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In this paper we study realizations of infinite-dimensional Witt and Virasoro algebras. We obtain a complete
description of realizations of the Witt algebra by Lie vector fields of first-order differential operators over
the space R3. We prove that none of them admits non-trivial central extension, which means that there are
no realizations of the Virasoro algebra in R3. We describe all inequivalent realizations of the direct sum of
the Witt algebras by Lie vector fields over R3. This result enables complete description of all possible (1+1)-
dimensional partial differential equations that admit infinite dimensional symmetry algebras isomorphic to the
direct sum of Witt algebras. In this way we have constructed a number of new classes of nonlinear partial
differential equations admitting infinite-dimensional Witt algebras. So new integrable models which admit
infinite symmetry algebra are obtained.
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1. Introduction

Methods and ideas of the group approach to analyzing differential equations go back to the pio-
neering works of Sophus Lie [1, 10, 39]. It is nothing short of amazing that two centuries later
these methods have not significantly changed in their content. What has changed dramatically is
the range of applications of these methods. The Lie group approach is used to analyze linear and
nonlinear algebraic, differential and integro-differential equations modeling natural phenomena in
many application areas such as physics, chemistry, biology and finance, to name just a few.

A necessary prerequisite for applicability of Lie group methods to a specific model is that the
model should possess nontrivial symmetry. The ultimate success of the Lie theory relies heavily
upon the fact that symmetry is one of the fundamental properties of nature, which is reflected in the
symmetries of the models describing it.

It comes as no surprise that the richer the symmetry properties of a model under study are, the
more efficient the application of group methods for its analysis. The best possible scenario is when
the model admits infinite symmetries, which in many cases may lead to a linearizing transformation
or even general solution of the model in question. Bluman and Kumei analyzed the connection
between infinite-dimensional symmetry and linearization of partial differential equations (PDEs) in
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[7,36]. They have established necessary and sufficient conditions of the linearizability of nonlinear
PDEs admitting infinite dimensional symmetry algebra and described the method for constructing
invertible mappings of nonlinear differential equations into linear ones.

A classical example is the hyperbolic type Liouville equation

Uy = exp(u). (1.1

It admits the infinite-parameter Lie group

f=t+f(t), f=x+gl), d=u—f(t)—gx), (1.2)

where f and g are arbitrary smooth functions. Note that an alternative term for these kinds of groups
is Lie pseudo-group [14,43,44,46,55].

The general solution of Eq. (1.1) can be obtained by the action of the transformation group (1.2)
on its particular traveling wave solution of the form u(z,x) = @(x+1) (see, e.g., [16]). An alternative
way to solve Eq. (1.1) is reducing it to the linear form U;, = 0 by the nonlocal transformation
u=1In(2U,;U,/U?) [16].

In most cases application of Lie methods boils down to solving one of the two basic problems
[6, 16, 17,27,45,48]. The first one is computing the maximal symmetry group admitted by the
model under study. The second (classification) problem is describing all possible models of some
prescribed form invariant with respect to a given Lie group or Lie algebra. Typically classification
problems split into two sub-problems, (i) describing all inequivalent realizations of the Lie algebra
in question, and, (ii) constructing corresponding classes of invariant models (see, [4, 18, 19,28,37,
54,56] and the references therein).

Lie group classification of PDEs is a very popular topic and there are literally hundreds of
publications devoted to applying it to various classes of linear and nonlinear PDEs. However, the
overwhelming majority of these tackle the classification with respect to finite-dimensional Lie alge-
bras.

The situation is drastically different for the case of generalized (higher) Lie symmetries, which
have played a critical role in the success of the theory of nonlinear integrable systems in (1+ 1)- and
(1+2)-dimensions (see, e.g. [27,45]). Progress in this area has been complemented by advances in
development of the theory of infinite-dimensional Lie algebras such as loop [30, 50], Kac-Moody
[8,32] and Virasoro [3,20,29,34] algebras.

Virasoro algebra continues to play an increasingly important role in mathematical physics in
general [5,24] and in the theory of integrable systems in particular. A number of nonlinear evolu-
tion equations in (1 + 2)-dimensions modeling various phenomena in modern physics are invari-
ant with respect to Virasoro algebras. An incomplete list of these models includes Kadomtsev-
Petviashvili (KP) [15,26], modified KP, cylindrical KP [38], Davey-Stewartson [13,25], Nizhnik-
Novikov-Veselov, stimulated Raman scattering, (1 + 2)-dimensional Sine-Gordon [52] and the KP
hierarchy [47] equations.

It is a common belief that nonlinear PDEs admitting symmetry algebras of a Virasoro type
are prime candidates for the role of an integrable system. This is why systematic classification of
Virasoro algebra realizations could come in handy in constructing new integrable systems by the
symmetry approach (see, e.g., [40,41]).

It should be pointed out that there are integrable equations which do not admit Virasoro algebras,
for example, breaking soliton and Zakharov-Strachan equations [52].
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Classification of realizations of Lie algebras by vector fields of differential operators within
the action of a local diffeomorphism group was pioneered by Sophus Lie himself. It is still a very
popular and efficient tool for group analysis of nonlinear PDEs. Relatively recent applications of this
approach include geometric control theory [31], theory of systems of nonlinear ordinary differential
equations possessing superposition principle [53], and an algebraic approach to molecular dynamics
[2,51]. Analysis of realizations of Lie algebras by first-order differential operators is at the core of
almost every approach to group classification of PDEs (see, e.g., [1, 10, 17,22, 23, 33, 35]). Let
us emphasize that systematic and exhaustive description of realizations of infinite-dimensional Lie
algebras within the context of group classification of nonlinear PDEs is an important problem (see,
e.g., [14,43,44,55] and the references therein).

It is straightforward to verify that the Lie algebra of the group (1.2) is a direct sum of two
infinite-dimensional Witt algebras. This observation is the starting point of our search for nonlinear
generalizations of the wave equation possessing the same (infinite) symmetries. Namely, we are
looking for all possible PDEs in two dimensions admitting a direct sum of two Witt algebras. In
order to solve this classification problem we first need to construct all inequivalent realizations of
the Witt algebra. The next step is to describe all possible inequivalent realizations of the direct sum
of two Witt algebras. The remarkable fact is that this problem has a complete and elegant solution
and there are only four inequivalent classes of PDEs that admit a direct sum of the Witt algebras.
The wave and Liouville equations are particular cases of the so obtained PDEs.

The paper is organized as follows. In Section 2, we give a brief account of necessary facts and
definitions. We also describe the algorithmic procedure for classification of inequivalent realizations
of the Virasoro algebra in full detail. We construct all inequivalent realizations of the Witt algebra
(a.k.a. centerless Virasoro algebra) in Section 3. Section 4 is devoted to analysis of realizations of
the Virasoro algebra. We prove that there are no central extensions of the Witt algebra over the
space R?. In Section 5 we construct broad classes of nonlinear PDEs admitting the Witt algebras.
All inequivalent realizations of the direct sum of two Witt algebras are obtained in Section 6. This
enables us to completely solve the classification problem of second-order PDEs whose invariance
algebras contain a direct sum of the Witt algebras. We prove that any such PDE is equivalent to one
of the four canonical equations (6.2)—(6.5). The last section, Section 7, contains a brief summary of
the main results of the paper and concluding remarks regarding future work.

2. Notations and Definitions

Definition 2.1 ([12,21,29,42]). The Virasoro algebra U is the infinite-dimensional Lie algebra with
basis elements {L,,C | n € Z} satisfying the following commutation relations:

1
Em(m2 ~1)8n-nC,  [Lm,C] =0

for m, n € 7Z. Here [Q,P] = QP — PQ is the standard commutator of Lie vector fields P and Q, and
the symbol &, , stands for the Kronecker delta

1, a=b,
(Sa,b = i
0, otherwise.

The operator C commutes with all other basis elements. It is called the central element or the
central charge of the Virasoro algebra 3. When the central element C is zero, the algebra U reduces

[Lmu Ln] = (m - n)Lm+n +
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to centerless Virasoro algebra, which is usually called the Witt algebra 20 [11,49]. Consequently,
the full Virasoro algebra is a nontrivial one-dimensional central extension of the Witt algebra.

Consider the Virasoro algebra as a linear subspace of the infinite-dimensional Lie algebra £,
spanned by the basis elements of the form

Q= t(t,x,u)0 + & (t,x,u)d + N (t,x,u)0, (2.1)
over R3. Applying the transformation
f=T(t,x,u), ¥=X(t,x,u), a=U(t,x,u) (2.2)
with D(T,X,U)/D(t,x,u) # 0 to (2.1), we get
0= (2T + ET + NT,) 0 + (X + EXc + NX,) 95 + (U, + EUx + U, ) 05

Evidently, O € £... Consequently the set of operators (2.1) is invariant with respect to the transfor-
mation (2.2).

The correspondence, Q ~ 0, is an equivalence relation on (2.1). It splits the set of differen-
tial operators (2.1) into several equivalence classes. Any two elements within the same equivalence
class are related by a transformation (2.2), while two elements belonging to different classes cannot
be transformed into each other by a transformation of the form (2.2). Thus to describe all possible
realizations of the Virasoro algebra, it is sufficient to construct a representative of each equivalence
class. The remaining realizations can be obtained by applying transformations (2.2) to the represen-
tatives.

Our method for the construction of all inequivalent realizations of the Virasoro algebra is imple-
mented as a three-step process.

The first step is to describe all inequivalent forms of Ly, L; and L_; such that the commutation
relations

[L();Ll] == _L17 [L())L—l] :L—17 [L17L—1] :2L07 (23)
hold together with [L;,C] =0, (i = 0,1,—1). Note that algebra (Lo,L;,L_;) is isomorphic to
sI(2,R).

At the second step, we construct all inequivalent realizations of the operators L, and L_,, which
commute with C and satisfy the relations
[Lo,Ly) = —2L,, [L_y,Lo]=—-3Ly, [Li,L5]=3L_y,

(2.4)
[Lo,Loo] = 2L, [L2,L-2] =4Lo+}C.

The third step is to derive the forms of the remaining basis operators of the Virasoro algebra
using the recurrence relations

Lioi=0—n) YL, L), L,1=m—-1)""Ly, L]
with
Lot L] = 2(n+1)Lo+ lizn(nJr D(n+2)C, [Li,C] =0,
wherei=n+1,—n—1landn=2,3,4,....

In Section 3 and 4, we use this procedure to obtain all inequivalent realizations of the Witt and
Virasoro algebras by Lie vector fields of the general form (2.1).
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3. Realizations of the Witt Algebra

We now turn to analysis of realizations of the Witt algebra 2. We note that the algebra 27 is
obtained from the Virasoro algebra by putting C = 0.
Let vector field Ly be of the general form (2.1), namely,

Lo = t(t,x,u)0; + & (t,x,u)d + 1 (£,x,u) 0y,
where 72 + E2 +n? # 0 since otherwise Ly is trivial. Transformation (2.2) maps Ly into
Lo = (VT +ET, + M) 3 + (2% + EX,+1X,) 05 + (U + EU,+1U,) .
By choosing solutions of the equations
L+ EL+NT, =1, X +&EX+nX, =0, tU+EU+NU,=0

as T, X and U, we can reduce L to the form d;. Thus Ly is equivalent to the canonical operator o,
which generates group of displacements by . From now on, we drop the tildes.

With Ly in hand, we proceed to constructing L; and L_; which obey the commutation relations
(2.3). Taking L, in the general form (2.1) and inserting it into [Lo,L;] = —L; yield

Ly =e""f(x,u)d +e"g(x,u)d +e " h(x,u)d,,

where f, g, h are arbitrary smooth functions of their arguments.
In what follows we use only those equivalence transformations (2.2) which preserve Ly. Apply-
ing (2.2) to Ly gives

Lo — Lo = T,0: + X, 0: + U, 0z = 0;.
Hence, the change of variables
f=t+T(x,u), x=X(x,u), i=U(x,u)

is the most general transformation that does not alter the form of L. It transforms Lie vector field
L into

Ly =e '(f+gT.+hT,)0: +e " (gXy +hX,)0: +e " (gU, + hU,)0;.

To further simplify L;, we need to consider two inequivalent cases g> +h> = 0 and g> +h? # 0
separately.

Case 1. If gZ +h?> =0, we have L; = e~ f(x,u)d;. Choosing 7 =t — In|f(x,u)| yields L; = e~ d,.
Taking into account (2.1) and (2.3) yields L_| = ¢€'d,.

Case 2. Given the condition g? +h?> # 0, we can select T (x,u), X (x,u) and U (x,u) to satisfy the
relation
e ' =f+gli+hT,, gXithX,=e ', gUit+hU,=0.

As a consequence, L; takes the form e/ (d; + dy). Taking into account (2.1) and (2.3) we arrive at
the formula

Ly=¢[l—e>f(u)d+e[—1—e 2fi(u)+e g1 (u))d+e “hi(u)d,,
where f1,g1,h are arbitrary smooth functions of the variable u.
Co-published by Atlantis Press and Taylor & Francis
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Applying the transformation
f=t, X=x+Xu), a=U(u), (3.1)
which keeps Lg and L; invariant, to L_; gives
Li=¢[l—efi(u)d:+e[—1—e 2fi(u)+e g (u)+e “mX]|ds+e “hi(u)Ud;.

Consider the cases fi(u) # 0 and f; (u) = 0 separately.
Assuming f(u) # 0 we set

X()=—In/|fi(w)], o) =[g1(u) +h @)X @)]\/]fi (u)

and

_1 4 ’ h 0,
U(u) = {f e , (32)

arbitrary non-constant function, h; =0,

whence
Li=¢(1+ae )0 +e[—1+ae > +e “¢(u)d+ Be' 0,

witha==+1land B =0,1.
The case fi(u) = 0 gives rise to the realization

Ly =¢€o;+e[-1+e g (u)+e *hi(u)X]0z+€ *hi(u)Uo;.
Selecting X = 0 and U satisfying (3.2) we get
Ly=¢€0d+e[-1+e g (u)|d+Pe 0,

where f =0, 1.
Hence we conclude that the following assertion holds.

Lemma 3.1. Any realization of the Lie algebra (Ly,L,L_1) over R? is equivalent to one of the
following canonical realizations:

<al‘7 e_tatv etal‘>7 (33)
(0, e (d+ ), e (1+ae )0, +e[—1+(u)e ™+ ae |0+ Be'd,). (3.4)
Here a = 0,41, B =0,1 and ¢ (u) is an arbitrary smooth function.

To obtain the complete description of all inequivalent Witt algebras, we need to implement the
last two steps of the classification procedure outlined in Section 2 and extend (3.3) and (3.4) up to
full realizations of the Witt algebra.

The following assertion holds.

Theorem 3.1. There are at most eleven inequivalent realizations of the Witt algebra 20 over the
space R3. The representatives, 20;, (i = 1,2,...,11), of each equivalence class are listed below.

W : (e7"9y),

W, : (e ™3, +e ™ [n+ %n(n ~ ae L),
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(e (g gt n(nk NP —7)

Fer e n(n 1)7](e ) "),

: L():ata

L= Citat +eitaxa
Lyi=c(l+ye 2o +e(—1+ye F+e )0,

L, = e_ZIf(xa M)at + e_ZIg(x7 M)(?x,
1 -
Loo=e"[l+3ye > = Je ¥ (6y9 +97 £ (47+6°)°)]0,

N 1
er[—2+3e*X¢+6ye*ZX—2 e X670 + @3 + (4y+¢2)3/)] 0.,

Loyi=(1—-n) "L, L), L,i=mO-1)""Ly, L], n>2,

. <e—nt+(n—l)x(exin)(exi1)—n8t+ne—nt+(n—1)x(ex:|:l)l—nax%

. <efntat_,'_,},efnt[enx_(ex_},)n](ex_,y)lfna)»7
: L():ata

L] = eita[ + eita)m
Loy=c(1+ye )0 +¢ (=147 > +e¢)o,

_ e — @ _ 26— @
L2 —e 2t+x - x? at te 2t+x - - ~¢ ax’
eX—e¥p—vy eX—e‘p—vy

L,= 621—3x(e3x+3,)/ex o ,},q”b’)at +62t—3x(2ex o qs)(_GZx_i_exq’S + ,},)am

Lioi=0—-n)7YL, L), L,i=®m-1)"'L, L,], n>2,

|n|]—1
(€™ +e " [n— sgn(n)%/ Y JG+1)e2ay),
=1

—nt+(n—1)x |n|—1 ‘n| |
e—n+(n—1)
—[(-1+ Y @j+ 1))+ (2n+1)e" — (n+2)e* +e> +sgn(n JJ+1
(ex—1)n+2
e—nt+(n—1)x |n]—1 ~|n| 1
+W[(1— Z(2j+1))n—2nex+ne —sgn(n Z jGj+1)o
j=1

In|

< nta + efnta +Sg1’;( )Zj(jil)efmflrau%
j=1

an(n—1)
2

n(n

B 1) e—nt—xau> .

e o+ 7
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Here n € Z, a = 0,41, y = +1, sgn(-) is the standard sign function, the symbol ¢(u) stands for
either u or an arbitrary real constant c, and besides

(1) =e*[4e™ — 106§ — 367e™ + 26" (3178 + 66° + 6(dy+ %)*/?)
— 647" — 54797 — 95" 596 (47 + ) )"
g(x,u) =e*[8e™ — 16e*§ — 2™ (44y+5¢7) +2e* (4479 + 99> £ 9(4y+ $?)*/?)
— 647> = 54y67 — 96 F 99 (47 + 9%/ *Ir
r=4e™ — 10e™¢ — 40ye™ + 10e™ (679 + ¢ + (47 + ¢*)*/?) — 10e*(6Y* + 679

+ O£ By +67)P2) + 30720 + 20767 +36° £ (27 +38%) (dy+ $2)¥%.

Proof. To prove the theorem we need to construct all possible inequivalent extensions of the
realizations (3.3) and (3.4).

Case 1. Inserting (3.3) into (2.4) we have
L, = e’”&t, L ,= ez’a,.

The remaining basis elements of the corresponding Witt algebra are readily obtained through recur-
sion, which yields L, = e ™d;, n € Z. Thus the realization 20, is obtained.

Case 2. Turn now to realization (3.4). Inserting Lg,L;,L_; into the commutation relations
[Lo,L_2] =2L_5 and [L;,L_»] = 3L_; and solving the obtained PDEs give rise to the following
form of L_»

L y=e"[l+3ae > +y(u)e 0, +e¥[—2+3¢(u)e ™+ yr(u)e >
+ w1 (u)e )0, +e¥[3Be ™ + w3 (u)e )0y,

where Y, y», Y are arbitrary smooth functions of u.
Utilizing commutation relations [Lo,Ly] = —2L; and [L_;,L,] = —3L; we arrive at

Ly=e 2 f(x,u)d, +e 2 g(x,u)d +e h(x,u)d,
with f, g, h satisfying the following system of PDEs:
—3(ae P+ 1)f+20e Fg+ (pe ™ +ae F —1)fi+Be " fu +3=0, (3.5a)
(1—pe ™ —oe ) f+(pe ™ —2)g— due “h+ (e " +0oe *)g.+Pe g, +3=0, (3.5b)
Be*f —Be"g+2(1+ae ™)h—(¢pe ™+ ae > —1)h, — fe “h, = 0. (3.5¢)
Inserting above L, and L_, into the commutation relation [L,, L_,| = 4L gives three more PDEs
4(yre ™ 430 > 4+ 1)f —3e > (yie " +2a)g +e yh

—(yie Mt yne  +30e ™ —2) fi e (yse  +3B) S —4 =0,
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2(ye F +yne X +30e T —2)f — (yie T —2(3a— y)e X +3pe F —2)g (3.6)
et (Yre P +yne  +30)h— (yie T+ yne P +30e T —2)g —e *(yae " +3B)g. =0,
2e *(yre T +3B)f —e F(2yze F+3B)g+ wie P + (60 + yi3)e F+2)h
—(yie > 4 yne P 43¢e ™ —2)h, —e *(yze F +3B)h, =0.

To determine the forms of L, and L_;, we have to solve Egs. (3.5) and (3.6). It is straightforward
to verify that the relation

A=e""M[Be™ + yze™ + (Byr — o5 —3aB)e’ + By — oy #0

is the necessary and sufficient condition for (3.5) and (3.6) to have a unique solution in terms of f;,
Ju» &x» &u»> My and hy,. For this reason, we need to differentiate between the cases A = 0 and A # 0.

Case 2.1. Let A =0 or, equivalently, § = y3 = 0. Egs. (3.5) and (3.6) do not contain derivatives of
the functions f, g, h with respect to u.

Solving (3.5) and (3.6) with respect to the derivatives f, gy, We obtain two expressions for
each of them. Equating the right-hand sides of equations containing 4, yields

he"e4x —20e> —yheX — 2y + 3% + oy — ay, _
(e — ge* — ) (267 — 39> — yre* — y)

0.

Hence h = 0.

Analyzing compatibility conditions for equations containing f, and g, we derive two more equa-
tions, which are linear in f and g. These equations form a system of two linear equations with
non-vanishing determinant. Consequently, the system in question has a unique solution for f and g.
Computing the derivatives of the expressions for f and g with respect to x and comparing the results
with the previously obtained formulas for f, and g,, we arrive at the equations

(2 —60) (¢ + oy + 2y )e' ™ + Fiolx,u] =0, (3.7)

and

[100°y1 —309° 3y —8a) + 3¢ y1 (20 + 3yn) +2(5y —4a(20” —3yn + y3) ) Je'™
+ Fylx,u]l = 0. (3.8)

Hereafter F,[x,u] with n € N denotes an nth degree polynomial in exp(x).

To determine admissible forms of f and g we need to construct the most general ¢ and y; (i =
1,2,3) satisfying Egs. (3.7) and (3.8).

If (3.7) holds, then at least one of the equations ¥, = 6 and y; = —(¢> + ¢ y») /2 is identically
satisfied.

Case 2.1.1. Given y, = 6, Egs. (3.7) and (3.8) hold if and only if
160° + 309> — 609 yy — >y — yi =0,

whence y; = [—60¢ — ¢ £ (4o + ¢?) %] /2. Choice of plus or minus in this formula leads to differ-
ent realizations. So we need to consider those cases separately.
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Case 2.1.1.1. Let y; = [—60¢ — ¢> — (4o + ¢2)%]/2. If a =0, then we have either y; = 0 or
Y =—¢°.

The case oo = y; =0 gives L_| =¢e'0d, +¢'(—1 +e *¢)d,. Making equivalence transformation
X =x+X(u), we can reduce ¢ to one of the three forms @ = 0,+1 and get

f=1, g=2+4ae™".

Utilizing the recurrence relations we derive the remaining basis elements and obtain the realization
20,.

Provided o = 0 and y; = —¢>, we reduce the function ¢ to the form b = 0, 41 by applying the
equivalence transformation ¥ = x + X (u). The case b # 0 gives rise to the following f and g:

e*(e* — 3be* + 3b%) ~ e"(2¢"—3Db)
(ex_b)3 ) 8= (ex_b)Z

f p—
Hence the realization 203 is obtained. Note that the case b = 0 leads to the particular case of 2.
Assuming o = 1, we get Y = [—6a¢ — ¢° — (4o + ¢2)2] /2, which yields 20,.

3

Case 2.1.1.2. Let y; = [—60¢ — ¢ + (4 + ¢?)2]) /2. Analysis similar to the one applied to the
Case 2.1.1.1 gives the realizations 2, and 204.
This completes analysis of the Case 2.1.1.

Case 2.1.2. If y; = —(¢> + ¢ y») /2, then Eq. (3.7) takes the form
(4o+9%)[yr — (4o = 5¢%) 4][y2 — 20— 9%)]e'™ + Fo[x,u) = 0.

Constructing the general solution of this equation boils down to analysis of the following three
subcases.

Case 2.1.2.1. Given the relation W, = (4a —5¢2) /4, Egs. (3.7) and (3.8) hold if and only if
4o+ ¢ = 0.

Consequently o < 0.
In the case when a < 0 we choose ¢ = —b? so that b = j:(—a)% and ¢ = 2b. Solving (3.7) and
(3.8), we immediately get the expression for f

e*(e* —2b) 26"
(e*—b)2 ’ 87 o1

f=

which leads to 2Us.
If « =0and ¢ = y; = y, =0, then the realization 20, with & = 0 is obtained.

Case 2.1.2.2. Let y, = 2 — ¢2. Provided o = 0, we can choose ¢ to be b = £1 without any loss
of generality. We drop the case b = 0 since it has already been considered. Taking into account the
above relations we get from Eqs. (3.7) and (3.8)

B 2e*—b
e —b

f=1 g

The realization 2 is obtained.
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Provided o # 0, we can apply an equivalence transformation to get o = 1, whence

PR CET N e

e —e'p —b’ e —e'p—b

with b = £1. Since ¢ can be reduced to the form i by the equivalence transformation i = ¢ with

¢ # 0, we thus get the realization 20.

Case 2.1.2.3. If 40t + ¢* = 0 then using Eqs. (3.7) and (3.8) we get & < 0, whence ot = 0, —1.
Given the relation o = 0, we can reduce ¢ to the form a = 0, 1. Inserting these expressions
into (3.7), (3.8) yields f = 1 and g = 2 — ae™*. The realization 2Js is obtained.

In the case when oo = —1, we have
fe e* (e’ —d4eX + 5 + 4+ y) = e*(2e> —de* —4—yp)
1) ’ 1)

And furthermore, the function Y, is reduced to the form i by equivalence transformation & = y5,
provided y is a non-constant function. As a result, we get 2Us.

This completes analysis of Case 2.1. In summary we conclude that the case A = 0 leads to the
realizations 23;, i = 2,3,...,9.

Case 2.2. Suppose now that A # 0, or equivalently, B2 + l//32 # 0. Given this condition we can solve
Egs. (3.5) and (3.6) with respect to fy, fu, &x, &u»> hx and h,. The system obtained is overdetermined,
so we need to analyze its compatibility.

The compatibility conditions

S = fux =0, 8 —8ux =0, hy—hux =0
can be rearranged into the system of three linear equations for the functions f, g and &
aif+arg+azh+d =0,
bif+byg+bsh+dr =0,
cif+cog+cih+ds =0.

Here a;, b;, ¢, d;, (i=1,2,3) are functions of #, x, ¢, y;, ¥, and ys.

It is straightforward to verify that the above system has a unique solution f, g, h when 3%+
11132 = 0. We have solved the system in question using Mathematica and obtained very cumbersome
formulas. For brevity, we do not exhibit them here. Inserting the expressions for f, g, h into Eq.
(3.5a) yields

OCB664ZX + Fy [x, u] =0.
Consequently, we have either § =0 or a = 0.
Case 2.2.1. If B =0, then Eq. (3.5a) takes the form

Otl//36636x + Fs5)x,ul =0,
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which gives @ = 0 and 3 # 0 (since otherwise A = 0). Now we can rewrite Eq. (3.6) as follows
YIYee’ ™ + Fas[x,u] = 0,
(15¢% +2yn)y3e™™ + Fyglx,u] = 0,
(570> —2y2) Y™ + Fax,u] = 0.

Hence we conclude that ¢ = y; = y, = 0. Inserting these formulas into the initial Egs. (3.5) and
(3.6) and solving the obtained system yield

f=1,8=2 h=—e >ys.

The function y3 can be reduced to —1 by the equivalence transformation ii = — [ 1/y3du. As a
result, we get the realization 20 .

Case 2.2.2. Provided o = 0, Eq. (3.5¢c) takes the form
B (4Bows —6y3 + B ys)et ™ +30B79y3e*™ + Faofx,u] = 0.

Since the case @ = § = 0 has already been analyzed in Case 2.2.1, we can restrict our considerations
to the cases y3 =0, B =1 and ¢ =0, B = 1 without any loss of generality.
If y3 =0 and B = 1, then it follows from (3.5¢) and (3.6) that y; = y, = 0. Thus

f: 1, g:2+efx¢)7 h:efx.

Furthermore, the function ¢ can be reduced to 0,1 or —1 by the equivalence transformations ¥ =
x+X(u) and i = U (u). Hence we get the realization 2.

In the case when ¢ =0 and 8 = 1, Egs. (3.5) and (3.6) are incompatible. This completes analysis
of the Case 2.2.

We check by direct computation that the realizations 2J; (i = 1, 2,...,11) cannot be mapped
into one another by any equivalence transformation. Consequently, they are inequivalent. g

While proving Theorem 3.1, we have also obtained the exhaustive description of the Witt alge-
bras over the spaces R! and R?.

Theorem 3.2. 2, is the only inequivalent realization of the Witt algebra over the space R.

Theorem 3.3. The realizations 20,-9 with § = ¢ € R exhaust the list of inequivalent realizations
of the Witt algebra over the space R?.

4. Realizations of the Virasoro Algebra

After obtaining the full list of inequivalent realizations of the Witt algebra we can proceed to clas-
sification of realizations of the Virasoro algebra 2J. To this end we need to extend the inequivalent
realizations of the Witt algebra listed in Theorem 3.1 by all possible nonzero central elements C. In
this section we prove that realizations of the Virasoro algebra with nonzero central element over the
space R? do not exist. We describe the major elements of the proof skipping cumbersome interme-
diate calculations.

Let us begin by constructing all possible central extensions of the subalgebra (Lo,L;,L_;).
According to Lemma 3.1 it suffices to consider the algebras (3.3) and (3.4) only.
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Case 1. Given the realization (3.3) we have
Lo=20;, L = Cita,, L= e’&,.

Choosing the basis element C in the general form (2.1) and inserting it into the commutation rela-
tions [L;,C] =0, (i =0, 1, —1) yield

C=E(xu)de+n(x,u)d,, E*+n?#£0.
Applying the transformation
f=t, ¥=X(xu), a=U(xu),
which preserves Ly, L; and L_1, to the central element C we get
C = C = (EX+NX,) 95+ (EUx + NUL) 9.
Choosing solutions of the equations
EXi+nX, =0, SUc+nU,=1

as X and U yields C = d,.

We now turn to the basis element L,. Using the commutation relations [Lg,L;] = —2L,,
[L_1,Lp] = —3L; and [L,,C] = 0 yields L, = e %9,.

Inserting the basis element L_; of the general form (2.1) into (2.4), which involve L_», results in
incompatible over-determined system of PDEs for the functions 7, £ and 7). Hence the realization
(3.3) cannot be extended to a realization of the Virasoro algebra with nonzero central element.

Case 2. Consider now the algebra (3.4). Since C commutes with Ly and L;, we have
C=e"f(u)d +[g(u) +e " f(u)| 0y + h(u) Oy,

where f, g and h are arbitrary smooth functions.
Acting by transformation (3.1), which does not alter Ly and Ly, on C gives

C =e *f(u)d; +[g(u) + e f(u) + h(u)X ()]0 + h () U (u) 9.

To further simplify C, we need to analyze the cases f(u) # 0 and f(u) = 0 separately.

If £(u) # 0, then choosing X (u) = —In|f(u)| we get C = e %0+ [e ¥ + B (g + hX)] 0z + BhU 0z,
where B = +1.

Provided 2 = 0 and ¢ # 0, we can make the equivalence transformation & = g(u) and thus get
Ci=e*d,+ (e +u)d,. The case h = ¢ =0 leads to C; = e *d, + (e *+ A)d,, where A is an
arbitrary constant.

Next, if the condition & # 0 holds, we choose the functions X and U satisfying g+ hX = 0 and
hU = 1/ thus getting C3 = ¢ 0, +e "0y + 9,

Given f(u) =0 we have C = (g + hX) s+ hU 9;.

If h # 0, we can reduce C to the form C4 = d, by a suitable choice of X and U. The case when
h vanishes yields C= g0%, which can be simplified to one of the following inequivalent forms,
C5 = l/tax or C6 = 8x.

Therefore there exist six inequivalent nonzero central element C commuting with basis elements
Ly=0d;and L =e 0, +e10,.
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The next step is extending the realizations (Lo,L;,C;), (i =1,2,...,6) up to realizations of the
full Virasoro algebra. Here we present the calculation details for the case i = 1 only. The remaining
five cases are handled in a similar fashion.

We begin by constructing all possible realizations of L_;. Taking into account (2.3), we have
et—2x(u2€2x _ 1) 5 et—2x(uex 4 1)2

L_] - T — ax.

u? u?

With L_; in hand we can proceed to constructing L. Using the commutation relations (2.4) yields

 ue*(ue*+4-2) N 2ue* 3
e (uer +1)2 ! e (ue*+1) "

Inserting the obtained expressions into the commutation relations for L_,, we arrive at an incom-
patible system of PDEs. Hence, the algebra (Ly,L;,C;) cannot be extended to a realization of the
full Virasoro algebra.

The same statement is true for the remaining C;, (i =2,3,...,6).

Theorem 4.1. There are no realizations of the Virasoro algebra with nonzero central element C

over the space R", (n=1,2,3).

5. PDEs Invariant under the Witt Algebras

In this section, we construct a number of new nonlinear (1+1)-dimensional second-order PDEs
whose invariance algebra contains the Witt algebra and is consequently infinite-dimensional.
Constructing invariant equations is a straightforward application of Lie’s infinitesimal method
(see, e.g., [45,48]). Below we give a brief description of the method and present an example of
derivation of PDE invariant under 20 .
A second-order PDE of the form

F (8,2, 0, Uy, Uy Ugyy Upy Uyy) = 0
is invariant with respect to the Witt algebra (L,) if and only if the condition
prL, (F)[p_o =0
holds for any n € N, where pr(?)L,, is the second-order prolongation of the vector field L,, that is

pr@ L, = L, +1' 0y, + M0, + 1" 0y + 1" Ouyy + N Ous

with
n'=D;(N) —u:Di(7) — uxDi (),
n* = Dx(N) — u:Dx(7) — uxDx(8),
n" =D;(n') — unDi(7) — urDs (),
N" = Dx(N") — uyDx(7) — uxDx(§),
™ = Dy(N") =y Da(T) — D (§).
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Here the symbols D, and D, stand for the total differentiation operators with respect to ¢ and x
respectively, namely,

D, = at +Mtau +uttau, +uxtaux +eey
D, = 8x + uxau + Mtxgu, + uxxaux B

Let us apply the above method to derivation of PDEs admitting the realization 20J;. The second-
order prolongation of the basis elements of 20, reads

prL, =e 9, +ne ™ 0y, + (20 "y —ne " u.) 0y, +ne "0y, (5.1
The next step is computing the complete set of functionally-independent second-order differen-
tial invariants I, (¢,X, u, s, ty, s, Ugy, thyy) (m=1,2,...,7) of the infinite set of first-order differential
operators L,. Integrating the characteristic equations
d  dx du  du,  duy duy, o duy duyy
e 0 0 ne ™y 0 2neMuy—n2e™Mu, ne"u, 0

which correspond to the operator L,, with arbitrary n, gives the following invariants

Urx —nt —2nt —2nt
I]ZX, 12:u7 13:uX7 14:ux)C7 15:7716:6 Uz, 17:e Uy — ne Uy -
t

Thus the most general L,-invariant equation is of the form
F(I,bL,....,I;) =0.

Since this equation should be invariant under every basis element of the Witt algebra 20, it should
be independent of n. To meet this requirement the function F has to be independent of Is and /7.
Consequently, the most general 20, invariant second-order PDE is

F(I1,h,13,14,15) =0,

Uzx
F | xu,uy vy, — | =0.
Ut

Furthermore, we have succeeded in constructing the general forms of PDEs invariant under
W, W, Wsg and Wyg. The corresponding invariant equations are listed in Table 1, where F is an
arbitrary smooth real-valued function.

or, equivalently,

6. The Direct Sums of the Witt Algebras

This section is devoted to the classification of realizations of the direct sum of the Witt algebras
in R3. We obtain a complete description of inequivalent realizations of the direct sum of two Witt
algebras.

In view of Theorem 3.1, it suffices to consider realizations of the form

W, @ (L, n€Z), i=1,2,...,11,
where 2J; are given in Theorem 3.1 and L,,, n € Z are basis elements of the Witt algebra commuting

with the realization 207;.
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Table 1. Second-order PDEs admitting the Witt algebra

Symmetry algebra Invariant equation
W, F(x,u, thy, ey, L’l’“) =0
- F (tty thy, Uy, € (Mtuxx_uxutx)) =0, a=0
2 F(u, un—ux Uy — u,ué;;uru”+u —ZOCuX) -0, ==+l
ux+u” —Y(uxtun) \ _
We F(u’ (€ uy—y(u+uy)) ) =0
Wg Fu, ctts) =
Wio F(ux+2u Upy —4u) =0

Consider first realizations of direct sum of the Witt algebras 20 @ (L,). Taking into account
that L, commutes with basis elements of 20, we conclude that

Ly = fu(x,u)0; + gn(x,1)0,. 6.1)

Here f,, and g, are arbitrary smooth functions.

Now we can utilize the results of classification of inequivalent realizations of the Witt algebra
over R? and get the final form of the basis elements L, from Theorem 3.3 by replacing ¢, x with x, u
respectively.

The remaining realizations 20; (i = 2,...,11) are analyzed analogously. We skip intermediate
computations and present the final result.

Theorem 6.1. Any realization of the direct sum of two Witt algebras in R? is equivalent to one of
the following ten inequivalent realizations:

D1 (e70h) B (e,

Dy: (e ™)@ (e ™ +ney),

Da: (e ™o +me ™)@ (ne D+,

D4 (70 ® (e 0+ Yo — (&~ 7Yl — 1)),

\n\ 1

Ds: (e7™0) D (e +e ™[n—sgn(n Z i+ 1De2a,),

De: (e (e ™ T u(e  tn)(e" £ 1) " O +ne (et 11)179,),

D7: (™) @ (eI _ (4 1)yet + %n(n +1)](e“ —y) " 1o,
e et — %n(n + DY —7) "),

Dg: (e ™)@ (J10c+20,),

Do: (e7™0) @%4,

Dio: (e™d,) D,
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Here
et (n—1)u |n[—1 ) 3 c |1
I = Gyl X @i+ D)t nt e = (n 2 e +sgnn) 3 Y+
j=1 j=1
e—nx+(n—1)u |n|—1 . 2 c Inl 21 .
5= W[(l_ Y (2j+1))n—2ne" +ne “—sgn(n); Y G+,
j=1 =1

n, m € Z, ¢ € R and the symbols %4 and @7 stand for the realizations obtained from 04 and 207
listed in Theorem 3.3 by replacing (t,x) with (x,u).

When the paper has been submitted for publication, one of the referees drew the authors’ atten-
tion to the paper by Medolaghi [44]. Medolaghi had constructed fourteen types of infinite-parameter
groups of point transformations over R3 and obtained corresponding invariant PDEs.

The majority of the realizations listed in Theorems 3.1-3.3 can be obtained from those given in
in Sec. 4 of [44]. For example, the algebra (& (¢)d;) reduces to 20; under & () = e". Additionally,
the realization 20, with & = 0 can be derived from (&(r)d, 4+ &(r)d;) given in [44] by choosing
&(t) = e and x — —x. The realizations 204, 207 and 2y are, to the best of our knowledge, new.

Medolaghi had not considered the problem of classifying PDEs invariant under sums of infinite-
dimensional algebras. However, some of the realizations listed in Theorem 6.1 can be represented
as the direct sums of infinite-dimensional algebras given in Sec. 4 of the paper [44]. For example,
the realizations ©; and ©; can be obtained from (&;(¢)d;) ® (&x(x)dx) and (&1 (7)d;) @ (E2(x) 0y +
&>(x)d,) by choosing & (1) = e~ and &(x) = e ™, respectively. The realization D3 is a direct
sum of (& (1)0; + &1 (1)dy) and (& ()9, + Ex(u)dy) with & (r) = e, & (u) = e ™, x — —x. The
realizations 07-9 ¢ are new.

Analysis of the second-order PDEs invariant under the direct sum of the Witt algebras shows
that the determining equations are incompatible for the realizations D4, 5, ©7-% 9. The remaining
four realizations give rise to four classes of equations admitting symmetry algebras which are direct
sums of two Witt algebras.

D,: F <u, i ) —0, (6.2)
Uy
Uy _
Dr: F <e “) =0, (6.3)
Uy
D3: F <”’”’”‘_3”"””‘e)‘> ~0, (6.4)
Mx

@6:

(uzx(l—uxie”)+ur(”xx—”)2c+”x)> -0 (6.5)

ur[e® + (uy — 1) (uy — 1 F2e%)]

Here F is an arbitrary smooth real-valued function.

Let us reiterate, any second-order PDE, in two independent variables, which is invariant under
the direct sum of two Witt algebras, is equivalent to one of the equations (6.2)—(6.5).

We refer to these equations as integrable, since they admit infinite-dimensional symmetry alge-
bras involving two arbitrary functions. This is similar to the concept of integrable solitonic equa-
tions, since an overwhelming majority of these equations admit infinite generalized symmetry [27].
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One more analogy comes from the theory of Hamitonian systems, which are completely integrable
provided a sufficient number of integrals are known [45].

Applying the results by Bluman and Kumei [7, 36] to an integrable PDE one can, in theory,
linearize these PDEs. This fact justifies usage of the term integrable. Note that integrability in this
sense is closely related to the concept of C-integrability by Calogero [9]. Nonlinear PDE is called
C-integrable if it can be linearized by a local or nonlocal change of variables.

Eq. (6.2) can be rewritten in the equivalent form

Uy = f(u)upuy.

By making the change of variable u = R(U), where R(U) is an arbitrary solution of the ordinary
differential equation

F(R)R?—R" =0,

we reduce the above nonlinear PDE to the linear wave equation U;, = 0.
Without any loss of generality we can rewrite (6.3) as follows

Uiy — )yeuuh A/ S R

Integrating it with respect to ¢ gives

g"(x)

gx)’

where g is an arbitrary smooth non-constant function of x. We rewrite the above equation in the
form

u, = Ae" +

(u—1Ing'(x)), = et ng@)elng'(x),

Integrating this equation yields the general solution

/
g'(x)
u(t,x) =In—————
h(t) — Ag(x)
of the initial nonlinear PDE (6.3).
Eq. (6.4) is equivalent to the equation

Ul — Uxlpy = )Lexufc, A €eR.

The hodograph transformation x — u, u — x followed by re-scaling # — At turns it into the Liouville
equation (1.1), which is known to be integrable.

To the best of our knowledge, Eq. (6.5) is a new integrable nonlinear equation. The simplest
PDE from the class of equations (6.5) is of the form

U (1 —uy £ ") +uy (Upy — ujzc +u,) =0.

7. Concluding Remarks

In this paper, we have classified all possible inequivalent realizations of the Witt and Virasoro alge-
bras by Lie vector fields over the space R” with n = 1,2,3. The complete lists of these realizations
are given in Theorems 3.1-3.3, 4.1 and 6.1.

The main results can be briefly summarized as follows:
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There exists only one inequivalent realization of the Witt algebra in R.

There are nine inequivalent realizations of the Witt algebra in R

There exist eleven inequivalent realizations of the Witt algebra in R? space.

There are no realizations of the Virasoro algebra with nonzero central element over the space R"
with n < 3.

e There exist ten inequivalent realizations of the direct sum of two Witt algebras in R3.

As an application, we construct a number of nonlinear PDEs which are invariant under various
realizations of the Witt algebra. This enables constructing broad classes of new nonlinear equations
whose symmetry algebra involves, at least, one arbitrary function of one variable.

We have constructed all second-order PDEs in two independent variables whose invariance
algebras contain a direct sum of the Witt algebras. As a result we get four canonical invariant
equations (6.2)—(6.5). Each of these admits infinite-dimensional algebra involving two arbitrary
functions. The massless wave and Liouville equations in (1+1)-dimensions are typical examples of
such PDEs. They are particular cases of Egs. (6.2)—(6.4), which are well-known, while model (6.5)
is new.

Since the Virasoro algebra is a subalgebra of the Kac-Moody-Virasoro algebra, the results
obtained here can be directly applied to classify the integrable KP type equations in (1 +2) dimen-
sions. The starting point would be describing inequivalent realizations of the Kac-Moody-Virasoro
algebras by differential operators over R*. This problem is in progress now and will be reported
elsewhere.
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