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Based on integrable Hamiltonian systems related to the derivative Schwarzian Korteweg-de Vries (SKdV)
equation, a novel discrete Lax pair for the lattice SKdV (ISKdV) equation is given by two copies of a Darboux
transformation which can be used to derive an integrable symplectic correspondence. Resorting to the dis-
crete version of Liouville-Arnold theorem, finite genus solutions to the ISKdV equation are calculated through
Riemann surface method.
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1. Introduction

Remarkable progress has been made in recent years in the study of discrete soliton equations (see
[12] and the references therein). Among the related mathematical theories, the property of multi-
dimensional consistency plays an important role in the understanding of discrete integrability. In
the 2-dimensional case, it leads to the well-known Adler-Bobenko-Suris (ABS) list [1, 10], which
gives a classification of integrable quadrilateral lattice equations. Quite a few works have appeared
in the study of the ABS equations, concerning their relations with the usual soliton equations, the
Lax pairs, explicit analytic solutions, Backlund transformations (BTs), symmetries and conservation
laws etc. [3,6,7,13,14,19,21,22,26,32,33].
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The purpose of this paper is to investigate the ISKdV equation, which was first given in [23],

E =R (u— ) (@ — i) — B(u— i) (@— 1) =0, (1.1)

where the usual notation is adopted: u = u(m,n), u =u(m+1,n), u=u(m,n+1). Eq. (1.1) is exactly
the Q1(0) model (Q1 with § = 0) in the ABS hierarchy. The approach of Lax representation will
be used to confirm the integrability of Eq. (1.1) and to calculate its basic explicit analytic solutions,
the finite genus solutions [6, 7].

To produce a purely discrete Lax pair, it is vital to select two appropriate discrete spectral prob-
lems. It turns out that a special role is played by the semi-discrete integrable equations, which
are also of independent interest, see [18] and references therein, where the well-known Toda, the
Volterra and the Ablowitz-Ladik hierarchies are investigated thoroughly. A semi-discrete Lax pair
can be constructed with the help of a continuous spectral problem and its Darboux transformation
(DT), where the DT is regarded as a discrete spectral problem [4, 18], which usually leads to an
integrable symplectic map by using the non-linearization technique [5-7]. Refer to [16], integrable
maps are called BTs whose geometrical explanation is given in terms of spectral curves and their
Jacobians. And the symplectic correspondences (BTs) compatible with finite gap solutions of KdV
have been discussed through DTs for the standard KdV spectral problem [15].

In our case we consider the continuous SKdV equation,

Py

1
@—FZSWQX]:Q (1.2)

where S[¢;x] denotes the Schwarzian derivative of ¢ [20,30,31], i.e.

sl (), 32

:q)xxx_%(%)z (1.3)
¢ 2\ ¢/
Technically, it is more convenient to use the derivative version
1 3w?
S
with w = ¢,. The Eq. (1.4) has a Lax pair given by
0 —waA!
ax?(: (W_lk_l O >X7 (15)
1 3w?
—;L"/rz —wl’3+1(wxx—%)k’l
W = " w2 » v x- (10
—13-3, _* _ W\ -1 M)
WA g (s 2w)’l 2"

We note that in [24], the Lax pair for one Schwarzian PDE, which is equivalent to the SKdV hier-
archy via expansions on the independent variables and has a fully discrete counterpart (1.1) by
considering the independent variables as lattice parameters, has been found. However, we have not
been able to blend it with the algebro-geometric technique of nonlinearization employed in the
present paper. Fortunately, here each of the linear systems (1.5) and (1.6) can be nonlinearized to
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produce an integrable Hamiltonian system. Thus we find a Liouville integrable system associated
with a spectral problem (see Sec. 2) given by

8xX:U(Avu)X7 U(Avu): <(I;_)Lu>a (L.7)
and find that the following DT of Eq. (1.7) is critical:
~ _ A b
2= 0= P00 07 = (). (18)

The compatibility condition DY =up" —p"y gives rise to
by/b=u+u, vb'=u—1u (1.9)

This suggests a constraint b = y/(u — u) and leads to a Lax pair, different from the one in [23], for
Eq. (1.1).

Lemma 1.1. The ISKdV equation (1.1) has a Lax pair

j? = ()«2 - YIZ)—I/ZD(%)()L’b/)X’ b = ’}/1/(”_’7)7 (1 10)
xX=@A*=y) PP g, b =p/(u—0), '
with
Boptr _pepm - L (@) Au—i—itu)) (L.11)
T 0 —(u—u) (i —u)

where Y = (u—u)(u— ﬁ)(ﬁ—/ﬁ)(ﬁ—;}\) and E is defined by Eq. (1.1).

The paper is organised as follows. In Sec. 2, a finite-dimensional Hamiltonian system which is a
nonlinear version of the spectral problem (1.7) is presented. In Sec. 3, resorting to the Hamiltonian
system, we construct an integrable symplectic map. In addition, with the help of the Burchnall-
Chaundy theory, the discrete potential is expressed in terms of theta functions. In Sec. 4, based on the
discrete version of the Liouville-Arnold theorem, the finite genus solutions of ISKdV equation (1.1)
are obtained through the commutativity of integrable maps [7].

2. The Integrable Hamiltonian System (H)

Take the symplectic manifold (R?V,dp A dg) as the phase space. The symplectic coordinate
is defined as (p,q) = (p1,...,PN,q1,---,9n). Let A = diag(ay,...,on) with distinct, non-zero
(xlz,...,oc]%,. Define a Lax matrix

1Y € 03€,03
L(A:p,q) =0+ ( L+ = )-
(A:p,9q) + 2]_:1

A0;(p,q) 1-0x(Ap,p)
A—OCJ' )L—FOCJ‘ ( )’ (2'1)

0:(Aq,q) —A05(p,q)

where 0, 03 are the usual Pauli matrices, and

2
-~ (pigj —p; ) - Eimj
€= ’ 9 - §

V(& n) =(&,....Ev,m,...,n) R,
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The generating function .%) = detL(A; p,q) is a rational function of the argument { = A2,

Z.(p.q) = (04 (Ap,p) — 1) 01 (Aq,q) — A*Q5.(p,q). (22)

The expansion .%; =Y | Fi{ —! gives rise to a set of quantities on phase space as

Fi =—(Aq,q) — (p,q)*,

F=—(A""q.9)+ Y (A 'p,p)(A* q,q)— Y (A% ?p,q)(A%*Pp.q), (23)

jk=l jrk=l+1
Ji k=1 Ji k=1

(I=1,2,...), where (§,n) = ):7:1 &;mj. Consider the Hamiltonian system (H, ), defined by the
Hamiltonian function

o1 1,
H=—=—(A —
1= 5A4q,9) = 5{p.a)", oo
pi\ _ (—9H/dq;\ _ ((p.q) @ p; . '
o = = , 1<j<N
qj dH,/dp; 0 —(p,9)/) \g;
They are exactly N copies of Eq. (1.7) with distinct A = o; and the constraint
u=fu(p,q)=(p,q)- 2.5)

In this context (H)) is called a non-linearization of the linear spectral problem (1.7).
According to the Liouville-Arnold theory [2], we shall discuss the coefficients Fi, ..., Fy given
by (2.3) are first integrals of the phase flow with Hamiltonian function Hi, i.e., {Fj,Hi} =0

(j=1,...,N), where {-, -} denotes the Poisson bracket on the phase space. The involution and
functional independence between Fj, ..., Fy guarantee that the Hamiltonian system (H;) is com-
pletely integrable.

Consider the Hamiltonian system (.%} ),

d Pj) (—8%/ 9%’) (m)
— = =W(A,o; )
dry (61; 0.7, /9p; (4.@) q;

2.6
W) 2 ALM(A) pL(A) \  L(A) | o3L(A)o3 (26)
W= w2 ) ALy ) " a—u T T a+p

where L(1) is the abbreviation of L(A;p,q) and LY(1), i, j = 1, 2 are entries of the matrix L(1).

Hence we obtain de;/dry = [W(A, @;),€;], where |-, -] stands for the matrix commutator. Based on
this formula, it is easy to derive the following basic equation,

d
@L(“) =W(@A,u),Lw), VA, peC. 2.7

As a corollary, we have

{Fu, T} =0, YA, ueC; 2.8)
{F,F}=0, jk=1,2,.... 2.9)

Actually, by Eq. (2.7), (d/dt; )L*(u) = [W(A,u),L?(u)]. Since L*(u) = —1.%,, where [ is the
identity matrix, we have d.#, /dt; = 0. According to the definition of Poisson bracket [2], this is
exactly Eq. (2.8), whose power series expansion gives rise to Eq. (2.9).
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The generating function .%) has a factorization

R(¢)
far(g)’

7 _p 20

a1

(2.10)

with a(§) = ITY.1 (€ — o), Z(§) = TS (6 — G)s R(E) = a({)Z(§), where F is given by
Eq. (2.3). The spectral curve is deﬁned as

R:EP—R(&)=0, (2.11)

which is hyperelliptic with genus g = N — 1 and has two points at infinity, co, co_. At the branch
point 0 = (£ = 0,& = 0), Z has a local coordinate A = {'/2. The generic point on Z is given as

p(&) = (8.6 =VR()), ()(&)=(E=-VR(),

where 7 : Z — % is the hyperelliptic involution. The variables {VJZ} defined as the roots of the
equation

Pa)=% 9 g™ o we)=[TC- v, @.12)

j=1
give an elliptic coordinate system [17]. By Eq. (2.7) we have

d

L) =2(W (A, )Lt () = WH (A, )L (). (2.13)
A

Putting i = v, with L' (v;) = \/—F -R(v )/(vka(vk)) from Eq. (2.10), we get the evolution of
the elliptic variables along the .%; -flow,

A6) _ 2V7F ()

- o 1<k<g, 2.14

v,g . ad) T D) ¢ =
LR A0 2R L.

. _ L8, 1<s<a, 2.15

;;2 ron) a@ ° s<g 2.15)

where the interpolation formula of polynomials is used. With the help of the quasi-Abel-Jacobi
variables

g p() gesdg
I — o, o=-—— 1<s<g, 2.16
X kZ /p oo Wiito] g (2.16)

Eq. (2.15) is rewritten in a simple form and gives rise to
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Proposition 2.1. The %, - and the F-flow are linearized by ¢, as

aol Ne

S (ol Ty} = — L8570 1<s<g, 2.17
dry 105723 a(f) & 8 =
d/

d(fls - {(Py/vF}} = *2\/TF‘1'AI—S—15 l= 17 27"‘7 (218)

where Ap=1;A_;=0(j=1,2,...); while A; (j =1, 2,...), are defined by

CN _ 1 :iA.C*j
a(§) o (1—aCl) & e

In particular, {¢,,F1} =0,1 <s<g.

Proposition 2.2. The Hamiltonian system (H,) is integrable, possessing N integrals Fi,...,Fy,
involutive with each other and functionally independent in the dense, open subset O = {(p,q) €
R?V : F; #0}.

Proof. Fj is an integral since {H,,F;} = (1/2){Fi,F} = 0 by Eq. (2.9). It needs only to prove that
dFy,...,dFy are linearly independent in T(’; q)RZN at (p,q) € 0. Suppose ijYzl c¢;jdF; = 0. Then

{95, o+ +en{d v} =0, 1<s<N-1L
By Eq. (2.18), the coefficient matrix is non-degenerate,

1 A; Ay -+ Ay

{‘pllvFZ} {(P]/aFN} 1 Al Ag—2
=-2v/-F - L.
{9p. 22} -+ {¢g. Fiv} 1 A
1
Thus ¢; = --- = ¢y =0 and ¢;dF; = 0. We have ¢; = 0 since dFj # 0 at &. Otherwise,
1 N
—5dF = Y. ((p.@)qjdp;+ (g, +{p.q)p;)dg;) = 0.
j=1
Hence ajq;+ (p,q)p; =0,V j; and F; = 0. This is a contradiction. U

3. The Integrable Symplectic Map .,
As a non-linearization of Eq. (1.8), define a map .7 : RN — RN, (p,q) — (p,q) by

<§,> — (@2~ )2 (0. b) <;’1> 1<j<N, 3.1)
J J

where a constraint b = fy(p,q) is to be chosen so that .7 is integrable and symplectic.
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Lemma 3.1. Let PY) (b; p,q) = b*L*' (y) +2bL" () — L'*(y). Then

L(l,ﬁ,Z]J)DW)(A,b) _D(y)(ﬁ’ab)L(l;pch) = _Yb_]P(Y)(bQPﬂ)G% (32)
N
1
Y (dpjrdg;—dpjndg)) = be_zdpm(b;p, q) Adb. (3.3)

J=1

Proof. By Eq. (3.1), we get £;DV)(a;) — D) (aj)€; = 0. Besides, we have 67 = I and

o3;DV(A)o3 = —DY) (1),
DY (£1) —DY(a)) = + (A F o)1

Based on these preparations, we calculate the left-hand side of Eq. (3.2),

EJ'D(Y) (A) —D(Y)(A)SJ' n O'35jG3D(Y) (A) —D(Y)(A)O'3£J'G3>

[GJ”D(Y)(A)]—'_EZ ( )L—OCJ‘ )L—FOCJ‘

e N (e = o
=vb G3+22 (€j—€) +03(¢,—¢j)03
=1

= (=" +(p,9) — (p,9))03.

By using Eq. (3.1), we obtain

1o+ (5.4) — (p.q) = —1b " PO (bip.g). (34)
This proves Eq. (3.2). Eq. (3.3) is obtained through direct calculations. U

Consider the quadratic equation P()(h) = 0, whose roots give the constraint on b,

b= fy(p.q) = ) ( —Y0y(p,q) £/ —F4(p, q)) : (3.5

1
QY (Aq »q
Actually yb can be written as a meromorphic function on %,

0(6) = 5oy (~ 700+ V).

Though doubled-valued as a function of B € C, it is single-valued as a function of p(B?) € Z.
Hence we obtain

Proposition 3.1. The map %y : R*N — R, (p.q) — (p,q), defined as

Pi\ _ 2 —1/2< ajpj+vbg; >‘ .
<61j> ( ! YZ) Yo~ p;+aq;) lo=1,(p.a) /

is symplectic and integrable, possessing the Liouville set of integrals

F(p,9) =F(p,q), 1<j<N. (3.7)
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Proof. Since PU)(b) =0, by Eq. (3.2) and (3.3) we have
(

N N
Y dpjAndg; =Y dpjndg;. (3.9)
=1 =1

Taking the determinant of Eq. (3.8), we obtain .%, (p,q) = %, (p,q), hence Eq. (3.7). O

By Eq. (3.7), the discrete flow (p(m),q(m)) = 3"(Po,qo) has constants of motion {F;}. Define
finite genus potentials as

b(m) = by = fy(p(m),q(m)), (3.10)
u(m) = up = fu (p(m),q(m)) = (p(m),q(m)). (3.11)

By Eq. (3.4), they have the relation

bm:’)//(um_um+l)> (3.12)

which meets the requirement of Eq. (1.10). Along the m-flow, Eq. (3.8) is rewritten as
L1 )DL (A) = DI (A)Ln(2), (3.13)

where L, (1) = L(A; p(m),q(m)), DY (1) =D (A,b,,). Now we calculate u,, with the help of the
following spectral problem and its fundamental solution matrix M, (m, 1),

hy(m+1,1) = DS (A)hy(m, A); (3.14)
My(m+1,4) = DY (A)My(m, 1), My(0,1) =1. (3.15)

By induction we have

My(m, ) =D (A)D? ,(4)---D (1),

detMy(m, 1) = (A% — y)", (3.16)
Ln(2)My(m, A) = My(m,A)Lo(2.).

3

Lemma 3.2. The following functions are polynomials of the argument { = A*:

M, (2k, 1), ATIMGP(2k, 1), ATIMGN(2k,A),  MGF(2Kk,A), 317
ATIMYN(2k+1,1), My*(2k+1,4), MG'(2k+1,1), A"'MP(2k+1,4). '
Besides, as A — oo,
_(AM14+0(A7%)])  o(amh)
My(m,l)—< 0™ ) AMI+O(?) (3.18)

By Eq. (3.13), the solution space &) of Eq. (3.14) is invariant under the action of the linear
operator L, (A ), which has two eigenvalues pjf =4py,

pr=/—Fr=V—F- M’f((g (3.19)
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They define a meromorphic function t(p) = v/=F &(p)/o({(p)) on 2 with t(p(A?)) = Ap;,
t((p)(A2)) = Ap, . The corresponding eigenvectors satisfy

(1) +
h A
hi(m,A) = é)(m ) = My(m,A) “a , (3.20)
hi (ma)l’) 1
(Ln(A) = p3) hee(m,A) = 0. (3.21)
Putting m = 0, we solve
+_ L) Ep Ly’ ()
— —_ : (3.22
G e )
le(l)
oo 0
) (3.23)
T

defining a meromorphic function ¢(p) with ¢(p(A%)) = Ac;, ¢((7p)(A%)) = Acy . As A — oo,
+ (P EV-HhH

=
A (Aq.q)

Lemma 3.3 (Formula of Dubrovin-Novikov type).

A[14+0(A72)]. (3.24)
(P0,q0)

e I o e T OB R 525)
W WPR® )| KA L“(/l)—m L) ) '
) b) <Aq, o )
hy (m,A)h (m,A) = (3.26)
Proof. Using Eq. (3.16), we calculate the left-hand side of Eq. (3.25),
+ -t
LHS = My(m, A) (C’LC’L “2 > MT (m, 1)
c, 1
o Mym DlLoA) +par) (O ) T (m, )
B S
— L) + oty (m,2) D) b (m )
L (L) et (m 1) = RES
With the help of Eq. (2.12) and (3.25), Eq. (3.26) is verified by some calculations. O
Lemma 3.4. As A — oo,
(1) <p7‘I>0j: _Fl m+1 -2
BV (m, 1) = A=V I amili 4 0472, (3.27)
Dm 2 = P 1+0(22)
@) P D TV—F o )
1P (m, A LA™ +0(A72)]. (3.28)
= mA)= (p.a)oFv—F 107
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Proof. Since hY) (m, 1) = My (m, A)cy +My*(m, A), we have Eq. (3.27) in virtue of Eq. (3.18)
and (3.24). By Eq. (3.25) we get

11
(1)) 2 L Q)05 AP @m+V—F1 21 ,2
hi’h = (A"~ = A 1+0(A
+ = }(m.,l) ( ,),2) L(z)l(k) <Aq,q>0 [ + ( )]a
11
), (1) 2 mlt A) =02 AP @)m —V=F1 ; omy1 L,
-y = 307 Lg'(2) (Aq,q)0 AT+ o)
Thus we obtain Eq. (3.28) by solving hg:z) and using Eq. (3.27). (]

From Eq. (3.20) we have

WP 2k, 2) = (Ae)A™ M2 (2K, 1) + M2 (2K, 1),
ARD 2k 4 1,2) = (Ach)MZ (2k+ 1,A) + AMP (2K + 1,1).

By (Lemma 3.2) and the discussion on )Lc)jf, two meromorphic functions (the Baker functions)
H® (2k,p) and H® (2k + 1,p) are defined on Z, respectively, with

H® (2k,p(2%)) = hE (2K 1), H® (2k, (1p)(27)) = h? (2%, ), (529
H® (2k+1,p(A2) = AhP 2k +1,1),  HO(2k+1,(tp)(A?) = AhP 2k +1,1).
Proposition 3.2. H® (2k,p) and H® (2k + 1,p) have the divisors respectively,
P —p(v;(0))] +2kp(7?) — k(eos o),
’? (3.30)
Z F(2k+1)) —=p(v3(0))]+ 2k + 1)p(7*) + 0 — (k+1)(eof +o0_).
J:
Proof. From Eq. (3.26) and (3.29) we obtain
A >2k : cfv%zk)
H(Z) 2k,p H(Z) 2k71p — < q,9 . 2k J ,
(Aq, @)1 §—vi(2k+1) 53D
H(z) 2k+1’p H(Z) 2k+1,f q, q 2k+1 2k+1 2 7
( JHO( )= () H 0
where p = p({). As p — ooy, by Eq. (3.28) and (3.29) we have
v—F
H? 2k, p) = (P:q)k F 1 140N,
W TEavS .
( )= <pq>o¢\/—7F1 e
By these formulas it is easy to calculate the divisors. (]

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
642



X. Xu et al. / Finite genus solutions to the lattice Schwarzian Korteweg-de Vries equation

By using the technique developed by Toda [28], based on the meromorphic differentials
dinH® (2k,p) and dInH® (2k 4 1,p), immediately we get

8 rp(vi(2k) p(r) p(r)
/ a)+k(/ w+/ a))zO, (mod 7),
p o oo_

= pv20)

3.33
8 rp(vi(2k+1)) P e o (533)
Z/ a)+(k+1)(/ co+/ a))+/ ®=0, (mod.7),
j=1/p(v;(0)) 0oy oo p(7?)
where & = (..., ;)" are the normalized basis of holomorphic differentials on %, while .7

is the basic lattice spanned by the periodic vectors of Z [8, 11]. With the help of the Abel map
o DiV(Z) = J(Z), o (p) = fppo @, the Abel-Jacobi variable is defined as

o (m) :%(ip(vf(m))). (3.34)

This endows Eq. (3.33) with a clear geometric explanation.

Proposition 3.3. In the Jacobi variety J(#) = C8 /.7, the discrete flow .7} is linearized by the
Abel-Jacobi variable

¢ (m) = ¢(0) + mQy+ 8,Q0y, (mod 7), (3.35)
where &y, =0, 81 = 1, and
Qyzl(/m+ o+ [ ®), Qoy:Qer/p(yz)a). (3.36)
2\ b p(r) 0

The meromorphic function H? (2k,p) is expressed by its divisor up to a constant factor

61— (p) + ¢(2k) + K]
06— (p) +¢(0) +K]

exp {k [ 0lp(P).o ]+ @lp(r) o],

H® (2k,p) = const-
(3.37)

where K is the Riemann constant vector and ®|[p,q] is an Abel differential of the third kind, pos-
sessing only two simple poles at p, q with residues +1, —1, respectively. Resorting to Eq. (3.32), by
the asymptotic behaviors of Eq. (3.37) near o we obtain

up—v—h _ 60— (eo4) + ¢ (2k) + K] (rh b )
o —/=F 01— (oo4) +¢(0) +K] "7 P77 (338)
wptvV—h O[— o/ (oo—) + ¢ (2k) + K] (e ) .
uo++/—F O[—a/ (o) +(0)+K] VT VT
where
. 1 p oot
= lim pesen [0l e e=en [ Cop()ed  (G39)
We introduce a new variable v, by
um—v—F o 14+v,
vm_um+\/—7Fl7 Un =V Fl]—vm' (3.40)
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Cancelling the constant factor in Eq. (3.38), we arrive at

0 .
Vor = Vg - [2k97+Q+K(0)] G[K(O)] '€2kRy, (341)
02kQy+K(0)] - 6[Q+ K(0)]
where Q = [T ® and
Po
—d(eo )= [ B=m_, —d(e)=Q41,
- + 4 (3.42)
1 Ty Ty
K(m)=¢(m)+K+n_, Ry=—-In| —— |.
2 Ty Ty +
Similarly, considering the analytic expression for H?) (2k+ 1,p) leads to
0](2k+1)Qy+Q Q+K(0)]-0[K(0
V2k+1 = v - [( + ) Y+ OY+ + ( )] [ ( )] .e(2k+l)R7+R077 (343)
0[(2k+1)Qy+ Qoy+ K(0)] - 0[Q+ K(0)]
where
o4

Proposition 3.4. The finite genus potential v,,, defined by Eq. (3.11) and (3.40), has an explicit
evolution formula along the discrete flow )",

0[m, + 8,Q0, + K(0)+ Q] - 0]K(0)]

. "Ry 0nRoy 3.45
0[mQ, + 6,0, + K(0)] - 0[K(0)+ Q] ’ (345)

Vim = V0"

where the vectors K(m), Qy, Qoy and Q are given by Eq. (3.36) and (3.42), while the constants Ry,
Roy are defined by Eq. (3.42) and (3.44); moreover, &y =0, &1 = 1, for all k.

4. Solutions of ISKdV equation (1.1)

Let 71, v be the two constants given in Eq. (1.1). By (Proposition 3.1), setting Y= 7;, 7 in the above
we have two symplectic maps .#, and .#,, sharing the same set of integrals {F;}. Resorting to the
discrete version of Liouville-Arnold theorem [25,27,29], they commute. Thus we have well-defined
functions with two discrete arguments m and n,

(p(m7n)7q(m,n)) :yﬁyﬁ(m,%)v
br11n:f}/(p(m7n)7Q(m’n))a

Unn = fu (p<m7n)7q(m7n)) = (p(m,n),q(m,n)),
Vin = (umn - \/TFI)/(umn‘{'\/—iFl)

4.1

Proposition 4.1. Both the functions u,, and v, defined by Eq. (4.1), solve Eq. (1.1).
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Proof. By the commutativity of . and .}, we have
(p(m,n),q(m,n)) = 73 (p(0,n),q(0,n)) = 75 (p(m,0),q(m,0)). 4.2)
From Eq. (3.12) we obtain
bon =/ (u—u) ="1/(u—1u). (4.3)
By Eq. 3.6), xj = (pj(m,n),qj(m,n))T solves simultaneously
%= (0 =) 2D (), by 2y, b =1/ (u— 1),
7= (0 =)D (@b, bn = a1

Thus u,, satisfies Eq. (1.1) by Eq. (1.11). In order to prove that v, is also a solution, it is sufficient
to notice that (i) F] is a constant of motion which is independent of m and #; (ii) Eq. (1.1) is invariant
under the Mobius transformation u — v given by Eq. (4.1). O

(4.4)

Apply Eq. (3.45) to the flow 5@? and 5”72 successively. By vog — v;,0 — v, We obtain
Proposition 4.2. The ISKdV equation (1.1) has finite genus solutions

2] [mle + nQyz + 8?719071 + 6,19()7/2 + K()() + Q] -0 [K()()]
0 [mle +nQy + 5mQOyl + 6,,9()}/2 + Koo] - 0[Koo + Q] 4.5)

Vimn = V00 *

and upyy = /—F (1 +vun) /(1 — Vo). Further, any Mobius transformation Wy, = (ayVm +
ai2)/(ax1Vmn + ax) solves Eq. (1.1), where aji are constants.
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