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We derive rational solutions in Casoratian form for the Nijhoff-Quispel-Capel (NQC) equation by using the
lattice potential Korteweg-de Vries (lpKdV) equation and two Miura transformations between the lpKdV and
the lattice potential modified KdV (lpmKdV) and the NQC equation. This allows us to present rational solutions
for the whole Adler-Bobenko-Suris (ABS) list except Q4. The known Miura transformation for soliton solutions
between the NQC equation and Q3δ and the known degenerations for solitons from Q3δ to Q2, Q1δ , H3δ , H2
and H1 in the ABS list are used. We show that the Miura transformation and degenerations are valid as well for
rational solutions which are usually considered as “long-wave-limit” of solitons. All the rational solutions can
be expressed in terms of {z j} which are linear functions of (n,m).
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1. Introduction

In recent years multidimensional consistency [22] has become increasingly popular as one of inter-
pretations of integrability for lattice equations. With this property and two mild additional require-
ments on lattice equations: symmetry and the so-called ‘tetrahedron property’, Adler, Bobenko
and Suris (ABS) classified integrable affine linear models defined on an elementary quadri-
lateral [3]. Their results are known as the ABS list, which consists of nine lattice equations:
Q4, Q3δ , Q2, Q1δ , A2, A1δ , H3δ , H2, H1. Some of these equations have been known before, for
example, H1 is the lattice potential Korteweg-de Vries (lpKdV) equation [21], H3δ=0 is the lattice
potential modified KdV (lpmKdV) equation [21], Q1δ=0 is the lattice Schwarzian KdV (lSKdV)
equation [20] and Q4 is known as the Adler’s equation [2] which is the nonlinear superposition for-
mula of the Krichever-Novikov equation. After introducing some new parameters [19], the lattice
equations given originally by ABS [3] can be written as

Q3δ : P(uû+ ũ̂̃u)−Q(uũ+ û̂̃u) = (p2−q2)
(
(ũû+û̃u)+ δ 2

4PQ

)
, (1.1a)
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Q2 : (q2−a2)(u− û)(ũ− ̂̃u)− (p2−a2)(u− ũ)(û− ̂̃u)
+(p2−a2)(q2−a2)(q2− p2)(u+ ũ+ û+ ̂̃u)
= (p2−a2)(q2−a2)(q2− p2)

(
(p2−a2)2 +(q2−a2)2− (p2−a2)(q2−a2)

)
, (1.1b)

Q1δ : (q2−a2)(u− û)(ũ− ̂̃u)− (p2−a2)(u− ũ)(û− ̂̃u) = δ 2a4(p2−q2)

(p2−a2)(q2−a2)
, (1.1c)

H3δ : P(a2−q2)(uũ+ û̂̃u)−Q(a2− p2)(uû+ ũ̂̃u) = δ (p2−q2), (1.1d)

H2 : (u− ̂̃u)(ũ− û)+(p2−q2)(u+ ũ+ û+ ̂̃u) = p4−q4, (1.1e)

H1 : (u− ̂̃u)(û− ũ) = p2−q2, (1.1f)

where in (1.1a) (p,P) = p and (q,Q) = q are the points on the elliptic curve

{(x,X)|X2 = (x2−a2)(x2−b2)}, (1.2)

and in (1.1d)

P2 = a2− p2, Q2 = a2−q2. (1.3)

Q4 will be considered elsewhere, which is not listed here. We omit A1δ and A2 from the above list
because of the equivalence between A1δ and Q1δ by u→ (−1)n+mu, and between A2 and Q3δ=0
by u→ u(−1)n+m

. In Eqs. (1.1), δ is a constant; u = un,m := u(n,m) denotes dependent variable of
lattice points labeled by (n,m) ∈ Z2; p and q are continuous lattice parameters associated with the
grid size in the directions of the lattice given by the independent variables n and m, respectively;
notations with elementary lattice shifts are denoted by

u = un,m, ũ = un+1,m, û = un,m+1, ̂̃u = un+1,m+1.

There are many ways of degenerations among the lattice equations in the list (1.1) [3, 4, 19].
Various approaches have been shown to be significant in deriving soliton solutions for the ABS

list as evidenced by a series of papers. Atkinson, Hietarinta and Nijhoff constructed N-soliton solu-
tions to Q3δ in terms of the τ-function of the Hirota-Miwa equation. The corresponding solutions
were expressed by the usual Hirota’s polynomial of exponentials [5]. By developing Hirota’s direct
method, Hietarinta and Zhang derived N-soliton solutions to H-series of equations and Q1δ [14].
Their method is algorithmic and based on multidimensional consistency, progressing in each case
from background solution to 1-soliton solution and to N-soliton solutions, where many Casoratian
shift formulae were established. Meanwhile, Nijhoff and collaborators proposed Cauchy matrix
approach [19] to catch the N-soliton solutions for lattice equations in the ABS list except Q4. The
authors of the present paper extended Cauchy matrix approach to a generalised case [30], which can
be used to construct more kinds of exact solutions beyond soliton solutions for integrable systems
(see also Ref. [25]), e.g., multiple-pole solutions. Inverse Scattering Transform was also established
to solve some ABS equations [8, 9]. As the ‘master’ and the most complicate equation in this list,
Q4 was solved by using Bäcklund transformation [6, 7].

Different from soliton solutions, rational solutions are usually expressed by fraction of poly-
nomials of independent variables. Generally speaking, such type of solutions can be derived from
soliton solutions through a special limit procedure (see Refs. [1, 26, 31] as examples). Compared
with the case in continuous integrable systems, it is more difficult to get rational solutions of lattice
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equations. In spite of this, until now much progress has been got. Algebraic solutions and lump-like
solutions for the Hirota-Miwa equation were, respectively, given in Refs. [17] and [12]. With the
help of bilinear method [14], rational solutions for H3δ and Q1δ as well as the lattice Boussinesq
equation were obtained in recent papers [23, 24]. Besides, by imposing reduction conditions on
rational solutions of the Hirota-Miwa equation, rational solutions for the lpKdV equation and two
semi-discrete lpKdV equations were obtained [10].

Recently, in [28] a transformation approach was employed to construct rational solutions for the
ABS list (1.1) except Q3δ . Those transformations used in [28] are nonauto-Bäcklund transforma-
tions (Miura-type transformation) in which spectral parameters are absent. This is just the case of
rational solutions that requires spectral parameters varnished. More examples can be found in [28].
However, the transformation connected to Q3δ is too complicated to be used for generating rational
solutions.

If we forget about Q4, then Q3δ can act as a top equation in the ABS list in the sense that other
“lower” equations can be obtained as degenerations of Q3δ [19]. Note that solutions in terms of
Cauchy matrix given in [19, 30] are not available to generate rational solutions by taking “long-
wave-limit” as done in Casoratian form (cf. [23]).

In this paper we aim to construct rational solutions to Q3δ . It is known that the Nijhoff-Quispel-
Capel (NQC) equation (cf. [21]) is in some sense Q30 and by transformation solutions of Q3δ can
be expressed in terms of solutions of the NQC equation [19]. Our strategy is the following. First
we construct Casoratian solutions for the NQC equation so that rational solutions can be included.
Then we examine the degeneration procedure given in [19] and present rational solutions for Q3δ

and “lower equations” in the ABS list.
The paper is organised as follows. In Sec. 2, we explain our plan of solving the NQC equation

and describe relations between the NQC equation and Q3δ . In Sec. 3, we solve the NQC equation
by means of bilinear method and derive its rational solutions in Casoratian form. In Sec. 4, degener-
ations of Q3δ are analyzed and rational solutions for “lower equations” Q2,Q1δ ,H3δ ,H2 and H1 in
(1.1) are obtained. Sec. 5 is for conclusions. In addition, two appendices are given as complements
to the paper.

2. NQC and Q3δ

2.1. Plan of solving the NQC equation

The celebrated NQC equation [21] takes the form

1+(p−a)S(a,b)− (p+b)S̃(a,b)

1+(q−a)S(a,b)− (q+b)Ŝ(a,b)
=

1− (q+a)̂̃S(a,b)+(q−b)S̃(a,b)

1− (p+a)̂̃S(a,b)+(p−b)Ŝ(a,b)
, (2.1)

where S(a,b) = S(b,a) are functions of (n,m) with (a,b) being branch point parameters, p and q
are spacing parameters of n and m, respectively.

The known solutions of the NQC equation are obtained by means of Cauchy matrix [19, 30],
which do not allow to take “long-wave-limit”. To derive Casoratian solutions of this equation, we
introduce the following system

1+(p−a)S(a,b)− (p+b)S̃(a,b) = Ṽ (a)V (b), (2.2a)

1+(q−a)S(a,b)− (q+b)Ŝ(a,b) = V̂ (a)V (b), (2.2b)
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p−q+ ŵ− w̃ =
1̂̃V (a)

((p−a)V̂ (a)− (q−a)Ṽ (a)) (2.2c)

=
1

V (a)
((p+a)Ṽ (a)− (q+a)V̂ (a)), (2.2d)

p+q+w− ̂̃w =
1

Ṽ (a)
((p−a)V (a)+(q+a)̂̃V (a)) (2.2e)

=
1

V̂ (a)
((p+a)̂̃V (a)+(q−a)V (a)), (2.2f)

(p−q+ ŵ− w̃)(p+q+w− ̂̃w) = p2−q2, (2.2g)

together with assuming symmetric property

S(a,b) = S(b,a), (2.3)

where V (a) is a function of (n,m) with a as a parameter, V (b) =V (a)|a→b, w is a function of (n,m)

but independent of (a,b). Before we proceed, let us give some remarks on the above system. Firstly,
this system is consistent and solvable. In fact, all the equations in (2.2) appeared in a same Cauchy
matrix scheme (e.g. Eqs. (9.47, 9.53, 9.54) in [13] or (2.21, 2.37, 2.41) in [19]), which means
they have solutions in terms of Cauchy matrix. Secondly, (2.2) contains Miura (nonauto-Bäcklund)
transformations of several integrable equations. In fact, (2.2g) is known as the lpKdV equation [20];
the right hand sides of (2.2c,2.2d) yield a parameter-extended lpmKdV equation

V (a)[(p−a)V̂ (a)− (q−a)Ṽ (a)] = ̂̃V (a)[(p+a)Ṽ (a)− (q+a)V̂ (a)], (2.4)

which comes from the right hand sides of (2.2e,2.2f) as well as from eliminating w from (2.2c)-
(2.2f); with assumption (2.3), eliminating V from (2.2a, 2.2b) one gets the NQC equation (2.1).
Thus, (2.2a)-(2.2f) are understood as Miura transformations connecting the lpKdV (2.2g), extended
lpmKdV (2.4) and NQC equation (2.1). Finally, we can conclude that under assumption (2.3) once
the system (2.2) is solved, so is the NQC (2.1).

2.2. From NQC to Q3δ

In Ref. [19], soliton solutions for Q3δ (1.1a) were written as a linear combination of four terms
each of which contains as an essential ingredient the soliton solution of the NQC equation (2.1).
Since solutions of the NQC equation can be provided by system (2.2) with assumption (2.3), in the
following we describe relations between Q3δ and the system (2.2) together with (2.3).

Theorem 2.1. The solution of Q3δ (1.1a) is formulated by

u = Az(a,b) [1− (a+b)S(a,b)]+Bz(a,−b) [1− (a−b)S(a,−b)]

+Cz(−a,b) [1+(a−b)S(−a,b)]+Dz(−a,−b) [1+(a+b)S(−a,−b)] ,
(2.5)

in which S(a,b) satisfies the system (2.2) and symmetry (2.3), function z(a,b) is defined as

z(a,b) =
(

P
(p−a)(p−b)

)n( Q
(q−a)(q−b)

)m

, (2.6)
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and P,Q are defined by (1.2); A, B, C and D are constants subject to the constraint

AD(a+b)2−BC(a−b)2 =− δ 2

16ab
. (2.7)

The proof is similar to the one given in [19]. We skip it here and leave it in Appendix A.
According to this Theorem, any solution S(a,b) solved from the system (2.2) with (2.3), includ-

ing rational solutions, will generates a solution to Q3δ via formula (2.5).

3. Rational solutions to the NQC equation (2.1)

In this section, we construct rational solutions for the NQC equation (2.1) by solving system (2.2).
Bilinear method will be employed and solutions will be presented in terms of Casoratians. Some
Casoratian techniques developed in the literatures [14, 16] will be adopted.

3.1. Preliminary

Casoratian can be viewed as a discrete version of Wronskian. Let us consider functions φ j with 5
independent variables n, m, α, β , l ∈ Z:

φ j(l) = ρ
+
j (p+ k j)

n(q+ k j)
m(a+ k j)

α(b+ k j)
β (c+ k j)

l

+ρ
−
j (p− k j)

n(q− k j)
m(a− k j)

α(b− k j)
β (c− k j)

l, (3.1)

where ρ
±
j , k j, p, q, a, b, c ∈ C and we denote it by φ j(l) without confusion. Let

φφφ(l) = (φ1(l),φ2(l), . . . ,φN(l))T . (3.2)

Define a N×N Casoratian

f = |φφφ(0),φφφ(1),φφφ(2), . . . ,φφφ(N−1)|
= |0,1,2, . . . ,N−1|

= |N̂−1|, (3.3)

where M̂ is a compact form standing for consequtive columns (0,1,2, . . . ,M) (cf. [11]). With this
notation it is easy to understand |N̂−2,N|= |0,1, . . . ,N−2,N|, etc.

In addition to the above notations, we need the following Laplace expansion identity for Caso-
ratian verification [11].

Lemma 3.1. Suppose that G is a N× (N− 2) matrix, and a,b,c,d are Nth-order column vectors,
then

|G,a,b||G,c,d|− |G,a,c||G,b,d|+ |G,a,d||G,b,c|= 0. (3.4)

Note that φ j(l) defined in (3.1) can be regarded as a 5-dimensional function isotropically defined
on 5 directions (n,m,α,β , l) together their spacing parameters (p,q,a,b,c). For convenience, we
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label these 5 directions by

n1 = n, n2 = m, n3 = α, n4 = β , n5 = l, (3.5a)

together with their spacing parameters by

p1 = p, p2 = q, p3 = a, p4 = b, p5 = c. (3.5b)

We also introduce shift operators T±ni ,

T±ni f = f (ni±1). (3.5c)

It is then easy to find shift relations for φφφ(l)a

(pi− p j)φφφ(l) = (Tni−Tn j)φφφ(l), i, j ∈ {1,2,3,4,5}, i < j. (3.6)

Besides φ j(l) in (3.1), we also introduce auxiliary functions and vecors

ϕ j(l) = (p2− k2
j)
−n

φ j(l), ϕϕϕ(l) = (ϕ1(l), ϕ2(l), . . . ,ϕN(l))T , (3.7a)

ψ j(l) = (q2− k2
j)
−m

φ j(l), ψψψ(l) = (ψ1(l), ψ2(l), . . . ,ψN(l))T , (3.7b)

ϖ j(l) = (a2− k2
j)
−α

φ j(l), ϖϖϖ(l) = (ϖ1(l), ϖ2(l), . . . ,ϖN(l))T , (3.7c)

χ j(l) = (b2− k2
j)
−β

φ j(l), χχχ(l) = (χ1(l), χ2(l), . . . ,χN(l))T . (3.7d)

These vectors are necessary in Casoratian verifications (cf. [14]). They obey shift relations slightly
different from each other. Suppose σσσ(l) is one of the above vectors and εεε = (ε1,ε2,ε3,ε4). Then
shift relations of σσσ(l), including (3.6), can be expressed through a universal formula

(pi− εi p j)σσσ(l) = (Tεini− εiTn j)σσσ(l), i, j ∈ {1,2,3,4,5}, i < j, (3.8a)

where εεε varies with σσσ(l):

σσσ(l) = φφφ(l), εεε = (1,1,1,1), (3.8b)

σσσ(l) = σσσ [n1](l)
.
= ϕϕϕ(l), εεε = (−1,1,1,1), (3.8c)

σσσ(l) = σσσ [n2](l)
.
= ψψψ(l), εεε = (1,−1,1,1), (3.8d)

σσσ(l) = σσσ [n3](l)
.
= ϖϖϖ(l), εεε = (1,1,−1,1), (3.8e)

σσσ(l) = σσσ [n4](l)
.
= χχχ(l), εεε = (1,1,1,−1). (3.8f)

Note also that these vectors are related to φφφ(l) by

σσσ [ni](l) = AAA[ni]φφφ(l), i = 1,2,3,4, (3.9)

where

AAA[ni] = Diag((p2
i − k2

1)
−ni ,(p2

i − k2
2)
−ni , . . . ,(p2

i − k2
N)
−ni), i = 1,2,3,4. (3.10)

In addition, it is remarkable that φφφ(l) composed by (3.1) is not the only vector that obeys the
relation (3.6). One can easily find that taking φ1(l) from (3.1) and defining new φ j(l) = ∂

j−1
k1

φ1(l)
for j = 2,3, . . . ,N, φφφ(l) constructed in such a way satisfies (3.6) as well. More choices for φφφ(l) can
be found in Sec. 3.3.

aWe keep the variable l in the notation φφφ(l) since Casoratians are defined in terms of shifts in l.
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3.2. Bilinearization of (2.2) and Casoratian solutions

Under dependent variable transformations

S(a,b) =
1

a+b

(
1− θ

f

)
, V (a) =

h
f
, V (b) =

s
f
, w =

g
f
, (3.11)

where

θ(a,b) = θ(b,a), f (a,b) = f (b,a), (3.12)

system (2.2) is transformed into bilinear forms

H11 ≡ (p−a)θ f̃ − (p+b)θ̃ f +(a+b)h̃s = 0, (3.13a)

H12 ≡ (q−a)θ f̂ − (q+b)θ̂ f +(a+b)ĥs = 0, (3.13b)

H21 ≡ (p−a)̂̃f h+(q+a) f ̂̃h− (p+q) f̂ h̃ = 0, (3.13c)

H22 ≡ (p+a) f ̂̃h+(q−a)̂̃f h− (p+q) f̃ ĥ = 0, (3.13d)

H23 ≡ (p+a) f̂ h̃− (q+a) f̃ ĥ− (p−q)̂̃f h = 0, (3.13e)

H31 ≡ ĝ f̃ − g̃ f̂ +(p−q)( f̂ f̃ − f ̂̃f ) = 0, (3.13f)

H32 ≡ ĝ̃f − ̂̃g f +(p+q)( f ̂̃f − f̂ f̃ ) = 0, (3.13g)

where (3.13f) and (3.13g) compose the bilinear lpKdV equation [14] and in the derivation of (3.13c)-
(3.13e), we have made use of (3.13f) and (3.13g).

Casoratian solutions to bilinear system (3.13) can be summarized in the following Theorem.

Theorem 3.1. The Casoratians

f = |N̂−1|, g = |N̂−2,N|−N f , h = xT−α f , s = yT−β f , θ = xyT−αT−β f (3.14)

composed by φφφ(l), solve the bilinear system (3.13), where x and y are arbitrary nonzero constants
and we require the basic column vector φφφ(l) satisfies shift relation (3.6) and assume there are invert-
ible matrices AAA[ni] to define auxiliary vectors σσσ [ni](l) via (3.9) that obey shift relations (3.8). To meet
the symmetric relation (3.12) and the assumption that V (a) is related to parameter a but indepen-
dent of b, V (b) =V (a)|a→b and w is independent of (a,b), one needs to impose (3.14)|α=β=0.

Proof. Due to the shift relation (3.6), the Casoratian |N̂−1| can be defined in terms of shifts of any
variable ni and they are same (refer to Eqs.(2.22) and (2.24) in [14]). For the Eqs. (3.13a)-(3.13e),
with the notations in (3.14) and (3.5), they can be expressed as the following:

(pi− p j) f (TniTn j Tnk f )− (pi + pk)(Tni f )(Tn j Tnk f )+(p j + pk)(Tn j f )(TniTnk f ) = 0, (3.15)

where i, j,k ∈ {1,2,3,4}, i 6= j 6= k. For a certain triplet {ni,n j,nk}, this is the well known Hirota-
Miwa equation [18]. It is also one of bilinear equations of H3 (see (5.20a,b) in [14]). Thus the proof
for (3.15) under the condition of Theorem 3.1 has been given in [24].

The bilinear lpKdV equations (3.13f) and (3.13g) can be proved following the procedure given
in [27] where the case c = 0 was handled. Here we only prove (3.13f), and the other can be treated
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similarly. The down-tilde-hat version of H31 is

Ĥ̃ 31 ≡
[
(p− c) f˜+g˜

]
f̂−
[
(q− c) f̂+ĝ] f˜−(p−q) f f̂̃ = 0. (3.16)

For (p−c) f˜+g˜, f̂, (q−c) f̂+ĝ, f˜ and (p−q) f̂̃, we use (B.1b) and (B.1a) with i = 2, respectively,

i = 1 and (B.1c) with i = 1, j = 2. Then we have

Ĥ̃ 31 ≡
[
(p− c) f˜+g˜

]
f̂−
[
(q− c) f̂+ĝ] f˜−(p−q) f f̂̃

=
1

[(p− c)(q− c)]N−2

(
|N̂−3,N−1,T−nφφφ(N−2)||N̂−2,T−mφφφ(N−2)|

− |N̂−3,N−1,T−mφφφ(N−2)||N̂−2,T−nφφφ(N−2)|

− |N̂−3,T−mφφφ(N−2),T−nφφφ(N−2)||N̂−1|
)
= 0,

where we have utilized Lemma 3.1, in which G = N̂−3, (a,b,c,d) = (φφφ(N − 1),T−nφφφ(N −
2),φφφ(N−2),T−mφφφ(N−2)). �

3.3. Solutions for system (3.6) and (3.8)

Note that system (3.6) and (3.8) with general invertible matrices AAA[ni] are difference equations for
unknown functions φφφ(l) and σσσ [ni](l). Solutions for these systems can be classified according to the
canonical forms of AAA[ni]. Let us list them out case by case.

3.3.1. Soliton solutions

When AAA[ni] are diagonal matrices defined as (3.10), we take φ j(l) to be (3.1) and ϕ j(l), ψ j(l),
ϖ j(l),χ j(l) to be (3.7). Parameters x and y in (3.14) are taken as

x =
N

∏
j=1

(a− k j), y =
N

∏
j=1

(b− k j). (3.17)

This is the case to generate solitons.
There is a singularity for S(a,b) defined in (3.11) when b = −a. In the following, we define

S(a,−a). For φ j(l) given in (3.1) and x,y defined above, it is easy to check

lim
b→−a

f −θ = 0.

Thus, by means of the L’Hopital rule, we can define

S(a,−a) = lim
b→−a

∂b( f −θ)

f

∣∣∣
α=β=0

. (3.18)
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3.3.2. Jordan block solutions

To present elements of the basic Casoratian column vector of this case, we first introduce lower
triangular Toeplitz (LTT) matrices which are defined as

A =


a0 0 0 · · · 0 0
a1 a0 0 · · · 0 0
a2 a1 a0 · · · 0 0
...

... · · ·
...

...
...

aN−1 aN−2 aN−3 · · · a1 a0


N×N

, a j ∈ C.

Note that all the LTT matrices of same order compose a commutative set in terms of matrix prod-
uct. Canonical form of such a matrix is a Jordan matrix. LTT matrices play an important role in
generating multiple-pole (or limit) solutions (cf. [25, 26, 30, 31]).

When AAA[ni] takes a LTT form

AAA[ni] = (γs, j)N×N , γs, j =

{
1

(s− j)! ∂
s− j
k (p2

i − k2)−ni , s≥ j,
0, s < j,

(3.19)

the vector φφφ(l) that is used to construct Casoratians can be taken as

φφφ(l) = A +
φφφ
+(l,k)+A −

φφφ
−(l,k) (3.20a)

with

φφφ
±(l,k) = (φ±0 (l,k),φ±1 (l,k), . . . ,φ±N−1(l,k))

T , (3.20b)

φ
±
s (l,k) =

1
s!

∂
s
k [ρ
±(p± k)n(q± k)m(a± k)α(b± k)β (c± k)l], (3.20c)

where ρ± ∈ C, A ± are two arbitrary LTT matrices of N-th order. Accordingly, auxiliary vectors
σσσ [ni](l) are defined through (3.9).

It is known that Jordan block solutions can be understood as limit solutions of solitons (cf.
[26]).b Employing a same limit procedure on the soliton case of Sec. 3.3.1, we can find in this case
that

x = (a− k)N , y = (b− k)N , (3.21)

and S(a,−a) is given by (3.18) but now with column vector (3.20).

3.3.3. Rational solutions

Rational solutions are formally generated from Jordan block solutions by taking k = 0 in (3.20a) and
(3.19). However, to avoid trivial solutions, in practice we do the following. Consider a generating

bOne can consider solitons where we take φ1 to be (3.1) and take φ j (where j ≥ 2) by just replacing k1 with k j in φ1.
Then we expand k j = k1 + ε j at ε j = 0 and take limit ε j→ 0 in the rational forms (3.11) successively for j = 2,3, . . . ,N.
As a result, we get Jordan block solutions. For more details one can refer to [26].
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function

φ(l,k) = φ
+(l,k)+φ

−(l,k), φ
±(l,k) = ρ

±(p± k)n(q± k)m(a± k)α(b± k)β (c± k)l, (3.22)

and expand φ(l,k) in terms of k at k = 0, where in practice we usually replace (c± k)l with (c±
k)l+l0 and suppose that l0 is either an integer large enough or a non-integer so that the derivative
∂ s

k (c± k)l+l0 |k=0 6= 0.
In special cases when ρ+ =−ρ− the generating function φ(l,k) is an odd function of k and the

remained in its expansion are only odd order terms of k. We denote coefficients of these terms by

η j =
2
j!

∂
j

k φ
+(k, l)|k=0, j = 0,1,2, . . . . (3.23)

Then Casoratian column φφφ(l) for rational solutions can be taken as

φφφ(l) = φφφ
+(l) = (η1, η3,η5, . . . ,η2N−1)

T , (3.24)

AAA[ni] = (γs, j)N×N is taken as

γs, j =

{
1

(2(s− j))! ∂
2(s− j)
k (p2

i − k2)−ni |k=0, s≥ j,
0, s < j,

(3.25)

and those auxiliary vectors σσσ [ni](l) are defined through (3.9) accordingly. When ρ+ = ρ− one can
also take

φφφ(l) = φφφ
−(l) = (η0, η2,η4, . . . ,η2N−2)

T , (3.26)

and in this case matrix AAA[ni] is still defined through (3.25) and σσσ [ni](l) are defined through (3.9).
Since both cases share a same AAA[ni], a more general choice for φφφ(l) can be

φφφ(l) = A +
φφφ
+(l)+A −

φφφ
−(l), (3.27)

where φφφ
±(l) are defined in (3.24) and (3.26), and A ± are two arbitrary LTT matrices of N-th order.

In this case, parameters x and y are

x = aN , y = bN , (3.28)

and S(a,−a) is still given in the form (3.18) but with column vector (3.27).

3.3.4. Rational solutions: revisit

It will be interesting to have a close look at the explicit formulae of η j defined through (3.23). For
more convenience we consider vector

φφφ
′(l) = (φ ′1(l),φ

′
2(l), . . . ,φ

′
N(l))

T (3.29)

with

φ
′
j(l) = p−nq−ma−αb−β

φ j(l)

= ρ
+
j (1+ k j/p)n(1+ k j/q)m(1+ k j/a)α(1+ k j/b)β (1+ k j)

l

+ρ
−
j (1− k j/p)n(1− k j/q)m(1− k j/a)α(1− k j/b)β (1− k j)

l, (3.30)
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where φ j(l) is defined in (3.1) but here we take c= 1 in this mini section. Denote Casoratians |N̂−1|
and |N̂−2,N| composed by the above φφφ

′(l) by f ′ and g′+N f ′, respectively. Then, compared with
those Casoratians f and g that are composed by (3.1) with c = 1, we have

f = (pnqmaαbβ )N f ′, g = (pnqmaαbβ )Ng′. (3.31)

Due to gauge property of discrete Hirota bilinear equations (cf. [14, 15]), both ( f ,g) and ( f ′,g′)
solve bilinear equations (3.13). Consequently, system (2.2) admits an alternative expressions for
soliton solutions

S(a,b) =
1

a+b
(1− θ ′

f ′
), V (a) =

h′

f ′
, V (b) =

s′

f ′
, w =

g′

f ′
, (3.32)

where f ′ and g′ are defined through (3.31),

h′ = x′T−α f ′, s′ = y′T−β f ′, θ
′ = x′y′T−αT−β f ′, x′ =

1
aN

N

∏
j=1

(a−k j), y′ =
1

bN

N

∏
j=1

(b−k j), (3.33)

with finally taking α = β = 0. For S(a,−a),

S(a,−a) = lim
b→−a

∂b( f ′−θ ′)

f ′

∣∣∣
α=β=0

. (3.34)

With regard to rational solutions, we start from (3.30) with a general k, i.e.

φ
′(l,k) = φ

′+(l,k)+φ
′−(l,k), φ

′±(l,k) = ρ
±
(

1± k
p

)n(
1± k

q

)m(
1± k

a

)α(
1± k

b

)β

(1± k)l,

(3.35)
where we specially take

ρ
± =±1

2
exp
[
−

∞

∑
j=1

(∓k) j

j
γ j

]
(3.36)

with arbitrary constants γ j, and we expand φ ′±(l,k) as

φ
′±(l,k) =±1

2

∞

∑
j=0

η
±
j kh, η

±
j =± 2

j!
∂

j
k φ
′±|k=0. (3.37)

Similar to the treatment in [28], we rewrite φ ′±(l,k) as

φ
′±(l,k) =±1

2
exp
[
−

∞

∑
j=1

(∓k) j

j
x̌ j

]
, (3.38)

where

x̌ j = x j + l, x j =
n
p j +

m
q j +

α

a j +
β

b j + γ j. (3.39)

Then by comparison of (3.37) and (3.38), we can find all {η±j } can be expressed in terms of {x j}.
The formula is given by (cf. [28])

η
±
j

.
= η

±
j (n,m,α,β , l) = (∓1) j

∑
||µ||= j

(−1)|µ|
x̌µ

µ!
(3.40)
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where

µ = (µ1,µ2, . . .), µ j ∈ {0,1,2, . . .}, ||µ||=
∞

∑
j=1

jµ j,

|µ|=
∞

∑
j=1

µ j, µ! = µ1! ·µ2! · · · , x̌µ =

(
x̌1

1

)µ1
(

x̌2

2

)µ2

· · · .

Explicit forms of some η
+
j are

η
+
0 = 1, η

+
1 = x̌1, η

+
2 =

1
2
(x̌2

1− x̌2), η
+
3 =

1
6
(x̌3

1−3x̌1x̌2 +2x̌3),

η
+
4 =

1
24

(x̌4
1−6x̌2

1x̌2 +8x̌1x̌3 +3x̌2
2−6x̌4),

η
+
5 =

1
120

(x̌5
1−10x̌2x̌3

1 +20x̌3x̌2
1 +15x̌2

2x̌1−30x̌4x̌1−20x̌2x̌3 +24x̌5).

With these results in hand, let us summarize rational solutions of the system (2.2) by the follow-
ing Theorem.

Theorem 3.2. Define

φφφ
′
odd(l) = (η+

1 ,η+
3 , . . . ,η+

2N−1)
T , (3.41a)

φφφ
′
even(l) = (η+

0 ,η+
2 , . . . ,η+

2N−2)
T , (3.41b)

φφφ
′(l) = A +

φφφ
′
odd(l)+A −

φφφ
′
even(l), (3.41c)

where {η+
j } are defined in (3.40), and A ± are two arbitrary LTT matrices of N-th order. Then,

rational solutions of the system (2.2) are expressed by (3.32), where

f ′ = f ′(φφφ ′(l)) = |N̂−1|, g′ = g′(φφφ ′(l)) = |N̂−2,N|−N f ′ (3.42a)

are Casoratians composed by (3.41c),

h′ = T−α f ′, s′ = T−β f ′, θ
′ = T−αT−β f ′, (3.42b)

and finally we need to take α = β = 0 in (3.42). S(a,−a) is defined by

S(a,−a) = lim
b→−a

∂b( f ′−θ ′)

f ′

∣∣∣
α=β=0

. (3.43)

We remark that in special case f ′(φφφ ′odd(l)) leads to a rational solution one order higher than
f ′(φφφ ′even(l) does (see Lemma 5.4 in Ref. [28]). Here we write out explicit forms of some f ′ and g′

composed by φφφ
′
odd(l) without any restriction on α, β :

f ′N=1(φφφ
′
odd(l)) = x1, g′N=1(φφφ

′
odd(l)) = 1, (3.44a)

f ′N=2(φφφ
′
odd(l)) =

x3
1− x3

3
, g′N=2(φφφ

′
odd(l)) = x2

1, (3.44b)

f ′N=3(φφφ
′
odd(l)) =

1
45

x6
1−

1
9

x3
1x3 +

1
5

x1x5−
1
9

x2
3, g′N=3(φφφ

′
odd(l)) =

2
15

x5
1−

1
3

x2
1x3 +

1
5

x5. (3.44c)

A second remark is presented through the following Proposition.
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Proposition 1. For the Casoratian f ′(φφφ ′odd(l)), the following relations hold:

∂x1 f ′(φφφ ′odd(l)) = g′(φφφ ′odd(l)) = |N̂−2,N|−N f ′(φφφ ′odd(l)), (3.45a)

∂
2
x1

f ′(φφφ ′odd(l)) =−N2 f ′(φφφ ′odd(l))−2Ng′(φφφ ′odd(l))+ζ
′(φφφ ′odd(l)), (3.45b)

where

ζ
′(φφφ ′odd(l)) = |N̂−2,N +1|+ |N̂−3,N−1,N|. (3.45c)

Proof. For φ ′+(l,k) defined in (3.35), it is easy to see

φ
′+(l +1,k)−φ

′+(l,k) = kφ
′+(l,k). (3.46)

It then follows from (3.37) and (3.38) that

η
+
j (l +1)−η

+
j (l) = η

+
j−1(l), ( j ≥ 1) (3.47)

and

∂x1η
+
j (l) = η

+
j−1(l), ( j ≥ 1), (3.48)

and consequently we have

∂x1η
+
j (l) = η

+
j (l +1)−η

+
j (l), ( j ≥ 1), (3.49)

which leads to

∂x1φφφ
′
odd(l) = φφφ

′
odd(l +1)−φφφ

′
odd(l), (3.50)

and moreover

∂
2
x1

φφφ
′
odd(l) = φφφ

′
odd(l +2)−2φφφ

′
odd(l +1)+φφφ

′
odd(l). (3.51)

Making use of these relations, (3.45) can be verified directly. �

We also remark that some properties of f ′(φφφ ′odd(l)) can be found in Theorem C.2 in Appendix
C of Ref. [28]. One of the properties is:

Proposition 2. f ′(φφφ ′odd(l)) is a polynomial of {x1,x3, . . . ,x2N−1} and coefficients are independent
of {p,q,a,b}. (So are g′(φφφ ′odd(l)) and ζ ′(φφφ ′odd(l)) due to Proposition 1.)

Thanks to such a property, S(a,−a) is well defined by the formula

S(a,b) =
1

a+b

(
1−

T−αT−β f ′

f ′

)∣∣∣
α=β=0

. (3.52)

In fact, write f ′ = f ′[x] = f ′[x1,x3, . . . ,x2N−1]. Then we have

T−αT−β f ′[x] = f ′[x− εεε] = f ′[x1− ε1,x3− ε3, . . . ,x2N−1− ε2N−1],

where

ε2 j−1 =
1

a2 j−1 +
1

b2 j−1 . (3.53)

By Taylor expanding T−αT−β f ′[x] at (ε1, . . . ,ε2N−1) = (0, . . . ,0), we have

T−αT−β f ′[x] = f ′[x− εεε]
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= f ′[x]−
2N−1

∑
j=1

ε2N− j∂x2N− j f ′[x]+
1
2!

2N−1

∑
j=1

2N−1

∑
i=1

ε2N− jε2N−i∂x2N− j ∂x2N−i f ′[x]+ · · · .

(3.54)

Noticing that each ε2 j−1 has a factor a+b, i.e.

ε2 j−1

a+b
= ν2 j−1 =

1
a2 j−1b2 j−1

2( j−1)

∑
i=0

(−1)ia2( j−1)−ibi, (3.55)

after substituting (3.54) into (3.52), it is easy to see that the term a+b in the denominator of (3.52)
can be eliminated and as a definition (3.52) is valid to S(a,−a).

The first two rational solutions of the NQC equation (2.1) are

S(a,b) =
1

abz1
, (3.56a)

S(a,b) = 3
(az1−1)(bz1−1)

a2b2(z3
1− z3)

, (3.56b)

where

z j = x j|α=β=0 =
n
p j +

m
q j + γ j. (3.57)

Rational solutions of Q3δ (1.1a) are given by (2.5), where z(a,b) is defined in (2.6) and
A,B,C,D obey the constraint (2.7). The first two rational solutions of Q3δ are

u = Az(a,b)
[

1− a+b
abz1

]
+Bz(a,−b)

[
1+

a−b
abz1

]
+Cz(−a,b)

[
1− a−b

abz1

]
+Dz(−a,−b)

[
1+

a+b
abz1

]
, (3.58a)

u = Az(a,b)
[

1−3
(a+b)(az1−1)(bz1−1)

a2b2(z3
1− z3)

]
+Bz(a,−b)

[
1+3

(a−b)(az1−1)(bz1 +1)
a2b2(z3

1− z3)

]
+Cz(−a,b)

[
1+3

(b−a)(az1 +1)(bz1−1)
a2b2(z3

1− z3)

]
+Dz(−a,−b)

[
1+3

(a+b)(az1 +1)(bz1 +1)
a2b2(z3

1− z3)

]
. (3.58b)

4. Degeneration of rational solutions

We now consider the problem of degeneration of rational solutions of Q3δ down to those of the
“lower” equations Q2,Q1δ ,H3δ ,H2 and H1 in the ABS list (1.1). To do so we follow the degener-
ations given in Ref. [19] which are limits on the parameters a and b and the dependent variable u,
where a small parameter ε is introduced, and all degenerations are obtained in the limit ε → 0. The
degeneration relations between Q3δ and the “lower equations” are depicted as Fig.1 [19].
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Q3δ

��

// Q2

��

// Q1δ

��

H3δ
// H2 // H1

Fig.1 Degeneration relation

4.1. Q3δ −→Q2

The degeneration from Q3δ to Q2 is implemented through taking

b = a(1−2ε), u−→ δ

4a2

(
1
ε
+1+(1+2u)ε

)
. (4.1)

and making the following replacements of constants in (2.5),

A→ δ

4a2 Aε, B→ δ

8a2

(
1
ε
+1−ξ0 +((3+ξ 2

0 )/2+2AD)ε

)
,

C→ δ

8a2

(
1
ε
+1+ξ0 +((3+ξ 2

0 )/2+2AD)ε

)
, D→ δ

4a2 Dε.
(4.2)

Then, rational solutions for Q2 are given as

u =
1
4
((ξ +ξ0)

2 +1)+a(ξ +ξ0)S(−a,a)+a2 (Z(a,−a)+Z(−a,a))+

AD+
1
2

Aρ(a)(1−2aS(a,a))+
1
2

Dρ(−a)(1+2aS(−a,−a)),
(4.3)

in which

ξ = 2a
(

p
a2− p2 n+

q
a2−q2 m

)
, Z(a,−a)=−∂bS(a,b)|b=−a, Z(−a,a)= Z(a,−a)|a→−a, (4.4)

and ξ0,A and D are arbitrary constants; ρ(a) is defined by (A.10). In (4.4), when N = 1 and N = 2,
we have

Z(a,−a) =
1

a3z1
, (4.5a)

Z(a,−a) =
3z3

1(az1−1)(az1 +2)−3(a+a2z1−2)z3

a5(z3
1− z3)2

, (4.5b)

where z j is defined by (3.57). However, it is hard to give an explicit formula for Z(a,−a) in terms
of Casoratians.

Pure rational solutions of Q2 are obtained by taking A = D = 0. The first two of them are

u =
1
4
((ξ +ξ0)

2 +1)− 1
az1

(ξ +ξ0), (4.6a)

u =
1
4
((ξ +ξ0)

2 +1)− a2z2
1−1

3a3(z3
1− z3)

(ξ +ξ0)+6
z4

1− z3

a2(z3
1− z3)2

. (4.6b)
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4.2. Q2−→Q1δ

To achieve rational solutions for Q1δ , consider degeneration of (4.3) by taking

u−→ δ 2

4ε2 +
1
ε

u.

Meanwhile, we replace the constants appearing in solution (4.3) by

A→ 2A
ε
, D→ 2D

ε
, ξ0→ ξ0 +

2B
ε
. (4.7)

Then the rational solutions for Q1δ can be described as

u = Aρ(a)(1−2aS(a,a))+B(ξ +ξ0 +2aS(−a,a))+Dρ(−a)(1+2aS(−a,−a)), (4.8)

where ρ(a) is defined by (A.10) and constants A, B, D are chosen to satisfy the constraint

AD+
1
4

B2 =
δ 2

16
. (4.9)

Some explicit S(a,b) can be seen from (3.56). The first two solutions given by (4.8) are

u = Aρ(a)
(

1− 2
az1

)
+B
(

ξ +ξ0−
2

az1

)
+Dρ(−a)

(
1+

2
az1

)
, (4.10a)

u = Aρ(a)
(

1−6
(az1−1)2

a3(z3
1− z3)

)
+B
(

ξ +ξ0−6
a2z2

1−1
a3(z3

1− z3)

)
+Dρ(−a)

(
1+6

(az1 +1)2

a3(z3
1− z3)

)
.

(4.10b)

4.3. Q3δ −→H3δ

By setting

b =
1
ε2 , u−→ ε

3

√
δ

2
u, (4.11)

and

A→ ε
3

√
δ

2
A, B→ ε

3

√
δ

2
B, C→ ε

3

√
δ

2
C, D→ ε

3

√
δ

2
D, (4.12)

rational solutions to H3δ can be obtained from (2.5) and take the form

u = (A+(−1)n+mB)ϑV1(a)+((−1)n+mC+D)ϑ−1V1(−a), (4.13)

in which V1(±a) come from Taylor expressions:

1− (a+b)S(a,b)−→ V1(a)+O(ε2),

1− (a−b)S(a,−b)−→ V1(a)+O(ε2),

1+(a−b)S(−a,b)−→ V1(−a)+O(ε2),

1+(a+b)S(−a,−b)−→ V1(−a)+O(ε2),

(4.14)

and

ϑ =

(
P

a− p

)n( Q
a−q

)m

, (4.15)
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where P,Q are defined by (1.3) and constants A, B, C and D are subject to the constraint

AD−BC =
δ

4a
.

Let us have a close look at V1(a). Considering S(a,b) defined by (3.52), which is valid for
b =−a as well, we find

1− (a+b)S(a,b) =
T−αT−β f ′[x]

f ′[x]

∣∣∣
α=β=0

. (4.16)

Since f ′[x] is a polynomial of {x1,x3, . . . ,x2N−1}, (see Proposition 2), substituting b = 1
ε2 and after

taking ε → 0, all the terms of 1
b j vanish, i.e. all the shifts with respect to β do not make sense any

longer. Thus, we immediately reach

V1(a) =
T−α f ′[x]

f ′[x]

∣∣∣
α=β=0

. (4.17)

When N = 1, V1(a) reads

V1(a) = 1− 1
az1

,

and when N = 2, V1(a) is

V1(a) = 1− 3z1(az1−1)
a2(z3

1− z3)
.

The first two solutions of H3δ are

u = (A+(−1)n+mB)ϑ
(

1− 1
az1

)
+((−1)n+mC+D)ϑ−1

(
1+

1
az1

)
, (4.18a)

u = (A+(−1)n+mB)ϑ
(

1− 3z1(az1−1)
a2(z3

1− z3)

)
+((−1)n+mC+D)ϑ−1

(
1+

3z1(az1 +1)
a2(z3

1− z3)

)
. (4.18b)

4.4. Q2−→H2

The degeneration from Q2 to H2 can be obtained by setting

a =
1
ε
, u−→ 1

4
+ ε

2u. (4.19)

Substituting (4.19) into (4.3), combined with

a2S(−a,a)−→ −S(0)+O(ε),

a2S(a,a)−→ S(0)−2εS(1)+O(ε2),

a2S(−a,−a)−→ S(0)+2εS(1)+O(ε2),

a3(Z(−a,a)+Z(a,−a))−→ 2εS(1)+O(ε2),

(4.20)

and the following choice for the constants

A→ A(ε +(γ ′+2γ−1)ε
2), D→ A(−ε +(γ ′+2γ−1)ε

2), ξ0→ 2εγ−1 (4.21)
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with unconstrained constants γ ′,γ−1, rational solutions for H2 can be obtained, which are given by

u = z2
−1−2z−1S(0)+2S(1)−A2 +(−1)n+mA(2z−1 + γ

′−2S(0)). (4.22)

In the following we derive explicit Casoratian forms for S(0) and S(1). For convenience we take
f ′ = f ′(φφφ ′odd(l)). Recalling the analysis for f ′ in Sec. 3.3.4, noticing Taylor expansion (3.54) and
relation (3.55), we have

a2S(a,b) =
a2

f ′[z]

(
2N−1

∑
j=1

ν2N− j∂z2N− j f ′[z]− 1
2!

2N−1

∑
j=1

2N−1

∑
i=1

ν2N− jε2N−i∂z2N− j ∂z2N−i f ′[z]+ · · ·

)
, (4.23)

where f ′[z] = f ′[z1,z3, . . . ,z2N−1]. When taking a = 1
ε

we have

a2S(a,−a) =− 1
f ′[z]

(
∂z1 f ′[z]+O(ε2)

)
.

Thus, compared with (4.20) and making use of Proposition 1, yield

S(0) =
g′[z]
f ′[z]

=
|N̂−2,N|
|N̂−1|

−N. (4.24)

The case of S(a,a) is little bit complicated. Let ε ′j =
α−1

a j − β−1
b j . Then T−αT−β f ′[x] can be written

as

T−αT−β f ′[x] = f ′[z]+
2N−1

∑
j=1

ε
′
2N− j∂z2N− j f ′[z]+

1
2!

2N−1

∑
j=1

2N−1

∑
i=1

ε
′
2N− jε

′
2N−i∂z2N− j ∂z2N−i f ′[z]+ · · · .

Taking b = a = 1
ε

and then β = α = 0 yields

T−αT−β f ′[x]|β=α=0 = f ′[z]−2ε∂z1 f ′[z]+2ε
2
∂

2
z1

f ′[z]+ · · · .

Then we have

a2S(a,a) =
∂z1 f ′[z]

f ′[z]
− ε

∂ 2
z1

f ′[z]
f ′[z]

+O(ε2),

where we have taken a = 1
ε
. After a comparison with (4.20) and making use of Proposition 1, we

reach

S(1) =
1
2

∂ 2
z1

f ′[z]
f ′[z]

=−Ng′[z]
f ′[z]

+
ζ ′[z]
2 f ′[z]

− N2

2

=
1
2
|N̂−3,N−1,N|+ |N̂−2,N +1|−2N|N̂−2,N|

|N̂−1|
+

N2

2
. (4.25)

The first two S(0) are

S(0) =
1
z1

and S(0) =
3z2

1

z3
1− z3

. (4.26)

The first two S(1) are

S(1) = 0 and S(1) =
3z1

z3
1− z3

. (4.27)
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And the first two rational solutions of H2 are

u =z2
−1−2

z−1

z1
−A2 +(−1)n+mA(2z−1 + γ

′− 2
z1
), (4.28a)

u =z2
−1 +6

z1(1− z−1z1)

z3
1− z3

−A2 +(−1)n+mA
(

2z−1 + γ
′−6

z2
1

z3
1− z3

)
. (4.28b)

4.5. Q1δ −→H1

The rational solution to H1 can be obtained from (4.8) through degeneration. Substituting

a =
1
ε
, u→ εδu (4.29)

into (4.8) and using

A→ δ

2
A(1+2(γ ′+ γ−1)ε), D→ δ

2
A(−1+2(γ ′+ γ−1)ε), B→ δB, ξ0→ 2εγ−1 (4.30)

with constants γ ′, γ−1, we have

u = B(z−1−S(0))+(−1)n+mA(z−1 + γ
′−S(0)), (4.31)

which presents rational solutions of H1, where γ ′, A and B satisfy A2−B2 =−1. Here S(0) is same
as the one in solution (4.22). The first two rational solutions given by (4.31) are

u = B(z−1−
1
z1
)+(−1)n+mA(z−1 + γ

′− 1
z1
), (4.32a)

u = B
(

z−1−
3z2

1

z3
1− z3

)
+(−1)n+mA

(
z−1 + γ

′− 3z2
1

z3
1− z3

)
. (4.32b)

5. Conclusions

In this paper we have derived solutions in terms of Casoratians for the NQC equation. It turns out
that the τ-function f with auxiliary directions (α,β ) satisfies the Hirota-Miwa equations that are
defined in any three directs of (n,m,α,β ), but finally (α,β ) are restricted to be (0,0). This indicates
that, with regard to generating soliton solutions for the ABS equations (except Q4), the Hirota-Miwa
equation acts as a master equation to govern the τ-function f .

Rational solutions of the NQC equation are obtained by considering the case that auxiliary
matrices AAA[ni] take the form (3.25) with k = 0. Such rational solutions can be equivalently derived
by taking “long-wave-limit”. In this paper, we examined the significance of our rational solutions
in the Miura transformation (2.5) from the NQC equation to Q3δ and in the degenerations from
Q3δ to the “lower” equations in the ABS list. As a result, we obtained rational solutions in terms
of Casoratians for the NQC equation, Q3δ , Q1δ , H3δ , H2 and H1. However, for Q2 we did not find
an explicit form of Z(a,−a) in terms of Casoratians. This will be considered in the future. Besides,
it is worthy to mention that {x j} defined through (3.38) play an important role in the analysis of
rational solutions.

Compared with [28], one can find that some rational solutions of the ABS equations were
obtained by means of Bäcklund transformations in [28] can not be derived in this paper. For exam-
ple, for the rational solutions of Q1δ , (5.28c) in [28] can not be obtained from (4.8) of the present
paper, and vice versa.
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A further remark is about solving the NQC equation (2.1). In this paper we solve the equation
through solving the system (2.2) that contains the lpKdV equation and two Miura transformations,
and is based on the Cauchy matrix scheme that provides many clues for bilinearisation. This system
is also used in deriving the Miura transformation (2.5) between the NQC equation and Q3δ (see
Appendix A). In some sense, (3.13a-3.13e) can be viewed as a bilinear form of the NQC equation.
If we only solve the NQC equation, (2.2a, 2.2b) together with extensions in α- and β -direction are
enough (cf. Sec. 9.5.3 in [13]). Note that (2.2a, 2.2b) can be considered as a generalisation (with
parameters (a,b)) of the class of Bäcklund transformations investigated in [29] (see (3.1) with (3.5)
in [29]). This motivates us to reconsider [29] with parameters, which will be done in the future.
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Appendix A. Proof of Theorem 2.1

Proof. The proof is similar to the one given in Ref. [19]. We need three steps. Let us proceed them
step by step.

Step # 1. We first introduce a new associated dependent variable U that is given by:

U = (a+b)Az(a,b)V (a)V (b)+(a−b)Bz(a,−b)V (a)V (−b)

− (a−b)Cz(−a,b)V (−a)V (b)− (a+b)Dz(−a,−b)V (−a)V (−b).
(A.1)

Lemma A.1. For u defined in (2.5) and the associated variable U defined in (A.1) the following
hold:

p−q+ ŵ− w̃ =
1
U

[
Pũ−Qû− (p2−q2)u

]
(A.2a)

= − 1̂̃U
[
Pû−Qũ− (p2−q2)̂̃u] , (A.2b)

p+q+w− ̂̃w =
1

Û

[
P̂̃u−Qu− (p2−q2)û

]
(A.2c)

= − 1

Ũ

[
Pu−Q̂̃u− (p2−q2)ũ

]
, (A.2d)

where w satisfies system (2.2). The relations (A.2) hold for arbitrary coefficients A, B, C, D.

Proof. We denote u and U , respectively, defined by (2.5) and (A.1) as

u = uA(a,b)+uB(a,−b)+uC(−a,b)+uD(−a,−b), (A.3a)

U =UA(a,b)+UB(a,−b)+UC(−a,b)+UD(−a,−b), (A.3b)

where uA(a,b) = Az(a,b) [1− (a+b)S(a,b)] and UA(a,b) = (a+b)Az(a,b)V (a)V (b). By direct
computation, we get

P(uA(a,b))˜−Q(uA(a,b))̂− (p2−q2)uA(a,b)
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= Az(a,b)
[
(p+a)(p+b)(1− (a+b)S̃(a,b))

−(q+a)(q+b)(1− (a+b)Ŝ(a,b)− (p2−q2)(1− (a+b)S(a,b))
]

= A(a+b)z(a,b)
[
(p−q)− (p+a)(p+b)S̃(a,b)

+(q+a)(q+b)Ŝ(a,b)+(p2−q2)S(a,b)
]

= A(a+b)z(a,b)
[
(p+a)

(
1− (p+b)S̃(a,b)+(p−a)S(a,b)

)
−(q+a)

(
1− (q+b)Ŝ(a,b)+(q−a)S(a,b)

)]
= A(a+b)z(a,b)

[
(p+a)Ṽ (a)V (b)− (q+a)V̂ (a)V (b)

]
= A(a+b)z(a,b)(p−q+ ŵ− w̃)V (a)V (b)

= (p−q+ ŵ− w̃)UA(a,b), (A.4)

where relations (2.2a), (2.2b) and (2.2d) have been used. In terms of symmetric property, we also
have

P(uB(a,−b))˜−Q(uB(a,−b))̂− (p2−q2)uB(a,−b)

= (p−q+ ŵ− w̃)UB(a,−b), (A.5a)

P(uC(−a,b))˜−Q(uC(−a,b))̂− (p2−q2)uC(−a,b)

= (p−q+ ŵ− w̃)UC(−a,b), (A.5b)

P(uD(−a,−b))˜−Q(uD(−a,−b))̂− (p2−q2)uD(−a,−b)

= (p−q+ ŵ− w̃)uD(−a,−b). (A.5c)

By adding the four equations in (A.4) and (A.5), we arrive at (A.2a). Similar analysis can be done
to (A.2b)-(A.2d).

Step # 2.

Lemma A.2. The following identities hold

UŨ−P(u2 + ũ2)+(2p2−a2−b2)uũ =
4ab
P

det(A ), (A.6a)

UÛ−Q(u2 + û2)+(2q2−a2−b2)uû =
4ab
Q

det(A ), (A.6b)

in which the 2×2 matrix A is given by

A =

(
(a+b)A (a−b)B
−(a−b)C −(a+b)D

)
(A.7)

provided that S(±a,±b), v(±a) and v(±b) satisfy the system (2.2) together with symmetry S(a,b) =
S(b,a) with parameters ±a,±b.

Proof. We consider the following 2×2 matrices:

LLL =

(
Pũ− (p2−b2)u (p−b)U

(p+b)Ũ −Pu+(p2−b2)ũ

)
, (A.8a)
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MMM =

(
Qû− (q2−b2)u (q−b)U

(q+b)Û −Qu+(q2−b2)û

)
. (A.8b)

Evaluating the entries in these matrices we obtain

Pũ− (p2−b2)u

= Az(a,b)
[

P2

(p−a)(p−b)
(1− (a+b)S̃(a,b))− (p2−b2)(1− (a+b)S(a,b))

]
+ . . .

= Az(a,b)(p+b)
[
(p+a)(1− (a+b)S̃(a,b))− (p−b)(1− (a+b)S(a,b))

]
+ . . .

= Az(a,b)(p+b)(a+b)
[
1− (p+a)S̃(a,b)+(p−b)S(a,b)

]
+ . . .

= A(a+b)z(a,b)(p+b)Ṽ (b)V (a)+ . . .

=
√

p2−b2 rrrT (a)A r̃rr(b), (A.9)

in which again the dots in each line on the right hand sides stand for similar terms with (a,b)
replaced by (a,−b), (−a,b), (−a,−b) and A replaced by B, C, D respectively. On the right-hand
side of this expression we have introduced vectors

rrr(a) =
(

ρ1/2(a)V (a)
ρ1/2(−a)V (−a)

)
, rrrT (b) =

(
ρ

1/2(b)V (b),ρ1/2(−b)V (−b)
)
,

in which the plane-wave factor ρ(a) is given by

ρ(a) =
(

p+a
p−a

)n(q+a
q−a

)m

. (A.10)

A similar computation as above yields

−Pu+(p2−b2)ũ =
√

p2−b2 r̃rrT (a)A rrr(b), (A.11)

whilst U and Ũ can be written as

U = rrrT (a)A rrr(b), Ũ = r̃rrT (a)A r̃rr(b). (A.12)

Thus, we find that the matrix LLL in (A.8) can be written as

LLL =

(√
p2−b2 rrrT (a)A r̃rr(b) (p−b)rrrT (a)A rrr(b)
(p+b)r̃rrT (a)A r̃rr(b)

√
p2−b2 r̃rrT (a)A rrr(b)

)
,

and similarly for the matrix MMM. Using now the general determinantal identity

det

(
r

∑
j=1

xxx jyyyT
j

)
= det

(
(yyyT

i · xxx j)i, j=1,...,r
)

for any collection of r pairs of r-component column vectors xxxi, yyyi (the superindex T denoting trans-
position), we obtain the following result:

det(LLL) = (p2−b2)det
(
A r̃rr(b)rrrT (a)+A rrr(b) r̃rrT (a)

)
= (p2−b2)det(A )det

(
r̃rr(b)rrrT (a)+ rrr(b) r̃rrT (a)

)
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= (p2−b2)det(A )det
{
(r̃rr(b),rrr(b))

(
rrrT (a)
r̃rrT (a)

)}
= −(p2−b2)det(A )det(rrr(a), r̃rr(a)) det(rrr(b), r̃rr(b)) .

It remains to compute the determinant of matrix (rrr(a), r̃rr(a)) whose columns are the 2-component
vectors rrr(a) and r̃rr(a). This is done as follows

det(rrr(a), r̃rr(a)) = ρ
1/2(a)ρ̃1/2(−a)V (a)Ṽ (−a)− ρ̃

1/2(a)ρ1/2(−a)Ṽ (a)V (−a)

=

√
p−a
p+a

V (a)Ṽ (−a)−
√

p+a
p−a

Ṽ (a)V (−a)

=

√
p−a
p+a

[
1− (p+a)S̃(a,−a)+(p+a)S(a,−a)

]
−
√

p+a
p−a

[
1− (p−a)S̃(−a,a)+(p−a)S(−a,a)

]
= − 2a√

p2−a2
,

where we have used the fact that S(a,b) = S(b,a). Thus, putting everything together we obtain the
result:

det(LLL) =−(p2−b2)det(A )
4ab√

p2−a2
√

p2−b2
. (A.13)

On the other hand, a direct computation of the determinant gives:

det(LLL) = −[Pũ− (p2−b2)u][Pu− (p2−b2)ũ]− (p2−b2)UŨ

= (p2−b2)
[
P(u2 + ũ2)− (2p2−a2−b2)uũ−UŨ

]
. (A.14)

Comparing the two expressions for det(LLL) from (A.13) and (A.14) we obtain the first equation in
Lemma A.2.

Step # 3. The last step is by combining the relations (A.2) and (A.6) as well as the lpKdV equation
(2.2g) to assert that u solves the Q3δ equation. In fact, multiplying for instance (A.2b) by (A.2d)
and using (A.6b), where we identify

det(A ) =
δ 2

16ab

according to (2.7), we obtain from the lpKdV equation:

p2−q2 = (p+q+w− ̂̃w)(p−q+ ŵ− w̃)

=
1

Ũ ̂̃U
[
Pû−Qũ− (p2−q2)̂̃u][Pu−Q̂̃u− (p2−q2)ũ

]
⇒

(p2−q2)

[
Q(ũ2 + ̂̃u2

)− (2q2−a2−b2)ũ̂̃u+ δ 2

4Q

]
= P2(uû)+Q2(ũ̂̃u)+(p2−q2)2ũ̂̃u−PQ(uũ+ û̂̃u)

−(p2−q2)P(ûũ+û̃u)+(p2−q2)Q(ũ2 + ̂̃u2
)
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= P2(uû+ ũ̂̃u)+(Q2−P2)(ũ̂̃u)+(p2−q2)2ũ̂̃u−PQ(uũ+ û̂̃u)
−(p2−q2)P(ûũ+û̃u)+(p2−q2)Q(ũ2 + ̂̃u2

)

⇒

(p2−q2)

[
−(2q2−a2−b2)ũ̂̃u+ δ 2

4Q

]
= P

[
P(uû+ ũ̂̃u)−Q(uũ+ û̂̃u)− (p2−q2)(ûũ+û̃u)]
+(p2−q2)

[
(a2 +b2− p2−q2)ũ̂̃u+(p2−q2)ũ̂̃u] ,

where we have used the fact that p, q are on the elliptic curve (1.2) and the identification of Ũ ̂̃U via
the result (A.6) of Lemma A.2. From the last step, after some cancellation of terms, we obtain Q3δ ,
in the form (1.1a), for the function u, which completes the proof of the theorem. �

Appendix B. Casoratian shift formulae

We list some shift formulae for the Casoratians (3.14), where the basic column vector φφφ(l) satisfies
shift relation (3.6) and auxiliary relations (3.9). For convenience, we introduce notations T̄niφφφ(l) =
AAA[ni]Tni(AAA

−1
[ni]

φφφ(l)) with i = 1,2,3,4. These Casoratian shift formulae are

T−ni f =−(pi− c)2−N |N̂−2,T−niφφφ(N−2)|, (B.1a)

T−ni((pi− c) f +g) =−(pi− c)2−N |N̂−3,N−1,T−niφφφ(N−2)|, (B.1b)

T−niT−n j(pi− p j) f = [(pi− c)(p j− c)]2−N |N̂−3,T−n j φφφ(N−2),T−niφφφ(N−2)|, (B.1c)

and

Tni f = (pi + c)2−N (Tni |AAA[ni]|)
|AAA−1

[ni]
|
|N̂−2, T̄niφφφ(N−2)|, (B.2a)

TniT−n j(pi + p j) f =
1

[(pi + c)(p j− c)]N−2

(Tni |AAA[ni]|)
|AAA−1

[ni]
|
|N̂−3,T−n j φφφ(N−2), T̄niφφφ(N−2)|, (B.2b)

Tni(g− (pi + c) f ) = (pi + c)2−N (Tni |AAA[ni]|)
|AAA−1

[ni]
|
|N̂−3,N−1, T̄niφφφ(N−2)|, (B.2c)

where i = 1,2,3,4.
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