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1. Introduction

Integrable discretizations of soliton equations have attracted much attention during the past few
years. The celebrated Landau-Lifshits equation [2]

s = [s,50+Js], s€R3, J=diag(J;,Jn,J3), Jy +Jo+J3 =0, (1.1)

has two well-known integrable discretizations. One of them is the Sklyanin lattice which is deter-
mined by the Poisson brackets algebra (see (13) in [7] or [1])

{sgl),s(()”)} = Jﬁ},sgl)sg,"), sgz),sg’)} = —s(()")sg,")7 (1.2)

and the discrete variant of the Landau-Lifshits Hamiltonian (see (23) in [7])

n n 3 K n n
HO — Zln <s(() H)s(() ) + Z] (f(l) —Ja)sgxﬂ)sgx)). (1.3)
n a=
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Another discretization of the Landau-Lifshits equation (1.1) is the so-called Shabat-Yamilov lattice
[5,6]

2h 2h
U=t hy, vy =y, (1.4)
ut —v u—v
o . _ du(ny) _dv(ng) 4 o - -7
where u = u(n,t),v=v(n,t), uy = ==, vi =~ u" =ETu=u(n+1,t),v- =E"b=Db(n—

1,¢) (E* are the shift operators and (n,t) € Z x R), h = h(u,v) is a symmetric polynomial of u, v
degree no higher than two with respect to each of the variables and #4,,,, = 0. By introducing the
complexified stereographic projection

S=S(u,v) = (I —uv,i+iuvu+v), i=+v-—1, (1.5)

u—vy

one may relate the Shabat-Yamilov lattice (1.4) to the Sklyanin lattice by a special transformation
of variables [1]. The linear combination of the flows of (1.4) and its shift

2h 2h
—th, vi=—"7—
u-—v u—v

2h 2h

uy=p1\ ——+h | +po| ——+h, ),
ut —v u-—v
2h 2h

Vi =P1 <uv_h“>+p2<uv+_h”>’

where p;, p, are real constants. By specifying py =1, 0, =0,h = %(u —v)?2, the lattice (1.7) reduces
to the so-called Heisenberg ferromagnet (HF) lattice

hy, (1.6)

U =

give rise to [5]

(1.7)

(o N
u=w—v)(u—u")(ut—v), (18)
vi=(u—v)(v"=v)(u—v)"!
In the spin variables S (see (1.5)), the system (1.7) reads [1]
_ [S,87] [$.871 )
+ py (S.KS) S+Sst S+S” '
RS IH s TS )

where K = diag(K,K>,K3) and |S| = 1. It is well-known that the lattice (1.9) is integrable with a
zero-curvature representation and can be reduced to the well-known Heisenberg lattice (see [1] and
references therein).

In this paper, we study quasi-periodic solutions of the whole Heisenberg ferromagnet hierarchy
by using algebro-geometric method. In section 2, we construct the stationary and time-dependent
HF hierarchy from its zero-curvature representation. Then spectral curves and an auxiliary function
¢ are introduced in section 3. In section 4, based on analytic and asymptotic properties of ¢, we
derive theta function representations for the entire HF hierarchy.
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2. Heisenberg ferromagnet hierarchy

In this section, we construct the Heisenberg ferromagnet hierarchy by developing zero-curvature
formulism of the HF lattice. For later use we denote by E* the shift operators acting on y =
{y(n,t)}=_, € CZ according to (E*y)(n,t) = w(n=+1,t), or EXy = y* for convenience. These
notations are followed by [4].

It is well-known that the HF lattice has symplectic operator, Hamiltonian structure, recursion
operator, nontrivial generalised symmetry and Lax representation [5]. To construct the HF hierarchy

we start from the following two 2 x 2 Lax matrices

B (A =2uu—v)"' 2m—v)!

U=U(A,u,v)= < 2 (it —v) ! 7L—|—2v(u—v)l> ) 2.1
_ a1 [ utvT 2

V=VAuv)=A "(u—v") (—2uv —(u—l—v))’ (2.2)

where A € C is a spectral parameter and u, v are functions of the lattice variable n and the time
variable 7.

In the following we temporarily view u, v as functions of only n and define the sequence
{ag, by, c}oen, recursively by

28(ag+a; —uby—vb)) =b) | —by_1, €Ny, (2.3)
2uvd(ag+a +cofu+cf/v)=c/ | —cim1, L€Ny, (2.4)
2v8(ag—aj) —2uvdby —28¢) = —ay—1 +a;_,, £ €Ny, (2.5)

where ay, by, ¢, are polynomials of u, v and their shifts, and § = (« — v)~!. In matrix form, the
relations (2.3)-(2.5) can be written as

I+EY —u—vE™ 0 ay
I+E™ 0 ul v IET by
I-ET —u v IET )
(2.6)
0 (28 YEt-I) 0 ar_|
= 0 0 Quvd) Y(ET-1I) by |,
Et—1 0 0 Ccr—1

where I is the identity operator from CZ to CZ. Apparently, once the initial value (g, b, co) is given,
{ay, by, ¢y }een can be recursively determined by the relations (2.3)-(2.5) or (2.6). However, the cal-
culations involved are rather big and therefore it is uneasy to obtain explicit form of {ay, by, ¢} ren.
In spite of difficulties, we can still get the following result.

Theorem 2.1. Solutions of the system (2.3)-(2.5) are explicitly given by the following recursion
relations

a = th* (E*—1)7'S1_1, L€N,, @.7)
2 +_ -l
be=Spe-t1+——(E* =1)'S1m1, £€No, 2.8)
2uv™

co="5830-1— ” (ET—=1)7'S14-1, €Ny, (2.9)

—V
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where Sy ¢—1, S2,0—1, S3 01 are defined by

S B u <V(b2_1—bél)+a£1_a;1>_ v (M(bzl—bg1)+agl—azl)+
ML )2 25 WhH2 =2 25
uulb b)) ta —al, L V(b —bi1)+ary—a;_
u*—(v7)? 26 (ut)?—v2 20
b/?_l — by
26 ’
g B 1 ((V(bz_l—bgq)-{—ag_] —azr_l)_u(bz_l—bg_l)—l-ag_]—azr_l)
ML T )2 25 26 ’
s B uy~ (u(v(bz'_l—bg1)+ag1—az'_l>—_v_v(b2'_] —bgl)-f-agl—az__l)
M )2\ 26 u 26 ‘
Proof. First, from (2.3)-(2.5) it follows
2ué(a;— azr) = —214\/5192r —28¢cp+ap_1 — aZ_l. (2.10)
Eliminating bzr from (2.3) and (2.10), we have
2u8(2a; —uby+ L) = u(bf_, —bo_1) +ar, —aj,. @.11)
u
Then insertion of (2.3) into (2.5) yields
4vdaf —20*8b) +28c) =v(bf | —bi1) + a1 —a/ |, (2.12)

or equivalently,

v(b  —by_1)+ar_1—al -
2a;—vh+ - = ( by =be) T =) 2.13)
v 2v8
Combining (2.11) with (2.13), we obtain
1 v(bf  —by_)+ar_1—al - ulbl ,—bi_1)+a_—a
bg—|——c€:( (b —be1) +ar [_1> Culby —ber)ta —a, .14
uy~ 2vé 2ud
b 2ap 1 (V(bzl—bg_l)—l-ag_]—azrl) 1
Curv u*—(v7)? 26 ur—(v7)?
ulbf  —by_\)+ay_1—a
% ( /-1 14 1) /-1 Z—l. (215)

26

Thus, inserting (2.15) into (2.3), we conclude (2.7) and (2.8) hold. Finally, the formula (2.9) can be
derived from the following two equalities

v(bz'_1 —by_1)+ar —az'_l )-

u
Quap—wv by + oy = ( 2.16
uay — uy é+v*cé u 5 ( )
- v(bS  —by_)+ar_|—a
2v_ag7uv_bg+vfc€:v_( ( Gl 1) e g_]). 2.17)
u 2ud
by eliminating by. 0
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Next we compute the stationary HF hierarchy. To this end we start from the stationary zero-
curvature equation

A B
0=UW — (EW)U, W:<CA>, (2.18)

where A, B, C, D are polynomials of A:

N—+1 N+1 N—+1
A=Y ayia-id™', B=Y by A", C=Y evAT, NeN. (2.19)
/=1 /=1 /=1

Using (2.1), one may rewrite Eq. (2.18) as

(A —2u8)A —28C = (A —2u8)A" +2uvéB*, (2.20)
(A —2u8)B+28A = —28A" + (A +2v8)BT, (2.21)
2uvSA + (A +2v8)C = (A —2u8)Ct —2uvdA™, (2.22)
2uv8B — (A +2v8)A = —28C" — (A +2uv)SA™. (2.23)

Inserting (2.19) into (2.20)-(2.23) and taking into account (2.3)-(2.5), one derives the stationary HF
hierarchy

ay —ay;, =0,
by — by =0, (2.24)

cy—c =0.

In the case N =0, the system (2.24) is reduced to the stationary HF lattice
(2.25)

The time-dependent HF hierarchy can be derived as follows. First, ay, by, ¢, are considered
as functions of both n and ¢. To distinguish different higher order flows that are related to different
time variables, we replace ¢ by ¢,. Then inserting (2.1), (2.3)-(2.5) and (2.19) into the time-dependent
zero-curvature equation

0=U, +UW — (ETW)U, (2.26)

we obtain the r-th equation in the HF hierarchy

(2u8), = —a,+a, (2.27)
(28), = —b, + b, (2.28)
2uvd), = ¢, —c/, (2.29)
(2v8),, = —a, +a. (2.30)

The system (2.27)-(2.30) is overdetermined and can be simplified into the r-th HF lattice.
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Theorem 2.2. The r-th HF lattice has the form of

u—v

U, = (u(by— b)) —a,+at), (2.31)

»

<
[\

%

v, = (v(br—b})—a,+a)), reNo. (2.32)

r

\S]

Proof. First, using (2.27), we obtain
2u, 8 +2ué, = —a,+a. (2.33)
Then the relations (2.28) and (2.33) give rise to
2u, 8 =u(b,— b)) —a,+a/, (2.34)

and hence (2.31) holds. Using (2.28) and (2.30), we arrive at (2.32). To complete the proof, it
remains to show that (2.28), (2.29) are compatible with (2.31), (2.32). Actually, using (2.31) and

(2.32), we obtain
2
(25)t, B <u_v>t,

= —28%(uw, —v,,)
= —8(u(by = b)) —ar+a) +8(v(b, — b)) —ar+a,)
= btb 235)

Then by (2.31), (2.32) and (2.35), it follows
2u,v6 = uv(b, — b, ) —v(a, —a,),
2uv, 8 = uv(b, — b)) —u(a, —a’),
2uvd, = —uv(b, — b)),
and consequently,
(2uvd),, = 2u;, v8 +2uv, 8 + 2uvd,,
— (b~ b))~ (u+ V)@ —at)
=c —c. (2.36)

Here we use the recursion relations

2v8(ag—aj ) —2uvdby —28¢) = —as_1 +a; |, L € Ny,
2ud(ay —aj) —i—2uv§bg—i—26czr =aj_q —azril, feNy

in the last equality of (2.36). U

3. Spectral curves and a basic meromorphic function

In this section, we first introduce the spectral curves associated with the HF hierarchy. Then we
introduce a basic meromorphic function ¢ and study its analytic and asymptotic properties.
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Let (w1, y,)" and (¢1,¢,)" be two fundamental solutions of auxiliary linear problem

ET®(A,n,t,) =U(A,n,1,)@(A,n,1,),
(btr(a’vnﬂr) = W(a’vnatr)(b(zﬂnvtr)a

where ®(A,n,t,) = (®1(4,n,t,),D2(A,n,t,))T. Moreover, we define

f()‘”an7tr) = _(12 _2}')7nll,1(lan7tr)¢l (l,l’l,l‘r%
WA, n,1) = (A2 —20) "y (A, 1, 1,) 0 (A, 1y,
gA,m,t) =271 A2 =20) " (yi (A, n, 1) (A, m,ty) + 01 (A, 1)y (A, msty)).

Theorem 3.1. The functions f, g, h defined in (3.2)-(3.4) satisfy

g f g f
(h —g> U<h g>
gf\ _|(AB g f
h—g [r_ C-A)'\h—g/|’
where [-,-] is the Lie bracket of two matrices P, Q
[P,0] = PQ— QP

and g* + fh is independent of x and t,.

Proof. The relation (3.5) can be derived from (3.1), (3.2), (3.3) and (3.4). Indeed, we have

27'(A%—24) "t l//1 AN AT

271 (A% —22) D (X —2ud) yi —28y2) Quvd @) + (A +2v8) )
+ (A —2ud)¢1 —28¢,) 2uvdyi + (A +2v8)y»))

— (A =22) "' QuvS (A —2ud) f — (A —2ud)(A +2v8)g
+4uv8?g +28(A +2v8)h,

Fr= (A2 —2a) Dyt

(22— 22) D (A — 2By — 25v) (A — 2uB)dy — 2603)

( 2A) (A —2u8) (A —2ud) f +28(A —2ud)2g — (—28)%h),
= (A% —22) "Dy o),

= (A2 =24) "D Sy + (A +2v8) wa) Quvd 9y + (A +2v8) )
= (A2 =2A4) (= (2uvd)*f +2uvS (A +2v8)2g + (A +2v8)*h).
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Similarly, according to the definition of f, g, h, @1, @2, Y1, Y1, it follows that

g, =27 (A2 =22) (W1, 02+ Vi 0oy, + O1y, Vo + O1 W)
=27 1(A7 =24) " (A1 +Bya) 2 + W1 (Co1 — A)
+ (A1 +Bo) o + 61 (Cyy —Ayn))
_ Bh—Cf,
fo= =2 =20)"(y11), = —(A* =24) " (W1, 01 + V191,
= —(A*=24)"((Ay1 +Bya) 91 + 1 (Ad1 + Ben))
=2Af—2Bg
h, = (A2 =22) " (yada);, = (A% =24) " (Y, 2+ Y202,
= (A2 =21) " ((Cy1 —Aya) 2 + v (Co1 — Ad))
=2Cg —2Ah,

which indicates (3.6) holds. Finally, using

(a5 7))~ (G 2) e ((50). L) ) om

g8 f\Y_ 2
det <h —g) =—g°— fh, (3.8)
we conclude that g> + fh is independent of n and ,. O

In what follows it is convenient to introduce

M+1 p M+1 p M+1 p
=Y auri—A~" fu=Y buri— A", hy=Y cup1—A”", MeN,. (3.9
=1 =1 =1

Then one may obtain the following result.

Theorem 3.2. Assume u, v are solutions of the r-th HF lattice and the M-th stationary HF lattice
(2.24). Then for fixed M € Ny,

solve the system (3.6).

Proof. First we show that (3.10) satisfy the first equation in (3.6). To this end we make the ansatz

M+1 , M+ . M+1 .
g= Y dupr— A" f=Y by A7 h=Y EpA (3.11)
=1 =1 =1

where d;, 13.,-, ¢j, j=1,...,M+1 are polynomials with respect to u, v and their shift. Inserting (3.11)
into (3.6), one derives

dj=aj, bj=b;, ¢j=cj, j=1,....M+1. (3.12)
and hence (3.10) and (3.9) hold. To complete the proof, one has to prove that g, f,h also satisfy

(3.6). Since u, v are both solutions of the M-th time-independent lattice, there exists a common
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eigenfunction )y = ()1, x2) for the following two linear problems

xt=Uyx, Vuy =AM+

Vi = <gM fm >
hy —8m

AME (G2 4 fuhu)' 2 = y.

YX

where the 2 x 2 matrix

The relation (3.13) implies

Next we introduce a new function

X2 _ A~—MHy gy _ hy

X1 fm A=ty gy

A direct computation shows that ¢’ satisfies

(A —2ud)@'" —28¢'¢' =2uvé + (X +2v5)¢’.

Differentiating (3.16) with respect to ¢y then yields

(A —2u8—28¢" )E* =289 — (A +2v8)) @ = (2uvd);, + (2v8), @'+ (A +2v8) ] .

On the other hand, we have

(A —2u8 —28¢')E* —28¢'" — (A +2v5)) (C—2A¢' — B(¢')?)

2uvd + (A +2v8) ¢’

+
@' k

=(A—2ud—28¢")CT —25¢"TC— (A +2v8)C+ (

_ _ I+
n 2uvd (k(p/ 2ud)Q )(—2A(p’—B((p’+)2)

= (2uvd);, + (2v8),, @'+ (A +2v3) ]

r

Combining (3.17) with (3.18), one obtains
(A —2u8 —28¢")E* —28¢"" — (A +2v8))(¢;

r

C+24¢' +B(¢)?) =0,
and consequently,

¢, =C—2A¢' —B(¢')*.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

On the other hand, from the definition of y;, ¢;, one infers that the function ¢ (see (3.32)) satisfies

(A —2ud)p™ =280 @ —2uvd — (A +2v8)p = 0.
Then by (3.1), we have

(v&) _ V2 Vi — YWy
Iy

Vi vt
_Cvi—Ay,  w Ay + By,
Vi Vi Vi
2
—c-2¥_p ("”) .
i L4}
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Similarly one may derive

[0 ) (1) ( 103} ) ?
Z) =c-24Z=_B[ =) . (3.23)
<¢1 t ¢ o}
Thus one arrives at
@, =C—2A¢ —Bo. (3.24)

A comparison of (3.17), (3.20), (3.21) and (3.24) yields
¢=F)¢, (3.25)

where F(A) is an arbitrary function of A. Without loss of generality, one can take F (A1) = 1. There-
fore, one infers from (3.25) that there exists common eigenfunctions of the following linear system

x T =Ux, (3.26)
X, =V, (3.27)
Vix = A~ MHDyy (3.28)

From the compatibility condition of (3.27) and (3.28), we finally obtain
Vi, = [V, Vul, (3.29)

which completes the proof. U

Next let us define
Ar(A,nt,) =271 (A% =20) " (w1 (A, m, 1) 02 (A, n 1) — 01 (A, m )y (A, ). (3.30)
It is not difficult to check that A satisfy
AL (A,n,t,) = g*(A,m,t,) + f(A,m,t.)h(A,n,t,),
Ar(Aonty) +g(Amty) = —A(A,mty) +g(Anity) = (A% = 20) "y (A,myt,)62(Anaty),

¢2(kvn7tr>/¢1 (?L,n,tr) = (A_()L,I’l,tr) —g(k,n,tr))/f(l,n,tr),
va /v (A,n,t,) =h(A,n,t)/(Ay(A,n,t,)+g(A,n,t)) = (A (A,n,t,) —g(A,n,t,)) / f(A,n,t,).

For fixed M € N, the spectral curve J#j;_1 of genus M — 1 can be introduced as follows

2M—1
H-r ¥ =222 (P rgh) = T] (A—E)), EjeC.
j=0
Throughout this paper, one assumes that
E;#E;, j#{, j=0,1,....2M —1. (3.31)

The next step is crucial; we lift the functions ¢, /¢; and y»/y; on the Riemann surface %}, by
WZ(Aanatr)/wl (l,n,tr), Pc %M+71
(PZ()‘»nvtr)/(Pl()“’natf)? Pe‘%/ﬂ/;717

where Jiﬁ_l are two sheets of .#j,_;. The spectral curve .%),_; is compactified by the point at
infinity P.. A point on .#),_; is denoted by P = (A,y(P)), where A € C and y(P) is a holomorphic

@(P,x,t,) = { (3.32)
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function defined on the two sheets 7,7 | of 3

JIEYY A —E)),  Pe s
ypy =4V, SM(I /) v (3.33)
—IIiZ (A —Ej), Pey .

In particular, one introduces Py = (0, i(H§£6 YE)Y 2).
Based on above preparations, we turn to study the analytic and asymptotic properties of ¢.

Lemma 3.3. The function ¢ defined in (3.32) is meromorphic. Its divisor is given by ?

(@Cn10)) = Dosina)m(nty) — Li(nty) s nty)- (3.34)

Here the notations V(n,t,) and V(n,t,) represent two vectors

Q(fl,l‘r) = (\A/l (I’l,tr), R OMfl (n,tr)), E(I’l,tr) = (‘al (n,tr), - ,‘LALMfl (I’l,tr)).

Lemma 3.4. Near the points Py, the function @ has the following expansions

O(-,1n,1,) = Coor +O(&), P— Pur, { =271 (3.35)
and
—V—El(v;(‘;_)(:_;‘))c—i‘o(cz)a P—>PO+7 C:An
Q(-,n,t,) = (w* — ) (u—v) (3.36)
—u—f—mC-FO(CZ). P— Py, CZA,

where c.+ are lattice constants.

Proof. First one observes that the expansion (3.35) can be easily derived from the definition of ¢.
Thus it suffices to compute the expansions of ¢ near Fy. Using the relation

i=0

2 _ 2 _ 3 —2(M+1) c i\2 - i - i
AL=g+fh=1 ((Xar) = (L ar) (L ma))
i i=0 i=0
N A
=AMy (Z (grgi« *fkhi—k)>ll,

i=0 k=0

one infers

£20 4 pom1) [ 2 12g0g1 + fohi + fiho )
AL 20 xg M(Hz ol ) (3.37)

2For the meaning of these notations one may refer to [4].
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as P — Py+. Then from the relation g% + foho = 1 and (3.32), it follows

o, penn A=t
(1) = _1__+7
—"==+0(), P—PR-, A=,
:{—v—+0(c), PPy, A=, 338)
—u+0(§), P—PR_, L=C.
To get the coefficient of { in (3.36), we use the equation (see (3.16))
(A —2ud)Q™ —280" @ =2uvd + (A +2v5) . (3.39)
Inserting the ansatz
0=+ @18+ lP+0(87), as P — Pys (3.40)
into (3.39) and comparing the coefficients of { lead to
Qo — 2uB P’y — 2505, P — 26 Q01 @), = Po + 2051 (3.41)
Explicitly, Eq. (3.41) can be equivalently written as
—v—2u5(p1++—|—2v5(p1+ —1—2v_(‘5(p1++ =—v +2v0Q4, (3.42)
—ut =2udQ +2utSQ_+2udp =—u+2v8¢,_, (3.43)
which implies
Qs =E! b)) ;(\;_)Euu; V) ; Pr1- = (u;zui)iuv; V) : (3.44)
Using similar method we can prove (3.35). O

4. Quasi-periodic solutions

In this section, we obtain theta function representations for the meromorphic function ¢ and quasi-
periodic solutions u, v.

First, we choose a convenient base point Qo € Ki—1 \ { Pz, Po+ }. The Abel maps A, (+), &, (*)
are defined by

Ag,: X = J(X) =CM /Ly,

P Ay, (P) = (Agy1(P),. ., Agym—-1(P))
P P
= </QO(O1,...,/QO(J)M1> (modLM,l),
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and

&g, : Div(X) — J(X),
Dy, (2)="Y, 2(P)Ay,(P),

Pe ity

where Ly;_| = {g ecM-! |z=N+TM, N, M € ZM-1 }, and I, EQO are the Riemann matrix and
the vector of Riemann constants, respectively. Moreover, we choose a homology basis {a;,b j}ZJW: _11
on X in such a way that the intersection matrix of the cycles satisfies

ajoby=0jk, ajoar=0, bjob=0, j k=1,...,n. 4.1
For brevity, we introduce

Z(PaQ) = EQO _AQO (P) +QQ0(92)’
Pety-1, Q= (Q1,...,0m-1) € M 1y, (4.2)

where z(-,Q) is independent of the choice of Qp. The Riemann theta function 6(z) associated with
X and the homology homology basis {a;,b; ]]”: ’11 is defined by

0(z) = Y exp(2mi (n,z) +mi (n,nl')), zeCY

nez

where (B,C) = Y"' B;C; is the scalar product in C¥~1,
Next, we introduce the differential of the third kind with simple zero and pole respectively at
OM(natr) and .aM (natr) by

3)

O (n,t Qar(n,t,)) Y dA M2
Oy a0 (P) = <y+y( uluir))_y (P, ’))> LN | (Tn

MATLEr )R\ A —vum(n,ty) A — up(n,ty) 2y Y =

where A;, j=0,...,M — 2, are constants that are uniquely determined by the requirement of van-
ishing a-period, i.e.
3) P =0. i=1 M1 4.3
a,“’oM(n,t,mM(n,r,)( )=0, j=1..., . (4.3)
J

A simple computation shows

Ing +do(n,t,) +0(8), P — Iu(n,t,),
[ O gt = | 8T ) £OQ) P (i)
oo M) dp 4 0(8) PPy,

dp... +da(n. 1)+ O(2), P Pu.

Here dy(n,t,), di(n,t,), d2(n,t,) are functions of variables n, t, and dp_., dp,. are integration con-
stants.

Theta function representations for quasiperiodic solutions of the rth HF lattice can be obtained
as follows.
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Theorem 4.1. The function @ defined in (3.32) is meromorphic on 1 and has the following

theta function representation
tr)))
)exp /a) () (1) —dp,, ). (44)

O(A(Poy, f1(n,1,))) O(A(P,
P O (A (Par, D (n,1,)) O(A(P,
Proof. To derive the formula (4.4), one has to use Riemann vanishing theorem and Riemann-Roch
theorem in standard literature [3]. From Lemma 2.3, one infers that the function @ (P,n,ty) take the
form

Q(Pn,t,) =

\t> <
/\ /\

B O(A(P,V(n,1,))) NG
o(e) =€) g )P ([ ) “

where C(n,t,) is an undetermined function. Then taking the limit P — P., on both sides of (4.5),
one derives

O (A (P, V(n,1r)))
=C — — dp,.).
P = O G b i) ) o
Inserting(4.6) into (4.5) and eliminating C(n,t,), one finally obtains (4.4). O

Next, we obtain theta function representations for solutions u,v with the help of (4.4).

Theorem 4.2. Quasiperiodic solutions of the r-th HF lattice have the following Riemann theta
function representation

— ¢ 9(&(P°°+ag(n’tr))) 9(&(P0772(n7tr))) ex _

u(n,t,) = P B(A(Por, (1) OA (P, f(no1r))) p(dpo, dPW+)7 4.7)
. 9(&(P°°+aﬁ+(n’tr))) 9(&(P0+72+(n7tr)))

) e g e 8 ) DRy (1)) TP 0 )4

o(n,x,t,) = cp,, 9 Poi ¥ (n ) g(i(pﬂ(x,tr
X exp < xt, (i) —dp_,
(0 ( oo+,#(” tr))) O(A(Pos, ¥(x,1,)))

6(A
Py O(A(Peor, V(n,1,))) O(A(Pox, 1(x,1,)))
x exp (dp,. —dp., ) (1+0(8)). (4.9)

Comparing the leading coefficients of (3.36) and (4.9) naturally gives rise to (4.7) and (4.8). O

Acknowledgements

Our deepest gratitude goes to the anonymous reviewers for their careful work and thoughtful sug-
gestions that have helped improve this paper. The work of Fan in this paper was supported by
grants from the National Science Foundation of China (Project Nos. 11671095, 51879045 and

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
481



P. Zhao et al. / Quasiperiodic solutions of the Heisenberg ferromagnet hierarchy

11271079). Zhao was supported by grants from the National Science Foundation of China (Project
Nos.11526137, 11547199 and 11601321). Temuerchaolu was supported by grants from the National
Science Foundation of China (Project No.11571008).

References

[1] V.E. Adler, Discretizations of the Landau-Lifshits equation, Theor. Math. Phys., 124 (2000) 897-908.

[2] L. Faddeev, L. Takhtajan, Hamiltonian methods in the theory of solitons (Springer Science & Business
Media, Berlin, Heidelberg, 2007).

[3] H.M. Farkas, I. Kra, Riemann surfaces (Springer, Berlin, 1992).

[4] F. Gesztesy, H. Holden, J. Michor, G. Teschl, Soliton equations and their algebro-geometric solutions:
Volume II, (1+1)-dimensional discrete models (Cambridge University Press, Cambridge, 2008).

[5] E. Khanizadeh, A.V. Mikhailov, J.P. Wang, Darboux transformations and recursion operators for
differential-difference equations, Theor. Math. Phys., 177 (2013) 1606-1654.

[6] A.B. Shabat, R.I. Yamilov, Symmetries of nonlinear chains, Leningrad Math. J. 2 (1991) 377-400.

[7] E. K. Sklyanin, Some algebraic structures connected with the Yang-Baxter equation, Funct. Anal. Appl.
16 (1982) 263-270.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
482



