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The BC,-KP hierarchy is an important sub hierarchy of the KP hierarchy, which includes the BKP and CKP
hierarchies as the special cases. Some properties of the BC,-KP hierarchy and its constrained case are investi-
gated in this paper, including bilinear identities and squared eigenfunction symmetries. We firstly discuss the
bilinear identities of the BC,-KP hierarchy, and then generalize them into the constrained case. Next, we inves-
tigate the squared eigenfunction symmetries for the BC,-KP hierarchy and its constrained case, and also the
connections with the additional symmetries. It is found that the constrained BC,-KP hierarchy can be defined
by identifying the time flow with the squared eigenfunction symmetries.

Keywords: the BC,-KP hierarchy; the constrained BC,-KP hierarchy; bilinear identities; squared eigenfunction
symmetries.
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1. Introduction

In mathematical physics and integrable systems, the Kadomtsev-Petviashvili (KP) hierarchy [8, 11]
is an important research object. For the KP hierarchy, there is a kind of important sub hierarchy
called the BC,-KP hierarchy [9,12,28], including the BKP and CKP hierarchies [3,8,9,19,21,28] as
the special cases. The BC,-KP hierarchy is introduced in [9], then it is rewritten by Zuo et al in [28],
and also is named by the BC,-KP hierarchy for brevity in [28]. Zuo et al. [28] construct additional
symmetries of the BC,-KP hierarchy and its constrained case, which shows that all of them from a
wff*—algebra and a Witt algebra respectively. The gauge transformations of the BC,-KP hierarchy
and its constrained cases are constructed, and the relations with the additional symmetries are inves-
tigated in [12]. In this paper, we continue to study the bilinear identities and squared eigenfunction
symmetries of the BC,-KP hierarchy and its constrained case respectively.

Bilinear identity [7-9,11,20] is a bilinear residue identity for wave functions, which is an impor-
tant equivalent form of the KP hierarchy. From the bilinear identity, one can know the whole infor-
mation of the KP hierarchy. And the bilinear identity can provide a crucial role when discussing
the existence of the tau functions [8, 11]. Also the Hirota’s bilinear equations [8] can be derived
easily from the bilinear identity. By now, there are many results on bilinear identity. For example,
the constrained KP hierarchy [7,20], the constrained BKP hierarchy [25,26] and the extended KP
and BKP hierarchies [15, 16]. In this paper, we will consider the bilinear identity of the BC,-KP
hierarchy. In fact, the BC,-KP hierarchy is equivalent to the sub hierarchy in [9], where the corre-
sponding bilinear identities are discussed. But there are some differences in the expression forms
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between the BC,-KP hierarchy and the sub hierarchy in [9]. And also the bilinear identities in [9] are
not discussed completely. Therefore, it will be important to find the bilinear identity of the BC,-KP
hierarchy for itself. And what’s more, as far as we know, the bilinear identities for the constrained
BC,-KP hierarchy have not discussed in literature.

The squared eigenfunction symmetry [2, 22-24], sometimes called the “ghost” symmetry [2],
plays an important symmetries in the integrable system. The squared eigenfunction symmetry can
be traced back to [22], where Oevel studied the solutions of the constrained KP hierarchy in the
first time. Then it is widely investigated in [4, 5, 13, 14]. The squared eigenfunction symmetry can
be used to define the new integrable system, such as the extended integrable system [17, 18] and the
symmetry constraint [6,7,19-21,24-27] and the additional symmetry [1,2,10,28]. Recently, many
researches have been done in the squared eigenfunction symmetries, for instance, the Toda lattice
hierarchy and its sub hierarchy of B and C type [4, 5], the discrete KP [14] and modified discrete
KP [13] hierarchies are investigated recently. In this paper, we will consider some properties of the
squared eigenfunction symmetries of the BC,-KP hierarchy and its constrained case.

The structure of this paper is as follows. The backgrounds of the BC,-KP hierarchy will be
reviewed in Section 2. In Section 3, we will study the bilinear identities of the BC,-KP and its
constrained case. In Section 4, the squared eigenfunction symmetries associated with the BC,-KP
and constrained BC,-KP hierarchy are constructed. In Section 5, some conclusions and discussions
are given.

2. The BC,-KP Hierarchy

The BC,-KP hierarchy is the sub hierarchy of the KP hierarchy [9, 28], which is defined by the
pseudo-differential operators. The algebra g of the pseudo-differential operators [11] is given by

o= {Z uia;}, 2.1)
<00
where u; = u;(t; = x,1,13,...). The multiplication of 8; with f obeys the Leibnitz rule [11]
EDY (’) D9 ez (2.2)
oV
In this paper, for A = ¥, a,0' € g, we denote Resy A = a_j, Asy = Yispaid and A = 3 a;0',
Ay =Asg,and A_ = Ag. For A, B € g and a function f, * is the conjugate operation: (AB)* = B*A*,

0" =-0, f*=f,and Af or A- f indicates that the multiplication of A and f, while A(f) denotes the
action of A on f.

Lemma 2.1 ([22]). For arbitrary operator A € g

ResaxA(?;] =Ao, Resy,A=—-Resy A", (2.3)
(A5007 <0 = 08y, (37 'As0)<0 = 87 (A ). (2.4)

where ( )o denotes the zeroth-order term.
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The KP hierarchy [9,28] is defined by
0,L=[By,Ll, B,=(L")s, n=1273,.... (2.5)
Here the Lax operator L € g is given by
L=0+u10;' + 20> +uzd > +--- . (2.6)
The Lax operator L for the KP hierarchy can be expressed by the dressing operator S,
L=50,57", 2.7)
where § is given by
S = 145107 + 52077 +530° +---. (2.8)
Then the Lax equation Eq. (2.5) is equivalent to
0,8 ==(L")<0S =SS oS, (2.9)
The eigenfunction ¢ and the adjoint eigenfunction i of the KP hierarchy are defined by
01,6 = Bu(¢), 01y =—-B,(¥), (2.10)

respectively. The wave and adjoint wave functions of the KP hierarchy are defined by the following
way:

w(t, ) = SN = (1+ 5107 + 55072+ )eZimn it (2.11)
w (t,2) = (S TH (V) = (14 517 4+ 55472 4o )e” T id (2.12)

where A is the spectral parameter. And w and w* satisfy

L'w(t, ) = V'w(t, 1), 8, w(t,A) = Byw(t, ), (2.13)
(LY w1, A) = Vw1, ), 0, w(t,A) = —Biw (1, A). (2.14)

Next, we discuss the BC,-KP hierarchy. Define
Q=TS reisy, (2.15)

where S is the dressing operator of the KP hierarchy. Obviously, Q is a r-order differential operator
and has the properties:

Q"=(-1)"Q, QL+L"Q=0, (2.16)
Q. =(1+(=D"(ESHas~ - 0B, - B:Q. (2.17)

The BC,-KP hierarchy is defined by the following constraints,

0=0.. (2.18)

Therefore for the BC,-KP hierarchy, by taking the negative part of Eq. (2.17), one obtains 1 +
(=1)" =0, so there are only odd flows in the BC,-KP hierarchy, and the Lax equation of the BC,-KP
hierarchy is given in the following way

atz,HlL = [B2n+17L]’ n EZZO» (219)
In particular,
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e BCy-KP is the CKP hierarchy: when r =0, Q =1, then L* = —L,
e BC;-KP is the BKP hierarchy: when r =1, Q = d,, then L* = —axL(');l.

According to Eq. (2.10) and Eq. (2.17), the adjoint eigenfunction of the BC,-KP hierarchy can
be expressed by Q(¢), where ¢ is eigenfunction. The constrained BC,-KP hierarchy is defined by
imposing the below constraints on the Lax operator of the BC,-KP hierarchy

= (L )>o+Z 91,05 - Qgo) + (=1 207" O(qnp), k=1,3,..., (2.20)

j=1

where ¢;; and g, ; are independent eigenfunctions of the BC,-KP hierarchy.

3. Bilinear Identities of the BC,-KP Hierarchy and its Constrained Case

Bilinear identity formulations of the BC,-KP hierarchy and its constrained case will be studied in
this section. Before discussion, the following lemmas will be needed.

Lemma 3.1 ([11]). For A, B€ g,
Res)A(e™)- B(e™™) = Resy AB, (3.1)
where B* is the adjoint operator of B.

Lemma 3.2. [fwe let A(x) = ¥,;a;(x)d" and B(x') = Y, ib j(x’)ﬁi, be two operators, then

A(X)B*(x)0(A%) = Res  A(x)(e™) - B(xX')(e™7), (3.2)
where A° = (x —x")° and
0, a<O,
874(A%) = { % Caso (3.3)

Proof. Firstly, by the formal expansion of B(x") at x" = x and according to Lemma 3.1
ResA(x)(e")- B\ —“>
= Res A(x)(e™) Z = e

(x' —x)"

Resy A(x)B* (x)(—1)"d%}

(x— X)”

: 1M 1M

Resy A(x)B*(x)0',

= " 3;"(A")Ress A(X)B' (X)L, (3.4)
n=0

Then if set A(x)B*(x) = ¥z ¢;0". and notice that

Resy A(x)B*(x)d% = Resg, Z i =c_,q, (3.5)
i€Z

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
407



L.M. Geng et al. / Bilinear Identities and Squared Eigenfunction Symmetries of the BC.-KP Hierarchy

one can obtain

Res A(x)(eH)BO ) (e ™)

(o0
— —n—1=i i
n=0 keZ

= A(X)B* (x)3x(A”) (3.6)

O

Proposition 3.1. The wave and adjoint wave functions of the BC.-KP hierarchy satisfy the bilinear
identities

Res A w*(t,-Dw*(¢',1) = 0. 3.7

Proof. The wave and adjoint wave functions of the BC,-KP hierarchy satisfy the following bilinear
identities
O (X, F,A) = (SOTS No(w(x,F,2)), Oy, " (x,F,2) = =(SOTT'STHL (W (x,F D), (3.8)
where 1 = (t3,1s,...). Therefore 07 w*(x’,f,a) can be written in the following way
'w* (x',1,1) = Po (X', D)(w* (¥, 1,2)), 3.9

where 07 =[], 6;2‘: "and Po(x',1) = Y50 Aai(X, f)(?; , is a differential operator. Next by consider-

ing the formal expansion of w* with respect to ¢ at

_ 7 -1 _
WP )= ua’v;lw*(x',t,A), (3.10)
a!
a=(a3,as,...)=0
with
(r-n"= n(lé,m — 1), al= l_[a2n+1!, >0 & a34120, n=1,2,..., (3.11)
n=1 n=1
one can obtain
- t_’ _t @ oo n+1z. n+ ’

w7 = Y D b sy B B ) (3.12)

a
a>0

Thus according to Lemma 3.2
ResAw* (x,f,-Dw*(x’, 7, )

= Resy(S ™' (x, 1) 04(e™) Z Ul

a!
a>0

=> (ﬂ;—fyw-%x,a)*azs-‘(x, DP;(x,DO(A%)

a>0

-3 @ _?a OO P (x,Ddx(A%) = 0, (3.13)

a
a>0

Pa(x/,D(S—l(x/’a)*(e—x'/l)

where we have used the fact Q = O, and P, are differential operators. m]
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Proposition 3.2. Let w(t,A) and w*(t,A) be expressed by w = §(e**V) and w* = (S~1)*(e ¢t:D)

respectively, where S = 1+ 3, | 5,07 and £(t,1) = 3,7 o1 A2 And define Q = (S~1)*9"S L.
Then if w and w* satisfy Eq. (3.7), one can obtain Q = Q, and 0,,,,,S = —(S3*"*'S 108, which

means that w(t, 1) and w*(t, A) are the wave and adjoint wave functions of the BC,-KP hierarchy.

Proof. Starting from the bilinear identity Eq. (3.7) and using Lemma 3.2

0 = Res A w*(x,f,—Dw*(x',7,2)
— Res/l(S —l(x’ f)*eznzl fonp 162 a;)(exﬂ) . (S _l(x', t—,)*e—Z,m B0y (—0,) 2! )(e—x’/l)

= S (o, By e Tz s 5, DI G =1 (o 7)) (AD), (3.14)
Let 7= ¢, then
(S 3.8 710,(A°%) = Q(1)3:(A°) = 0, (3.15)

which implies Q is a differential operator.

On the other hand
w'(1,2) = (71 (e V) = QS 8, (e "Y) = (= 1) 1 Q)(w(z, - ). (3.16)
So
0 = Res A w* (x,f,—Aw* (x', 1, 1) = Res Q1) (w(x, 1, ))w* (X', 7, ). (3.17)

Apply O~!(#) on both sides of Eq. (3.17) and let 0~ (1)(0) = a(x, 1),

a(x,f) = Resw(x, , Hw*(x', 7, )
= Res(S (e, et 1 )@ ¥)(($ 7 (o, 7)) ™ 2t e 00" ) o7

= 8§ (x, DeZm1 1, DR g =1 (5 71y5 (D). (3.18)

If f=¢, we have
a(x,D) =SS (1.(A% = 0, (3.19)
Thus Res,w(t, Yw*(¢’, ) = 0, which satisfies the bilinear identity of KP hierarchy, it is obvious that

Oiypr S = =(S07'S ™08, (3.20)
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Corollary 3.1. If Q~'(¢) = 2o ai(t)(?;’_i, where ay = 1, a; =0, the bilinear identity Eq. (3.7) can
be rewritten as
0, r=0, (CKP),

_ _ 1, r=1, (BKP),
Res A "w(x, £, Dw(x',t/,—A) = (3.21)

(x x)rl i ()C x)r+tl
“ohr +Z at)— T r>1.

i>1
Proof. From the above proof in Proposition 3.2 and Eq. (3.16),

Res A w(x, £, )0 w(x',f,—-1) = 0. (3.22)
By applying Q™! (¢), and letting 8(x",#') = Q~(¢')(0) and ¥’ =7,

B D) = S(x,DF,"S*(x,DI(A")
0~ (10:(A°)

0, r=0,
1, r=1, (3.23)
- (x x)rl © ( _x)r+tl :
=1 +; a@ D" b
]

Next, we discuss the bilinear identity formulation of the constrained BC,-KP hierarchy. For con-
venience, we will introduce squared eigenfunction potential Q(, ¢) [22, 23], which is determined
by the following conditions

Q) =¥, QWP = Resd YL )s000, " (3.24)
Proposition 3.3. For the constrained BC.-KP hierarchy Eq. (2.20),

(@)@ - Q@2 )@) + (=1 Qg2 - Qg1 () = Resy A w' (1, ~w' (7', ), (3.25)

j=1
Qgi)(t) = —Resy(A"w* (1, VQq1;(¢ ) w* (', V)))- (3.26)

wherel =1, 2.

Proof.  Firstly, consider the residue of L¥9? for an arbitrary integer p = 0, and notice that
Resy (L*)_0% = Resy L*6%. Then according to Lemma 3.1 and S = Q~'(S ~')*¢d",

Ms

(g1 (O1DPY(Q(g2)(®) + (= 1) q2(1)(= 1P ( Qe (1))

~.
Il
—_

RsaLk(?p Resy, S0k~ o!

(—1)PRes;S a1y (e )
(

(

~1)Resy Q7 (ST 9 ()R (s Ty (™)
—1)PRes; A 07N (Dw* (1, - D) w* (8, ). (3.27)
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Further by using Eq. (2.10) and the formal expansion at ¢’ = t,

M=

(41/0Q@)X) + (=1 q2/0Q(q1)(1)) = Resad* Q7 (w1, ~Dw' (', D). (3.28)

J
Lastly, by applying Q(¢) on both sides of Eq. (3.28), one can obtain Eq. (3.25).
According to Eq. (2.14) and Eq. (3.7),

m

D (2@1)00(g2))) + (1Y Qg2 ) Qq1)(¢))

j=1
= Res A"w* (1, ~A)(LH* (! w* (', 1)

= Res, V(.= D)(Bi(!) = Y (Qap )05 g1 (')
=1

+H=1 Q)N - o () )w' (7', )

= = > Respd'w* (6, =) Qg2 ) q1 (), w" (', 1)

j=1
+(=1)" Qg1 Qg2 (), w* (¢, V). (329)
According to Q(g1;)(') and Q(g;)(t’) are independent, and from the comparison of both sides
Q(q1)(1) = ~Res, X' w* (1, -V i) w (¢, D), 1=1,2. (3.30)
O

Proposition 3.4. Let w(t,A) and w*(t,A) be expressed by w = §(e**V) and w* = (S~1)*(e ¢0:V)
respectively, where w = 1+ 3> | 5,0™" and &(t,1) = 3.7 tons1 A2 And define Q = (S~1)*9"S 1.
If w and w* satisfy Eq. (3.25) and Eq. (3.26), then Q = Q, 0,,,.,S = —(S0?"*1S~ 1S and

(L0 = X, (91,07 Q(qa)) + (~1)'q2;05" - Q(q1)). Therefore, Eq. (3.25) and Eq. (3.26) satisfy
the characteristics of the constrained BC,.-KP hierarchy.

Proof. Firstly, we prove Eq. (3.26) implies the bilinear identity Eq. (3.7). By differentiating both
sides of Eq. (3.26) with respect to x”,

v (Q(q1j)() =0 = —RespA"w*(t, =g Yw* (', 1), [=1,2. (3.31)
It is obvious that
Res A w'(t,—Dw*(#',1) = 0. (3.32)

On the other hand, by differentiating both sides of Eq. (3.25) with respect to #3,+1,

m

D (Bras Q@1 D@2+ (=1Y By, Q2 D) QAq1 )(X')

j=1
= —Res;A**'B;,  (Dw* (t,—Dw* (7', )

= = > (B3t (Q@1 )O) Qa2 (1) + (=1) B3, (Qa2))0) Qg )(1)), (3.33)

=1
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which means that Q(g;;)(¢) is the adjoint eigenfunction, since Q(g;;)(¢) and Q(g2;)(?) are indepen-
dent. By differentiating both sides of g;;(t) = Q‘l(Q(ql j)(t)) with respect to 1,,,+1, according to Eq.
(2.10) and Q(g;;)(?) is the adjoint eigenfunction

Ot 41j(1) = =001y, Q- 07 (Qqi)®) + Q7" 8, (Q(@1)(®) = Bansi (@) (3.34)

So gq;(t) is the eigenfunction.
Finally, by applying Q~!(¢) on Eq. (3.25), formally expanding at # = ¢ and according to Eq.
(2.13) and Lemma 3.1

3

(91707 0@2)(0) + (~1) q2,(37 Qg1 )(1))

J

Il
—_

Res A0~ N (nw* (1, - 1) w* (¢, 2)
Res LFS e 9P (S ~1yre™
(=1)PResy Lr07. (3.35)

This implies that the negative part of the Lax operator L¥ has the form Eq. (2.20). It is proved that
Eq. (3.25) and Eq. (3.26) satisfy the characteristics of the constrained BC,-KP hierarchy. |

4. Squared Eigenfunction Symmetries of the BC,-KP Hierarchy and its Constrained
Case

We construct the squared eigenfunction symmetries associated with the BC,-KP hierarchy and its
constrained case in this section.
Denoting the corresponding group parameter as @, we define the squared eigenfunction flow by

m

0aS = ) (9107 - Q2 +(=1Y 820" - Q(911))S, @.1)

i=1
or
daL =] D" (4107 Qi) + (=1) 40" - Q(1), L], 4.2)
i=1

It is essential that the definition of d, must keep the BC,-constraint. The next proposition will
explain the definition of 9, is reasonable.

Proposition 4.1. For the BC,-KP hierarchy,

040 = (0Q)+- (4.3)

Proof. According to Eq. (2.15)

020 = =S 0aS" (ST ST = (ST 05 T 0pS -5
= (08-S0~ 00,5 -7 (4.4)
Co-published by Atlantis Press and Taylor & Francis
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According to Eq. (2.4), Eq. (4.1) and Q" = (—1)"Q, we can obtain that

(020)- = ~((3S -S ™)' Q+08,S -5 7")._
== (@107 Q@) + (=1 285" - Q1)) Q
i=1
+0(¢1:05" - Q) + (=1 25" - Q1))
= > (023" 0" (1) + (~1) Q135" - Q" (¢2)
i=1
~0($1)8;" - Qi) — (~1) Q23" - Q($1,)
=0. (4.5)
O

Next, we need to check [d,,0;,,,,] = 0, which means that d, is the symmetry of the BC,-KP
hierarchy.

Proposition 4.2. For the BC,-KP hierarchy,

[0¢.0,.,1=0. (4.6)

Proof. For convenience, assume M’ = }}"" | (¢1l~8;1 Q) +(—-1)" ¢2,-6;1 . Q(¢1,-)). Then
O L=[M,L] = 8,L" =M L7, 4.7)

whence the projection to differential orders > 0 yields to 0, B2,+1 = [M ’,Lz”“]zo. Because M’ € g
and [g<0,8<0] C 8<0

OaBans1 = [M' (L™ M50+ (L) 0)50 = [M', Bays1]150- (4.8)

On the other hand, according to Eq. (2.4)

[Ban+1, M0 = Z (an+1(¢1i5;l - Qi) + (=1) 07" - Q(¢1i)))<o
i=1

0

((61107" - Q@2 + (=1 $2i6;" - Q($1)) Bous )
=1

1

M=

(Bos1 (110, - Q(620) + (=1 Bans1 (62035 - Q1)

1

= (0105 By (Q(20)) + (<1) @iy - B, (Q(@10By),  (49)
i=1

1

Il
—

one concludes
[Bon+1,M'1<0 = 0y, M. (4.10)
The pseudo-differential zero curvature equation will be obtained by Eq. (4.8) and Eq. (4.10),

OaBon+1 — 04y M = [M', Bopy1]. 4.11)
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This establishes the commutativity of the squared eigenfunction flow and the Lax hierarchy:

8t2,1+1L(l - a(ILtan = [M/’L]t2n+1 - [B2n+1’L]a
= [M, - B(L/BZrHl’L] + [M’thz,,H] - [B2n+1 ,La/]

ntl

= 01ys M’ = 8o Bans1 + M, By, L] = 0. (4.12)

O

Remark 4.1. If identifying the squared eigefunction symmetry flow 8, with the time flow —d,,_,
in the BC,-KP hierarchy, one can obtain the following constraint on the Lax operator

m

(L0 = D (¢1-07" - Q) + (=1 ;- - Q(911), (4.13)

i=1
which is just the definition of the constrained BC,-KP hierarchy and % is odd.

Then we will consider the actions of d, on eigenfunctions.
Proposition 4.3. The squared eigenfunction symmetry of Proposition 4.2 is the compatibility con-
dition of the linear problems:

m

B = L D20(0), do= Y (91iQQ$2),0) + (1) 02 QQ(B1).9)).  (4.14)

i=1

Proof. The aim is to prove (¢y,,,,)a = (@a)s,,,, With the help of Eq. (4.1) or Eq. (4.2). At first,

m

Oty ba = Z (an+1(¢1i)Q(Q(¢2i),¢) + (_1)r32n+1(¢2i)Q(Q(¢1i)a¢))

i=1

+ ) Resy(@10;" - 0(@2)B2nn16- 07" +(=1) 236" - 0(91)Boni1 -0
i=1

= Z (Banse1 (919 Q(¢20). ) + (= 1) Boy1 (92 Q(¢11). 9))
i=1
+Resy(M’ By 1697 1Y). (4.15)
According to Eq. (4.11), we obtain that
0o Bant1 =01y, M" = M'Boy i1 — Bypi1 M. (4.16)

Therefore

b = ) (Bans1 (91)QQ@20),8) + (=1) Bans1 (920 Q(11), 8))
i=1
+Res5,(0aBans1 - $0;") — Resy(M,

fn+l

¢+ Resy(Bo i M'$0;").  (4.17)
According to Eq. (2.3), the second term yields

Resy (0aBans1 - $07") = 0o Bans1(9). (4.18)
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Because M/ 97! € g, the third term yields

tp+1 "X
Resy, (M}, ¢0;")=0. (4.19)

According to f = 8, f — f0,, the fourth term yields
Resg,(Bansi M 903") = iResa Bo 19165 - Q260" + (=1) Bans1 928" - (193"
=
2 esp(Ban191:07" - (0:Q(Q($20), ) — QAQ($2),4)0,) - 37"
+;Resax(<—1)’32n+1¢zia;l (0 Q@11). §) - AQ@11).$)d) - 57"
= an+1(2(¢1,-Q<Q<¢z,->,¢>+<—1>’¢2iQ<Q(¢l,~),¢>))
—i(anﬂwmsz(Q(mi),@+(—1)ran+1<¢zl~>Q<Q<¢u>,¢>), (4.20)

whence

m

1 Pa = Z (Bans1(@1)QAQ(¢20), ) + (—1) Bans1 (420 Q($1,), 6))

i=1

+00Bons1(#) + Bansi Z (6112 Q(20). ) + (—1) 2 Q(¢11). 9)))
=1

m

= >~ (Bars1 @1)QAQ($2),6) + (=1) Bons1 (9202 Q($1),9))
i=1
= 6(182n+1 (¢) + Bopt1 (¢(1) = a(x(ﬁtz,ﬁl . (421)

O

Now we study the commutativity of two squared eigenfunction symmetries generated by eigen-
functions ¢; and ¢;; (I=1,2,i=1,,...,m, j=1,2,...,m), separately.

Proposition 4.4. Let ¢ and q;; (1=1,2,i=1,2,....m, j=1,2,...,m) satisfy
Oy (P1) = (L N50(P1i)s  Bnyyy (q1)) = L Msoqi), (4.22)

and

INgE

Bon(di) = (1720427 01) + (1) 42, AQ(q1,).61)- (4.23)

J=1

Ms

Ba (1) = ) (#1102, 1) + (=1) $2: Q1. q17)). (4.24)

i=1
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Then

= > (610" Q@) + (=1 928 - Q(1), (4.25)

i

I
—_

MN —

INgE

(9105" Qg2 + (=1 q2,07" - Ol ). (4.26)

1l
—_

J

satisfy the zero curvature equation My, — M} = [M",M’], further [0, ,04,] = 0.

Proof. At first, we consider M, and M,

Mp, = " (@100:07" - Qi) + (=1) (200,07 - Q1)
i=1
+ (810 - (Q@20)),, + (=1 207" - (Q(D11)),, ) 4.27)
i=1
ME = D (@1 )05 Qg) + (=1 (@2)) 05 Q)

.
1l
—

+

M=

) (010" (0@, + (1 42,07 (01 ), ) (4.28)

.
Il
—_

According to Eq. (4.25), Eq. (4.26) and 8;1fx6;1 = fa;l —G;If, we calculate [M"' ,M'] = M"M’ —
MIM//
m m

M”M’=ZZ 107"+ Qg2 )10 Qo) + (=1) q1,05" - Qg )0y Qhri)

j=1i=

+(=1) q2;0;" - Q1 )$1:07" Qi) + 42,05 - Q1 )20y Q(@17))

m

= Z Z (QIjQ(Q(Q2j)a $1)0%" - O(p2) — 105" - QQ(q2)), $1:) O(¢2:)
=1

i=1
+H=1)"q1;2(Q(q2)), $2:)9%" - Q1) — (1) q1,07" - Q(Q(q2)), $2:) Q1)
+H=1)"q2;Q2Q(q1 ), $1)97" - O(2i) — (1) q2,07" - Q(Q(q1 ), $1:) Q(2i)
+q2;0(q1 ), $2)0% " - Q(d17) — g2, 'Q(Q(Q1j),¢2i)Q(¢1i)) (4.29)
We can get M’ M" by exchanging ¢;; with g;; in Eq. (4.29), where [ = 1,2. So
M., ~ M, —[M",M'] = M}, ~ M/} =M" M’ + M'M" =0. (4.30)
Hence
[aal 96(1/2]14 = a(ll [M,’v L] - 6(22 [Mlv L]
= [0, M" =80, M’ L1+ M .[M',L]] - [M'.[M" L]
=M}, - M} —[M" . M'],.L]=0. 4.31)
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At last, we consider the squared eigenfunction symmetries associated with the constrained BC,-
KP hierarchy.

Proposition 4.5. The constrained BC,-KP hierarchy

L= (L920+ ) (q1,07" - Qaa) + (1Y 0207 O(q1 )

J=1

is invariant under the squared eigenfunction flow

OoL = [Z (¢u0; L Qo) + (- 1) ¢80, - Q(¢1,~)),L], (4.32)
i=1
daq1j = Z (¢1iQ(Q(¢2i),qzj) -+ (—1)r¢2iQ(Q(¢1i),qu)), (4.33)

i=1

if di1s. .. G and Q(Pn), ..., Q(Pim) satisfy

Bipi)+ Y (417027 611) + (1) 2, Q(q1 ), 611)) = Aidoi (4.34)
j=1

By (i) + Z (QIjQ(Q(QZj)a¢2i) + (—1)r612jQ(Q(611j),¢2i)) = (=) Aipa;. (4.35)
j=1

with arbitrary spectral parameters, | = 1,2, 1; € C and k is odd.

Proof. M’ and M"" are defined by Eq. (4.25) and Eq. (4.26) respectively,

m

((Lk)<o - Z (%ja;l - Q(q2)) + (=1) q207" - Q(QU)) )a
=
= 0a(LY0— M}, = [M', B+ M" 10— M,
=[M',Bil<o+[M' . M"]co—M,. (4.36)
(@) (b)

According to Eq. (4.9),

(@) == ) (Bu(@1)3;" - Q(¢20) + (~1)Bu(¢2)3" - Q(917))

1

+

(¢1:07" - Bi(Q(@2) + (=1) 6" - By(Q(11)). (4.37)

M=

1

So according to Eq. (2.4), Eq. (4.29) and Eq. (4.33),

m

b) =~ Z Z (%jQ(Q(CIZj)’d’li)a;l - Q($21) — q1,;07" - QQ(q2)), $1:) Q(b2i)

=1 =1

+(=1)"q1 ;26 Q(q2,), $2:)07" - O(1,) — (1) q1,;07" - QQ(q2)), $2:) Q(b17)

+(=1) 42, QQ(q1) 1) - Q(¢20) — (=1) 42,0, - (g1 ) 1) Q($2)

+42;Q(q1), 62007 - Q1) — 42,07 - QQ(q1), 2:)Q(917))- (4.38)
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By Eq. (4.34) and Eq. (4.35), one can notice that (a) + (b) = 0. ]

5. Conclusions and Discussions

Firstly, the bilinear identities of the BC,-KP hierarchy are investigated in Proposition 3.1 and Propo-
sition 3.2, and the bilinear identities of the constraint case are studied in Proposition 3.3 and Propo-
sition 3.4. Next, the squared eigenfunction symmetries are constructed in Eq. (4.1) and Eq. (4.2).
And the corresponding definition is showed to be reasonable in Proposition 4.1 and Proposition 4.2.
What’s more, the actions of the squared eigenfunctions symmetry on the eigenfunction are given
in Proposition 4.3. Also the commutativity of two different squared eigenfunction symmetries are
discussed in Proposition 4.4. Lastly the squared eigenfunction symmetries associated with the con-
strained BC,-KP hierarchy are studied in Proposition 4.5.

The bilinear identities of the BC,-KP hierarchy can help us to discuss the existence of the tau
functions. Though the tau functions of the BKP and CKP hierarchies are investigated in [3, 8], it
is still worth studying the tau functions of the BC,-KP hierarchies for r > 2. Just as we have said
in Section 1, the squared eigenfunction symmetry can used to define the new integrable systems
and study the additional symmetry. In fact, the constrained BC,-KP hierarchy can be obtained by
identify d, with —d,, .. The generating operator Y3¢ (4, ) [28] of the additional symmetries of the
BC,-KP hierarchy can be used to define the squared symmetry d,, and therefore,

N D" Y e
EED TZZ Al (5.1)

m=0

So the squared eigenfunction symmetry defined by the (adjoint) wave functions w(¢,u) and w*(¢, 1)
can be viewed as the generator of the additional symmetries.
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