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1. Introduction and statement of the main results

We will consider the polynomial differential system

x=y,
3 3 (1.1)
y=ax+by+cx’ +dy’,
where a, b, ¢, d € R are arbitrary parameters and ¢ +d? # 0 (otherwise the system is linear). When
¢ =d = —1 this system is the well-known Rayleigh-Duffing oscillator introduced by Rayleigh
in [15] (in that case, x represents the displacement, a is related with the stiffness and b with the
damping) and commonly studied from the dynamical point of view in the references [3,7, 8]. Note
that system (1.1) is invariant by the symmetry (x,y) — (—x, —y).

For a deterministic system, the existence of constants or integrals of motion are responsible for
the regular evolution of the phase-space trajectories of the system in well-defined regions of the
phase space. For a planar differential system the existence of integrals of motion (called below first
integrals) imply the regular evolution of the phase-space trajectories of the system in well-defined
regions of the phase space and so the system can be integrated, at least qualitatively, since it can
be determined theoretically its phase portrait, see [1]. However, for a differential system it is a
difficult problem to determine the existence of integrals of motion (or first integrals). We recall that
a function H(x,y) is a first integral of a planar differential if it is a C! function defined on a full
Lebesgue measure subset U C R? which is constant along each orbit in U of that system but it is
not locally constant on any positive Lebesgue measure subset of U.
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When the differential system is polynomial, we can use the Darboux theory of integrability
because it provides conditions (that are sufficient) to obtain integrability inside the family of Liou-
villian functions (i.e., functions obtained from complex rational functions by a finite process of
integrations, exponentiations and algebraic operations). This will be our main tool in the paper. The
Darboux theory of integrability can be applied to real or complex polynomial differential systems,
however the study of complex algebraic solutions is necessary for obtaining the real first integrals
of any real polynomial differential system. In section 2 we have included all the results related with
the Darboux theory of integrability that are needed in the paper.

The main result in the work is the following:
Theorem 1.1. The following holds for system (1.1) with ¢* +d* # 0:

(a) Ifd =0 and c # 0 it is Liouville integrable if and only if either b =0 or a = —2b* /9.
(b) Ifd # 0 and ¢ = 0 it is Liouville integrable if and only if a = 0.
(¢) If cd # 0 it is not Liouville integrable.

The proof of statements (a) and (b) of Theorem 1.1 is given in section 3 and the proof of Theo-
rem 1.1 (c) is given in section 4. In section 2 we have included all the auxiliary results that will be
needed to prove Theorem 1.1. The proof of statement (c) of Theorem 1.1 corrects statement (b) and
some gaps in the proof of Theorem 1 in [6].

2. Preliminary results

Consider a polynomial differential system of degree d € N
x = P(x), X = (x1,x) € R?, (2.1)

where P(x) = (Pi(x),Py(x)), P, € C[x|, d = max{deg P;,deg P} is the degree of system (2.1) and
the dot denotes derivative with respect to the independent variable 7.
Let 2" be the vector field associated with system (2.1), i.e.,

2" = P(mathbfx) = (Pi(x1,x2), P»(x1,%2)).

If H is a first integral, then

JH JoH
H) =P ~—+P2==0.
2 (H) 18x1+ 28x2 0
A Darboux polynomial of system (2.1) is a polynomial f € C[x] such that
af af
=P - 1P =K 2.2

where X = (x,x2), K € C[x| and has degree at most d — 1. The polynomial K is said to be the
cofactor. An invariant algebraic curve is a curve given by f = 0 such that f € C[x].

An exponential factor of system (2.1) is a function E = exp(g/f), with f, g € C[x] being
coprime, such that

JE JE
Z(E)=P— +P— =LE 2.3
(E) =P o +P o ) (2.3)

where L € C[x] and has degree at most d — 1. It is known that either f is constant, or f is a Darboux
polynomial of system (2.1) and 2"(g) = Kg + Lf, where K is the cofactor of f.
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An inverse integrating factor of system (2.1) is a function V such that

9V 9V [(IP 9P

When V € C[x;,xy], it is a Darboux polynomial whose cofactor is the divergence of the system.

We use the following result in [5] for finding Liouville first integrals.

Theorem 2.1. If system (2.1) of degree d has p Darboux polynomials f; with cofactors K;, i =
1,...,p, and q exponential factors E; = exp(gj/h;) with L;, j=1,...,q, then there exist oy, 3; € C
not all zero such that

i=1

)4 q
ZaiKi+ Z Bij = le(%)
=1

if and only if the function
1‘11 ...fl‘fﬂElﬁl ...qu’ (2.4)

(called Darboux function) is an inverse integrating factor of 2 . Here div (2") stands for the diver-
gence of the system.

To prove the results related with the Liouville integrability we will use the following result that
it is proved in [14].

Theorem 2.2. System (2.1) has a Liouville first integral if and only if it has an integrating factor
which is a Darboux function (see (2.4)).

Note that the previous theorem states that with the Darboux method one can find all Liouville
first integrals.

Let J be the Jacobian matrix of 2". The following proposition was proved in [12, 13] we state it
as we will use it. We recall that a polynomial first integral is a first integral that is a polynomial.

Theorem 2.3. Assume that the eigenvalues of the Jacobian matrix of 2~ at some singularity (X1,%;)

satisfy ki Ay +kaAdy # 0 for ky, ky € Z" and ky +ky > 1. Then 2~ has no polynomial first integral.
The following theorem is due to Li et al. in [9, 10].

Theorem 2.4. Assume that the eigenvalues of the Jacobian matrix of Z at some singularity (X1,%>)

satisfy Ay =0 and Ay # 0. Then £ can have a polynomial first integral if and only if (X1,%,) is non-
isolated.

The singularities appearing in Theorems 2.3 and 2.4 can be real or complex, but system (2.1) is
always real.

Let 7: C?[x1,x2] — C?[x1,x2] be the automorphism defined by
T(x1,x%2) = (—x1,—x2) (2.5)
and for a polynomial p(x1,x2) let T.(p) = p(t(x1,x2)).

Proposition 2.1. If g is an irreducible Darboux polynomial of degree d of system (2.1) with cofactor
K(x1,x2), then f = g-.(g) is also a Darboux polynomial invariant by T with a cofactor of the form
K+ 17.(K) = K(x1,x2) + K(—x1,—x2).
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Proof. The proposition follows easily if we show that 7, (g) is a Darboux polynomial with cofactor
7,(K). To do it, note that applying 7, to (2.2) we get

T.(2(g)) = t(Kg). (2.6)
Moreover, using that 7~! = 7 we obtain
T(2(8)) = 2 (g0t ") = Z(go1) = 2 (1.(g))- 2.7)
On the other hand,
T.(Kg) = (Kg)ot ' = (Kg)oT=(Ko7)(g0o7) = T.(K)T(g)- (2.8)

Using (2.6), (2.7) and (2.8) we conclude that

2 (1.(8)) = 7 (K) T (g)
as we wanted to prove. O

The following result was proved in [2] (see Theorems 13 and 14). We recall that two real num-
bers @y, @, are said to be rationally independent if none of them can be written as a linear combi-
nation of the other with rational coefficients, or in other words, if the only integers &y, k> such that
kioy+koan =0is k) =k, =0.

Proposition 2.2. Let (X1,%2) be a singularity of system (2.1) and A1, Ay be the eigenvalues of the
Jacobian matrix at (%1,%;). Assume that f(x1,x2) = 0 is an irreducible invariant algebraic curve
with cofactor K (x1,x2). If f(%1,%2) # O then K(%;,%;) = 0. Moreover if f(%1,%2) =0, A, # 0 and
either Ay and A, are rationally independent, or i Ay < 0, then K(%1,%2) € {A1,A2,A41 + A2 }.

A polynomial f(xj,x;) is said to be a weight homogeneous polynomial if there exist s =
(s1,52) € N?> and m € N such that for all & € R~ {0},

floixy, o%x) = o™ f(x1,x2),

where R denotes the set of real numbers, and N the set of positive integers. We shall refer to s =
(s1,52) as the weight of f, m as the weight degree, and x = (x1,x2) — (0¢*'x;, @*2x2) as the weight
change of variables.

3. Proof of statements (a) and (b) of Theorem 1.1

Statement (a) of Theorem 1.1 is a consequence of Theorem 1.7 in [4]. In [4] are used the Puiseux
series (see [4] for its definition) to find the Liouville integrability. In fact we have checked her results
using the methods described in the present work and we have found the same results for the case
d =0 and ¢ # 0. Moreover the case d = b = 0 with ¢ # 0 corresponds to the Hamiltonian system
X =1y, y = ax+ cx’ which has the polynomial first integral H = —2ax?> — cx* +2y? and the case
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d =0, a = —2b*/9 with ¢ # 0 is Liouville integrable because it has the inverse integrating factor
V = (2b%%% — 9ex* — 12bxy + 18y?)3/4.
Now we prove Theorem 1.1 (b). First note that if a = 0 then system (1.1) becomes
X=y, y':—by—dy3.

This system has the inverse integrating factor V = by + dy> and in view of Theorems 2.1 and 2.2 it
is Liouvillian integrable.

Now we consider a # 0. Statement (b) of Theorem 1.1 will now be an immediate consequence
of the following proposition.

Proposition 3.1. System (1.1) with ¢ = 0 and a # 0 is not Liouvillian integrable.
Proof. Let ¢ =0 and a # 0. We recall that since ¢ = 0 then d # 0. With the change of variables

(a/d)'*, a>0,

dB (—a/d®)'* a<0

1 2
xX— —x1, y—By;,, s—Bdt, B=
we get
=y, Yy =Ex+by 4y, 3.1

where b = b/B and the prime denotes derivative in s. Let T be the automorphism defined by (2.5)
and g be a Darboux polynomial with cofactor K = agp + ajox1 + ao1y1 + azox% +ayxiyr + aozy%
with a;; € C for i, j € {0,1,2}. In view of Proposition 2.1 we have that f = g- 7(g) is a Dar-
boux polynomial invariant by 7 and with cofactor K = 2ag + 2a20x% +2a11x1y1 + ZaOZy%. Note that

fx,y1) = f(—=x1,—y1)-

To prove Proposition 3.1 we state and prove the following auxiliary lemma.
Lemma 3.1. System (3.1) has no Darboux polynomials.
Proof of Lemma 9. First, we introduce the weight-change of variables of the form
2

xlz(x—3X, ylzoc_lY, s=0o°r.

This type of weight-change of variables to find invariant Darboux polynomial were first introduced
in [11]. In this form, system (3.1) becomes

X' =a'Y, Y =+X+ba’Y+Y>, (3.2)
where now the prime denotes derivative in the new time . Now we set
FX,Y)=a'f(a™*X,a7'Y)
and
K =2a0 +2ax00 *X* +2ay 00 XY + 2apg 0 *Y?
where ¢ is the highest weight degree in the weight homogeneous components of f in X, ¥ with

weight (3,1).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
173



J. Giné and C. Valls / Liouwvillian integrability of a general Rayleigh-Duffing oscillator

We note that F' = 0 is an invariant algebraic curve of system (3.2) with cofactor K. Indeed

dF f+2df {42
—=a'"E =
dr ds

= (ZGOZYZ +2a110671XY +261200672X2 + 2062a00)F = KF.

(2a00 + 2a200*X? +2a1, > XY 4+ 2ap02Y?) f

If F =Y F; where F; is a weight homogeneous polynomial in X, Y with weight degree ¢ — i for
i=0,...,nand ¢ > n, we get

f:F|a:1-

From the definition of invariant algebraic curve we have
" OJF el
4 i ! 1
a’Yy (04
L3

+X4+a?y+Y)Y ol =L
X+( + +) Y e
n
= (2a02Y* +2a1107' XY 4+ 2a300 > X* + 20%ago) Y @'F;.

=0 (3.3)
i=0

Equating the terms with o2 in (3.3) we get ao = 0 and the terms with o ! we get aj; = 0.
Moreover, equating the terms with a in (3.3) we obtain

K
+ X 47Y3) = = 2a0,Y?F.
( + ) oY apt "o
Since Fy # 0 (otherwise f would be constant) we must have
3l
Fo=BoX" (X +Y%), apn= >

where By # 0 (otherwise f would be constant which is not possible). Note that £ = 3n.

Equating now the terms in (3.3) with ! we obtain

(iX+Y3)aaI;1 =3IY’F.

Solving it, we get
Fi=FR(X)(£X+Y?),
where F is a function in X. Since F; must be a polynomial of degree / — 1 = 3n— 1 and X has

weight-degree 3, we must have Fi=0andso F; =0.
Equating now the terms in (3.3) with o> we get

oF,  _OF
(£X+77) 52+ 0V 52 =31V + 2a00 .

Introducing Fy we conclude that

. bl
F=EBX) (X +Y) 4+ BoXx" (X + V)| ———
2 2( )( + ) +B0 ( + ) :tX+Y3
(2apo — bl) x'B3roy
— ——————~arctan (7)
V/3X2/3 V3X1/3

261()0 —bl <X1/3 + Y)2
3x2/3 Og(Xz/stX1/3Y+y2) :
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Since F> must be a polynomial with degree £ —2 = 3n—2 and X has weight-degree 3, we must have
F> =0 and ag = bl /2 (because By # 0). Hence,

froen = bBoX" y(£X +Y3) L.

Computing the terms in (3.3) with a® we get

(iX+Y3)aaI;3 = 31Y?F;.

Solving this linear differential equation using that F3 has degree £ —3 = 3n— 3 we get
Fy = BaX" 1 (x4 Y3
Computing the terms in (3.3) with a* we obtain

J0F, oF oK bl
XY e DY ==+ Y —— =3IV’ + —PF>.
(EXHY) Gy +0Y Gy +Y ox =3 R+ h

Using F, and Fp and solving this linear differential equation we obtain
Fy = Ey(X)(£X +73)

Bon i s (54D (—14+D)IXY?  61(146b%1)Y?
Zxr X +Y _
+ 18 ( T ) (:|:X_|_Y3)2 :|:X+Y3

272 _ 2/3 1/3
n 2v/3(6b%1% 4+ 3n—1(2 +3bX?*/3)) arctan (X $2Y>
x1/3 \@X1/3

6b212+3n71(2+3bX2/3)1 (X3 £ y)?
+ Xx1/3 <X2/3 :FX1/3Y+Y2) ’

Since F; must be a polynomial of degree £ —4 = 3n — 4 we must have F;, = 0 and 6b%1> 4 3n —
1(243bX*3) = 0. Since b # 0 we get [ = n = 0 which is not possible. Hence, there are no Darboux
polynomials invariant by T and consequently there are no Darboux polynomials. O

Now we continue with the proof of Proposition 3.1. Since by Lemma 3.1 system (1.1) with
¢ =0 and a # 0 has no Darboux polynomials, the unique exponential factor of that system may
have is of the form E = exp(g) where g € C|x,y] and with cofactor L € C|x,y| of the form L =
boo 4 b1ox + bo1y + baox? + byyxy + boyy? with bij € Cfor i, j € {0,1,2}. Hence, in view of (2.3)
we have

98

38 3
2°F by +dy’)=2E = LE
Y5 + (ax+by + y)ay ,

and after simplifying by E = exp(g), we conclude that the polynomial g must satisfy

dg
+ (ax+by+dy*) =2 = L.
( )5

9
yé’x

The divergence of system (1.1) with ¢ = 0 and a # 0 is b+ 3dy” and in view of Theorem 2.1 we
must have L = b+ 3dy?. So, g must satisfy

dg

98 98
yax

= L=b+3dy’. (3.4)
dy

+ (ax+ by +dy?)
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Evaluating it on x =y = 0 we get b = 0. Now we expand g as a polynomial in its homogeneous
parts as

£(x,) = i)gj<x,y>,

where g; are homogeneous polynomials in (x,y), n > 1 and g, # 0. The homogeneous part g, for
n > 3 satisfies

d
dy’ 8n _ 0 and so gn = B, x",
dy
where B,, € C. The homogeneous part g,,_; must satisfy
dgn_
dy’ Bn-1 _ 0 andso g, =B, X" !,
dy
where B, € C. Furthermore, the homogeneous part g,_, must satisfy
dgn_
dy’ n=2 _ Bnx" "y
dy
and so
B
Sn2 :Bn72ﬂ72 . din nfl’
y

which yields B, = 0. Hence g, = 0. This means that g € Clx,y] has degree at most two. We write it
as

g(x,) = Ago + A1ox + o1y + Aaox” + Ar1xy + o2y,

where A;; € C for i, j € {0,1,2}. Solving (3.4) with such g we get a contradiction. So, in view of
Theorems 2.1 and 2.2 it is not Liouvillian integrable. This completes the proof of Proposition 3.1.

O
4. Proof of Theorem 1.1 (¢)
First note that if dc # 0 by the change of coordinates and reparametrization of time of the form
1 c'/e c?/6 ¢, >0,
x— 7C‘/6d‘/3X’ y— —de, T— 7d‘/3t’ C= e ¢<0 ,
we can write system (1.1) as
X=Y, Y=aX+bY+38X3+Y3 &Sc{-1:1}, 4.1

where @ = ad*?/c?/* and b = bd'/?/c'/3. For convenience in the notation of the paper we will
rename system (4.1) as

x=y, y=ax+by+8>+y}, Se{-1;1} 4.2)
The proof of statement (c) of Theorem 1.1 will be a consequence of different results that we will

state and prove below.
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Lemma 4.1. The unique irreducible Darboux polynomials of system (4.2) of degrees one or two
are:

() f(x,y) = 8x+y with cofactor K(x,y) = by + x> — 8xy+y* if a = 8by and b = by — & with
by € R;
(i) f(x,y) = 1+ 8x*+xy with cofactor K(x,y) = x> — 8xy+y* ifa=1 and b = —38;
(i) f(x,y) = —8x* +xy — 8y? with cofactor K(x,y) = 8 — x>+ xy+2y* ifa= —1 and b = §.

Proof of Lemma 4.1. It follows by direct computations. O

Proposition 4.1. The unique irreducible Darboux polynomials of system (4.2) with degree n > 1
are the ones given in the statement of Lemma 4.1.

Proof. Let T be the automorphism defined by (2.5) and g be a Darboux polynomial with cofac-
tor K = ago + aiox + do1y + az0x* + arxy + appy® with a;; € C for i, j € {0,1,2}. In view of
Proposition 2.1 we have that f = g- 7(g) is a Darboux polynomial invariant by 7 with cofactor
K = 2ag0 + 2a20x? + 2ay1xy + 2agxy*. Note that f(x,y) = f(—x,—y) and so f has no odd degree
terms.

First we want to study the Darboux polynomials of system (4.2) invariant by 7 and after that we
will obtain all the Darboux polynomials. Note that if for some values of the parameters there are no
Darboux polynomials invariant by 7 then by Proposition 2.1 there are also no Darboux polynomials
which may not be invariant by 7. Furthermore, if for some values of the parameters there is a unique
irreducible Darboux polynomial invariant by 7 then there are no irreducible Darboux polynomials
not invariant by 7 since otherwise in view of Proposition 2.1 the Darboux polynomial not invariant
by 7 would be a factor of the Darboux polynomial invariant by 7. But this is not possible since the
latter is irreducible. We will see below that the unique irreducible Darboux polynomials invariant
by 7 are the ones given in the statement of Lemma 4.1.

By the definition of Darboux polynomial invariant by T we have that f and K satisfy

d d
y&%: + (ax + by + &x° +y3)8]; = (ago + axx* +ayxy + agpy?) f. 4.3)

First we expand f as a polynomial in the variable y as
m .
=Y iy
j=0

m—+2

Computing the terms with y"7= in (4.3) we get

mfm(x) = aozfm(x) thatis fi(x)(aoz —m) =0,
which yields agy = m, that is, ag; is an integer which is the greatest power of f in the variable y.
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Now we expand f as a polynomial in its homogeneous parts as
fxy) =Y filxy),
j=0

where f; are homogeneous polynomials in (x,y), n > 1 and f, # 0. It follows from (4.3) that the
homogeneous part f, satisfies

A fr
(6)63 —|—y3) 8]; = (a20x2 +apxy+ aogyz)fn. 4.4)

We will work with § = 1. The case 8 = —1 can be done in a similar manner.

Solving (4.4) with § = 1 we get

V3x iy )y et

=G, 4y)lan—an—an)/3 (2 _ 4 2y~ (a0—aii—2a0)/6
fo = Gal0)(x+) (0 —xy+5?) (i

)

where G, is any function in the variable x. Note that since f;, must be a polynomial and ap, is an
integer, we must have ayg +a;; =0, i.e., a;; = —apg but then we get

for = G0 (- y) Pt a3 (32 —y -y ln =03,

Again, since f; is a homogeneous polynomial of degree n we have axo =1 — Il and agy =2l +1;
for some [, [, € N (here N denotes the set of nonnegative integers) and

Jn= Anxn_ll_% (x‘i')’)ll (x2 _XY+y2)lza
for some constant A, # 0. Without loss of generality we can take A, = 1. Since f,(x,y) =

T(fu(x,y)) = fu(—x,—y) we must have n even.

The homogeneous part f,—; must have degree n — 1 which is odd and so f,—; = 0 (because f
must be invariant by 7, see the observation at the beginning of the proof of Proposition 4.1). The
homogeneous part f,_» must have degree n — 2 and satisfies

2/,

(X +y) 8";2 + Ry = (axox® + ayxy + agy?) fr2,
where
A fn 9 fa
h,_» = — 2by)——— — .
2=y (ax+2by) Iy aoo fr

Solving it we get

foca = (x4 y) (P —xy+y?)B! {Gn—z(X) (x+y)(x* —xy+)?)

2y —x
Vi)

el =252 2 21 Xty
52X (x+y)(x" —xy+y~)log (xz—xy+y2 ,

—raa(y) = s 22k y) (02— xy -+ 9 arctan
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where G, is any function in the variable x, r,_»(x,y) is a polynomial in the variables x, y of degree
n—I11—2L+1and

s1=3ap0+ (1+a—4b)l, +(5—a—2b)l, —3n,
S2:a00+<a— 1)11 —(1+a+2b)lz+n.

Since f,,—, must be a homogeneous polynomial of degree n —2 and A,, # 0 we must have G, (x) =
Ap_ox" 117272 for some constant A,_» and s; = s, = 0. Instead of solving 51 = s, = 0 we only save
the values of 51, s, and we will solve it later and consider the solution

foz=—(x+y) 1@ —xy+y?)k! (rn_z(x,y) + Ay () (o — xy +y2)> :

The homogeneous part f,,_3 must have degree n — 3 which is odd and so f,,—3 = 0 (because f must

be invariant by 7 and f,,—; = 0). The homogeneous part f,,_4 must have degree n — 4 and satisfies
0 fna
(o +y?) 8ny + by = (a20%” + a11xy + a02y”) fu—s,
where
8][1172 afn*2

/— - 2b — 2.
4=y (ax+2by) Iy aoo fn—2

Solving it we get

foma = (x+y)" 2 —xy+y*)2 2 [Gn4(X) (x+3)* (= xy+)%)?

2y —x
Vi)

=2l — +y
B 2,2 2216 X
54 (x+¥)7(x" —xy+y7)~log pe e B L

— pa(x,y) — 5317224 (x4 )2 (6 — xy 4+ %) arctan (

where G,_4 is any function in the variable x, r,_4(x,y) is a polynomial in the variables x, y of
degree n — Iy — 2l +2 and s3, s4 are very big and we do not write them here. Since f,,_4 must be a
homogeneous polynomial of degree n —4 we must have s3 = s4 = 0 and then we write it as

foca=—(x+y)1 2% —xy+y?)2 2 (r“(x,y) FApaxX R ()2 (o7 —xy+y2)2> :

for some constant A,_4. The homogeneous part f,,_s must have degree n — 5 which is odd and so
fa—s = 0 (because f must be invariant by 7 and f,,_3 = 0). The homogeneous part f,_¢ must have
degree n — 6 and satisfies

of,
(o +y%) J;ny S 4 hyg= (a20* +anixy + aoy?) fu—s»
where
afn74 afnf4
h, ¢ = — 2b — 4.
n—6=Y—5_ (ax+2by) Iy aoo fn—4
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Solving it we get

foee = (x+ )13 (2 —xy 223 [Gn6(x)(x—|— Y32 —xy+y?)

2 _
— e, y) — 5520y (2 —xyy?) arctan (2
\/§x

o n—1,-2—6 3,2 2316 x+y

56X (x+y)° (x* —xy+y7) g(xz—xy+y2 ,

where G,_¢ is any function in the variable x, r,_¢(x,y) is a polynomial in the variables x,y of
degree n — [y — 2l + 3 and s5, s¢ are very big and we do not write them here. Since f,,_¢ must be a
homogeneous polynomial of degree n — 6 we must have 55 = s = 0. Now we solve the system

SI=8=853=854=255=256=0

with n > 1 (an integer) and 112 + l% = 0 (the case [} = I, = 0 yields n = 0 which is not possible) yield
the solutions:

(i) a= —l,bz 1,11 :0,11:2[2 anda()():lz;

(i) a=5/2,b=—9/2,1, =0, n=3l and ago = [, /2;
(i) a=1,b=-3,1, =0,n =2l and agy = 0;
(iV) b:a—l,lzzo,l’l:ll al’ldao():all.

Recall that we are only interested in solutions with a and b real. Note that the case in which the
cofactor is zero we have, in particular, that /; = I, = 0 and so it is not possible because this implies
n = 0. Now we study each of the cases (i)—(iv) separately in different lemmas.

Lemma 4.2. The unique irreducible Darboux polynomial satisfying (i) is the one given in
Lemma 4.1 (iii).

Proof of Lemma 4.2. The origin is always a singular point of system (4.2) whose Jacobian matrix
at that point has eigenvalues (b + /b2 +4a) /2. Under the assumptions a = —1, b = 1 the origin is
a focus and the eigenvalues of the Jacobian matrix at that point are (1 ++/3)/2. Note that they are
rationally independent. Moreover, the cofactor of the irreducible Darboux polynomial (if it exists)
is of the form

K=K(x,y) =L(1—x*+xy+2y°).
In particular, K(0,0) = I, # 0 because n = 2l # 0. So, by Proposition 2.2 we must have

hel, L+ V3l 1_\@}.
2 2
Taking into account that /, is an integer we conclude that /; = 1 and then n = 2. We thus conclude
that the unique Darboux polynomial invariant by 7 satisfying (i) must have degree two and so it must
be the one in Lemma 4.1 (iii). By the observation at the beginning of the proof of Proposition 4.1
we conclude that if there are irreducible Darboux polynomials that are not invariant by T must be
divisors of the Darboux polynomial —38x? + xy — 8y? but this is not possible because they would
have degree one and there are none for these values of the parameters. Hence, the only irreducible

Darboux polynomial must be invariant by 7 and so is the one given in Lemma 4.1 (iii). (]
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Lemma 4.3. There are no irreducible Darboux polynomials satisfying (ii).

Proof of Lemma 4.3. The origin is always a singular point of system (4.2) whose Jacobian matrix at
that point has eigenvalues (b4 /b2 +4a) /2. Under the assumptions a = 5/2, b = —9/2 the origin is
a saddle and the eigenvalues of the Jacobian matrix at that point are —5, 1 /2. Moreover, the cofactor
of the irreducible Darboux polynomial (if it exists) is of the form

1
K =K(x,y) :h(E —|—x2—xy+y2>.

In particular, K(0,0) = [; /2 # 0 because n = 3I; # 0. So, by Proposition 2.2 we must have

I 1 9

hefl 50

213 2
Taking into account that /; is a positive integer we conclude that /; = 1 and then n = 3. We thus
conclude that the unique irreducible Darboux polynomial satisfying (iii) must have degree three.
Computing it we see that it does not exist. Hence, there are no Darboux polynomials invariant by

7. By the observation at the beginning of the proof of Proposition 4.1 we conclude that in fact there
are no Darboux polynomials in this case. O

Lemma 4.4. The unique irreducible Darboux polynomial satisfying (iii) is the one given in
Lemma 4.1 (i1).

Proof of Lemma 4.4. We proceed by contradiction. If we denote by ¢ (x,y) the irreducible Darboux
polynomial of Lemma 4.1 (ii), that is, ¢ (x,y) = 1 —x? +xy and set ®(x, y) = ¢/1 then ® is a Darboux
polynomial of system (4.2) with cofactor K = I (x> — xy +y*). Moreover ® has degree n = 21; and
if we expand @ in its homogeneous terms we get

20 -2

D(x,y) =x"1(x+y)1+ Y ®;(x,y)
=0

where each ®; is a homogeneous polynomial of degree j (we recall that & cannot have odd degree
terms). Now define T = ®(x,y) — f(x,y) where f is the Darboux polynomial satisfying (iii) with
degree 2/;. Clearly T is a Darboux polynomial of system (4.2) with cofactor K = I; (x? — xy +y?).
If we expand T in its homogeneous terms we get that 75;, = 0 and

2012
T = Ti(x,y),
J=0

where again each 7 is a homogeneous polynomial of degree j. Using that T is a Darboux polyno-
mial we get that
To—2 = Ay ox" "> (x+y)', Ay, €C.

Note that the terms 75;, _4 satisfy

0T, _ 0T, _ 0T, _ 0Ty _
24 -2, o0 2—3y 20,-2

=L (x*— Ty, 4.
o o R Iy 1(x" =xy+y")Tay, -4

(X +y)
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Solving it we get

Toty—4 = Aggy—ax®™ 73 (x4 )1 — Agyyox" 4 (x+ )" [11

+\%(x+y)arctan(2\yf;xx> (x+y)10g< (iyyj;y ﬂ

Since T5;,—4 must be a polynomial we get Ay, —» = 0 and so T5;, —» = 0. Now proceeding inductively
we get Ty, _2j = 0 for j =0,...,I; which yields T = 0. In short, f(x,y) = ®(x,y) = ¢". Note that
¢ is irreducible. Hence, since f is also irreducible we must have /; = 1 and then n = 2. We thus
conclude that the unique irreducible Darboux polynomial invariant by 7 satisfying (iii) must have
degree two and so it must be the one in Lemma 4.1 (i). By the observation at the beginning of
the proof of Proposition 4.1 we conclude that the only irreducible Darboux polynomial must be
invariant by 7 and so is the one given in Lemma 4.1 (ii). U

Lemma 4.5. The unique irreducible Darboux polynomial satisfying (iv) is the one given in
Lemma 4.1 (i).

Proof of Lemma 4.5. The proof is similar to the proof of Lemma 4.4. We also proceed by contra-
diction. Let ®(x,y) = (x+y)". Note that ® is a Darboux polynomial of system (4.2) with cofac-
tor K = [y (by +x* —xy+y?). Now let T = ®(x,y) — f(x,y) where f is the Darboux polynomial
satisfying (iv) with degree /. Clearly, T is a Darboux polynomial of system (4.2) with cofactor
K =1y (bo+ x> —xy+y?*). If we expand T in its homogeneous terms we get T;, = 0 and

-1

T=) Tjxy),
j=0

where again each T; is a homogeneous polynomial of degree j. Using that T is a Darboux polyno-
mial we get

T-1=A(x+y)"1, A, €C.
Note that the terms 7, 5 satisfy
T2 =Ap2(x+y)"7% A, ,€C.

Moreover, the terms 77, _3 satisfy

ot} aT), aT), aTy,
3 3 L-3 L3 L—1 L—1 2 2
b by+1 —boli T}, 1 =1 T,

(" +y7) 5y TV or T, +(bo+ 1)y oy Lol 1(° +xy+y7)T), -3
Solving it and using that 7;, _3 is a polynomial we get A;,_; = 0 and so 7;,—; = 0. Proceeding
inductively we obtain 7 = 0 and so f(x,y) = (x4 y)"l. Since f must be irreducible we get /; = 1
and n = 1 so it must be the one of Lemma 4.1 (i). O

Proceeding in a similar manner for the case § = —1 we also obtain that the unique irreducible
Darboux polynomials are the ones of degree one and two given in Lemma 4.1. U

Proposition 4.2. System (4.2) is not Liouvillian integrable.

Proof. We separate the proof of Proposition 4.2 into different lemmas.
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Lemma 4.6. System (4.2) under the assumptions of Lemma 4.1 (1) is not Liouvillian integrable.

Proof of Lemma 4.6. The unique exponential factor that system (4.2) may have is of the form
E = exp(g/(y+ 6x)") where g € C[x,y], n > 0 and g is coprime with y 4+ 6x whenever n > 0.
Moreover, the cofactor L € Clx,y] is of the form L = bgg + b1ox + bo1y + baox> + b11xy + bay?
where b;; € Cfor i, j € {0, 1, 2}. Hence, in view of(2.3) we have

98 98

yaE + (8box+ (bg — 8)y + 8x° +y3)a—yE —n(bg+x* — Sxy+y*)gE = L(y + 6x)"E,

and after simplifying by E = exp(g/(y+ 6x)"), we conclude that g must satisfy

98 _
dy "

Jg

oo (bo+x* — Sxy+y*)g = L(y+ 6x)".

+ (8box+ (by — 8)y + 6x° +y°)
Assume that n > 0 and so g is coprime with y+ dx. If we denote by g the restriction of g to y = —dx
then g = 0 and satisfies

d
—5xd—i —n(bo+3x%)g =0,

because 6% = 1. Solving the above linear differential equation we get

—3nx2 _
= e 3nx /2x nbo/S7

gx)=o ocC.

Since ¢ must be a polynomial and n > 0, we get & = 0 and so § = 0 which is not possible. So, n =0
and g satisfies

dg dg

=2 4 (8box + (bg — 8)y+ x> +y*) 5> = L.

yax+( 0x+ (bo—98)y+ x+y)ay

Note that the divergence of system (4.2) is by — & + 3y* and in view of Theorem 2.1 we must have
L= —by+ 8 —3y> — A(bg +x* — 8xy+y?) for some A € C. Hence, g must satisfy
dg

+(3b0x+(b0—5)y+5x3+y3)a—y =—(=bo+8—3y"—A(bg+x>—8xy+)?)). (4.5)

98
y8x

Evaluating (4.5) on x =y = 0 we get = bp(1 + A). Now we expand g as a polynomial in its
homogeneous parts as

g(x,y) = iogj(x,y),

where g; are homogeneous polynomials in (x,y), m > 1 and g,, # 0. The homogeneous part g,, for
m > 3 satisfies

)
(5x3+y3)aiym:0 andso g, = Bx",

where B, € C. The homogeneous part g, must satisfy

dgm—
(5x3+)’3)%:0 and so gm*IZBmflxm_l-
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Furthermore, the homogeneous part g,,—, must satisty

ogm—
(83 +y%) Em=2 _ —Bymx™ "y

and so

_ me2 o MO o 2y — &x 8x% — Sxy +y?
gm—2 =By 2x B, 6 x" [Z\fSarctan ( 3o ) +log <(x—|—y)2 ,

which yields B,, = 0. Hence g, = 0. This means that g € C[x,y| and has degree at most two. We
write it as

g(x,) = Ago + A1ox + o1y + Aaox” + Ar1xy + o2y,

with A; ; € Cfor i, j € {0, 1, 2}. Solving equation (4.5) with g as above we get a contradiction. So,
in view of Theorem 2.1 and 2.2 it is not Liouvillian integrable. (]

Lemma 4.7. System (4.2) under the assumptions of Lemma 4.1 (ii) is not Liouvillian integrable.

Proof of Lemma 4.7. The unique exponential factor that system (4.2) may have is of the form
E = exp(g/(1+ 8x* +xy)") where g € C[x,y], n > 0 and g is coprime with 1+ 8x> + xy whenever
n > 0. Moreover, the cofactor L € C|x, ] is of the form L = bgy + b1ox -+ bo1y + baox> +b11xy + bgoy?
where b;; € C for i, j € {0, 1, 2}. Hence, in view of (2.3) we have

%8

3 E —n(x* — Sxy+y?)gE = L(1+ 8x* +xy)"E,
y

d
ya—iE + (x—38y+ x> +y°)

and after simplifying by E = exp(g/(1+ 8x> +xy)"), we conclude that g must satisfy

+ (x =38y +&x° —i—y3)3§ —n(x* — 8xy+y?)g = L(1 + 8x* +xy)".

98
y&x

Note that the divergence of system (4.2) is —38 4 3y* and in view of Theorem 2.1 we must have
L =38 —3y? — A(x> — 8xy+y?) for some A € C, and so

dg 2 2
EN n(x*—oxy+y°)g “6)

= (36 —3y* A (x* — Sxy +y%)) (1 + 8x% +xy)".

d
yafi + (x—38y+6x> +y°)

Evaluating (4.6) on x = y = 0 we get 0 = 35 which is not possible. Therefore, in this case there is
no such an exponential factor. This concludes the proof. (]

Lemma 4.8. System (4.2) under the assumptions of Lemma 4.1 (iii) is not Liouvillian integrable.

Proof of Lemma 4.8. The unique exponential factor that system (4.2) may have is of the form
E =exp(g/(—8x* +xy — 8y*)") where g € C[x,y], n > 0 and g is coprime with —&x? + xy — §y?
whenever n > 0. Moreover, the cofactor L € Clx,y] is of the form L = boy + bjox + bo1y + boox® +
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by1xy + bpay* where b;; € C for i, j € {0,1,2}. Hence, in view of (2.3) we have

Jg

8gE+ (—x+ 8y + 6x° +y3)a—yE —n(8 — x>+ 8xy+2y*)gE = L(—8x> +xy — 6y*)"E,

Yox
and after simplifying by E = exp(g/(—8x> 4+ xy — §y*)"), we conclude that g must satisfy

dg

a—y—n(5—x2+5xy+y2)g:L(—5x2+xy—5y2)". 4.7

d
y(% + (—x+8y+ x> +y?)

Note that the divergence of system (4.2) is & + 3y? and by Theorem 2.1 we must have L = —& —
3y? — A(8 — x> 4 Sxy +y?) for some A € C. So, by (4.7) g must satisfy

dg 2 2
-2 _n(é6— )
2 n(d —x"+dxy+y’)g “8)

= —(8+3y* —A(8 —x* + Sxy +y%)) (=82 +xy — 5y*)".

d
y(% + (—x+ 8y + x> +y?)

Evaluating (4.8) on y = 0 and x = ++/8 we get 0 = (—1)"+183+1 which is not possible. Hence, in
this case there is no such an exponential factor. This concludes the proof. g

Lemma 4.9. System (4.2) under none of the assumptions of Lemma 4.1 is not Liouvillian integrable.

Proof of Lemma 4.9. Since system (4.2) has no Darboux polynomial, so the unique exponential
factor that system (4.2) may have is of the form E = exp(g) where g € C|x,y] and with cofactor L €
Clx,y] of the form L = boo + b1ox + b1y + baox> + b11xy + bpay*> where b;; € C for i, j € {0, 1, 2}.
Hence, in view of (2.3) we have

0 0
Y28 E + (ax+by+6x° +y) 28 E = LE,
dx dy

and after simplifying by E = exp(g), we conclude that g must satisfy

0
+ (ax+by+ 5x3—i—y3)a—§ =L 4.9)

9g
yax

Note that the divergence of system (4.2) is b+ 3y” and in view of Theorem 2.1 we must have
L= —b—3y?. So, in view of (4.9), g must satisfy

d d
ya—§+(ax+by+5x3+y3)8—i:L:fb—3y2. (4.10)

Evaluating it on x =y = 0 we get b = 0. Now we expand g as a polynomial in its homogeneous
parts as g(x,y) = Y7_( g;(x,y), where g; are homogeneous polynomials in (x,y), n > 1 and g, # 0.
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The homogeneous part g, for n > 3 satisfies

Ign
(5x3+y3)7i:0 andso g, = B,x",

where B,, € C. The homogeneous part g,,_; must satisfy

dgn-
(8x°+y%) g;ny1:0 andso g1 =By 12",

where B, € C. Furthermore, the homogeneous part g,_, must satisfy

(8x° —i—y3)aga”y_2 = —Bnx"ly

and so

PN N by || (6 =By
gn2 =B, ox B, G x" [2\/§arctan< 3o ) +log ( Gty ,

which yields B, = 0. Hence g, = 0. This means that g € C[x, y] has degree at most two. We write it
as

g(x,) = Ago + A1ox + o1y + Aaox” + Ar1xy + g2y,

with 4; j € C for i, j € {0, 1, 2}. Solving equation (4.10) with g as above we get a contradiction.

So, in view of Theorem 2.1 and 2.2 it is not Liouvillian integrable. O
Now, the proof of Proposition 4.2 follows directly from Lemmas 4.6-4.9. O
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