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Based on the Lenard recursion relation and the zero-curvature equation, we derive a hierarchy of long wave-
short wave type equations associated with the 3 x 3 matrix spectral problem with three potentials. Resorting
to the characteristic polynomial of the Lax matrix, a trigonal curve is defined, on which the Baker-Akhiezer
function and two meromorphic functions are introduced. Analyzing some properties of the meromorphic func-
tions, including asymptotic expansions at infinite points, we obtain the essential singularities and divisor of
the Baker-Akhiezer function. Utilizing the theory of algebraic curves, quasi-periodic solutions for the entire
hierarchy are finally derived in terms of the Riemann theta function.
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1. Introduction

Soliton equations have caught a great deal of attention for describing and explaining nonlinear phe-
nomena in theoretical physics, fluid mechanics, nonlinear optics, plasma physics and other subjects
[1]. Besides some famous equations such as the Korteweg-de Vries, sine-Gordon, Boussinesq and
Kadomtsev Petviashvili equations [1,31,47,50], a lot of new models possessing great significance
have been proposed, for example, the Camassa-Holm, Degasperis-Procesi, Novikov, and Geng-Xue
equations etc [6, 10, 22, 23,30, 35-37]. As the research moves along, more and more systematic
methods have been developed to solve these soliton systems [1,4, 14,17,29,33,44]. For examples,
the inverse scattering transformation [1, 17], the bilinear transformation methods of Hirota [29],
the Bécklund and Darboux transformations [44], algebro-geometric method [4, 14,32,33] and oth-
ers [19,42].

Since 1970s, various methods in a series of papers [3,4,7,9, 14, 18,24,26,32-34,41,51] were
developed on the basis of the theory of hyperelliptic curves to obtain quasi-periodic solutions of
soliton equations associated with 2 x 2 matrix spectral problems such as the KdV, KP, nonlinear
Schrodinger, Camassa-Holm, Toda lattice, Ablowitz-Ladik equations and so on. However, it is the
trigonal curve [5, 11, 15,49] rather than the hyperelliptic curve that is the theoretic foundation to
obtain the quasi-periodic solutions to soliton equations related to the third order spectral problems.
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Although the reduction theory of Riemann theta functions has been applied to study quasi-periodic
solutions of the Boussinesq equation in a few of literature [2,43,45,46,52-55], the method is not
a general scheme to construct quasi-periodic solutions of completely integrable systems. In 1999,
Dickson and his partners proposed a unified framework which yields all algebro-geometric quasi-
periodic solutions of the entire Boussinesq hierarchy [12, 13]. Shortly after that, this method was
generalized to deal with the modified Boussinesq and the Kaup-Kupershmidt hierarchies [20, 21]
based on the trigonal curve introduced by the characteristic polynomial of the Lax matrix. The trig-
onal curves in [12,13,20,21] have one collective feature, that is, one infinite point which is a branch
point with the triple root. Recently, the research has developed to get the quasi-periodic solutions
to the coupled modified Korteweg-de Vries hierarchy, the three wave resonant interaction hierarchy
and the four-component AKNS soliton hierarchy associated with the trigonal curves having three
different infinite points which are not branch points [25,28, 39, 40].

In this paper, we first derive a hierarchy of long wave-short wave type equations associated with
the 3 x 3 matrix spectral problem with three potentials. The first nontrivial member in the hierarchy
is the long wave-short wave type system

up = 2(vw)y,

Vi = Vxx — Wy, (L.1)
Wp = —Wyy — UWy.
Equation (1.1) reduces to
Uy = 2(‘V|2)x7 Vi = — Ve — UVy, (1.2)

if x - —ix, t — —it, w =", which is different from the standard long wave-short wave resonance
system [8, 38, 56]. Another principal subject of the present paper is to construct quasi-periodic
solutions for the long wave-short wave type hierarchy on the basis of the theory of algebraic curves.
To this end, one introduces the trigonal curve with the aid of the characteristic polynomial of the
Lax matrix. A distinguishing feature for the trigonal curve associated with the hierarchy is that it
has two infinite points, one of which is a double branch point and the other is not a branch point.
Compared with references [12, 13, 20, 21, 25, 28, 39, 40], the trigonal curve in this paper is more
general. Therefore, we need to reinvestigate the local coordinates near infinite points, the Abelian
differentials and other basic properties.

The outline of this paper is as follows. In section 2, we consider a 3 X 3 matrix spectral prob-
lem with three potentials and derive a hierarchy of nonlinear evolution equations with the aid of
three sets of Lenard recursion equations and the stationary zero-curvature equation. In section 3, a
trigonal curve is introduced by using the characteristic polynomial of the Lax matrix, on which the
Baker-Akhiezer function together with two related meromorphic functions is given. Based on the
asymptotic properties of the two meromorphic functions near the infinite points, the essential singu-
larities of Baker-Akhiezer function are derived. Accordingly, the Abelian differentials of the second
kind are given for the purpose of representation. In section 4, we investigate some properties of
the two meromorphic functions and obtain the Dubrovin-type equations. Subsequently, we derive
divisors of meromorphic functions and the Baker-Akhiezer function which are necessary for the
construction of the quasi-periodic solutions. Section 5 finally constructs the Riemann theta function
representations for the long wave-short wave type hierarchy according to the asymptotic properties
and the quasi-periodic characters of the meromorphic function and the Baker-Akhiezer function.
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2. A long wave-short wave type hierarchy

In this section, we shall derive a hierarchy of long wave-short wave type models. To this end, we
consider a 3 x 3 matrix spectral problem with three potentials

3} u A v
v,=U0vy, yv=|ywy]|, U=[|1 0 0], 2.1
Y3 w 0 0

where u, v, w are three potentials, and A a constant spectral parameter. We first introduce three sets
of Lenard recursion equations:

KSj:JSj+1, ]20, Sj|(u7v’w):0:0, jZl,
Kff :J§j+17 =0, §j |(u,v7w):0: 0, j=>1, (2.2)
| 0

Ksj=JSjir1, j20, §jluyw=0=0, j=1,

where the two operators are defined as

—wwd  du—9*> wd dv+vad 0
uvd —avd Idv—vd 9% —ud V2 —v
K= 0 ow+wd 0 -2 —ud—w w |, 2.3)
—93%—ud 20 w —v 0
ywo 0 —wad —vd 0
-20 0 0 0 O
—v 0 1 0 O
J= w 0 0 -1 0], 2.4)
—0%2—ud 20 w —v O

vwd 0 —wd —vd 0

and the starting points so = (0,0,0,0,1)7, §y = (0,1,0,0,0)7, 5§ = (1,0,v,w,vw)’. Then the
sequences s;,5;,5; can be determined uniquely. For example, the first three members read as

0 —%u —vw
0 —%ux — %uz — %vw —VxW
si=| —v |, §= vy — tuy , Si=| ve—w—viw || (2.5)
—w —wx—%uw wxx—i-uwx—vw2
—vw VW — VW — %uvw 555 )

where

5&5) = VW — VW + VWi — UV W + UVW — vzwz.
In order to generate a hierarchy of nonlinear evolution equations associated with the spectral
problem (2.1), we define a 3 X 3 matrix

Vii AVia Vi3
V=Vij)3x3=| Va1 AV Va3 (2.6)
Va1 AVay Vi3
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with the elements

Vii=(u—09d)c+ve+Ab, Vip=c, Viz=-—vbi+vc+d,, Vi =c—Dby,
Vio=b, Vaz=d, Vzi=wc—e:, Va=e, Viz=/f

Then the stationary zero-curvature equation
Vi—[U,V]=0 2.7)
is equivalent to

—wwdb+ (du— d%)c+wdd + (dv+vd)e+21db =0,

(uvd — dvd)b+ (dv —vd)c+ (9* —ud)d +v?e —vf+A(vb—d) =0,
(Ow+wd)c— (3% +ud +vw)e+wf +A(—wb+e) =0, (2.8)
—(0*+ud)b+2dc+wd —ve =0,

vwdb —wdd —vde+df =0.

Expanding b, ¢, d, e, f into the Laurent polynomials in A:

(b,C,d,e,f):Z(bj,Cj,dj,ej,fj))L_j, (29)

Jj>0
equation (2.8) is equivalent to the following recursion equations
KS;=JSj11, j=0, JSo=0, (2.10)

where S; = (bj,cj,d;j,e;, ;)T Since equation JSy = 0 has a general solution

So = 0tso + PoSo + 0o, (2.11)
then functions S; given by
J
Sj= Y (0usj—1+Bisj—1+ 65j-1), (2.12)
1=0

satisfy the recursion equation (2.10), where «;, f3;, 0; are arbitrary constants.
Let y satisfy the spectral problem (2.1) and the auxiliary problem

Y, = v(r) v, V(V) — (‘/[S”))3><37 (213)

B"),e",d" &) 7Y =Y (b),¢;,d;, 85, F)AT, (2.14)

Jj=0
with Sj = (Ej,éj,cfj,éj,fj)T determined by
Sj = Z(alsjfl'i‘ﬁlfjfl‘*‘slfjfl)- (2.15)
=0
The constants &;, ﬁ s 5 ; here are independent of the choice of «j, B;, §;. Then the compatibility

condition of (2.1) and (2.13) yields the zero-curvature equation, U; — Gx(r) + U, ‘7(’)] = 0, which is
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equivalent to a hierarchy of nonlinear evolution equations
T
(Ui, vipowr,) =Xr, 120, (2.16)

where the vector fields X, = P(KS,) = P(JS,,1), P is the projective map P(y', 7,73, v}, 1°)T
— (7", 7%,7°)T. The first member in the hierarchy for » = 0 is a long wave-short wave type system

Uy = Boux‘i_zé()(VW){,
Vig = _5‘0‘} +~ﬁ0Vx +~60(Vxx - uvx), 2.17)
Wiy = Gow + Bowy + O (— W — uwy).

As 0 = BO =0, 50 = 1,1y =t, equation (2.17) turns into (1.1). For r = 1, the second member in the
hierarchy (2.16) reads as

Uy = _2&0(VW)X + BO(%L”xxx + %Vxxw - %wax - %(HVW)X — %uzux)

+230(va + VW + uvwy — uvew — V2w, + Biuy+ 28, (vw)y,
Vy = &0(_~Vxx + uvx) + BO(Vxxx - %uxvx - %vax - %VVXW + %M2Vx)
400 (Viooor — UV — 2l Viy — 2V — 2V2W — 20V0W -+ UitV
F 1PV 4 2uvvw) — v+ Bl Ve + 01 (Vax — uvy),
Wy = do(wfx +uwy) + BO(Wxxx — %vwwx + %uwxx + %uxwx + %uzwx)
+80(—Wror — Wy — 2U Wy — 2UWiex — UL Wy — UP Wiy + 20W2
F2vwwy + 2uvwwy) + 0w + 31wx +8 (=W — uwy).

(2.18)

If choosing fo =1, dg =1 =P =8 =86 =00r =1, & = Po =& =P = =0, then
(2.18) is respectively reduced to a new coupled mKdV equation

_ 1 3.2 3 3 3
Uy = gUxxx — gU Ux + 2 VxxW — 5VWxx — E(MVW)J”

— 3 3 3 3.2
Vi, = Var — gUxVx — 35UV — VW + UV, (2.19)

_ 3 3 3 3.2
Wy = Wyxx + FUxWx + FUWxx — 5VWWy + U Wy,

or
Uy = 2(vxxw + VWyx + UVWy — UVW — vzwz)x,
= — -2 -2 — 22w —2
Vi, = Vaxxx — UxxVx UxVxx UVxxx Viw VVxxW
Funvy + vy, + 2uvv,w, (2.20)
_ 2
Wy = —Wxxxx — UxxWx — 2U Wiy — 2UWypx — UUWy — U Wiy

—1—2vw)2C + 2vWWy + 2uvwwy.

3. Meromorphic functions and Baker-Akhiezer function

In this section, we shall define a trigonal curve .%;,_1, the vector Baker-Akhiezer function and
two meromorphic functions on .%;,_;. The Abelian differentials of the second kind are introduced
on the basis of the analysis for Baker-Akhiezer function y» at infinite points.
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With the help of the n-th stationary flow, we introduce a Lax matrix V() = (Viﬁ."))3x3 =
((A"V;j)+)3x3, which satisfies the Lax equation

AR /8740
W v =

0, (3.1
0 (3.2)

Then the characteristic polynomial .%,,(1,y) = det(yl —V (") of the Lax matrix V") is a polynomial
of A independent of variables x and ¢,, which can be expressed in the following form

det(yI — V") = 33 —y2Ry(A) 4+ ySu(A) — Tn(A), (3.3)
where R, (A4),S,(A) and T,,(1) are polynomials with constant coefficients of 4

Ru(A) = VI + AV 4 V) = 28201 4 (28, + ag) A" + -,

o BB
VZI A’VZZ V31 V33 A'V32 V33
_ 5()212”+2+(23051+206030—ﬁ02)12"+1—I—--- : 3.4

Tu(A) = [V AV V0| = Moo 834 + (2008081 + 01 8 — aoB)AY + ).
Vi av) vl

This naturally leads to a trigonal curve %, of degree m = 3n+ 2 with respect to A by
1 Fu(A,y) = =Y Rp(A) +Sm(A) — T,(2) = 0. (3.5)

According to (3.4) and (3.5), the trigonal curve .%;,_| can be compactified by adding two infi-
nite points P, and P., for which we take P., as a double point without loss of generality.
m—1 1s nonsingular or smooth means that for every point Qp = (A0,y0) € H#m—1 \ {Pey,Pooy }
(%,%) |(Ay)=(Royo)7 O- Adding the assumption of irreducibility, the trigonal curve J,
becomes connected. For the sake of convenience, we use the same symbol .%;,_; in the following
text to denote the three sheeted nonsingular compact Riemann surface. Obviously, the discriminant
of (3.5) is A(A) = —R2S2 + 4R, T, + 453, — 18RSy Ty + 27T2 = —4B28$A6"+5 4 ... which has
at most 6n + 5 zeros. Therefore, the Riemann-Hurwitz formula shows that the arithmetic genus of
Hm—11s 3n+ 1 for Bydy # 0 [16,27,48].

Equip the Riemann surface .%;,_; with homology basis {a;,b;}
have intersection numbers as follows

m—1

=1 » Which are independent and

ajoby =10y, ajoa=0, bjoby=0, jk=1,...,m—1
For the present, we will choose as our basis the following set

@, (P) = (3.6)

1 AL, 1<1<2n+1,
3Y2(P) — 2Ru(A)y(P) + Su(A) \y(P)AI"2""2dA, 2042 <1<3n+1,

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
6



X. Geng et al. / A hierarchy of long wave-short wave type equations

which are 3n+ 1 linearly independent holomorphic differentials on %, ;. By using the homology
basis {a j}J”le and {b j};f’;ll, the period matrices A = (A j;) and B = (B ) can be constructed from

Aij/ oj, Bjk: o;. 3.7
g Ibk

It is possible to show that the matrices A and B are invertible [16, 27, 48]. Now we define the
matrices C and T by C =A~!, T =A"!B. The matrix T can be shown to be symmetric (Tjk = ;)
and has a positive-definite imaginary part (Im7 > 0). If we normalized ®;(P) into new basis ® =
(601,. N (Omfl),

m—1

w; =Y Cym, (3.8)
=1

thenwehave/ @; = Oji, / 0j =Tk, jk=1,....m—1.
g [bk

The complex structure on %, is defined in the usual way by introducing local coordinates
8o, : P — (A — Ap) near points Qyp = (Ag,y(Qo)) € #,—1 which are not branch points nor infinite
points of 1, pr/_ : P — A~ Y/G=)) near the points P, € J,—1, j = 1,2, and similar at others
branch points of J#},_.

Given these preliminaries, let y(P,x,x,,1,,) denote the vector Baker-Akhiezer function by

Vi (Px, X0, t0.r) = U(u(x,t.),v(x, 1), w(x,5,); A(P) )W (P, x, X0, tr,10 ),

Wi, (P,x, X0, 1, t0.) = VO (u(x,2,),v(x,1,), w(x,2,); A (P)) W (P,x, X0, 20.)
V(")(u(x,tr),v(x,tr),w(x,tr);l(P))W(P,x,xo,tr,tw) =y(P)Y(P,x,X0,tr,10,1),
l[/z(P,X(),XQ,t()J,l‘(),r) =1, x,t,€C, PeHp \ {Pool,Pooz}.

(3.9)

Define two meromorphic functions @, (P, x,t,) and ¢3(P,x,t,) on %,,_; closely related to the Baker-
Akhiezer function by

Wl(Rx7x07tr;t0.r)
Px,t.) = =~ PE€ Ky, x,t €C, 3.10
PP tr) V2 (P, x,x0,1r,10,r) mb (5-10)
Wl(R-xvaytratO.r)
Px,t)= =~ PE€Hp_1,x,t€C. 3.11
$a(Pxtr) v3(P,x,x0,1r,10,r) mb G-11)

Lemma 3.1. Assume that (3.9), (3.10), (3.11) hold and let P = (A,y(P)) € Hp—1 \ {Pw,, P, } and
(A,x,t,) € C3. Then meromorphic functions ¢»(P,x,t.) and ¢3(P,x,t,) have the following asymptotic
expansions near Po; € K1, j = 1,2, under the local coordinate = A—1/G=0)

(o, u 1 2 1 2 3
T+ -+ = (—2uy+u +4vw)§+g(—uux—2vxw—6vwx+uxx)(: +0(8°),

2 8
P—P,, (=112
%(vaatr) = “ 1 C

0 1% 1
- % + ; [vaxx — VxVxx — (uvx)xv + MV% - VXVZW]C + O(Cz)’

as P—P.,, (=171

(3.12)

| a2
o(P) = s TOW. asP P, o= A0,

(3.13)
20| = l+0(8%), asP— P, (=A""
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Proof. Expressions (3.9) and (3.10) imply that meromorphic functions ¢»(P,x,t,) satisfies the
Riccati-type equation

v ny v
23020293 — (S 1) (20 07) = (= —ZH )+ A=) (B14)
We can insert the two following ansatzs into the above equation (3.14)

Kl.,—lC*l+K170+K1,1C+K172C2+0(C3), as P— P, Czlfl/zy

K0+ K218 +0(8?), as P—P.,, C=A"1 (3.15)

$2(Pox,ty) = {

£—=0
A comparison of the same powers of { then proves the first expression (3.12) in this lemma. The
first expression in (3.9) implies the relationship between ¢, and ¢3

v,
3 = . (3.16)
o $2x+ 95 —ugy — A
Utilizing the expansions of ¢ in (3.12), we can easily derive (3.13). O

Taking advantage of (3.9), (3.12) and (3.13), we can calculate out the asymptotic behaviors of
y(P) near P, , P, as

E (S +Bol+ 8182+ B3 +0(EY), as P— P, (=A"12

P) = 3.17
IR o S Svid b A7
Subsequently, one infers that
—C: — 8.C:
s2nt1 = QG an +0(§)) d¢, as P—P., (=12
0 = Podo (3.18)
Y0 —Cjont1 . :
- Tg"'O(C) df, as P—P., C(=A17".
Furthermore, we could write @; in the following form:
o= Y pri(Po;)C'dS, as PP, (=A71070) (3.19)
1=0

where py ;(P;) are constants, j =1,2;k=1,2,...,3n+1.

j
From the first two expression of (3.9), we arrive at the formula of y» (P, x,xo,1,1,,) as follows

X I ~
Ya(P.x. %o, 1r,10,) = exp / [02(P 1) )dx + [ V3] (Asx0,t ) 9o (Pxo.t') + AVay) (A, x0,1')
X0 to,r
() /
V. )L,X(),t
2 AL (Pt + 03 2o )~ s on o)~ ).
’ (3.20)
from which we can deduce the essential singularity of y» (P, x,xo,?,%, ) near P ;»J =1,2. For the

sake of convenience, we define a function

L(Px,ty) = Vi) (A, 1) 92 (Pox,ty) + AV (A, x,1,)

£ 3.21
+W(¢2’X(Rx’tr)+¢22(Rx’tf)_u(xatr)%(P,x,t,,)—A) ( )
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whose three homogeneous cases is denoted by

e) =(ne) =(ne)
LY (Px,t,) =Vy (A, x,0.)02(Px,t,) + AV, (A, x,1y)
=(re) (3.22)
A,x,t, :
—i—VB((t’))C’)(qbz,x(P,x,tr) + 02(Px,t,) —u(x,t,)$a(Px,t,) — 1), € = 1,2,3,
VX, Iy
where
:,(r,l) ~(r)
Ej ) = Vi lap=1,0= =t ===, =By=-=5,=0"
v g
ij Vij |5 =1,8y==08=p==p,=0==8=0" (3:23)
=(n3) S0
ij = Vij 1&=1,80==8=Py==p=8 ==8=0
Homogeneous polynomials b€, &) g(ne) 5(ne) F(re) and 135-8),55-8),07(].8),55-8), f;‘g) also have the

similar stipulation.

Lemma 3.2. Suppose that u(x,t,), v(x,t.) and w(x,t,) satisfy the r-th nonlinear evolution equations

(2.16). Moreover, let P € Hp—1 \ {Puy, Puy }, (X,X0,1,,10,,) € C*. Then

exXp (C_l (X _XO) + i(sr—l + ﬁr—lg)g_ZI_Z (tr - tO,r)
=0

1 - 1
+58*1u(x,t,)—Eaflu(XO,to,r)vLO(C))»
as P— P, CZAA/Z,

v(x,1,) (Zar lC —to,r)+0(g)>v

(x0>t0r
as P—P.,, {=21"1.

(3.24)

WZ(Pa-xax()athtO,r) —
§—0

Proof. To investigate the property of y»(P,x, X, 1,1 ) near P, , one shall take the local coordinate
as A = { 2. We use the inductive method to prove the subsequent expression

O [—vwbi + (Ju—9*)&" + wdll + (Iv +va)&"
[—vw. (du )¢ wdry + (dv v)e]+0(é,)

rx

I_Igl)(vatr) = 2 ’
O~ [—vwb + (Ju—91)EP + wdZ) + (9v +va)E)]

rXx

+0(0), (3.25)

1_52) (vatr) = C72r—1 + %
a1 vwng 3 d~(3 (dv+vd 53)
= )ér”] L o(0).

IP(Px) =24
In fact, for r = 1, a direct calculation shows that

_ (1)
9 —vwb\) + (Ju—02)&" +-wdy ) + (Iv+vd)Z, ]+0(C)- (3.26)

m(Px ty) =

Suppose that itV (P, x,t,) has the following expansion
' (3.27)

(1) _ (1) j
L (Px,t,) = E o; )¢/, P— P,
(Px )C 05 Ji (x,2-) € 1
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for some coefficients { G;l)(x,tr)} jeN, to be determined. Observing

=(r1)
Vz%

1)
¢2,zr [Vz] %+)’V22 + (¢2X+¢22_u¢2_)~) K (328)
we arrive at
o\ =Ky, j=0,1,23..., (3.29)

Taking use of (2.2), (2.14) and lemma 3.1, we get three expressions

G(gl) 8“1(1 0 = b( )1

=9 Ky, = biﬁu 'ﬁ‘ﬁl, (3.30)
02( =d" 1K172-,fr bﬁlr)l w7 ubi(’Jr)l 1 4\/6521 - ZWJSEI r(Jr)l’

where the integration constants are taken as zero because there is no arbitrary constants in the

(rl)
expansions of ¢, (P,x,t,) near P, nor in the coefficients of the homogeneous polynomials Vi

with the condition dd~! = 9719 = 1. It is easy to see that

1)
—| —_ = = dr _
L Pxt) =00 + (@, =B Do+ 5L+ —V“ (20+ 95 —ugp— )
O b, (Ju— %)Y, +wd,  +(dv+vd)El))]

= 3 +0(8)-

Thus fr(l) (P,x,t) is proved to have the expansion as seen in (3.25) near P.,, . Similarly, one can prove
the other two expressions in (3.25), which yield the expansion of /,(P,x,t.) near P, as follows

r —17_ 1ok VA 7 5
L(Px.ty) = Z(Sr—l ROy 07 [—vwh,x+ (du—2 )2€r—|-Wdr7x+ (dv+vd)é,
1=0

+0(0).

(3.31)
Substituting (3.12) and (3.31) into (3.20), we arrive at the first expression in (3.24) right now. Under

the local coordinate { = A~! near P.,, we can similarly prove the second expression in lemma 3.2.
O

Let a)l(gi)7 j(P), j>2,s=1,2, denote the normalized Abelian differential of the second kind
holomorphic on 7, \ {P., } satisfying

/akw;’izvf(P):O’ k=1,...3n+1, (3.32)
2 i .
o)) ;(P) CjO(C J+0(1)d, as P—P., §=2AYE) (3.33)

According to the asymptotic behaviors of y, (P, x,xo,,,to ») in (3.24), we introduce the correspond-
ing Abelian differential of the second kind

o (P) = o)) ,(P) (3.34)
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and

2 2 . 3 2 S 2
624 (P) = Y (2142510 s (P)+ Y 21+ DB 108 4y o (P)+ Y130, (P).
=0 =0 =1
(3.35)
From (3.33), (3.34) and (3.35), we conclude that

Q( )( ) C +el (Q0)+O(C)7 as P_>P°°la C:)L_l/27 (3 36)
Qo 2 (QO)+O(C)> as P—>P°°27 sz‘ila ‘

Y5 Y B dP (00) +0(0),
—0 —
(P) = r as PP, (=112 (3.37)
Y 0 +d7(Q0) +0(L), as PP, (=27,

=1

F5@
0o 2r+3

where ¢! i (Qo) (Qo) (Qo) and e'2 (Qo) are integration constants with Qg an appropriately

chosen base point on Ji{n,l \ {P,, P, }. The b-periods of the differential Qg )( P) and Qgr)ﬁ( P) are
denoted by

1
U = U U ), U= [ oPe), k=tmet 63

~(2) ~(2 ~(2 ~(2 1 ~(2 .
Q2r+3 = (UZ(r-)H,l’ " '7U2(r-)|-37m—1)7 U2(r—)0-3,j = E/UO,Q;)_'_S(P% Jj=1...,m—1. (3.39)
J

By the relationship between the normalized Abelian differential of the second kind and the normal-
ized holomorphic differential @, we can derive that

Uz(,i)=Pk,o(Poo.), k=1,2,....m—1, (3.40)

ﬁ2r+3k 25r 1Pk21+1 (Pooy +Zﬁr 1Pk,21 (Pes, +ZOCr 1Pri—1(Poy), k=1,2,....m—1.
1=

4. Divisors of meromorphic functions and Baker-Akhiezer function

In this section, we shall investigate the properties of meromorphic functions and Baker-Akhiezer
function on the finite part of the Riemann surface .%%;,_| including the divisors, which are necessary
for construction of the Riemann theta function representations.

For convenience, we define three points P, P*, P** on three different sheets of the same Riemann
surface %;,_». Forafixed A4, let y;(1), i =0, 1,2, denote the three roots of polynomial .%,,(A,y) =0,
that is

=30 =y1(A)r=y2()) =¥’ =¥’ R+ YS — T = 0. 4.1)

Then points (A,yo(24)), (A,y1(A)) and (A,y2(A)) are on the three different sheets of Riemann
surface %1, respectively. Let P = (A,y;(1)), i =0, 1,2, be an arbitrary point in the three points,
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then the other two points are defined as P* and P**, respectively. From (4.1), we can derive the
relationships between the roots y;(4), i =0, 1,2 and the coefficients Ry, Sy, Ty

Yo+yi+y2=Rp,
Yoy1 +yoy2 +y1y2 = Sp,
yoy1y2 = T,
YoTYiT™2 m m» .
Yo+ Y +y3 =R, — 3RSy + 3T,
Yoyt 4+ vy + 313 =82 — 2Ry Ty,
03y —2yjRu+Su) = A(A).

Using (3.9), (3.10) and (3.11), a direct calculation shows that

o W+ G _ AFy | PV = yRaVSY +An) + B “3)
sz(;) +Am szl(g) —y(RmVl(;) =+ Cm) —|—Dm Em—l
5 Wiy + G —Fpy PV 3 (RaVAS + ) + B @)
yv’:‘(? + JZ{m yZVI(;) _y(Rmvl(;) + (gm) + @m @(Hm—l
where
An = Vl(;)Y%P( )V{T;Vz(;)l 120 L ) )y
By = /I(Vz(z)vz(3)v33 (—)(‘gzg )2V32 +V13 V21 sz _V]2 V21 V23 ), (4.5)
szk((\;n(xgﬂ()—vm & )’<> Wy o) 50y ()
Dy = Vi{'ViVa — (Vi) Vay + AV ViV, — AV VSV,
= v};ix?{’)(—\?(;)vg),( R O N S S S R
%m = A’YZ)Z }/3)2 V33( )_()L;/23 (V32 )2+V12 V31 V33 _V13 V31 V32 ’ (46)
(5,,,:\/13(1;32()4?%1/33,() ) | o)) )y, ()
D = AVi1Viy Vay' = AV Vol + Vi Vi Ve = Viy Vig Vs,

En1 = V31 (Vi1v3y) Vl(;)v%(]n))) N Vz(;() <)V2(;() ‘)/3(;1() ) VZ(In() ‘)/3(;() )),
)+ AV (vl(3 Vi~V Vi )), @.7)
2)(V2? V3£l _V2g V3f )

S"q
|
_
=<
W
S
~
Bi?
ST
S
Ny
=
=~
S
S
w

It can be inferred from (4.7) that E,,,_1, F;,_1 and &, are polynomials with respect to A of degree
3n+ 1 for Bydy # 0. Therefore, we can rewrite them in the following form:

3n+1

Emfl()tyxytr) = BO&%V H (A' _I-Lj(x7tr))’ (4.8)

j=1

3n+1

Fn (l,x,t,) = BOS(%Vx H (A' - Vj(xatr))v 4.9)

j=1
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3n+1
En-1(Ax 1) = Podw? [T (A —&(x.10)), (4.10)
=1
where {u;(x,1,) ;Ql, {vj(x,1) ;fll, {éj(x,tr)}ifgl are zeros of E, 1(A,x,t,), Fn_1(A,x,t.),

Em—1(A,x,1,) respectively. Define Py = (0,0). Since

Cm(Vi(x,tr),x,1;) B Con(Vj(x,1r),x,1y)

VO vilt),xt) V(i)

which can be deduced from

Futlaey,en) = V3 WV —VEVED) = VS VEVE —VEVID v e

= [V V(0 1), 2, 1) Gon (Vi (6, 12), 6, 12) — V) (Vi (6, 1), 2, 1) Con (Vi (3,12, 3, 12)] = O,

we can define

~ _ ) ) _ 4 _ Am(“j(xatr)7x7tr) e%/

Cm(vj(x»tr)axatr)
vilx,t,), —
( k) Vl(g)(vj(x,tr),x,t,)
Cgm(vj(xvtr)vxatr)

Vl(;)(vj(xvtr)7xﬂtr)

9i(0tr) = (ViCot) 3 (i)
(4.12)

(Vj(x,tr),— € %,1,

£ G (8(X,1r), X, 1)
Silotr) = (Gj(xtr),¥(§j(x,1r)) ) = (G, tr), = —(y 202 ) € A (4.13)
( ) < Vf‘s(z)(éj(xatr)7x7tr))
with 1 < j <3n+1,(x,t,) € C2.
Observing (4.3), (4.4) and lemma 3.1, we obtain the divisors (¢,(P,x,z,)) and (¢3(P,x,t,)) of
@2 (P, x,t,) and ¢3(P,x,1,) as follows

(02(P.x,1r)) = Dy 91 (xty).omi1 () (P) = D iyt iz () (P (4.14)

(¢3 (P,X,tr)) = @sz,\% (2,1 ) yeees Va1 (2,27 (P) - @pm E1et) s Eana (x) (P) (4.15)

1

Now we are in a position to discuss zeros and poles of (P x,xo,tr,%0,) on Hp_ \
{P,,Pw, }. From (4.3) and (4.4), we can easily obtain the interrelationships among the polynomials
Ay B, Cots Dy Zys By 6ty Do Emi—1, Fn_1, Em—1, Ry, S, Trn, which we list below:

AV Foet = VD — (V)28 — VI RWCo — C2.,

n 4.16
A‘Ammel - (V1(3))2Tm + CmDm7 )

VO Byt =V By — (VA)2S, — VIUR,A,, — A2, i
CnEn1 = (V2T + ApBy,
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0=V2B+ VD, — VIV S, + AnC,
0=VIVR,S, +V( )V2(3)T AV S+ VI CoaSn = VIV RuBiy — VAP RyDyy — ByCis — ApDy,
0=V VY RuT+ V1(3 AT+ VZS Tyt A1 Fys — B,
(4.18)
- 3(;)Fm*1 = Vl(;)‘@m - (Vl(Zn))ZSm - Vlgl)Rngm - Cgrrzl? (419)
_JZ{mFm—l - (Vl(;))sz"i_Cgm‘@lm
(n n n n)
Vi & =V By — (VIE)2S) — VI Rty — 72, (420)

G = (Vay) 2T+ B,

0=V B+ VS Dy — VIV S, + G,
0= VI(S)V;;)RmSm + Vl(;)vz(;) Tm + Vl(g) JymSm + V3(;) ingm - Vl(;)Rmf%m - V3(3)Rm@m - %m(gm - v%m@ma

0= VIR T+ VY ity T AV G T — 1 F 1 — B D
4.21)

Taking use of above relationships, we arrive at the evolution of E,_i(A,x,t.), Fu_1(A,x,1),
Em—1(A,x,t,) with respect to x and 7, respectively in the subsequent lemma.

Lemma 4.1. Assume that (3.9) holds and let (A,x,t,) € C3. Then

Ents= —tEn1 — (RuAu+2V35 S —3By),
Fptx = 2UFy_y + (—RyCp — 2V S, +3D,) + v(RuGo + 2V S, — 3D,), (4.22)
Entx = — U1 +W(—Ry — 2V S, +35,).

Vo (R —3037)
Vi

]

Em—l-,lr(laxatr): m— 1[ a Uz, +3AV22

VsV Vay)

V(n) (RmAm + 2V2(§)Sm - 3Bm)
? ) ) Vay (R —uVyy) —3AV33) @29
m—1]—0 "ty +3AV,) +uVy’ + v ]

v vy
g

_l’_

Fo1(Aoxsty) = BV =07, ) Fy + Vi (—RuGn — 2V\2 S0 + 3D,
AV Ry G+ 2V S, —3F,)
VI(Z) (VR 3VV1(1 P+ 2”V1(3 ))
vvl(") Zy
TR,V +2W1<2>)] POy ey

= Fu a3V} =07, + (4.24)

12 "13 Fp1x
Vl(g) _ Vl(’;l) VVI(;) _ Vl(;) ’
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GO )
~(r uV. V. n n
bt (Ressty) = G [0y, 3V + =3 4 =2 (R, — vy — 3wV}
w wVs,
TV VT
m—1,x

WV3(; )
Vis (R —3VA)
Vi)

= &1~ uy, +3VY) +

}

(my7(r) _ 7 (r)y,(n)
V.

&I Vi (n)V31 2 (R +2V3(2)S —3By).
Va2

(4.25)

Proof. Considering that V(") satisfies the nth stationary equation, we can prove equations (4.22)
directly. In order to prove (4.23), (4.24) and (4.25), we first show several expressions about the

meromorphic functions ¢, (P, x,?,) and ¢3(P,x,t,)

Ry — 2V S, + 3B,

(P, 1r) + G (P72 10) + (P 0, tr) = ——p— =

Ry — 2V S, + 3B,
(9@m—1 ()Laxatr) ’

¢3(P7xvtr)+¢3(P*7xatr)+¢3(P**7x7tr) =

« s QLFm,1<)L,x,tr)
P r p Ay lr p Xolr) = — = 4 .\

Ou(Poc 1)l )u P ) = =

* Kk mel()lﬂx?tr)
P r p s Xy Ly ) 3 P Xolr) = 574 .\

On (Pt (P )on P ) =

Lo, RGa —2v1)8,,+3D,,
0 (Px,t,)  ;(Pxt)  ¢(P™,x,t,) AF,_1(A,x,1;)
B (VR —3vV1(1)+2uV1(3)) Fn_1(A,x,t,) — Vl(g)En_Lx()L,x,tr)
)L(VVI(Z) _vl(g)) m—l(laxatr)

)

1 1 1 R%u+2VYS,—39,

+ - =
(P3(P,X,l‘r) (P3(P*,)C,l’r) (Pg(P**,X,lr) mel(lvxvtr)
R =3V 2V Ey 1 (A tr) = Vi B (Ao, t)

V& —wWINE, (A, x,t,)

)

(P)C t”) ( X,tr) ¢2(P**7-x7tr>
03 (Px,ty)  $3(P*,x,t,)  @3(P**,x,t,)
VS B 1 (At Ry — V) =34V Ep 1 (A, 1)

VA E, (A x,t,)

9
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¢3(P7x7tr) ¢3(P*,X,fr) ¢3(P**7-x7tr)
¢2(vavtr) ¢2(P*ax7tr) ¢2(P**,x,tr)

1 Rexit) & (9B =V =30V 6 (At) (4.33)
AWV &, (A x,t,)
Expression (4.26) implies that
Emf X k % k
- Y= ut 0o (Px,ty) + 0o (PFx 1) + G2 (P x,1,). (4.34)
m—1

Differentiating (4.34) with respect to z,, we can derive

(%)t - a)ca)?r(lnEmfl)
= [_u+ ¢2(vaatr) + ¢2(P*7x7tr) + ¢2(P**,X,l‘r)]tr
o W2,t,-(P>x7x03tr7t0,r) WZ,I,(P*aanOJratO,r) lllz,tr(P**axaxO)tr?tO,r)
= iy, + O " = (4.35)
W2(P7x7x07tr7t0,r) WZ(P 7xax07tra[0,r) IVZ(P 7x7x07tr7t0,r) :
=, 10, (V&) (02(Pox.) + 02(P 1) + 02(P™ x.1)
¢2(})7x7t1’) ¢2(P*7x7tr) ¢2(P**7-x7tr>)>
¢3(P7x7tr) ¢3(P*7x7tr) ¢3(P**7x;tr>
Without loss of generality, taking the integration constant of (4.35) to be zero and substituting (4.26)

and (4.32) into (4.35) can indicate (4.23). Expressions (4.24) and (4.25) can be proved similarly.
O

+3AVa) VA

Lemma 4.1 naturally yields the dynamics of the zeros p;(x,#.), v;(x,z) and &;(x,t.) of
En_1(A,x,t,), Fp_1(A,x,t,) and &,—1(A,x,t,) in terms of Dubrovin-type equations in the subse-
quent lemma.

Lemma 4.2. Suppose that the zeros {Wj(x,t:)}j=1, 3n+1, {Vi(x,t;)}j=1. 3041 and

{&i(x,t,)}j=1...3n+1 Of Em—1(A,x,1,), Fyu1(A,x,1,) and &,_1(A,x,1,) remain distinct for (x,t,.) €

Qu. (x,1,) € Qy and (x,1,) € Qg, respectively, where Qy, Qy, Q¢ C C* are open and connected.

Then {pj(x,t:)}j=1,..3n+1, {Vj(x,2:) }j=1,.. 3n41 and {Ej(x,1,)} j—1,.. 3ns1 satisfy the system of dif-
ferential equations

V3 (3% = 2Ry + ) |-y e,
au“jvx(x’ t") = 3n+1 ) 4 36
Boov TT (j(e.tr) — pe(x.1)) (339

k=1
k#j

) = (v2<7>x72(§> _@(;)vz(;))(gyz = 2Ry +Sm) |r=p(xar)
Hijo \ X 1r) = It ’

Podsv TT (yCrtr) — pe(x, 1)

k=1
k#j

(4.37)

W) =V (32 = 2Ry + ) 3, es)
vj-,x<'x’tr) = 3l’l+1 )

Bodgvx [T (vi(x.tr) = vie(x, 1)) (4.38)

k=1
k#j
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~(r _

(Vl(;)vw) ‘71(;) V1(§l))(3y2 — 2Ry +Su) ’A:vj(m,)

v]'-,lr (X,tr) = 3n+1 ]
Bodive [T (vi(xtr) — vi(x,1,)) (4.39)
oy
v (352 2R,y +S
g. _ 32 ( M mY m) |7L:§j(x,t,)
e = AT 7 (4.40)
Bodgw [T (& (xtr) — &(x.12)) :
oy
¢ . (V%(f)‘73(2r) - ?3(;)‘/3(;))(3))2 — 2Ry + Sm) |)L:<§_,(x7t,)
)= 1t 4.41)
ﬁ05gW2 H (& (x,1r) = &k (x,1,)) '
oy

with 1 < j<3n+1.

Now we turn to consider expression (3.20) from which one can obtain the subsequent proposi-
tion.

Proposition 4.1. Let P = (1,y) € K1\ {Pw;, Py }, (X, X0,tr,0,) € C*. Then w2 (P,x,x0,tr,10.)
on Hm—1 \ {Pey, P, } has 3n+ 1 zeros and 3n+ 1 poles which are i;(x,t,),...,[A3n+1(x,1,) and
Q1 (x0,20.1), - - -, B3n+1(X0,t0,r), respectively.

Proof. By using (4.3), (4.11) and (4.23), we can compute that

PV — y(RuVAY + Ap) + By

¢2(P7-x7tr) = Em—l
1 n n 1 n
= Em—l {y2V2(3) _y(RmVQ(_?,) +Am) + g(Em—l,x + uEm—l +RmAm + 2V2(3)Sm)} (4 42)
. 1Em—l,x 1 2 (n) 2 (n) R Am 1 ’
= 3 e (VO 2Ry 1V (G y)(y+vz(;))}+3u
uj7x(x,tr)
= BB 4 0(1) = ddn(A — wi(x,1) +0(1), A — wi(x,5).
A 0(1) = (R~ ) + O(1) ()
On the other hand, since
1 (PZ(PX,tr)
2RPEY xP7 oIy ZPy yIr) — oIr Pa Iy -2 :’77 4.43
V(X,lr) (%7 ( X )+¢2( X ) M(.X )(PZ( X ) ) ¢3(P,X,lr) ( )

we can similarly derive that

Var v v\ P> sbr
VA (o) Ga(Prty) + AT () 4 Vg 2P0 0)

2 93(Px,ty) (4.44)

lujJr ('x7 tr)
=———"———40(1) =9, In(A — p;(x,¢ o). A — u:(xt).
7=ty O =M - i)+ O, & = )
Substituting expressions (4.42) and (4.44) into (3.20) yields the proposition. O
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5. Quasi-periodic solutions

In this section, we shall construct the Riemann theta function representations for the Baker-
Akhiezer function (P, x,xo,1,,to ) and two meromorphic functions ¢ (P, x,1.), §3(P,x,t,), and in
particular, that of solutions for the entire long wave-short wave type hierarchy.

We denote the period lattice 7,1 = {z€ C" '|z=N+Lt, N,L€Z" '}. The complex torus
FIm1= cm-1 / Fm—1 is called the Jacobian variety of .%;,_i. An Abel map &7 : 1 = Fpu—1 is
defined as

g(P):( Qpcol,...,/QPwm_1> (mod.Z,_1) (5.1)

with the natural linear extension to the factor group Div(J7,—)

A (Y mP) =Y md (P). (5.2)
Define

3n+1 3n+1 Dy (xty)
pW(x,1,) = Z,ukxtr = /k o,
- Qo

3n+1 3n+1 D (x,t)
P i) =LY, utt) —2/ o, (5.3)
- —1 700

3n+1 3n+1 E(xtr)
P (xty) = Zazkxzr _z/

,
Qo

where p M (x,1,), P @) (x,1,), P (3)(x,1,) can be linearized on _#,,_; in the following text.
Let 6(z) denote the Riemann theta function associated with %, equipped with homology
basis and holomorphic differentials as before:

0(z) = Z eXp{ﬂ?i<MT,N>+27'Ci<Ma§>}, (5.4)
MGZW—I
where z = (z1,...,2Zm—1) € C™lisa complex vector, the diamond brackets denote the Euclidean
scalar product:
m—1 m—1
<N.z>=) Nz, <NTN>= Y 7NN (5.5)

i=1 ij=1

Expression (5.4) implies that
0(z+N+Mr) =exp{ —mi < MT,M > —2mi < M,z > | 6(2). (5.6)

For brevity, define the function z : .%;, | x 6™ ' J%,,_1 — C"! by

d(PQ)=M—-A(P)+ ¥ 2(Q)#(Q), PE S
o'e0 (5.7)

0= (Q1,--,0m—1) € Gm_lcfi/m,h
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where 6"~ !, | denotes the (m — 1)-th symmetric power of %, | and M = (My,... . M,, 1) is
the vector of Riemann constant depending on the base point Qg by the following expression

1 m—1 P
1 0

Then we have

0(z(P,A(x,1,))) = O(M—(P)+pV(x,1,)), PE Ay
0(z(PY(x,1,))) = O(M — o (P)+p® (x,1,)), PEHp 1, (5.9)
0(z(PE(x,1,))) =0M—F(P)+pP(x,t,), PEHp

According to divisors as seen in (4.14), (4.15) of the meromorphic functions ¢(x,z,) and
¢3(x,1,), we need to introduce Abelian differentials of the third kind for their representations in
terms of Riemann theta function.

Let a)gl)Q2 (P) denote the normalized Abelian differential of the third kind holomorphic on

Jm-1\{01,0>} and having simple poles at Q; with residues (—1)"*!, 1= 1,2, then

01
/ Q1 Q2 =0, / le,Qz 27tl/Q2 o, k=1,....3n+1. (5.10)

Especially, we introduce ©?, (P)and 0 P) as follows
y Py, P, (N

w(3) R (P) _ 60(2}’ P)_é]em(k))lndA + Z Y@, (5.11)

Al 3n+1
w}g33pw1(},):2(3ygo(;z)y PRl (2 (P) — Ru(A)(P) + Su ,i i, £ o,

—2R, (A
(5 12)
where the y;, n;, j = 1,...,3n+ 1, are uniquely determined by the requirement of normalized
condition, that is vanishing a—periods
of) , (P)=0, / oy (P)=0. (5.13)
ak ag

From (5.11) and (5.12), we can directly calculate that

(&'+0(1)d, as P— PR, (=4,
Opp. (P) = { (L +A+0(0))dE, as PP, (=477 (5.14)
0 lomde, as PP, (=27,

(3) [ (=¢'+00)dE, as P—P., (=A"
Py P <P)gio{(é‘1+0(1))d§, as PP, (=A" (5.15)
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WhereA_2[350( 080 + 2B — 2M2n11 — 28 M3n41)- Then we have
- g +e)(Q0)+0(L), as PPy, (=A4,
/QO“’I(’O?PNI(P) = _31n§+e§?jol(Qo)+Ag+0(§2), as PP, (=172 (5.16)
&V (Q)+0(), as P—=P., (=47,

and

. (3) _3-1/2
/Pw(3)P " - { nC+esl (Q0)+0(0), as PoPeyy  L=ATE

o 2t I +ef) (00)+0(), as PP, (=A",

where ef())(Qo) , efo)ol (Qo),e(lilz (Qo), egll (Qo), egi)oz (Qo) are integration constants.
Given the asymptotic expansions at P.,,Pw, as in lemma 3.1, lemma 3.2 and the divi-

sors (¢ (P,x,1.)), (93(Px,t,)), 2 = [ (x0,t0,) + -+ - + (3nt1(X0,20,) as simple poles on 7,1 \
{Pw,, P, } of W2 (P,x,x0,t,10 ), the representations of ¢ (P,x,t.), ¢3(P,x,t.) and Wy (P,x,X0,1r,10. )
can be uniquely determined in the following theorem, as well as those of potentials u(x,z,), v(x,1,),
w(x,t,).

Theorem 5.1. Let P = (1,y) € 1 \ {Po,, P, } and let (xo,19,) € C%, (x,,) € Qyu C C?, where
€, is open and connected. Suppose that -@E(x,t,) or Dy(xy,) OF 95 (502) is nonspecial for (x,t,) € Q.
Then ¢ (P,x,t,), 03(P,x,t,) and W (P,x,Xo,t,,t0,;) have the following representations

OGP Y1) OE(Pay Rx1) 17 o
aia, 30 ) Uy O (P)=eln(0n). 619

¢2(P>x7tr) =

(5.19)
1 9(§(P,E(x,tr)))9(§(Pml B(XO)IOV)))
Px 0 tt00) = 0 (30 uten) 30 utco,) 8 (e(Per, (1)) (2P 1 0 0,))
P
<exp ((67(00) — [ @ ()=o) +(27 (@0) — [ 5PN~ 1.).
’ (5.20)
and potentials u(x,t.), v(x,t.), w(x,t.) are of the form
u(x,t;) = 20, 1nz(éEP ‘:Ei ;;))§+2A (5.21)
1 1. 0(2(Poy, (x,1))) 0 (2(Peoy , (X0, 00,r)))
et = (o ) xp (30t r) 30 o) B(a(Per 1)) cPor (5010,
xexp ( (e} (Q0) €7 (Q0)) (x - xo>+<é?><Qo>—éé”(Qo)—ar)(rr—ro,r)),
(5.22)
wix _ 1 0(Z<P°°2ﬂ2(x7tr)))9(§(P°°17§ x,tr))) ex 6(3) —8(3)
(x,t;) = Vx(x7tr)9(§(Poo1,Q(XJr)))G(;(szé ) P( 2,09 z,wl)a (5.23)
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where the paths of integration in the integrals and in the Abel mapping are the same.

Proof. Assume temporarily that u;(x,t,.) # p;(x,t.) for j # j" and (x,7,) € flﬂ C Q, where ﬁu is
open and connected. Let the right hand side of (5.18) be denoted by ®,. Noting (4.15) and (5.14),
we can see that ¢, and P, have the identical 3n + 2 simple poles Pw,, f1(x,t,), -+, Q3u11(x,2y)
and simple zeros Py, V1(x,t,), - -+, V3,11(x,2,). Since the arithmetic genus of the Riemann surface is
3n+ 1, utilizing the Riemann-Roch theorem, we conclude that the holomorphic function % =7v,a
constant with respect to P. Using (3.12) and (5.14), we can derive that

P (1+0()(¢ ' +o(1)) Y

-2 = = 14+0({), as P— P, =712 5.24

& -0 1+o0(1) £—0 ©) : 4 (5.24)
which yields that y = 1. Similarly, we can prove expression (5.19). The asymptotic expansions of
the Baker-Akhiezer function y»(P,x,xo,?,,) in lemma 3.2 and divisor in proposition 4.1 reveal
that v, (P,x,xo,,,to,,) has the Riemann theta representation (5.20), where the function u(x,#,) can
be determined later. With help of a meromorphic differential

d
Q()C, X0, 1r, t(),r) = ﬁ 111(‘/’2 (R X,X0,1r, tO,r) )dla (525)
the Abel map can be linearized in the following form [25]

P (1) = pU (x0,00,) + UL (v = x0) + Usps (- —t0,)  (mod Ty 1), j=1,2,3. (5.26)

Therefore, 6 (z(P.,, A(x,t,))) and 6 (z(P.,, V(x,1,))) could be written briefly in the following form
(2)

0(2(Pe, A(x.1,)) = O+ U x+ Ty, 1), (5.27)

0(z(Pay, V(x,1y))) = (M + UL x+ Ty 1)
where

) — pp— () . _g® L
MY =M — o (P, ) + P (x0,t0,,) —Uy "0 —Usyistor, j=1,2.
In order to derive (5.21), we expand ¢, of (5.18) near P.,, under the local coordinate { = A2
0(2(Pey A (x,1,)))
1 L\ ooy B\
= + 0 In = +A+0(0), (5.28)
2 5° O(Pey, (s T O

from which we can derive expression (5.21) by comparing asymptotic expansion (5.28) of ¢, with
(3.12) in lemma 3.1. Representations for v and w as seen in (5.22) and (5.23) can be deduced
similarly by expanding y» and @3 respectively near P.., and P.,,. Observing the continuity of the
Abel map o7, one can extend the result from (x,7,) € ﬁu to (x,t,) € €y, which completes the proof
of the theorem. O
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