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1. Introduction

In recent decades, the Camassa-Holm (CH) type equations raised a lot of interest because of their
specific properties, one of which is that they possess peakon solutions (peaked soliton solutions with
discontinuous derivatives at the peaks). The most celebrated member of them is the CH equation [1]

my +umy +2u,m =0, m=u— Uy, (1.1)

which was found to be completely integrable with a Lax pair and associated bi-Hamiltonian struc-
ture [1, 2], and related by a reciprocal transformation to the first negative flow in the KdV hier-
archy [18]. It is worthwhile to note that an inverse scattering approach for the CH equation was
developed in the Refs. [5, 11, 14], which showed that after a suitable change of variables, the CH-
flow becomes a linear flow at constant speed, this being the strong version of integrability (the
infinite-dimensional counterpart of the classical Liouville theorem). Moreover, while an initial m
without change of sign leads to solutions of CH that are defined for all times # > 0 [3, 8], among the
initial m that change sign one encounters solutions of CH that model breaking waves, in the sense
that the solution itself remains bounded but its slope becomes unbounded [10].

In 1999, Degasperis and Procesi used an asymptotic integrability approach to isolate integrable
third-order equations, and discovered a new CH type equation, i.e., the Degasperis-Procesi (DP)
equation

my +umy +3um =0, M= U — Uy, (1.2)

which turns out to be integrable with a bi-Hamiltonian structure and a Lax pair [16,17], and is recip-
rocal linked to a negative flow in the Kaup-Kupershmidt hierarchy [22]. Furthermore, the inverse
scattering problem for the DP equation was formulated in Ref. [12]. Especially, for CH and DP
equations one can prove that the peakons are orbitally stable [15, 25, 31], in the sense that their
shape is stable under small perturbations, and therefore these patterns are detectable. This is an
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essential aspect since both equations arise as models for water waves [13, 23, 24]. Note that the
travelling wave solutions of greatest height of the governing equations for water waves have a peak
at their crest [6,7,9,35]. The proof of the orbital stability of the peakons relies on the conservation
laws for CH and DP.

Both the CH and DP equations are the third order CH type equations with quadratic nonlinear-
ity. Recently, by the symmetry classification study of nonlocal partial differential equations with
quadratic or cubic nonlinearity, Novikov discovered a new CH type equation with cubic nonlinear-
ity [32]

m,+u2mx—|—3uuxm:0, m = U — Uyy. (1.3)

Subsequently, Hone and Wang presented a Lax pair for the Novikov equation (1.3) and proved
it is related to the negative flow in the Sawada-Kotera hierarchy by a reciprocal transformation.
Infinitely many conserved quantities and a bi-Hamiltonian structure of the Novikov equation are
also constructed [21].

Later Geng and Xue [19] presented a two-component generalization for the Novikov equation

my + 3u,vm + uvm, =0,
n; + 3veun +uvn, = 0, (1.4)

m=u—Uyx, N=V—Vx,

which admits a Lax representation

o =Mo, »=No, (1.5)
where
0 mA 1
M=[0 0 nA|,
1 0 0
# — UV % —uvmA UyVy (1.6)
N = ¥ — 33z Uy —uvy  —uvnd — %
—uy 1 #—i—uvx

They also gave an infinite sequence of conserved quantities of the system (1.4) (also called Geng-
Xue equation). Li et al proved it is bi-Hamiltonian [29] and reciprocal linked to a negative flow in
the modified Boussinesq hierarchy [30]. Very recently, we constructed a Liouville transformation
to connect it with another negative modified Boussinesq equation, and Lax pairs as well as bi-
Hamiltonian structures of them are connected [27].

Recently, we make the vector prolongation of the Lax pair (1.5) as follows [28]

&, =MD, &, =ND, (1.7)
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with

N 0 AQ0" 1
M={0" o0y AR,

1 0 0

T

~ulv. % -AuTvo Urv, (1.8)
N=| ¥ —kivul-vuT -%-AUTVR |,

_UTV UTT UTVX

where 0 and Oy are respectively N dimension row vector and N X N zero matrix and 7 is the

transpose of a vector. Iy denotes the N x N identity matrix and Q, R, U, V are the N-component

. T
column vector potentials, and U] = ‘93%.

Then the zero-curvature equation for (1.7) yields the multi-component Novikov equation

0 =-2Ul'vo-U"v,0-U"vQ. - 0"VU.+Q"V.U,
R = —2U"V.R—UIVR—UTVR,—RTUV,+R"U,V, (1.9
Q:U_Ux;x’ R:V_Vxxa

which is bi-Hamiltonian [28] proved by the multi-vector method [34]. This multi-component equa-
tion can be reduced to Geng-Xue equation (1.4), DP equation (1.2) and Novikov equation (1.3)
under the constraints N=1,Q=m, R=n,U=u,V=v,N=1,0=m, U =u,R=V =1 and
N=1,0=R=m,V =U = urespectively. The aim of this paper is to consider some reductions of
the Lax pair (1.7) and the corresponding evolution equations.

This paper is organized as follows. In Section 2, we consider two interesting reductions of the
multi-component Novikov equation (1.9) and construct the bi-Hamiltonian structures for them. In
Section 3, we compute two infinite sequences of conserved quantities for the Geng-Xue equation,
and discuss the homogeneous and local properties of the Hamiltonians of the Geng-Xue equation.

2. Two-component generalizations of the Novikov equation

In this section, we will study two reductions of the multi-component Novikov equation (1.9) and
obtain two reduced systems, as well as their bi-Hamiltonian structures using Dirac reduction [33].

2.1. The first two-component generalization of the Novikov equation

Setting U =V, Q = R, the multi-component Novikov equation (1.9) is reduced to
0, =-3U/UQ-U"UQ,— Q"UU+ Q"UU, Q=U-Us, 2.1
which can be transformed to a two-component Novikov equation

G = — (1 +V?)qx — 3(uteg +vvi) g + r(uve — ),
r = —(u2+v2)rx—3(uux+vvx)r+q(uxv—uvx), 2.2)

q=U—Uxx, T =V Vyy

as Q=R = (q,r)T, U =V = (u,v)T. Especially when u = v, the equation (2.2) is reduced to the
Novikov equation (1.3).
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As pointed in [28], the equation (1.9) can be written in the bi-Hamiltonian form
0 8H, 8H,
_ 50 | _ 00
(9) -(%)- (%)
! SR SR

using the two compatible Hamiltonian operators

B Oy (2> 1ly
= ((1 —)Iy Oy ) ’ ¢4
I =0+, (2.5)

with

3
1 (A0) o ot o),
j X

/ B %QaleT_i_(QaleT)T _%QB*IRT_QT&fIRIN
>\ —1Ro'QT —RT97'Qly LRO'RT +(RI'RT)T |’

and the two Hamiltonian functionals

1
S = E/QTV +RTUdx,
1 (2.6)
=3 / Q"VULV —R'UVU + (R'Uy = Q"V)U" V.

In what follows we will construct the bi-Hamiltonian structure for the multi-component Novikov
equation (2.1) from (2.3). Introducing P = #, S = #, the new system with the variables P, S
has a Hamiltonian operator:

Iy Iy Iv Iy
H(P’S)—4<1N —1N>/<1N Iy )’

then after using the Dirac reduction [33] under the constraint Q = R or § = 0, we have

H(PO):l 13 (P,0) IIj2(P,0)
’ 2 \I(P,0) Mxn(PO) )’

where Iy (P,0) = (300 +20;) (9> —40) ' (3079 + Q1)+ (@1 0")T — QT 9! QIy, I112(P,0) =
Iy, (P,0) = 0, TI2(P,0) = Q9 'Q" + (@9 ' Q") + 0" 9~ Qly.
So one may obtain the reduced Hamiltonian operator for the multi-component equation (2.1) as
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follows:
1 1
Q) = E(Hn(ﬂo) —15(P,0)[ITx2(P,0)] ' (P,0)) = EH” (P,0). 2.7

To obtain the second Hamiltonian operator for the multi-component equation (2.1), we consider the
Hamiltonian operator 2~ _¢# ~1# and its Dirac reduction, then the following equality holds:

A(P,S)zi(IN Iy >%/‘1%<IN Iy >

Iy —Iy Iy —Iy

Similarly, after the Dirac reduction, one may get

-1
AP0 = 5@ =) (D AR ) @2,

with Aq; (P, 0) =11y (P, 0), A]z(P, 0) = Ay (P,O) =0and Ay (P, 0) =11y (P, 0) So we have

-1
A(P,O) = _%(82 - 1) <[H22(}(}0)] [H]] (2,0)]1) (&2 - 1),

which means the second Hamiltonian operator for the equation (2.1) is

A*(Q) = —%(a2 — 1) [y (P,0)] ' (9> —1). (2.8)

Specially, from the constraint Q = R = (¢,7)", U =V = (u,v)" and the Hamiltonian pair (2.7-2.8),
the two-component system (2.2) possesses the bi-Hamiltonian operators

(g, ) = @‘jﬁi;‘j) (9° —49) " (3¢9 + . 3r0 + 1)

- (_;) 97! (~rq), 2.9)

-1 -1 -1 -1 -1
A (g, ) = 1(82_1)<3q8 qg+rd—'r qdo 'r+rod q) 92—1).

2 g 'r+rd~'q gd 'q+3rd7'r

Remark 2.1. The two-component system (2.2) appears in the bi-Hamiltonian form

q oH oW
(4) = ( ) ) — A (g,r) ( m@) | 2.10)
t or or

with Hamiltonian pair IT®%(q, r), A™(g,r) given by (2.9). The associated Hamiltonian functional
isH = % J qu+ rvdx, and W is nonlocal and looks very complicated, so we omit it.
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2.2. The second two-component generalization of the Novikov equation

Assuming N is an even number, we consider the constraint

RS (R (U (W
Q_<Q2>’ R_(R2>’U_<U2>’ V_<V2>’ @1

where R; = Q», Ry = Q1, Vi = U, Vo, = U; and all of them are % dimension column vectors, then
the multi-component Novikov equation (1.9) reduces to

Q1 = —3(U{ U2):01 — 2U{ U> Q1+ Q] (Up Uy — UsUyy)
+07 (U Uy — Uy Uyy),

Oy = —=3(U{ U2)x02 — 2U{ U201, + Q7 (UnUz — UsUny) (2.12)
+07 (U1 U — Uy Usy),

Q1 =U; —Upxx, Q2 = Uy — Upyy.

In particular, setting Q = (q,7), R= (r,q)T, U = (u,v)T, V = (v,u)T, the multi-component equation
(2.12) leads to another two-component Novikov equation

qr = —2uvq, —2uvyq — 4u,vq,
1y = —2uvry — 2u,vr — 4uv,r, (2.13)

q=U—Uxx, T=V—Vx,

which may be reduced to the Novikov equation (1.3) under the constraint u = v.
To construct the bi-Hamiltonian structure of the multi-component system (2.12), we apply the
same procedure in subsection 2.1 and introduce these symbols P| = Q‘;Rz P = QZ;RI , 81 = % ,

Sy = @ , then the Hamiltonian operator II(P;,P,,S1,S,) for the new system with the variables
Py, P,, S1, S> can be written as:

1
H(Pth,Sl,Sz):Zﬁ/g*,
10 0 [
e g |01 T 0| NN ¥ o N iden .
where 7= | o " |, Oandare respectively § x & zero matrix and 5 x 5 identity matrix.
07 —-I 0

After using the Dirac reduction under the constraint Q; = Ry, Q> = R; or S| = § =0, the
operator I1(P;, P,,S1,S>) reduces to

(P, P,,0,0) =
Iy, (P, P5,0,0) I} (P, P2,0,0) 0 0
Iy, (P;,P5,0,0) (P, P2,0,0) 0 0
0 0 [I33(P;, P»,0,0) II34(Py,P>,0,0)
0 0 [43(Py, P2,0,0) Tys(Py,P>,0,0)
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with
Iy, (P1, P>,0,0) = %(3Q1a +201x)(9° —49) 71 (30{ 9+ 01,) + %(QlailQ{)Ta
Mia(Pr, P2,0,0) = %<3Qla +201:)(9° —49) 13029 +03,) + %(Qza”QlT)T
—0fa o+ 0la 0
ot (B 2,0,0) = 53020 +2020)(9° ~49) ™ (3019 + 0 + 5(019~' 01"
—%(Q{a*QﬁQZT I QNI
M (P1,P2,0,0) = %(3Q23 +202)(97 = 49)71 (3079 + 03.) + %(Qza*QzT )"
sy (B 2,0,0) = (19701 + (€102,
Ms4(P1,P2,0,0) = %(QWQ% +(0207100)") + %( 107102 +0397 Q)1
I3 (P1,P2,0,0) = %(chTIQ{ +(@19707)") + %(Q% 97101 +019 "' o),

1
Maa(P1, £2,0,0) = 5(0297'03 +(2207'03)").

And then the reduced Hamiltonian operator for the multi-component Novikov equation (2.12) is

T, (P, Py,0,0) TLia (P, P, 0,0
Hred(Ql’Qz):< 11(P1,P,0,0) T2 (P, Py )>‘

Iy (P1,P2,0,0) Tps(Py, P»,0,0)

Moreover, by studying the Hamiltonian operator 2~ _# ~! % and its Dirac reduction, the second
Hamiltonian operator for the multi-component system (2.12) may be obtained as

1(82— 1) (H44(P17P27070) H43(P17P270)0)>1 (82— 1)

Ared , —_
(Ql Q2) 4 H34(P1,P2,0,0) H33(P17P2’0?0)

Especially under the constraint Q = (¢,r)7, R = (r,9)7, U = (u,v)T, V = (v,u)T, the two-
component system (2.13) has a Hamiltonian pair

1 24y —
Hred(q’r):2<?;zgizz >(a3_4a) 1(36]84’%5 3r8+rx)

1 0 g —gdr
+§ <—qr81qq r%’lr )’ (2.14)

e 1 rd r Ol rtralg\ "
N =@ 1) (g 10, T ST ) @)

1, ~lg1g-1agl 1o
~ " ”( CRIORENTE

~ =

Remark 2.2. The two-component system (2.13) can be written in bi-Hamiltonian form (2.10) with
bi-Hamiltonian operators given by (2.14). The associated Hamiltonian functional for IT(g, ) is
H = [ qv+ rudx. The omission of W here is caused by the nonlocal property and complication of it.
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3. Conserved quantities and locality of the Hamiltonians of the Geng-Xue equation (1.4)

In this section, we give two sequences of conserved quantities for the Geng-Xue equation (1.4),
some of them seem to be new. Furthermore, we find all of them are homogeneous and all the
Hamiltonians H;, j < —1 are local.

3.1. Conserved quantities

Defining
T P P3
= 9 ) 9 a=—, b= DR (31)
¢ =(01,92,93) o P
based on the Lax pair (1.5), we have
p =(In@gy)y = Anb. (3.2)

The infinitely many conserved quantities for the Geng-Xue equation (1.4) can be constructed using
the standard algorithm. Next we will utilize the procedure in Ref. [30] to obtain the required Hamil-
tonians.

Substituting these equalities (3.1) to the spectral problem (1.5) yields

ay=Am+b—ap, by=a—bp, 3.3)

after expanding a, b into a series of the spectral parameter A and equating the coefficients of dif-
ferent powers of A in these equations (3.3), one can find a series of conserved densities from coef-
ficients of p in power of 1.

Case 1: Expanding a, b as a =} ;> ari, b=y i>1b J-/lj and substituting them into the system
(3.3), we establish that

a) = —Uy, bl = —Uu, az = 07 b2 = 07
(1— 82)193 = (nuz)x—i-nuux, az = b3x+nb%,
it j—k—1
(1— 82)ak = Z [nbibj+ (nabj),],
i,j>1
it j=k—1
(1 — az)bk = Z [na,-bj + (I’lblbj)x]
i,j>1

Hence an infinite sequence of conserved quantities are obtained, and the first two are

H, = [undx,

Hy = [(uyv — uvy)undx. (3.4

Remark 3.1. The above two conserved quantities can be obtained from the Hamiltonian functionals
(2.6) 57, 76 under the constraint N =1, Q =m, R=n, U = u, V = v respectively.
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Case 2: The second expansion is a = } ;> a; AT b YisobjA™ Substltutmg it into the sys-
tem (3.3) yields:

2 1 1
ag=m3n 3, bo=m3n" 3,

1 1 i+j=k+1
Qi = 3 2(mn) "3 (b — k) + b+ Y. (nbibj—2by ab;) | |
i,j>1
R 1 i+j=k+1
biy1 = g(mn)*i(bk 1—akx)—f(mn 3 | b+ Z bO al+nb b
i,j>1

In particular, we only consider the conserved quantities associated with b3, k € Z, and obtain the
first two conserved quantities as

" 1
H = 3/(mn)§dx,
| 3.5
5 8 5 2 5
H ,= ﬁ/ [Sm)%nxiffnf§ —3(mn) " 3myny — 18nxm*§n*5]dx.

The negative powers of m and n that are involved in the above expressions for the conserved quanti-
ties raise an important structural property, whose solution established their analytic validity. Namely,
we expect that if m > 0 and n > 0 hold initially (at time ¢ = 0), then this property is preserved by
the Geng-Xue flow. That this might be so is suggested by the granting, in the context of the CH
equation, of such a property by means of a pointwise conservation law that has in that context very
strong consequences for the long-time behavior of solutions [4, 20]. For the Geng-Xue flow we
can proceed as follows. Define the smooth diffeomorphisms y(x,7) by y(x,0) = x and y;(x,7) =

u(y(x,t),t)v(y(x,t),t) for t > 0 and consider the expressions Q(x,t) = m(y/(x,t),t)y? (x,t) and

R(x,t) = n(y(x,1),t)y(x,t). Since
Var = [uc (W, 1)v(y, 1) +u(y, vy, 1)y, >0,

and yy(x,0) = 1 yield

t
witet) =exp ([ o) (v + uwo)les)lds ) >0, 120
0
using (1.4) we can verify that the relations

9 0(x,1) = 3u(y (x,1),)va(y(x,0), )y (x,1) O(x, 1),

3.6
OR(x,1) = 30 (W(x.1) 1) (W (1), 3 VR ). GO
hold for any fixed x. Therefore
01) = 0x0)exp (3 [ Tuwis). o) W))W ) ) 120,
0
3.7

R(x,t) = R(x,0)exp (3 /Ot [ (w(x,s),s)v(y(x,s),s)y (x,s)ds> , t>0.
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These considerations prove that m(x,t) > 0 and n(x,t) > 0 at any ¢ > 0, provided that m(x,0) > 0
and n(x,0) > 0.

3.2. Homogeneous and local properties of the Hamiltonians

The first nontrivial negative flow in the Geng-Xue hierarchy is the Geng-Xue equation (1.4) [19]. It
admits a bi-Hamiltonian structure [29], viz:

@:Kéﬂ%:fgﬁ, :(m>, (3.8)

n

where H\, H, are given by (3.4), and K, J are respectively the reductions of the Hamiltonian opera-
tors 2, ¢ (2.4), (2.5) under the constraint N = 1, Q =m, R=n, U = u, V = v, namely

0 9>-1
KZ(l—W 0 >’
Ji Ji2
J:
<J21 Jzz)’
with
S = 2md et (et 3md) (9% —42) " (m,+ 3ma)
11 D) X D) X )
__§ -1 § 3 -1
Jiz = 2m8 n+<mx+2m8)(8 40)" (ny+3nd),
_ 30 3 3 41
Jat = =nd m+(nx+2na)(a 49) " (my+3md),
_3 3 3 41
I = 50 n+<nx+2n8>(8 49)~" (ny +3n9).

Furthermore, the first nontrivial positive flow in the hierarchy reads

12 1
my=(m3n 3 ) —m3in 3,
2 2
[ =n 3 3

1
n 3im

which can also be reformulated as a bi-Hamiltonian form

O0H ; O0H_,
0 =7 =K 39
t 69 66 ) ( )
herein H_1, H_; are given by (3.5).
Hence, the Geng-Xue hierarchy may be constructed as
O0H; O0H;
0, =] =K—2—= jez, j#0,—1 3.10
tj 66 69 9 J € 9 J ;é 9 ) ( )

with infinitely many Hamiltonian functionals H; generated by the recursive definition. It is imme-
diately clear that all H;s are homogeneous and H;s, j > 3 are nonlocal. Hence we will discuss the
local property of H;, j < —1.
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Lemma 3.1 ([26,34]). If a differential function M|6) satisfies

/ M[6]dx =0
for all 0, then there exists a unique differential function N [6] up to addition of a constant such that
M|[0] is the total x-derivative M[0] = (N|[0])..

Theorem 3.1. Let X;[0] = 6%"9[6], then for each j < —1, X;[0] and H,[0] are local.

Proof. We only need to demonstrate the local property of X ;s because of H;[0] = fol X;[e0] - Ode.
As j=—1,X_1[0] is local since

T
X_l[e] = (mfgn.a m%n7%> .
Now suppose that X;[6] is local for j = —k. When j = —(k+ 1), we have
X_ (1) [0] = J ' KX_4[6] = (J7'K)*X_4[6]. (3.11)

To find an explicit expression for X_¢[6], a direct choice is to calculate the inverse operator of J.
. . .1 1
However, it seems to be difficult. Hence, we find an indirect way. Suppose & = (mn)3 and define

X_1[6] = (Aw. BY)",
Ep = (3% —49) 7' (3md + m,,3nd +n,)X_[6],
it follows from the recursive relation (3.11) that

3 3
Emafl(mAkH —nByy1) + <§ma +mx>Ek+1 = (32 —1)By,

3 3
—Enafl(mA;&l —nByy1) + <§n8 +l’lx>Ek+1 =(1- 82)Ak.

Eliminating E;; from the above system and combating the definition of Ej yield

3mod +my 3n0 +ny Api 1 Ay
=—-0 3.12
( m —n ) (Bk+1 3 B, )’ ( )

0 0 40 -3 \ 1., (—min3 )
®‘<08i<821>>+<82+a§";;>h" <m (1=9%.

Then it is not difficult to solve Ay, and By from the above system, and we find that A;; and
By 1 are local if there exist two differential functions My, N such that

where

1

I = ﬁ[m(l — 9% Ak +n(9* — 1)By| = My, (3.13)
B l 3 _2mx 2miy %_ _2mx E 2

rz_hda 4a+3(a 3m)a<a+3m>} - <a 3m>am(a I)Bk>
= Nix. (3.14)
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Using the Lemma 3.1, the equality (3.13) follows immediately from

=— [ XT KU 'K X dx

= / XT KX_idx,

where we have used the skew-symmetric property of K, J. So [T'jdx = 0. Similarly, the equality
(3.14) may be demonstrated from

_ (L oMy 92 52 My
/dex—/h[a 40+ (30 - 225)(9 + 9 7))
1 My 22,9
_ /f(l — 0%)Ay+ (0% — 1)Bydx
= [(e.NK(ALB) dx

= —/(AkyBk)K(gvf)de

— / T 'K (AL, B) (g, f) dx =0,

where
1 /2 4 mny, 10 m)% 14 mn)zc 4 myny
= (Zm, — - 0 7 - _2
f h4<3m“3n Om 9wz 9 )
1 /2 4 nm,, 10 njzc 14 nm)% 4 myn,
g=—|lnyp—-————+4+— - —2n .
h*\ 3 3 m On 9 m® 9 m

In the above we have eliminated the derivatives of M}, in the integration by the equality (3.13) and
used the skew-symmetric property of K, J, as well as the fact that (g, f)7 is a kernel of J.
So all the Hamiltonians H;, j < —1 for the Geng-Xue equation (1.4) are local. O
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