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The notion of solvable structure is generalized in order to exploit the presence of an s[(2,R) algebra of symme-
tries for a kth-order ordinary differential equation & with k > 3. In this setting, the knowledge of a generalized
solvable structure for & allows us to reduce & to a family of second-order linear ordinary differential equations
depending on k — 3 parameters. Examples of explicit integration of fourth and fifth order equations are provided
in order to illustrate the procedure.
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1. Introduction

It is well known that the existence of a k-dimensional solvable Lie symmetry algebra for a kth-order
ordinary differential equation (ODE) ensures the (local) integrability of the equation by quadratures.
However, it is not difficult to provide examples of equations lacking of Lie point symmetries but
such that their solutions can be computed by quadratures [4, 15,22,23,27]. This fact triggered, in
recent decades, a number of generalizations of the classical Lie reduction method such as hidden
symmetries [1, 2], nonlocal symmetries [3, 18], A-symmetries [20,21], pu-symmetries [12, 13], o-
symmetries [14, 19], and solvable structures [6-8,11, 16,26].

In this paper we focus on the concept of solvable structure, which provides a useful tool for
integrating by quadratures ODEs lacking of local symmetries or admitting a nonsolvable symme-
try algebra [23]. Although, under some regularity assumptions, the local existence of a solvable
structure for any given ODE is guaranteed, its explicit determination is, in general, a quite difficult
task. A noteworthy simplification may be obtained by looking for solvable structures which are
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adapted to some admitted symmetry algebra. For example, in [9, 10] solvable structures adapted
to local and nonlocal symmetry algebras are considered, while in [24] a solvable structure for any
third-order ODE admitting a nonsolvable symmetry algebra isomorphic to s[(2,R) is constructed
exploiting the symmetry generators. In this paper we address a generalization of the results of [24],
considering ODEs of arbitrary order k > 3 admitting a nonsolvable symmetry algebra isomorphic
to s[(2,IR). For this class of equations we introduce the notion of generalized solvable structure
and we prove that the knowledge of a generalized solvable structure allows the construction of a
complete set of first integrals for the equation, given in terms of two independent solutions to a
corresponding second-order linear ODE. As a consequence, the general solution to the equation can
be expressed in parametric form in terms of a fundamental set of solutions to a (k — 3)-parameter
family of second-order linear equations. It is important to remark that, despite the symmetry algebra
is nonsolvable, the first integrals can be computed by quadratures. Moreover, the generators of the
symmetry algebra s[(2,R) and the vector fields belonging to the generalized solvable structure do
not form a (standard) solvable structure.

The paper is organized as follows. We start Section 2 briefly recalling the main definitions and
facts about distributions of vector fields and their symmetries and the concept of solvable structure,
as well as its role in the integration by quadratures of ODEs. Afterwards we define generalized solv-
able structures for kth-order ODEs admitting an s[(2,R) symmetry algebra and we prove a result
which allows us to exploit the vector fields belonging to the generalized solvable structure for com-
puting by quadratures k — 3 functionally independent first integrals shared by the equation and the
symmetry generators of s[(2,R). In particular, it is proved that the restriction of the ODE to the
generic leaf defined by these first integrals provides a third-order equation which inherits s[(2,R)
as Lie symmetry algebra. Since the classical Lie reduction of order for this kind of equations ends
with a Riccati-type equation that does not permit to recover a closed form expression for the gen-
eral solution to the third-order ODE [5, 17]. We exploit the recent results on the first integrals and
general solutions to this class of equations [24,25], in order to complete the set of first integrals. In
particular we obtain the remaining three functionally independent first integrals in terms of the solu-
tions to a related second-order ODE. The complete set of k independent first integrals can be used to
provide the general solution to the original kth-order equation, expressed, in explicit or parametric
form, in terms of a fundamental set of solutions to a (k — 3)-parameter family of second-order linear
equations.

In Section 3 our results are applied to fourth and fifth order ODEs, whose symmetry algebra
is three-dimensional and isomorphic to s[(2,R). Since the symmetry algebra is nonsolvable and its
dimension is strictly lower than the order of the ODE, the integrability by quadratures cannot be
guaranteed by the classical Lie theory. For each one of the two examples of fourth-order equations,
the construction of a generalized solvable structure requires the determination of a single vector
field, and allows us to provide the general solutions to the ODEs (in explicit and parametric form,
respectively) in terms of the solutions to a one-parameter family of second-order linear equations.
For the fifth-order ODE presented in Section 3.3, the generalized solvable structure is formed by
two vector fields and the general solution to the equation is expressed in parametric form in terms
of the solutions to a two-parameter family of Schrodinger-type equations.
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2. Solvable Structures and Their Generalizations
2.1. Distributions of vector fields and their symmetries

Given a set of vector fields {A;,...,A,_x} defined on an n-dimensional manifold N, we denote
by o/ := (Ay,...,A,_k) the distribution generated by {A;,...,A,_}. Moreover, given a set of one-
forms {B,..., B}, we denote by (B, .., Bx) the corresponding Pfaffian system (i.e. the sub-module
over C*(N)) generated by {Bi,..., B}

The distribution .o/ is integrable (in Frobenius sense) if [A,B] € <7, forany A, B€ «7. If U is
an open domain of N where the vector fields {A,...,A,_;} are pointwise linearly independent, we
say that &7 is a distribution of maximal rank n — k (or of codimension k) on U. It is well known
that any integrable distribution <7 of maximal rank on U C N determines a (n — k)-dimensional
foliation of U. If this foliation is described through the vanishing of k functions of the form I, — ¢,
where I, € €=(U) and ¢, € R, we can chose (dI,...,dI;) as generators for the Pfaffian system
annihilating the distribution <. A submanifold S C N is an integral manifold for < if o7 |s C TS.
If in particular <7|g = T'S we say that S is a maximal integral manifold for <7.

Given a distribution <7, a vector field X is a symmetry of < if [X,A] € o7, for any A € &7.
Let & and £ be two distributions on N. We say that .7 and & are transversal at p € N if they do
not vanish at p and &7 (p) N %A (p) = {0}. Analogously, &/ and Z are transversal in U if they are
transversal at any point of U. An algebra ¢ of symmetries for a distribution .o is nontrivial it ¢
generates a distribution which is transversal to .7

2.2. Solvable structures for ODEs

It is well known that, given a (n — k)-dimensional integrable distribution %7 on an n-dimensional
manifold N, the knowledge of a solvable k-dimensional algebra ¢ of nontrivial symmetries for
o/ guarantees that a complete set of first integrals for .7 can be found by quadratures. Solvable
structures provide an extension of this classical result, significantly enlarging the class of vector
fields which can be used to integrate by quadratures a distribution of vector fields.

In this section we recall some basic definitions and facts on solvable structures. The interested
reader is referred to [6, 8, 16,26] for further details.

Definition 2.1. Let <7 be a (n — k)-dimensional distribution on an n-dimensional manifold N. A set
of vector fields {Y;,...,Y;} is a solvable structure for </ in an open domain U C N if, denoting by
oy = o and o), = of ®(Y},...,Y)) (h < k), the following conditions hold:

(1) The distribution (Y;,Y>,...,Y;) has maximal rank /4 and is transversal to . in U, for any h < k;
(2) o7, has maximal rank (n —k+h) in U,
) &y, A1 C )y, for1 <h <k

Theorem 2.1. Let of = (Ay,...,Ap—x) be an integrable (n — k)-dimensional distribution defined
on an orientable n-dimensional manifold N and let {Y},...,Y;} be a solvable structure for <f .
Denoting by Q a volume form on N and by o the k-form A2 ...2A,_1Q, the distribution </ can
be described as the annihilator of the Pfaffian system generated by

1 ~
(l)l':K(Yl_l..._lYi_l...JYkJa), (i=1,...,k) 2.0
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where the hat denotes omission of the corresponding vector field and A is the function on N defined
by

A=Y ... 2Y0a.
Moreover, the forms w; satisfy

doy =0,
dCO,' =0 mod{a)i+1,...,a)k}

forie{l,....k—1}. Therefore the integral manifolds of the distribution </ can be described in
implicit form as the level manifolds I} = c{, b = ¢y, ..., Iy = ci, ¢; € R, where

O = dly, O 1|gg—cy =dl—1, - s O f=cof 1 =cx 1, h=cr} = 11

Proof. 'The interested reader is referred to the original papers [6-8, 16, 26] for a proof of this
theorem. U

We remark that, if the distribution ./ admits an Abelian Lie algebra of symmetries generated
by the vector fields Y, ..., Y, then all the 1-forms @; are closed, i.e. the function 1/A provides an
integrating factor for all the 1-forms (Y;4...0Y;o...0Yaa), for 1 <i<k.

The main difference between a solvable structure and a solvable symmetry algebra for a completely
integrable distribution .¢7 is that the fields belonging to a solvable structure do not need to be sym-
metries of 7. This, of course, gives more freedom in the choice of the vector fields which can be
exploited to find integral manifolds of .« by quadratures.

Let (x,u*=D) = (x,u,u1,...,u;_) denote the coordinates of the jet space J*~! (R, R), for k > 2.
In order to apply Theorem 2.1 to the integration of ODEs, we recall that, with any kth-order ODE
in normal form

we = F(x,u®D), 2.2)
we can associate the vector field A defined on a suitable domain U C J*~!(R,R) and given by
A= +u1dy+--+F(x,uMNa, . (2.3)

Definition 2.2. If & is a kth-order ODE of the form (2.2) and A is the corresponding vector field
given by (2.3), the vector fields {¥1,Y>,...,Y;} defined on a domain U C J*~!(R,R) are a solvable
structure for & if they are a solvable structure for the one-dimensional distribution .27 = (A).

Corollary 2.1. The knowledge of a k-dimensional solvable structure for a kth-order ODE, allows
us to obtain the solution to the ODE by quadratures.

Proof. The distribution <7 is obviously integrable, being one-dimensional. Moreover the functions
I;, of Theorem 2.1 provide a complete set of first integrals for A. O

2.3. Generalized solvable structures for ODEs

In this section we generalize the notion of solvable structure for ODEs, in order to exploit the knowl-
edge of a symmetry algebra isomorphic to s[(2,R) for kth-order ODEs with k > 3. In particular we
give the following
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Definition 2.3. Let & be a kth-order ODE of the form (2.2) with k > 3 and let A be the correspond-
ing vector field defined by (2.3). If & admits a symmetry algebra isomorphic to s(2,R) with gener-
ators {X1,X2, X3}, we call generalized solvable structure for & a set of vector fields {Y1,...,Y_3}
which form a standard solvable structure for the integrable distribution &7 = (A, X}, X2, X3).

We remark that the k vector fields {X;,X,X3,Y),...,Y_3} do not form a solvable structure for
the distribution generated by A, due to the commutation relations between X;. Despite this fact we
have the following result.

Theorem 2.2. Let & be a kth-order ODE with k > 3 admitting a symmetry algebra isomorphic to
5[(2,IR) and let A be the corresponding vector field defined by (2.3). The knowledge of a generalized
solvable structure {Y1,...,Yy_3} for & allows us to construct k first integrals for the ODE (2.2) in
terms of two independent solutions to a linear second order ODE.

Proof.  Since {Y1,...,Y_3} provide a solvable structure for the integrable distribution &/ =
(A,X1,X5,X3), we can use Theorem 2.1 in order to find suitable functions {/},...,[t_3} such

.....

N = J*"1(R,R) has dimension (k+ 1), we have that the dimension of X is k + 1 — (k — 3) = 4.
Moreover, since the vector fields A, X, X5, X3 are tangent to X, equation (2.2) restricted to X turns
out to be a third-order ODE admitting s[(2,R) as symmetry algebra. Therefore, we can exploit the
results of [24,25] in order to obtain the remaining three first integrals. In particular, starting from the
restriction of equation (2.2) to the 4-dimensional submanifold X, we get I_», I;_; and I} in terms of

two dependent solutions to a second-order linear ODE and of the real constants ¢;, i = 1,...,k—3.
O

3. Examples
3.1. Example 1

Let us consider the fourth-order equation
ugnd —2(3upusuy — 3us — uul) =0 (3.1)

which corresponds, when u; # 0, to the vector field

2(3upuzuy — 3uj — uul
A =0+ 11 Oy + 20y, + 30y, + (Buausu ~ 2 1)au3.
1
The symmetry algebra of equation (3.1) is spanned by
vi=d, w=x9,  v;=xd, (3.2)

and hence it is three-dimensional and isomorphic to s[(2,RR). Since equation (3.1) lacks of further
symmetries, we can look for a generalized solvable structure. In particular we have to find a vector
field Y on a suitable domain U C J3(R,R) such that Y is a symmetry of the distribution &/ =
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(A, X1,X1,X3), where X; stands for the third-order prolongation of v;, fori =1, 2, 3, i.e.

X = V(3) = 8x,
X, = VS) = xzax — 2xu18u1 — (2u1 +4u2x)8u2 — (6”2 + 6l/t3x)au3, (3.3)

X3 = Vg3) == x&x — ulaul — 2u28u2 — 3u38,,3 .

It is worthwhile to remark that finding a symmetry for the distribution <7 = (A, X}, X;,X3) is
definitely simpler than finding a symmetry for the vector field A. For instance, it is easy to check
that the vector field

Y =ui0,,, (3.4)

provides a generalized solvable structure for ODE (3.1), due to the following commutation relations
[X1,Y] = [X2,Y] = [X3,Y] =0,

[A,Y] = (;M%)ﬂ) X+ <; u%) X5 — u%xX3.

Once we have got Y we can apply Theorem 2.2, by considering the volume form Q = dx Adu A
duj Nduy A dus and the differential 1-form o = A_LX; X5 1X3.1Q given by

(3.5)

o = 4unldu — (6usud — 12u5uy )duy — 6uturdus + 2uidus.
Since Y is a symmetry of &, the function 1/A, with
A=Y a=2us,
is an integrating factor of . Therefore, the one-form

1 3 —2u3 3 1
O=—0=2udu— (Mulis%)dul — #duz—l-idbq
A u) uj u;
is closed and so (locally) exact, i.e. @ = dI, where the function I = I(x, u(3)) is given (up to an

additive constant) by:

I=w?+—= -2, (3.6)

Function (3.6) provides a first integral for the integrable distribution (A,X;,X>,X3) and the restric-
tion of (3.1) to the submanifold / = ¢y, where c¢; € R, leads to the reduced equation

2ut 4 2uus — 3ud = 2ufey. (3.7)

Equation (3.7) inherits a symmetry algebra isomorphic to s[(2,R) and spanned by the restrictions
of the vector fields (3.2) to I = ¢;. Moreover (3.7) corresponds to the equation presented in [25],
Case 1 in Table 2, for the function C(u) = u®> — ¢;. By Proposition 4.1 in [25], a complete set of first
integrals for equation (3.7) can be expressed in terms of two independent solutions to the second-
order linear ODE (see Case 1, Table 6 in [25]):

W () + (0 — )W, () = 0. (3.8)
Let W.,.1(#) and ¥, .2(u) denote two linearly independent solutions to (3.8), such that the corre-

sponding Wronskian is equal to 1 (note that the Wronskian is constant by the Liouville’s formula).
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According to Table 7 (Case 1) in [25], three independent first integrals for equation (3.7) are given
by

w3 Wy (u) — 25, ., (u)

W 0(u) — Zu%‘P’C] o (u) ’

(2u1 +xuz) e, () — 207 W, . (u

(2uy +xup)¥e 2 (u) — 2xu%‘P’Cl;2(u

((2u1 +xu2)We, 2 (1) — 207 W, 5 (u))?
4u? '

L (x,u,ur,ux;c) =

Iz(x,u,ul,MQ;Cl) -

)
i 3.9)

I3(X,M,M1,M2;C1) -

3 2

If we put ¢ = u? + u% — z—ui in (3.9), the resulting functions Iy, I, I3 provide, together with (3.6),
up 2y

a complete set of first integrals for equation (3.1). Therefore, the general solution to (3.1) is given

by (see Section 5 in [25]):

c2We 1 (u)
c3We 1 (u)

c2(u)

2
ci 2(u) ’

-
x=c4(cr —c3) ~5 (3.10)
where c; e Rfori=1,2,3,4,c4 #0, c3 # c3.

We finally remark that the solutions to (3.8) can be expressed in terms of Whittaker functions:
if Mu,v(Z) and Wy, (z) denote the Whittaker functions of parameters y = ﬁc rand v = %, then two
linearly independent solutions to (3.8) are given by

1 .
ey (u) = 7M#-,V<”42) and W o(u) = —=

Vu Vi

Consequently, the general solution (3.10) can be expressed as follows:

Wy (in?).

caWy v (iu?) — My v (iv)
C3WM,V(i”2) —Mu,V(iuz) '

x=ca(c2—c3)

3.2. Example 2
Let us consider the fourth-order ODE

uy (x — u)ug — 2xupus — 6u%u1 +4u%u3 + 2upuzu — 12”% + 8uzu; =0 (3.11)

and let A denote the corresponding vector field of the form (2.3) on a suitable domain U C J*(R,R)
such that u; (x —u) # 0.

The Lie symmetry algebra of equation (3.11) is three-dimensional and isomorphic to s[(2,R).
The third-order prolongations of the corresponding Lie symmetry generators are given by

Xl = ax + al/t?
Xy = x*0y +u?d, — 2uy (x — u)dy, — (2uy + dxuy — 2u% —2uuy)0,,
—(6uy + 6xu3 — 6usu) — 2u3u) 0y,
X3 = x0x + ud, — uzdy, —2u30,,.
Co-published by Atlantis Press and Taylor & Francis

Copyright: the authors
194



P. Morando et al. / Generalized solvable structures for ODEs

A symmetry of the integrable distribution (A, X1, X>,X3) can be easily found searching, for instance,
a symmetry of the form 1 (x,u))d,. In particular, if we consider the vector field

2
_ uj
= < M3(x—u)+3u2(u1—|—1)>a”’ (3.12)

we have the following commutation relations

[X;,Y]=[X3,Y] =0,
(Xo,Y] = oA+ i X1 + o Xo + 3 X3, (3.13)
[A,Y] = poA+p1 X + P2 X2 4 p3 X3,

for suitable functions u;,p; (i = 0,1,2,3) whose expressions are omitted, not being involved in
the following discussion. Since the vector field (3.12) provides a generalized solvable structure for
equation (3.11), an integrating factor for the 1-form a = A, X; 21X, 1X3.1Q is given by 1/A, where

A=A X12X21X3.Y 2Q = 2uy (3u5 — 2u3u;)

and we assume that A # 0.
Therefore, the differential one-form w = %OC is closed and, locally, exact. A corresponding first
integral is given by

1
I = 25 (6uz(u—x) —u3(x = ) + 6upu (u —x) — 6uy —6uj) . (3.14)
uy

The restriction of equation (3.11) to a generic leaf I) = ¢y, ¢; € R, provides the following third-order
ODE:

—2(c1u% + Su% + 3uy — 3uuyuy + 3uyupx — Supu+ 3xup)
(x—u)?

. (3.15)

usz =

Equation (3.15) inherits the symmetry algebra s[(2,R) and corresponds to the third-order ODE
appearing in [25, Case 3 in Table 1], for the particular case of

1 where s 2u; +2u%+u2(x—u).

Cls)= g
v S v e

According to [25], a complete set of first integrals to (3.15) can be expressed in terms of a system
of solutions to the second-order linear equation

s , 4

W ()b Ty (5)=0. 3.1
o)+ 30—t O Garag, —aay T (9 =0 (3.16)
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In particular, if W,,.1 = W¢,.1(5), Pe, 2 = e, 2(s) denote two linearly independent solutions to (3.16)

and W =W (¥.,.1,¥¢,2)(s) denotes the corresponding Wronskian, a complete system of first inte-

grals for equation (3.15) is given by (see [25, Case 3 in Table 8]):

2\/ur%¥e,:1(s) + (35> +4c) —24)W. ., (s)
)+ (352 +4c —24)Y, ,(s)’

IZ(xuu)ul)MZ;cl) -

2yur¥e (s
i ) = 2x/urWe,.1 (s) + u(3s* +4cy — 24)W. ., (s)
S ) = i, 2(s) + u(352 + 41 —24) 7 ,(s)’ (.17)

2
<2x, Jur®e, 2 () + 3u(3s? +dey — 24)‘1’21;2@))
6/u1(u—x)(3s> +4c; —24)W

14(X,I/£,M1,M2;C1) =

By setting J; = J,~(x,u<3)) = Li(x,u,uy,up; 1), for i = 2,3,4, we finally obtain that {I;,J5,J3,J4} is
a complete set of first integrals for the fourth-order equation (3.11). Hence, the general solution to
(3.15), and therefore to the original equation (3.11), is implicitly defined by

L(x,u,uy,up;cy) = ca,
L(x,u,uy,u2;c1) = c3, (3.18)

14(X,M,M1,M2;C1) = C4,
where ¢c; e Rfori=1,2,3,4.

In order to obtain a parametric expression for the implicit solution (3.18), we consider a new
parameter ¢ such that s = s(¢) is determined as follows (see [25], Section 5 for further details):

s'(1) = = 3s(t)* +4c; — 24 (3.19)

Three possible cases arise:

o If ¢y > 6 then (3.19) yields
s(t) =v2c—12tan(2t/2c; — 12),

and the second-order equation (3.16) is transformed by means of the change ¢, (1) = ¥, (s(7))
into

7 (1) +/2c — 12tan(21+/2c1 — 12)9/. (1) + 49, (1) = 0. (3.20)
e If ¢y < 6then (3.19) yields
s(t) = —/12 = 2¢; tanh(261/12 — 2¢1),
and through the transformation @, (1) = ¥, (s(¢)) the second-order equation (3.16) becomes

0! (1) — /12— 2ctanh(20v/12 = 2¢) 9/, (t) +49., (1) = 0. 3.21)
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e If ¢c; = 6 then a solution to (3.19) is locally given by

s(t) = —%

and by means of the transformation @, (1) = ¥, (s(¢)), equation (3.16) is mapped into

00, 6) — 5,04, (1) +464, (1) = 0. (3.22)

For each one of the three cases considered above, let ¢r.., (1) = W .1(s(7)) and ¢o, (1) =
Y., 2(s(t)) denote two linearly independent solutions to the second-order linear equations (3.20),
(3.21), and (3.22), respectively. In terms of these functions, the general solution to equation (3.11)
can be expressed in parametric as follows [25]:

€30}, (1) = 91, (1)
x(t) = ca(cr —¢3) Cz(Pﬁ;cl Et; - ¢1’;c1 Et; ’ (3.23)
3020, (1) — Prye, (¢
=2 (0= b1 )
3.3. Example 3
In this section we consider the fifth-order ODE
uuzus + uyuzug + 2M2Lt% — uui —|—4u3u§ =0 (3.24)

on a suitable domain U C J°(R,R) such that uus # 0 and its associated vector field

uau 3 + 2upu3 — uuis +4u3u§> 5
(e

A:8X—|—u18u—}—uzaul+u3au2+u4au3_ < uu3

The Lie symmetry algebra of equation (3.24) is three dimensional and isomorphic to s[(2,R). The
corresponding fourth-order prolongations of the symmetry generators are

Xl = aX7
Xy = x?y + 2xud, + 2ud,, — (2xuy — 2u1) 0y, — 4x130,; — (413 + 6x14) 0,
X3 = x0y + ud, — u20y, —2u30,; — 3u40,, .

A symmetry Y; of the integrable distribution (A, X;,X5,X3) can be easily determined by searching,
for instance, a vector field of the form 7 (x, u(4))8u2. For example, the vector field

1
Yl = ;&uzv

satisfies the following commutation relations:

[X1,11] = [X227Y1] =[X3,11] =0,

X 1 X
=X - Xo+ > X3
2227 T 22 2+u2 3

The next step in order to obtain a generalized solvable structure for equation (3.24) is looking for a
symmetry Y, of the integrable distribution (A, X;,X5,X3,Y). It is easy to check that the vector field

3.25
A (2

Y, = —2ud, — 3ulaul + u3au3
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satisfies

[Xl,YQ] = [X3,Y2] = 0,[X2,Y2] = —x2X1 —X2—|-2XX3+8MM1Y1,
[Y17Y2] == _2Y17

u+2x%u 2u dxu
B B

[A,Yz] =A— X3—|—(4M2L£1—2MM3)Y1.

u u

Therefore (Y;,Y,) provides a generalized solvable structure for equation (3.24).
In order to apply Theorem 2.2, we consider the volume form Q = dxAduAduj Aduy ANduz Nduy
and the two one-forms

(07) :AJX1_|X2_|X3JY14.Q and o :AJX1_|X2_|X3_|Y24.Q.
An integrating factor for a; is given by 1/A, where

6(4utf + uPuf + 4ugu uzu + 4udu?)
u

A=Y, 0p =

and we assume that A # 0. Therefore we can chose as first integral for the (locally) exact form
@, = 1, the function In(l) /6, where

2
u
L= 3 3.26
2 dutuf + uPug + Susuy uzu + 4udud (3.26)

is a first integral for the distribution (A, X;,X>,X3,Y1).
Since w; = %061 is closed on each leaf I, = ¢;, with c2 € R, ¢, > 0, we have that @ is locally
exact module @, and a corresponding first integral is given by

1 1 2uu?
L =—u— — arct -3 ). 3.27
1 2u1 u2u+2arc an<2u3u1+uu4> ( )

Hence, by restricting to a generic leaf {I; = ¢;, I, = ¢, }, we get the reduced equation

—sin(2¢y + 2uuy — u?)

2u?,/c; ’

which is a third-order ODE admitting s[(2,R) as Lie symmetry algebra. Equation (3.28) corre-
sponds to the third-order ODE given in [25, Case 2 in Table 2] for

c
C(s) = 4sin(\é>cl—s)’ where s = u? — 2uu;.

(3.28)

uz =

According to the results obtained in [25], if ¢, c,:1 = e, 0001 (5) and We, ¢,0 = We, c,22(s) are two
linearly independent solutions to the linear second-order equation [25, Case 2 in Table 6],

—4sin®(2c; —5)P"(s) 4 2sin(dc; —25)¥/(s) + c25¥(s) = 0, (3.29)
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three functionally independent first integrals for equation (3.28) are given by
VerurWe, cr:1(s) +2sin(2¢; — 5)W, . 1 (8)
VerurWe, er0(s) +2sin(2¢; —s)‘}"Cl o H(8)’

(s) (

) (
Ve (=2u+uix)¥e, o1 (s) +2xsin(2c; — )W, .1 ()
Ve (=2u~+u1x)¥e, p2(s) +2xsin(2c1 — )W, o(s)

I(x,u @); ic1,02) =

Li(x,u®;cy,00) =

2
(Ve =20+ i), cya(s) + 2xsin(26) — )W, ,o(5))
4,/cousin(2¢c; — s)W ’

IS(X, l/l(z);CI,Cz) -

where W = W (¥, c,:1, We, .c,2) (s) denotes the Wronskian corresponding to the solutions W, .1
and W, .,.». Therefore, as in the previous examples, the general solution to the original fifth-order
equation (3.24) is implicitly given by

I3(X,M(2>;CI,C2) = (3,
Li(x,u®;er,0) = ca, (3.30)
Is(x,u®;cy,¢0) =cs.

In order to obtain a parametric general solution from (3.30), we consider a new parameter ¢ such
that s = s(¢) is determined as follows:

, 1 4sin(2c; — s(t))
S ([) = = )
C(s(r)) Ve
which yields
Qe 4/Ve2
S(t) = —arctan m +2Cl. (331)

By means of the transformation ¢ () = W(s(z)) equation (3.29) is transformed into the
Schrodinger-type equation

" D4/

If ¢ = ¢1(t;¢1,c2) and ¢y = @o(1;¢1,¢2) are two linearly independent solutions to (3.32) such that
W(o1,¢2)(t;c1,c2) = 1, then the parametric general solution to equation (3.24) can be expressed as
follows

¢1(t;c1,02) —cada(t;cr,02)
¢1(tsc1,¢2) — capa(tscr,cz)’
cs(c3 —cq)?

4(¢1(t;c1,02) —C3¢’2(f;61,62))27

where c; e Rfori=1,2,3,4,5,¢, >0, c3 # ¢4, c5 #0.

x(t) = cs(c3 —ca)
(3.33)

u(t) =
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4. Conclusions

Generalized solvable structures for ODEs of order k£ > 3 admitting a symmetry algebra isomorphic
to s[(2,R) have been introduced, providing a powerful tool for the explicit determination of the
general solutions to these equations.

A generalized solvable structure is formed by k — 3 vector fields, which, in general, are not
symmetries of the equation. Moreover, the symmetry generators of s[(2,R) and the vector fields of
the generalized solvable structure do not form a solvable structure. Nevertheless, the knowledge of
a generalized solvable structure allows the determination by quadratures of a complete set of first
integrals, and hence of the general solution to the equation, in terms of two independent solutions to
an associated family of second-order linear ODEs. This link between equations admitting sl(2,R)
and second-order linear ODE:s is, to the best of our knowledge, new in the literature and generalizes
the recent results obtained for third-order equations.

The concept of generalized solvable structure gives more freedom in the choice of the vector
fields which can be used to integrate the equation under study. The effectiveness of the proposed
method is illustrated by several examples of equations admitting only an s[(2,R) algebra of Lie
symmetries. In these cases, after finding a generalized solvable structure, we provide a complete set
of first integrals as well as the general solutions in parametric or explicit forms.
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