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In this note we prove that the method of Bl and Niesen to determine nonclassical determining equations is
equivalent to that of Nucci’s method with heir-equations and thus in general is equivalent to using an appropriate

form of generalised conditional symmetry.
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1. Introduction

The focus here is on showing the equivalence of different approaches to finding the nonclassical

determining equations for the partial differential equation (PDE),

up = K(ox,t,u, Uy, tyy).

(1.1)

In particular we address the problem posed by Hashemi and Nucci [4] who considered equations of
the form (1.1): “We hope that an independent researcher will take up the task of comparing the two
methods [of Bila and Niesen and Nucci] since we conjecture that B1la and Niesen’s method, and its

extension, as given in [2], are equivalent to Nucci’s method.”
We consider the symmetry generator

d ) )
F:X(x,t,u)a—i-T(x,t,u)E+U(x,t,u)%

and start by considering the case when the infinitesimal T (x,,u) # 0..

2. T#0

With T # 0, the corresponding invariant surface condition (ISC) is given by
Xuy+Tu, =U.
In the traditional approach, nonclassical symmetries of (1.1) are defined by

F(Z) [Mt - K(x7t7 U, Uy, uxx)] |u,:Kl’1{Xux+Tu,:U}
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where I'?) is the second prolongation of I', namely,

> 9 9 P P P
o _y9 49, 0 o 0 9 . J
D =X 4T 5, +U5, T Vg, T Vg, + Vg, — 2:3)

where

U[x] = DU — (DX )uy — (DyT )uy, U[,] =D, U — (DX )uy — (DT )uy,
U[xx = Dx(U[x]) - Dx(X)Mxx - Dx(T)uxt- (2.4)

Hence for nonclassical symmetries, we seek the invariance of the governing PDE subject
to the PDE itself and the ISC (and its differential consequences). We note however that if
f(x,,u) is an arbitrary function, then the prolongation formula implies [f (x,,u)I]") | (Xust+Tu =0} =
f(x,t,u)l“(”)\{x”x”u,:u}. That is, by imposing the ISC we have [f(x,t,u)l“](”)\{x”x”ut:u} =
f(x,,u)T™ . Hence if " is a nonclassical symmetry then f(x,,u)I is also a nonclassical symmetry
yielding the same invariant surface condition. This allows us to normalise any one of the nonzero
coefficients of the vector field by setting it equal to one when finding nonclassical symmetries.
Hence in the following, WLOG we set T = 1.

Applying (2.2) with T =1 we get the condition

Uy — XKy — K, — UK, — UKy, — UK,

Uxx

=0, 2.5)

subject to uy = KN {Xu,+u, =U}.
We can further expand this as

Uy + Ua(U — Xuty) — Xptty — X (U — Xty )ity — XKy — Ky — UK, — UKoy, — Up Ky, =0 (2.6)

subject to U — Xu, = K, where we have used u;, = U — Xu, and the definition of Upy-
B1ila and Niesen [1] use the approach

F(Z) [¢(X7ta”)/T/(xat7”) _é(x7t7u)/T/(x7tau)”x _K(x’t7u7u10uxx)”d)/T’—é/T’ux:K 2.7

where the ISC u;, = ¢ /T’ — & /T'u, has been substituted into the governing equation before tak-
ing the second prolongation. Treating ¢ and & as arbitrary functions of x,7,u means that (2.7) is
equivalent to finding the determining equations for classical symmetries of the ordinary differential
equation ¢ /T" — & /T u, — K(x,t,u, uy,uy,) = 0. Then substituting ¢ =U,& = X, T’ = 1 leads to the
determining equations for nonclassical symmetries of (1.1).

Hence Bila and Niesen essentially use the approach

TU = Xu, — K(x, 1,1, 1, ) [0 x0,—K - (2.8)
This gives
X[Ux — Xcux — K] + [Uy — Xouy — K, + U [Uy — Xuux — K] = XUpy — K Uy — K U = 0, (2.9)
subject to U — Xu, = K, or
XUy — Xetty — K| + [Uy — Xy — K]+ U U, — Xyt — K| — X [Uy + Uity — Xty — X182
—Ky Uy — K, Upy =0, (2.10)
Co-published by Atlantis Press and Taylor & Francis
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subject to U — Xu, = K. The condition simplifies to

XK+ U — Xty — K] + U Uy — Xyt — K] — X [Uytty — Xyt — Ky Upg — Ko Upeg = 0, (2.11)

XX

subject to U — Xu, = K. As (2.6) and (2.11) are the same conditions they lead to the same nonclas-

sical determining equations.

Comparison with Nucci’s method

It has been shown in [3] that Nucci’s method of heir-equations is essentially the same as the gener-
alised conditional symmetries (GCS) method. Hence the method of finding the determining equa-

tions for nonclassical symmetries as described in [4] and [5] can be written as
F(G) [”t - K(x, I,u, Uy, ”xx)] ’G:OQu,:K

where 6 = K (x,t,u, uy, uy,) — U (x,t,u) + X (x,t,u)u, and

J d J

This condition is equivalent to

o; +0,K + 0, (D:K) + 0, (DK) =0,

subject to 0 =0 (i.e. U — Xu, = K) and its differential consequences with respect to x.

From (2.14) we get that the condition can be expressed as

0 =K, — U +Xouy + (K, — Uy + Xyu,)K + (K, + X)DyK + K, D K
= K; — U, + Xpuy + (Ky — U, + Xyuty) (U — Xuy)
+(Ku, +X) Uy + Uyuty — (X + Xyt )y — X ttyr] + Ky Dix K
= K — U + X, + (Ky — Uy 4 Xy1ax) (U — X)) + (K, + X) Uy — Xt
+Ku [Dx(Upy) — Xy )]
= K; — U; + Xty + (Ky — Uy + Xttx) (U — Xut) + (Kiy, +X) [Upyg — Xt
FKu U] — X ]

subject to U — Xuy = K as Dy (Ujy) — Xttx) = Uy + D (X )t — D (X )thrx — Xty
This can be further rewritten as

K, — U+ Xu, + (K, — U, + X,u, ) U + (Kux +X)U[X] —|—KMUU[XX]
—Xuy(Ky — Uy + Xyuty) — Xty (K, + X)) — Xty K

Uxx

pr— 07
subject to U — Xu, = K.
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Now consider

—Xuy(Ky — Uy + Xyuty) — Xty (K, +X) — Xty K,

= _X{ [Kx + u K, + uxxKux + uxxxKuM] - [(Ux - Xxux) + (Uuux - qujzg) - Xuxx]}
+X (K — Uy + Xyuy)
= X(K, — Uy + X,uy)

Hence from (2.15), the condition is

K — U + Xouy + (Ky — Uy + Xy )U + (Ko, + X) Uy + K Uy + X (Ky — Uy + Xotty) =0, (2.16)

subject to U — Xu, = K. Comparing (2.16) with (2.9) we see they are equivalent.

3. T=0

When the infinitesimal symmetry 7 = 0 in (1.2), then as explained in the previous section, WLOG
we can set X = 1. In the traditional approach we find the nonclassical determining equations using

l—‘(()2> [ut _K(x7tau7ux>uxx)”u,:KﬁuX:U 3.1

where Féz) is the second prolongation of I'y = % +U(x,t,u) %, namely,

r82)=i+Ui+U o o J

Ix 9 [X]TMX—FU[,]TW—FU[XX]WM. (3.2)

With T = 0,X = 1 we have Uy = DU, Uy = DU, Uy = Dx(Upy).

Hence applying (3.1) we get the condition U} — Ky — UK, — Uy Ky, — UKy, = 0, subject to
u=Knu,=U.

We can further expand this as

Uy — Kx — UKy — Ky [Uy + UU] = Ky [Use + 20U U + U U* + Uy (U + UU)) =0, (3.3)

subject to u; = K, where we have used u, = U and the definition of U}, and Uy).
In [2], Bruzén and Gandarias extend the method of Bila and Niesen to the case T = 0. They use
the approach

F(()z) [ — K (x,2,u,U" /X", Do(U" /X)) | =k (x,0 007 /50 D07 /x7) (3.4)

where the ISC u, = U’(x,t,u)/X’(x,t,u) has been substituted into the governing equation before
taking the second prolongation. Treating U’ and X’ as arbitrary functions of x,z,u means
that (3.4) is equivalent to finding the determining equations for classical symmetries of u, =
K(x,t,u,U' /X', D (U’ /X")). Then substituting U’ = U,X’ = 1, leads to the determining equations
for nonclassical symmetries of (1.1).

Hence Bruzén and Gandarias essentially use the approach
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T8 [ — K (%, 1,1, U, U+ UU K (e 04 U0 (3.5)
Letting z = Uy + Uyuy (= uyy), this gives
U — [Ke + Ky Uy + K (Une + UiU)] = UKy + Ky Uy + K, (U + UpU)] = U g KU, =0 (3.6)
subject to u; = K, or
Ui — [Ke + KyUs + Ko (Une + UicU)] = U [Ky + Ky Uy + K (U + Ui U]
-K.U,(U,+U,U) =0, (3.7)
subject to u; = K. As (3.3) and (3.7) are the same conditions they lead to the same nonclassical

determining equations.

Comparison with Nucci’s method

With the infinitesimals 7 = 0, X = 1, Nucci’s method can be expressed as

L(0) [ — K(x,1,u, ux, )| | c=0nu =k (3.8)
where 6 = u, — U (x,t,u) and
d d d
[(6) = 6— + (D;6) —— + (D) = + - 3.9
(o) 68u+( tG)&u,—’_( 6)aux+ (3-9)
This is equivalent to
o; +0,K + 0, (D:K) + 0, (DK) =0, (3.10)

subject to u; = K, o = 0 and its differential consequences with respect to x.
This leads to —U; — U,K + D, K = 0, or with 7 = u,,,

0=—U, —UK+K,+ KU +Ky(Ue+UU) + K. [Ugx + 2Up, U + U, U? + U, (U + U, U )]
= —Upy+ K+ KU + Ky (U + UU) + K [Uss + 2UnU + U U* + U (U + UU)] - (3.11)

subject to u, = K. Comparing (3.11) with (3.3) and (3.7) we see they all lead to the same determining
equations for nonclassical symmetries.

In conclusion, we find that the method of Bila and Niesen when the infinitesimal 7' # 0 and the
method of Bruzon and Gandarias when 7' = 0 are equivalent to that of Nucci’s method for finding
nonclassical symmetries of the diffusion equation (1.1) in that they lead to the same determining
equations.
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