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We consider slant normal magnetic curves in (2n + 1)-dimensional S-manifolds. We prove that 7 is a slant
normal magnetic curve in an S-manifold (Mzm“ ,0,E0,n%, g) if and only if it belongs to a list of slant ¢@-
curves satisfying some special curvature equations. This list consists of some specific geodesics, slant circles,
Legendre and slant helices of order 3. We construct slant normal magnetic curves in R?"*(—3s) and give the
parametric equations of these curves.
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1. Introduction

Let (M,g) be a Riemannian manifold, F a closed 2-form and let us denote the Lorentz force on M
by @, which is a (1, 1)-type tensor field. If F' is associated by the relation

g(®X.Y) = F(X.Y), VX, € x(M), (L1)

then it is called a magnetic field ([1], [4] and [9]). Let V be the Riemannian connection associated
to the Riemannian metric g and ¥ : I — M a smooth curve. If ¥ satisfies the Lorentz equation

Vi y'(t) = @(v' (1), (1.2)

then it is called a magnetic curve or a trajectory for the magnetic field . The Lorentz equation is a
generalization of the equation for geodesics. A curve which satisfies the Lorentz equation is called
magnetic trajectory. Magnetic trajectories have constant speed. If the speed of the magnetic curve y
is equal to 1, then it is called a normal magnetic curve [10]. For extensive information about almost
contact metric manifolds and Sasakian manifolds, we refer to Blair’s book [2].

In [1], Adachi studied curvature bound and trajectories for magnetic fields on a Hadamard sur-
face. He showed that every normal trajectory is unbounded in both directions in a 2-dimensional
complete simply connected Riemannian manifold satisfying some special curvature conditions.
In [5], Baikoussis and Blair considered Legendre curves in contact 3-manifolds and they proved
that the torsion of a Legendre curve in a 3-dimensional Sasakian manifold is equal to 1. Moreover,
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in [8], Cho, Inoguchi and Lee proved that a non-geodesic curve in a Sasakian 3-manifold is a slant
curve if and only if the ratio of (7+ 1) and x is constant, where 7 is the geodesic torsion and k
is the geodesic curvature. Cabrerizo, Fernandez and Gomez gave a nice geometric construction of
an almost contact metric structure compatible with an assigned metric on a 3-dimensional oriented
Riemannian manifold in [6]. In the paper [10], Drutd-Romaniuc, Inoguchi, Munteanu and Nistor
studied the magnetic trajectories of the contact magnetic field F, = ¢Q on a Sasakian (2n+ 1)-
manifold (M?"*!, ¢,E,1,g), where Q is the fundamental 2-form. The main objective of [11] is the
study of trajectories for particles moving under the influence of a contact magnetic curve in a cosym-
plectic manifold. The paper [14] is concerned with closed magnetic trajectories on 3-dimensional
Berger spheres. In [15], the authors studied magnetic trajectories in an almost contact metric mani-
fold. They proved that normal magnetic curves are helices of maximum order 5. Moreover, in [16],
Jleli and Munteanu worked in the context of a para-Kaehler manifold, showing that spacelike and
timelike normal magnetic curves corresponding to the para-Kaehler 2-forms are circles. In [17],
the authors gave a complete classification of Killing magnetic curves with unit speed. Further-
more, in [18], the same authors proved that a normal magnetic curve on the Sasakian sphere $>'+!
lies on a totally geodesic sphere S°. They also considered two particular magnetic fields on three-
dimensional torus obtained from two different contact forms on the Euclidean space E3 and studied
their closed normal magnetic trajectories in their recent paper [19]. In [23], the authors investigated
some special curves in 3-dimensional semi-Riemannian manifolds, such as 7-magnetic curves, N-
magnetic curves and B-magnetic curves, that are defined by means of their Frenet elements. Cal-
varuso, Munteanu and Perrone provided a complete classification of the magnetic trajectories of
a Killing characteristic vector field on an arbitrary normal paracontact metric manifold of dimen-
sion 3 in [7]. The present authors considered biharmonic Legendre curves of S-space forms in [21].
The second author studied magnetic curves in the 3-dimensional Heisenberg group in [22]. In [20],
Nakagawa introduced the notion of framed f-structures, which is a generalization of almost contact
structures. On the other hand, Hasegawa, Okuyama and Abe defined a pth Sasakian manifold and
gave some typical examples in [13].

Motivated by the above studies, in the present paper, we consider slant normal magnetic curves
in (2n+ s)-dimensional S-manifolds. S-manifolds are interesting generalizations of Sasakian man-
ifolds, which have a tensor field of type (1,1) called a @-structure, satisfying @3 + ¢ = 0. So, in
Section 2, we give the definitions and brief information on S-manifolds and magnetic curves. In
Section 3, we prove that ¥ is a slant normal magnetic curve in an S-manifold (M>"**, ¢,&,,n%,g)
if and only if it belongs to a list of slant ¢-curves. This list consists of some specific geodesics,
slant circles, Legendre and slant helices of order 3. Finally, in Section 4, after the definition of
R?"+5(—3s) and its structures, we construct slant normal magnetic curves in R>**#(—3s) and give
the parametric equations of these curves in two cases.

2. Preliminaries

In this section, we give brief information on S-manifolds and magnetic curves. Let (MZ"“, g) be a
differentiable manifold, ¢ a (1,1)-type tensor field, n%* 1-forms, &, vector fields for a = 1,...,s,
satisfying

' =—1+Y n%®&, (2.1)
oa=1
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“(&) =35, ©&a=0, n*(eX)=0, N*(X)=g(X &),

N

g(0X,pY) =g(X,Y) Z (2.2)
=1

dn®(X,Y) = —dn“(KX) =8(X,0Y),

where X,Y € TM. Then (¢,&q,n%, g) is called framed @-structure and (M>"*,¢,E4,n%,g) is
called framed @-manifold [20]. (M*""*,@,E4,n%,g) is also called framed metric manifold [25]
or almost r-contact metric manifold [24]. If the Nijenhuis tensor of ¢ is equal to —2dnN% ® &g,
then (M?"™5,¢,E4, %, g) is called an S-manifold [3]. For s = 1, an S-structure becomes a Sasakian
structure. For an S-structure, the following properties are satisfied [3]:

(Vx@)Y = Z {8(0X,0Y)Eq+1%(Y)9X }, (2.3)
o=1
Véy=—0, ac{l,...s} (2.4)

Let M>™+S = (M?"*5 ¢, &4,n%, ¢) be an S-manifold and Q the fundamental 2-form of M>"*$
defined by

Q(X,Y) = g(X, 9Y), 2.5)

(see [20] and [24]). From the definition of framed ¢-structure, we have Q = dn“. Hence, the fun-
damental 2-form Q on M?"* is closed. The magnetic field F, on M?"+S can be defined by

FtI(XaY) = q'Q(XaY)a

where X and Y are vector fields on M>"™ and ¢ is a real constant. F, is called the contact magnetic
field with strength q [15). If g = 0 then the magnetic curves are geodesics of M>**$. Because of this
reason we shall consider ¢ # 0 (see [6] and [10]).

From (1.1) and (2.5), the Lorentz force ® associated to the contact magnetic field F;; can be
written as

D, =—q0.
So the Lorentz equation (1.2) can be written as
VT = —qoT, (2.6)

where y : I CR— M5 is a smooth unit-speed curve and 7 = ¥’ (see [10] and [15]).

3. Slant magnetic curves in S-manifolds

Let (M",g) be a Riemannian manifold. A unit-speed curve v : I — M is said to be a Frenet curve

of osculating order r, if there exists positive functions ki, ..., K.—; on [ satisfying
T=v= }//,
ViT =kivy,
Vive = —kiT + kovs, 3.1
Vv, =—k_1v,_1,
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where 1 <r<nandT,v,,...,v, are a g-orthonormal vector fields along the curve. The positive

functions ki, ..., k._; are called curvature functions and {T,vy,...,v,} is called the Frenet frame

field. A geodesic is a Frenet curve of osculating order r = 1. A circle is a Frenet curve of osculating

order r = 2 with a constant curvature function k. A helix of order r is a Frenet curve of osculating

order r with constant curvature functions ki, ..., k-—1. A helix of order 3 is simply called a helix.
Let (M*>"*5,¢,&4,1n%,g) be an S-manifold. For a unit-speed curve y: I — M, if

n*(T) =0,

for all @ =1,...,s, then 7 is called a Legendre curve of M [21]. More generally, if there exists a
constant angle 6 such that

N*(T) =cos0,

for all ¢ =1,...,s, then y is called a slant curve and 0 is called the contact angle of 7y, where
|cos O] < 1/+/s[12].

Let (M?>"*5,¢,E,,n%,¢g) be an S-manifold. A Frenet curve of osculating order r > 3 is called a
¢@-curve in M if its Frenet vector fields 7', vy, ..., v, span a @-invariant space. A ¢-curve of osculating
order r with constant curvature functions ki, ...,k,_; is called a @-helix of order r. A curve of
osculating order 2 is called a @-curve if

N
sp T7 V2, Z éa
a=1
is a @-invariant space.

Throughout the paper, when we state “slant magnetic curve”, we mean “slant curves which
satisfy equation (2.6)”. For magnetic curves, N%(T) = cos 6, does not have to be equal for all
a =1,...,s. By taking the curve as slant, we only study the equality case of the slant angles 6y,
in the present paper. The complete classification of magnetic curves in S-manifolds is still an open
problem.

Firstly, we state the following theorem:

Theorem 3.1. Let (M>"* ¢, &y, %, g) be an S-manifold and consider the contact magnetic field
F, for g # 0. Then vy is a slant normal magnetic curve associated to Fy in M+ if and only if ¥
belongs to the following list:

N
a) geodesics obtained as integral curves of ( + % Y 50:) ;
a=1

b) non-geodesic slant circles with the curvature k| = \/q*> —s, having the contact angle 6 =
arccos (é) and the Frenet frame field

{T —sgn(q) T }
"V1—=scos26 )’
where |q| > +/s;
¢) Legendre helices with curvatures K| = |q| and K, = /s, having the Frenet frame field

o —senle) |
{Tv Sg (C])(PT7 \/E a;l ‘S(X}9

i.e., a class of 1-dimensional integral submanifolds of the contact distribution;
Co-published by Atlantis Press and Taylor & Francis
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d) slant helices with curvatures k) = |q|\/1 — scos? 8 and &, = \/s|1 — qcos 6|, having the Frenet

frame field
—sgn(q)T  —esgn(q) -
T, , —scos 0T + ,
{ V1—5c0s20 /sv/1 —scos?6 * (XX::FO‘

where 8 # T is the contact angle satisfying | cos 6] < % and € = sgn(1 —gcos6).

Proof. Let v be a normal magnetic curve. If the magnetic curve is a geodesic, then
VTT =0= —q(pT
gives us

T esp{&,....&}.

If yis slant, then we can write
N
T =cos0 Z Eu-
o=l

Since 7 is unit speed, we have cos 8 = :l:% . So the proof of a) is complete.
From now on, we suppose that Y is a non-geodesic Frenet curve of osculating order r > 1. Let
us choose an @ € {1,...,s}. Applying &, to V7T = —q@T, we obtain

0= 8(~49T.E0) = & (ViT. &) = ©¢(T.&) ~8 (T, Vrka). (32

From (2.4), we also have

Vil = —oT. (3.3)
Using equations (3.2) and (3.3), we find

8.8 =0,
that is,

N%*(T) = cos 6, = constant.

Let us assume 6, = 0 forall @ =1,...,s, i.e., 7 is slant. So, we have

N%(T) = cosH. (3.4)
Equations (2.6) and (3.1) give us

VrT = Kk1vo = —q@T. 3.5

Then we get
ki = |q| 9T || = |g[v'1—scos*6. (3.6)
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If we write (3.6) in (3.5), we find

—qoT = K1v2 = |g|V/ 1 —scos? Ovy,

which gives us

oT = _Mm\;z = —sgn(q) \/mm. (3.7
q

If x; = 0, then the magnetic curve is a Frenet curve of osculating order » = 2. Since k; is a constant,
Y is a circle. From (3.7), we have

n%(eT) = 0= —sgn(q)V1—scos?On% (v2),
that is,

n%(v2) =0.
If we differentiate the last equation along the curve 7, we obtain

Vrn®(v2) =0=g(Vrv2,8a) +8(v2,V1&a) .

So, we calculate

g(—xiT,8a)+g (Vz, sgn(q)mvz> =0.
Since r = 2, we find

—kjcos0 + sgn(g)V'1—scos?0 =0.

Using equation (3.6) in the last equation, it is easy to see that
V150050 (~cos0+ 1) 0.
Since 7Y is non-geodesic, we have
cos0 = 1

Then equation (3.6) becomes

ki = |g|V/1 —scos20 =/q2 —s,
where |g| > /5. So the proof of b) is complete.
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Let x» # 0. From (2.1) and (3.4), we find

@°T =—T +cos6 Y &

a=1

Using (2.3) and (3.4), we have

(Vro)T = —scos 6T + Z Ea,

a=1

which gives us

V5T = (VT(/))T +oVrT

= —scosOT + Z Sa+0(—qoT)

a=1

N s
= —scosOT + Zéa—q —T—l—cos@Z‘g’a :
a=1 a=1
Differentiating (3.7), we also find

V7T = —sqn(q) V' 1 —scos? 0 (—k1T + Kyv3) .

By the use of (3.6), (3.10) and (3.11), after some calculations, we obtain

a=1

N
(1—gcos0) (—scos 0T + Z 50:) = —sgn(q)V1—scos? 0xyv;3.

If we find the norm of both sides in (3.12), we get
Ky = /5|1 —qcos 0.

Let us denote € = sgn(1 — gcos 0). If we write (3.13) in (3.12), we obtain

Z Eq = scosOT —esgn(q)v/s\/ 1 —scos? Ovs.

a=1

Applying ¢ to (3.14), we find
Qvz = —€4/5C0s Ov;y.
If we apply ¢ to (3.7) and then use equations (3.4) and (3.14) together, we have
vy = sgn(q) V1 —5cos2 0T + ecos 0+/sv3.
Let us choose a § € {1,...,s}. From (3.15), we calculate

¥ 02) = —esen) 120

If we differentiate (3.14) along the curve 7, we get

N
Z Vr€y = scosOVrT —esgn(q)y/s\/' 1 —scos2 OVrvs,

a=1
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which gives us

—5(1 —¢qcos0)QT = —esgn(q)v/sV' 1 —scos2 0 (—kvs + K3va).

Since @T || v2, we find k3 = 0. This proves d) of the theorem.
Let us examine Legendre case separately, that is, 6 = % Then we have € = 1, k1 = |g|, ko = /5,
k3 = 0 and equation (3.14) gives us

V3 = — S\g;lg(q) i éa-

a=1

This completes the proof of c).
Conversely, let v satisfy one of a), b), ¢) or d). Using the Frenet frame field and Frenet equations,
it is straightforward to show that V;T = —q@T, i.e., v is a slant normal magnetic curve.
g

The above theorem is a generalization of Theorem 3.1 of [10] (by Simona Luiza Druta-
Romaniuc et al.) for S-manifolds. If we choose s = 1, since an S-manifold becomes a Sasakian
manifold, we find their results.

Remark 3.1. The order of a slant magnetic curve in an S-manifold is still » < 3, as in the case of a
magnetic curve of a Sasakian manifold, which was considered in [10].

Now, let us remove the slant condition from the hypothesis and show that the osculating order
is still r < 3.

Theorem 3.2. Let (M*"5 ¢, &Eq,n%, g) be an S-manifold and consider the contact magnetic field
F, for g # 0. If v is a normal magnetic curve associated to F, in M 2m+s then the osculating order
r<3.

Proof. Let vy be a normal magnetic curve. Then, the Lorentz equation (2.6) gives us
N*(T) =cos Oy, 0t = 1,...,s.
If we differentiate this equation along the curve, we have
n%*(Ey) =0

forall @ =1,...,s. From the Frenet equations (3.1), we obtain

—qoT = Kv2.
From the definition of framed ¢-structure, we calculate

g(@T, 9T) =1-A4,

where we denote

A= Z cos? Oy
a=I

Then, we have

loT[|=v1-A
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and
ki = |glvV1—A.
Thus, @T can be rewritten as
@T = —sgn(q)V'1—An,. (3.16)

Again, from the definition of framed ¢@-structure, we have
©’T=—-T+V,

where we denote
S
V= Z cos 0.
a=1

After some calculations, we get

N

VT = (q—B)T+(1-A Z

+(—g+B)V,

which corresponds to equation (3.10). Here, we denote

B= i cos O

a=1

From equation (3.16), we also find
V9T = —sqn(q)\/ 1 —A(—K]T + K2V3),

which corresponds to equation (3.11). In this last equation, we can replace k; = |g|+/1 — A. Finally,
we have

—sqn(q)V1—Akv; = iéa—k (—q+B)V (3.17)
+(qA—=B)T.

So, if we denote the norm of the right hand side of equation (3.17) by C, we find

C= \/(1 —A)(Ag> —As+B>—2Bq+5),
which is a constant. Hence, we obtain

C
1-A

Ky = — \/Aq2 —As+ B% —2Bg+ s = constant.

From equation (3.17), we also have v3 € span{T,&;,...,&}. The angles between vz and T, & ,. .., &
are all constants since all the coefficients in equation (3.17) are constants. Then, we can write

V3:COT+C1§1+”'+CS§S (3.18)
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for some constants cy, ..., c,. If we differentiate equation (3.18), we get
—KoVo + K3v4 = coK1va — 19T — - —c5@T.

Since ¢T is parallel to v,, if we take the inner product of the last equation with v4, we find k3 = 0.
This proves the theorem. O

In particular, if yis slant, i.e. 8, = 0 for all @« = 1, ..., s, then we obtain the following corollary:

Corollary 3.1. If 0, =06, forallax =1,...,s, then

N
A=scos’0, B=scos0, V ZCOSOZ@X,

a=1

C= \/(1 —scos?0)s(1—gcos0)?

and 1 = +/s|1 —gcos 0.
Now, let us state the following proposition:

Proposition 3.1. Let v be a slant @-helix of order 3 in an S-manifold (M*"**,¢,Ey,n%, g) with
contact angle 0. Then

Y &o =sc0sOT +pvs, (3.19)

a=1

N
where p = g <V3, Yy 505) = sn*(v3) is a real constant such that p> = s — s> cos> 0. Hence, Y has
a=1

the Frenet frame field

T LT 1 cosOT + ié
Y bl —S .
V1—scos?20 +/sv/1—scos?O =

Proof. From the assumption, the Frenet frame field {7',v>,v3} is ¢-invariant and
N*(T) = cos 6.
Differentiating the last equation along the curve, it is easy to see that
n%*(v2) =0. (3.20)
If we differentiate once again, we have
g(@T,vy) = —Kjcos0 + kan%(v3), (3.21)
which means the value of 1%(v3) does not depend on .
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Firstly, let us assume that 6 # 7. Since the space spanned by the Frenet frame field is ¢-
invariant, then (p2T is in the set. Using (3.8) and (3.20), we can write

S
Z éOﬂ € Sp{T,Vj;},
a=1
that is,

Y o =scosOT 4 pvs. (3.22)

a=1

2

If we take the norm of both sides, we find p? = s — s?cos? 0. Since the value of %(v3) does not

depend on o, we obtain
p=2g (vz, ) éa> =sm%(v3).
a=1

If we apply @T to (3.22), we get g(@T,v3) =0. Since @T L T, T L v3 and sp{T,v2,v3} is
@-invariant, we have @T || v2. As a result, we find

_ xoT +oT
loT|  V1—scos?0’

V2

Now let us consider the Legendre case, i.e., 6 = % From (3.21), we find

Vrg (@T,v2) = —Kkog(@T,v3). (3.23)

Using (2.1) and (2.3), we calculate

VroT = (Vro)T + VT (3.24)
N
= Z Sa + K1 Qv2.
a=1
Using the last equation, we obtain
VTg ((PT, V2) =g (VT (PT7 Vz) —i—g((pT, VTVQ) (3.25)
= K‘zg((pT, V3) .

Equations (3.23) and (3.25) give us g(¢T,v3) = 0, that is, @T || v,. Thus, we have T = +v;,.
Consequently, the Frenet frame field becomes {7, +¢T,v3}. Now, we must show that v3 is paral-

A
lel to Y &,. Since the space spanned by the Frenet frame field is @-invariant, from orthonormal
a=1
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expansion, we can write

ov3 = g(@v3,T)T £ g (@v3,£0T) @T + g (Qv3,v3)v3,

which reduces to

@vs =g(@vs, T)T. (3.26)
If we apply ¢ to equation (3.26) and use (2.1), we find
—v3+ Y. N%(v3)&a = g(@v3,T)@T. (3.27)
a=1

Applying ¢T to (3.27) and using the Frenet frame field, we have g(¢v3,T) = 0. As a result, we get
¢v3 = 0 and equation (3.27) becomes

S
—v3+ Z T]a(V3)§a =0.
a=1
We have already shown that the value of n%(v3) does not depend on «; so, we can write

N

v3=n%(v3) Y &. (3.28)
o=1
Since v3 and &y are unit for all o = 1,...,s, we find n%(v3) = % Finally, for 6 = 7, we have
A
p?=sand ¥ &, = pvs, which completes the proof. g
a=1

Corollary 3.2. Let ¥ be a Legendre @-helix of order 3 in an S-manifold (M*"*5, ¢, &y, %, g). Then
N
Ky = /s, vo = x0T and v; = :i:% Y Eq.
a=1

Proof. From equation (3.28), we already have

1 s
—+ V&,
=t LS

If we differentiate this equation and use (3.1), we obtain
1 S
—KOV) =+— VTé . (329)
\/Eag 1 ’

Using equations (2.4) and (3.29), we find that &, = /s and v, = +¢T. U

Finally, we can give the following theorem:

Theorem 3.3. Let y be a slant @-helix of order r < 3 on an S-manifold (M*"**,¢,E,,n%,g). Let
0 denote the contact angle of y. Then we have
S
i. IfcosO = i%, then vy is an integral curve of i% Y Eq, hence it is a normal magnetic curve
a=1
for F, with an arbitrary q.
Co-published by Atlantis Press and Taylor & Francis
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ii. IfcosOB =0 and x; # 0 (i.e. ¥ is a non-geodesic Legendre curve), then Yy is a magnetic curve
Sfor Fyy,.

e . . _ .

iii. Ifcos@ = T then vy is a magnetic curve for FS\/@, where € = —sgn(g(@T,v2)). In this
case, Y is a slant @-circle.

iv. If cos@ = &, then 'y is a magnetic curve for F — >, where € =
Vs K2+ (e/5tK)” €\/ ki +(ev/stk)

—sgn(g(eT,v;)) and the sign £ corresponds to the sign of 1%(v3).
v. Except the above cases, Y is not a magnetic curve for any Fy.

Proof. Letcosf = i%. Then we have

1 S
Tr=+— 67
AL

which gives us V7T = 0. We also have ¢T = 0. So v satisfies V7T = —q@T for any g, which
proves i.
Now let cos & = 0 and x; # 0. Using Corollary 3.2, we have

VrT = k1 (£9T) = —q¢T,

which gives us ¢ = k. This completes the proof of ii.
From Proposition 3.1, we have the Frenet frame field

T LT £ —scosOT + if
"V1—s5c0s260 \/sv/1—scos26 al *

when r = 3 and

=0
"V1—5c0s20

when r = 2. If we differentiate v, along the curve, after some calculations, in both cases, we find

K1 cos 0 5
l£——— | | —5c0osOT + =31V 1—s5cos?0vs, 3.30
( T8 —scos29) ( O;I §a> ) 3 (3.30)

(taking k» = 0, when r = 2).

Next, let us assume cos 0 = —=£

Kp+s’
of equation (3.30) vanishes. Thus we get k» = 0. From the assumption, we also have x; = constant,

that is, ¥ is a slant ¢@-circle. Using the Frenet frame field, we find V;T = —q@T = Kkv,, where

where we denote € = —sgn(g(¢@T,v2)). Then the left side

q==¢€,/ K12 + 5. So, we have just completed the proof of iii.
£\/stKr

Vi KEH(esER)

corresponds to the sign of n%(v3). In this case, let us take k» # 0, since we have already investigated

order r = 2. Using the Frenet frame field, after some calculations, we obtain V7T = —q@T = kv,

Finally, let us assume cos @ = , where € = —sgn(g(@T,v2)) and the sign £

where g = 8\/ K2+ (ey/s % KQ)Z. Hence, the proof of iv is complete.
Since we have considered all cases, we can state that there exist no other slant magnetic ¢-
helices in M. (]
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From the proof of Theorem 3.1, we can give the following proposition:

Proposition 3.2. Let (M?"*S ¢ &y, % g) be an S-manifold. There exist no non-geodesic slant
@-circles as magnetic curves corresponding to F, for 0 < |g| < /s.

Theorem 3.3 and Proposition 3.2 generalize Theorem 3.2 and Proposition 3.2 in [10] to S-
manifolds, respectively. Under the condition s = 1, we obtain their results.

4. Construction of slant normal magnetic curves in R>"*(—3s)

In this section, we find parametric equations of slant normal magnetic curves in R?"*5(—3s). As
a start, we recall structures defined on this S-manifold. Let us take M = R*'™* with coordinate
functions {xi,...,Xu,¥1,.-.,Yn,21,---,2s} and define

d
éa:287, (ZZI,...,S,
Za

n* 2<dZoc Zy,dxl>, a=1,...,s,
x-fug B (£ (£5%)

aZa
g= Z n“@n“JrZZ (dxi @ dx;+dy; ® dy;),
a=1 i=1

where
X—E( aa >+azs_“1 <Zaaia> € x(M).

It is well-known that (R”’“, 0,Eq,Mn%, g) is an S-space form with constant ¢-sectional curva-
ture —3s. Hence it is denoted by R?**5(—3s) [13]. The following vector fields

d d 59 d
Xi=2—, Xpi=0Xi=2—+yi) — |, =2—
i ;i nti = QX <8x,~ + i az:,l 82@5) ga 97
form a g-orthonormal basis and the Levi-Civita connection is
N N
VxX;=Vx,  Xntj =0, VxXur;= 0 Z Ca, Vx, . Xj=—0 Z as
o=1 a=1
Vx.€a = Ve, Xi = —Xuri, Vx,..6a = Ve Xori = Xi.

(see [13]). Let y: I — R?"*5(—3s) be a unit-speed slant curve with contact angle 6. Let us denote

}/(l‘) = (Yl(t), - .,}’n(t), ’}/n+1(t), - 'ayZn(t)a '}/2n+1(t), - -,}’2n+s(f)),
where ¢ is the arc-length parameter. Then 7 has the tangent vector field

T = ’i_{_ + ’i_{_ / i_|_ + ’i_{_ ! i_}_ + / i
=% axl Y axn ’}/rH—l ayl Y on ayn ,}/2n+1 8Z1 }/2n+s aZ37
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which can be written as

1
T =2 [VheXit 75X+ Y 1 X1+ 7 X

+ (Yot = ViV — =YY o) &+
+ (Vongs = V1V st = = Vav ) &
Since 7 is slant curve, we have
n“(7) = % (Yonta = Y1V nt1 = =¥, 20) = cos0
forallx =1,...,s. So, we obtain
Yourt =+ = Vonrs = 20080+ ¥ 1Y np1+ + V57 2 @.1)

Since 7y is a unit-speed, we can write
(Y1) 4+ (v5,) =4 (1 —scos6) . (4.2)

These equations were obtained in our paper [12].
Now, our aim is to find parametric equations for slant normal magnetic curves. So, let us assume
that y : I — R?"+5(—3s) is a normal magnetic curve. From the Lorentz equation, we have

VrT = —qoT, 4.3)

where ¢ # 0 is a constant. Using the Levi-Civita connection, we calculate

1
ViT =5 {(yni1+2scos0y) Xy + -+ (v5,+2scos 07,) X, (4.4)
+ (7] —2scos0Y 1) Xag1 + -+ (Y5 —25c08 075,) Xon }
and
1 !/ ! / /
oT = 3 {—7iXi— =V X+ Vi Xnr1+ -+ V52X } - 4.5)
From equations (4.3), (4.4) and (4.5), we have
Ynyi +2scosOy) Y. t2scos0y,
~71 ~Yh
_ v —2scosOy., _ yn—2scos0y, _
’}/:H—l }//2"
which is equivalent to
1 " n "
ynJr/l:__.:LZn/: ’):1 :"':y/n =2, (4.6)
_71 —Yhn Yn+l ’}/Zn
where we denote A = —g + 2scos 0. Firstly, let us assume A # 0. From equation (4.6), if we select
pairs
Yoer _ VY Yon _ Tn
AT T R T
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solving ODEs, we have

P+ (Vo) =S (r2) + (vh) = 2,

where cy,...,c, are arbitrary constants. Thus, we can write
!/ /
Y1 =c1c0sf1,...,Y, =CnCOS [y, 4.7)
!/ . / .
Yur1 =C18I0f1,..., Y5, = CySin fp,

where f1,..., f, are differentiable functions on /. From (4.6) and (4.7), we find

which gives us

fi=—At+a;, i=1,2,....n

where ay,...,a, are arbitrary constants. Now, if we integrate (4.7), we have
c1 . C .
Y= _—Asmfﬁ—bl,...,yn = _—’;Lsmfn—i—bn,

C1 Cn

Vi1 =7 cos fi+di,...,Yon = 1 cos fn +dy,

where b; and d; are arbitrary constants (i = 1,...,n). Thus, we get
n C-2 5
YiVnt1t YYo= Z <icos ﬁ'+CidiCOSﬁ'> .
i=1
Using the last equation with (4.1), we obtain

2
S

Yot :2(:0349—i-i:Z1 <7L coszﬁ—i-cidicosﬁ) ,

where ot = 1,...,s. If we integrate this last equation, we find

& z idi .
y2n+a—2tc089—2{4ciz [sm(2f,-)—|—2fi}—i—C;L smfi}—i-ha,
i=1

foro=1,...,sand hy,...,h are arbitrary constants. Moreover, from (4.2) and (4.7), we have
i+ +ep=4(1—scos’0). (4.8)
Thus, we have just finished the case A # 0.
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Secondly, let A = 0. In this case, we have

Yi=v2="=72=0
which gives us
Yi=cit+d;,
fori=1,...,2n, where ¢; and d; are arbitrary constants. Using the last equation, we calculate

YY1+ YYo= Y Ci(Cnyit +dnii).

n
i=1
So, equation (4.1) becomes

n
Y/2n+a =2cos 6 + Z ci(cpyit +dnsi) s
i=1

which gives us

n Cots
Y 2nsq = 2tcos O +;c,- ( n;ltz +d,,+,~t> + hq,

where h are arbitrary constants for & = 1,...,s. Since ¥ is unit-speed, from (4.2), we have
i+ +c3,=4(1-s5c0s’0).
To sum up, we give the following Theorem:

Theorem 4.1. The slant normal magnetic curves on R¥'*5(—3s) satisfying the Lorentz equation
VrT = —q@T have the parametric equations

a)

vilt) = _C/I sin f3(t) + b,

Ci
Ynti(t) = Zcosf,-(t) +d;,

C2 Cidi

y2n+a(t):2tcose—i{4i2[sin(2fi(t))+2f,-(t)]—i— 1 Sinf,-(t)}—i—hm

fi(t) = —At +a;,
a=1,....,s, i=1,2,...,n,
A=—g+2scos6 #0
where a;, b;, c;, d; and hy are arbitrary constants such that c; satisfies
i+t =4(1-scos’8);
or
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yi(t) =cit +di,

Y 2n+a(t) =2tcos 0 + Z ¢ ( ";Ltz —|—dn+,-t) + hq,
i=1

where c;, d; and hy, are arbitrary constants such that c; satisfies
c%+-~+c%n :4(1—s00529).

In both cases, q # 0 is a constant and 6 denotes the constant contact angle satisfying |cos 0| <
1

7
In particular, if s = 1, we obtain Theorem 3.5 in [10].
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