerical display of the Enneper-

Weierstrass representation of the surface desc- /| S
ribing the Chebyshev equation, obtained by | \
computing & = 1, & = re'®, where
re[—10,10], 6 € [0,27x]. For fixed parameters
and constants n =1, c; =1, ¢, =0, k1 = 1,
ky =1, 1 = —1, we obtain

Y = e [aresin(a) — faresin’ ()], ).
F =~ 1m ([arcsin(2) + Larcsin (0] ).

F)=1Re <arcsin2 (z) ‘2
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Table 5: Summary. The Laguerre associated equation

2

d o dw
The Laguerre associated equation: Zﬁ +(+1— z)d— +nw=0, o,neN, z#0.
z Z

v4

2 e
, nciQr +c2
= XS )L( ¢ )-
" ; nc @ +co y 1< ; 1 (nc19y +c2)?
W=—Up=—7 7" n=-A—Hm, N= T (g
clz‘Hle*Z clzo‘ﬂ A ClzaHe—z

lP] :lea(Z)+k2U( n, (X+1 Z)
W, = % [k1 (((nc191+c2) —nei1z%e 2 LE(z )+(n+a)c1z°‘+1e*ZLr‘:‘71(Z))
+ky ((nc191 +e2)U(—n, @+ 1,2) —ne 2% e U (—n+1,a+2,2))].

¢
Fi=jRe (% [”201( D2E oo %vaz)ﬂL a (E=2%) 7 %Eqq1(—2) —2"62%] 50),
_ g
Im (% [ n2ep(o!)? Zoc tx M, % (/12+c%) Z—aEa+](—z)+2nc2¢2] 5

plq!
_ 1 Q —o 5
F3=1Re [”(PZ — &% Ea+1(_z)} &)

[711 _ 7[::22 _ *ﬁ ([n(lb B %ZiaEaJrl(*Z)]zo + ([n‘l)z — %z*aEaH(*Z)] ;)* ),

. _ 2 3
Fio=735 (C “YEqi1(— |§ +5 ([ ner(al)? Lo o Lo 7“[7;?[1,“’1) —%ZiD‘Ea+1(—Z)+2n62¢2] ) )

- Mptg-az) & £ -
=3 (,12 [ ner(al)’ Xy, 3:0%*%? aEaH(’Z)*z"Q%]gOJF(mZ “Ea1(~ |§0) >

Note: T'(v,z): Incomplete gamma function, L¥: Associated Laguerre polynomial,
U(v1,Vv2,2): Hypergeometric function 27d kind, E,,: Exponential integral m-function.

o =T(a+12, ¢p=aly? ;’a)+1og()

Fig. 6: The Laguerre associated equation.

3D numerical display of the Enneper-Weierstrass representation of the surface describing the
Laguerre associated equation, obtained by computing &y = 3 + 3i, & = x + iy, where x € [—3,3],
y€E [é,S]. For fixed parameters and constants « = 1, n=2,c1=1,c,=0,k; =1, kr =1, A =1,
we obtain

Fl():%Red 3Ei(z) — 2€Z<Z+ )—l—eZ(Z—i—S—l— +3 )];)
F = —41m (| 3Ei(z) - ZeZ(;Jr;z)—e—z(z+5+§+z%)EO>,
:Reqlog( )_Z_Lr)‘
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Table 6: Summary. The Hermite equation

The Hermite equation: £-2 2z —2nw =0, necZ.
n%= c%eZ , fz = ds.
_ _ 22 (2 ,—s2 —_— 2 22 4 7&
Uy = —uxy = 2ne sze ds, upp = —Acjet Uy = fZO ds .

Wy =kiH_n(2) +k F1(5,5.2%)
_2
Py = (kl ("cl anfl(Z)_an(Z)) —ky (1F1(%+1,27 D F13,5.8) e ds))'

2
F :%Re <c%f§0 (1-( L [Ze - ds) )ez2 dz>,

2
Fzz—%lm(czfg (1+(2n e ds) )eZ2 dz),
F3:2;T”Re(f§0fZ - ds dz).

Fiy=—Fp=-% (fgofz = ds - e dz+ (fg6 Se ds - e dz)*),

2 *
Flz——f(clf5 & dz- %(Lfg) (e as)'az) ).
FZIZ i (}chz fgo (fzzo - dS) eZ dz—( %fgoezz dZ) )

Note: H,: n"-order Hermite polynomial, pF ¢ Hypergeometric function.

\/ o 190
T T R T
Fa(

Fig. 7: The Hermite equation.

3D numerical display of the Enneper-Weierstrass representation of the surface describing the Her-
mite equation, obtained by computing &, = 1+ 3i and 5 =x+iy, x € [-2,2],y € [-2,2]. For fixed
parameters and constants n =1,¢c; =1,¢c, =0, k; = f’ ko =1, A = /7, we obtain

FY = | Re [£ (1~ erf*(2))e ds
FY = —LIm [2 (1 +erf(2))e” dz,

. . é
FO — \/LERG <222F2(1a 1’%72’Z2)‘*§o)'
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Table 7: Summary. The Gegenbauer equation

2
The Gegenbauer equation: (1 —z2)42 — (2a + l)d—” +n(n+20)w =0, neN, aeC, z#=xL
2 . (l4z)\@+1/2 — 15010 P (142) " P ey
n?=ci (1) A= Y.
Aot (1) 42 Lig)@+1/2. | A (=) ey Ay (1)
U =-—up = %73) uip = —Acr (1) =z ) oAl ()

= k1@ + k2012 (7 — 1)=+1/2,,
1z\o+1/2 . )
¥o= Ml {k‘ ( = +1)A3 2, +1 L (AiD)(A—]) (5)A3/4¢3

a+1/2 1+z
)a+1/2

+k22°‘*'/2(z71)'/2*0‘ ((Az( = +ca +(1/27a)(271)71> ,%7%A1(?/;l/;m>¢ )}

A2_2a+3/2 Cz 21/2 o

_1 212 1/2— ¢
—7R6<[Clza+3 95— 12L1A2< Toe (14 )/ %96 + = 2013 ¢5+2€2A2Z>]§o>’
m

21/2-a A2.00+3/2 _ 21/2 ¢
( Cl2oz+3 ¢5+12L1A2( e (142)1? a¢6+622a+3 ¢5+202A22)}5 ;
0
1

Dl/2-a
e <A% [A22+ C22a+3 ¢5] 50).

I

I\)\'—‘

=~

*
~ ~ . /2—-a 1/2-a
Fiy=-Fp=—5; (Ais [A2Z+ 622%x+3 ¢5] <Ai3 [A2Z+ n ¢5] > > ’
*
~ - l/2-a 13 B A2 20{+1/2 1/2— L 2.91/2= .

2
- ; | A32013/2 1/2-a 22l ¢ 212 EN*
By=4 AZC,A%[ o (1+2) 06 + Zo73 ¢5+2C2A22}5 - [ 2013 ‘7’5]5 :
3 0 0

Note: ,F ;: Hypergeometric function. Ay = V4n? +8an+1, Ay =n(n+2a), Az =20+1.
01 = F1 (—1/2(A1+1),1/2(A = 1);00+1/2;15%),

¢ =,F1 (—o—1/2A1,1/2A153/2 — a; 15%),

¢3 =, F 1 (1—1/2(A1 +1), 14+ 1/2(A — 1) +3/2; 152),

¢a =, F (1— 00— 1/2A1,1+1/2A155/2 — o 152),

0s = (1+2)%H32,F (a+1/2,a+3/2;00+5/2; 15%),

P =,F1 (—o—1/2,1/2—;3/2— o; %) .

Fig. 8: The Gegenbauer equation.
3D numerical display of the Enneper-Weierstrass representation of the surface describing the

Gegenbauer equation, obtained by computing & = 0, & = re’®, r € [145,10], 6 € [0,27]. For fixed

parameters and constants o0 = %, n=1,c1=1,c0=0,k; =1,k =—1, A = 1, we obtain

FO— —Re ([1og((1 —0 +z))]§0>, FD = —Im([log(l—l—z) “log(1—2) —z]go), F9 —Re (Z ygo).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
545



V. Chalifour and A.M. Grundland / Minimal surfaces associated with orthogonal polynomials

Table 8: Summary. The Jacobi equation

The Jacobi eq.: (1—z2)‘§f‘2"+(ﬁ—a—(a+l3+2)z)‘%+n(n+a+ﬁ+1)a):0., neN, a,peC, z#£=£l1.

B+1 ¢
n?=ci(1+z)B+D(Q—z~(@+D)  y=_1 7A<Z+ﬂlzﬁ+?§+ 2.

o B Alz+1)P g3 4c N . ! (A(z+1)BH 3+c2)?
un =R = EE g ge 2= TAagEge 42T RGP (o ge

W) =k191 +2%;(z— 1) %¢n,
2% (z+1)PH!
Y, = %Ll [_kl ZA“‘ ( (Z+ﬁ)+l 93t ¢+ T a+l) (1 +Z)B+l(1 _Z)a+l¢4)

+kz< 208 ek (o p)-ag, 1 28(—1) (*a(l+z)f"+‘¢z+%““)ﬁ“(l*2)4’5))}'

Fi = Re (5 (142)" ﬁ(l*g 597)
— 7[5 B+12010— 5+ )P (k06 + 397) 20288+ 1)) ).

S]]

Lim (= 56 (142)
L Re (

ﬂz; [ (B+1%610— 5=+ 1)P ﬂm¢6+§¢7)—202A(B+1)¢8]>,

)

R =—
Fi=—1 (wi]) [AZ’“[)’-H)% sz (z+1)” (”1¢ +ﬁ¢7)

== 5 (i 5270+ 10— te 178 (s 3on) |
+<( in) [AZ*“([%H) — 5z (z+1)” (%‘P *%‘Wﬂ )*)
o=t (s [0+979 (B200+ 300)]
1[p —a(ﬁ+1)2-¢10—2§%(z+1)_ﬁ <%¢6+%¢7)72czA(B+l)¢s}§0)*),

o . :
FZIZ%(MICI {A227“(B+1)2'¢1o—272+2(1+1) (ZH% ﬁ¢7)—202A([3+1)¢3LO

+(% [(1+2)7F (1264 +B¢7>] ))

Note: ,F,: Hypergeometric function. ~ Domaing,copi = {§ € C | [§] < 1 and |§ + 1] < 2[at[}.
A=2%(n+o+B+1),

¢1:2F1(—n,a+ﬁ+n+l;a+1;%),

¢2:2F1(—a—n,ﬁ+n+1;1—a;%),

¢3=,F1 (—o,B+1;:8+2; leZ)

¢4 = F1 (1= )
05 =,F1(— —n+1/3+n+22 o; 55),
¢ =,F1 (1-B,a+1;2—B; 32,
¢7—2F1( B.az1—pB:15%),
go(ﬁJrHl fllsv‘;lmuz (s+l7a+1;s+2;%)),

- )s(zH1)*F . L1+
Z ﬁ+s+1 s+l)s'2”‘2F1 (S+1,(X+],S+2,TZ)),

S

(— s+k+p+1
00= % T (et ez (F1 (k4B Lo stk p 4215
—oF1 (s+k+B+Loss+k+B+2152))).
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Fig. 9: The Jacobi equation.
3D numerical display of the Enneper-Weierstrass representation of the surface describing the Jacobi

equation, obtained by computing & =0, & = x+iy, x € [-1 + 155,0], y € [0,1 — 755]. For fixed
parameters and constants «x = 1, 3 =2, n=1,c1 =1,c2 =0,k; =1, k; =1, A = —1, we obtain

FP:%Re([(%—i—?a(log( 1)—10g(z—1)))
_f(%z4+5z 172 551+ —48log(z—1)+%)]éo>,
—62(z+1)+4
F =~ 1m (| (=505 + 3002 (2 +1)—10g(z—1)))
+2 (32 +52 - 127z2—552+1%—4810g(2—1)4‘%)]2})’

FO = —5Re ([2 +3log(z—1)]3 ).

4. Concluding remarks

In this paper, we have shown the connection between the linear problem, the reduction of the GW
equations to an ODE and the immersion functions of 2D-surfaces associated with classical special
functions ODEs (SFODE) describing orthogonal polynomials. These links are summarized by the

following diagram

ducti ducti tructi
LP (2.11) reduction, LP (2.15) reduction, ODE (2.36) association, SFODE (3.2) construction, F c 511( ) (2.19)
—— — —_—
holomorphic in terms of 1) and orthogonal immersion functions
wavefunction polynomials

Fig. 10: Representation of the relations between the GW equations, the ODE associated with
selected special functions and their immersion functions of 2D-surfaces.

This approach allows us to visualize the image of the surfaces arising from specific orthogonal
polynomials, reflecting their behavior. The images were generated with Mathematica using the
ParametricPlot3d command (no specific package). In order to reduce the calculation time, the
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primitive integrals of each component of the surface were used instead of the integral representation
of the Enneper-Weierstrass formula.

The existence of SL(2,C)-valued gauge transformations allowed the reduction of the LP to a
second-order ODE, which can very often be explicitly integrated in terms of special functions. We
showed that the simplification of the LP associated with the moving frame by successive gauge
transformations allows the introduction of the arbitrary holomorphic functions 1 and ) of the
Enneper-Weierstrass representation into the problem. This link between the immersion function
and the LP was used to determine the second-order linear ODE arising from CMC-A surfaces. At
this point, the ODE representation of the LP could have been associated with any second-order
linear ODE. We chose classical ODEs describing orthogonal polynomials, using the degree of free-
dom corresponding to the fact that the holomorphic functions 1 and x are arbitrary. The explicit
expressions for the potential matrices and the wavefunction solutions of the LP have been found.
This fact enabled the construction of soliton surfaces defined using the Weierstrass or the Sym-Tafel
formulas for immersion.

We have formulated easily verifiable conditions which ensure the visualization of surfaces
describing special functions. This result can assist future studies of 2D-surfaces with the so-called
Askey-scheme of hypergeometric orthogonal polynomials and their g-analogue of this scheme,
which can lead to the description of more diverse types of surfaces than those studied in this paper.
This task will be considered in a future work.

A new class of minimal surfaces describing orthogonal polynomials has been constructed. These
surfaces must now be characterized to enable a clear description of their behavior in order to estab-
lish the links between their intrinsic properties and the orthogonal polynomials considered to con-
struct them. The fundamental forms need to be determined, together with the genus and the zeros.
We found that the orthogonality interval of the polynomials sometimes describes a curve on the
surface. The link between this fundamental interval and the surfaces needs to be studied.
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