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We consider the anti-de Sitter space H3 and the hyperbolic Hopf fibration 4 : H3 (1) — H?(1/2). Using their
description in terms of paraquaternions, we study the magnetic curves of the hyperbolic Hopf vector field.
A complete classification is obtained for light-like magnetic curves, showing in particular the existence of
periodic examples, and emphasizing their relationship with the hyperbolic Hopf fibration. Finally, we give a
new interpretation of magnetic curves in H? using some techniques of Lie groups and Lie algebras.
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1. Introduction

Let (M, g) denote an n-dimensional pseudo-Riemannian manifold and V its Levi-Civita connection.
A magnetic field on (M,g) is any closed two-form F on M. Through g, a magnetic field F corre-
sponds to a skew-symmetric (1, 1)-tensor field ®, called the Lorentz force, uniquely determined by
g(P(X),Y) =F(X,Y), for any vector fields X,Y tangent to M.

Under the action of F, a charged particle describes a trajectory Yy, which satisfies the Lorentz equa-
tion VY = ®(Y'). As such, magnetic curves are a natural generalization of geodesics, which satisfy
the Lorentz equation in the absence of any magnetic field. However, it is a remarkable fact that mag-
netic curves never reduce to geodesics. In fact, given a nontrivial magnetic field F on a Riemannian
manifold, there exists no affine connection whose geodesics coincide with the magnetic curves of
F [5, Proposition 2.1].

A wide literature is devoted to the study of the magnetic flow and curves, also motivated by the
fact that they naturally occur in several topics with an interesting physical meaning. For example,
many authors pointed out that the solutions of the Lorentz force equation are Kirchhoff elastic
rods. This establishes a relation between two distinct physical models, namely, the classical elastic
theory and the Hall effect. The solutions of the Lorentz equation are also critical points of a certain
functional (known as the Landau-Hall functional), so that magnetic trajectories are also solutions of
a variational problem.
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As one can expect, the first examples to be considered were the cases of magnetic curves in Rieman-
nian surfaces and in Riemannian spaces of constant sectional curvature, successively considering
cases of higher dimensions, different signatures, and less simple curvature.

A typical example of magnetic fields is obtained by multiplying the area form on a Riemannian
surface (M,g) by a scalar ¢ (usually called strength or magnitude). When (M, g) is of constant
Gaussian curvature K, trajectories of such magnetic fields are well known. More precisely, on the
sphere S?(r), (K = riz), trajectories are small circles of certain radius, on the Euclidean plane they are
circles, and on a hyperbolic plane H?(r), (K = — rl—z), trajectories can be either closed curves (when
lq| > ];), or open curves. Moreover, when |g| = }, normal trajectories are horocycles ([15,27]).
This study was also extended to different ambient spaces. For example, Kdhler magnetic fields
in complex space forms were studied in [2], and explicit trajectories for Kidhler magnetic fields
in the complex projective space CP" were determined in [1]. If the ambient is a contact man-
ifold, the fundamental two-form defines the so-called contact magnetic field. Interesting results
are obtained when the manifold is Sasakian, namely, the angle between the velocity of a normal
magnetic curve and the Reeb vector field is constant, and for their analogues of Lorentzian sig-
nature, that is, paraSasakian three-manifolds [11]. Moreover, an explicit description for normal
flowlines of the contact magnetic field on a three-dimensional Sasakian manifold is known [13, 14]
(see also [16,21]).

In this framework, the three-dimensional case shows some special behaviors, since the Hodge star
operator % and the volume form dv, of the manifold establish a one-to-one correspondence between
(closed) two-forms and (divergence-free) vector fields. This leads to define the significant class
of Killing magnetic fields, as the ones corresponding to Killing vector fields. It is then a natural
problem to determine Killing magnetic curves of a three-dimensional pseudo-Riemannian manifold
(see for example [17, 18,25]). Such a study becomes particularly relevant when the Killing vector
field defining the magnetic field has a special geometric meaning, with a special focus on light-
like and periodic magnetic trajectories, the existence of closed lightlike trajectories in a Lorentzian
manifold being a well known topic (see for example [8,28] and the works where they were cited).
The anti-de Sitter space is a well known and relevant model in Mathematical Physics, and it has
been studied under a wide range of different points of view. In this paper, we consider the anti-de
Sitter space H3 and the hyperbolic Hopf fibration h : H3 (1) — H?(1/2). Although the choice of the
Hopf vector field is essentially due to its geometric meaning, lying in the fact that it is tangent to the
fibers of the Hopf fibration, it may be observed that principal fiber bundles often appear in Physics.
Using the description of H? and h in terms of paraquaternions, we study the magnetic curves of
the hyperbolic Hopf vector field. A complete classification is obtained for its light-like magnetic
curves. In particular, our study leads to show the existence of periodic examples. Moreover, we also
investigate the projections of these magnetic curves on the hyperbolic plane H?(1/2). Finally, the
Lie group structure of the anti-de Sitter space also permits another interpretation of the magnetic
curves corresponding to the (Killing, right invariant) hyperbolic vector field and illustrates their link
with invariant geodesics.

The paper is organized in the following way. In Section 2 we report some basic facts about magnetic
curves and the description of H% in terms of paraquaternions. Then, in Section 3 we obtain a com-
plete classification of light-like magnetic curves of the hyperbolic Hopf vector field. In particular,
we prove the existence of periodic light-like Hopf magnetic curves on H3, quantized in the set of
rational numbers. In Section 4 we show that projections in H?(1/2) of Hopf light-like magnetic
curves via the hyperbolic Hopf fibration, have constant curvature. In Section 5 we investigate the
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geometry of light-like magnetic curves in the hyperbolic Hopf tubes of their projections in H?(1/2).
Finally, in Section 6 we give a new interpretation of magnetic curves in H% using some techniques
of Lie groups and Lie algebras.

2. Preliminaries
2.1. Magnetic curves

A magnetic curve represents the trajectory of a charged particle moving on the manifold under the
action of a magnetic field. A magnetic field on an n-dimensional Riemannian manifold (M, g), is a
closed two-form F. The corresponding Lorentz force of the magnetic field F is the skew-symmetric
(1,1)-tensor field & defined by

g(P(X),Y)=F(X,Y), VXY € xM).
The magnetic trajectories of F are curves Y on M that satisfy the Lorentz equation

VyY =@(Y). 2.1

The curve ¥ is also known as the flowline of the dynamical system associated with the magnetic
field F'. See e.g. [5]. Obviously, magnetic curves naturally generalize geodesics. More precisely, the
equation satisfied by the geodesics of M, namely

VY =0

is nothing but the Lorentz equation in the absence of any magnetic field. Therefore, from the point
of view of dynamical systems, a geodesic corresponds to a trajectory of a particle when F = 0.

An important property of magnetic curves is that their speed v(¢) is a constant vy and hence, their
kinetic energy is also constant. This is a straightforward consequence of the skew-symmetry of
the Lorentz force. When the magnetic curve ¥(¢) is arc length parametrized (vo = 1), it is called a
normal magnetic curve.

In the case of a three-dimensional (pseudo-) Riemannian manifold (M, g), two-forms and vector
fields may be identified via the Hodge star operator x and the volume form dv, of the manifold.
Thus, magnetic fields and divergence-free vector fields are in one-to-one correspondence (see for
example [14]). In particular, Killing vector fields define an important class of magnetic fields, called
Killing magnetic fields. Recall that a vector field V on M is Killing if and only if it satisfies the
Killing equation:

g(VyV,2)+¢(VzV,Y) =0

for every vector fields Y, Z on M, where V is the Levi-Civita connection on M.
On a three-dimensional pseudo-Riemannian manifold (M, g), one can define the cross product of
two vector fields X, Y € x(M) as

g(X XY,Z) = dvy(X,Y,Z), VZe x(M).

If V is a Killing vector field on M, let Fy = tydv, be the corresponding Killing magnetic field, where
1 denotes the interior product. Then, the Lorentz force of Fy is given by (see [14])

D(X)=V xX.
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Consequently, the Lorentz force equation (2.1) can be rewritten as

VY =Vxy.

2.2. The hyperbolic Hopf fibration

We shall now present the hyperbolic counterpart of the Hopf fibration S* — S?(1/2). For further
details, we may also refer to [10] and [12].

Let us consider Ré, the four-dimensional pseudo-Euclidean space equipped with the pseudo-
Riemannian flat metric

(,) = —dxg—dx}+dx3+dx3

of neutral signature (2,2). The anti-de Sitter (three-)space H; is the hypersurface of R3, defined
by [19,26]

{X = (x07x17x27x3) € R4 . _x(Z) _X%‘i‘X%—FX% — _1}

In terms of complex coordinates z = xg + ix|, w = xp + ix3, consider C? endowed with the pseudo-
scalar product (q1,q2) = Re(—z1Z2 + wiwz), where ga = (za,Wa), 2 = 1,2 and denote it by (C%.
Then, the above description of H? becomes

HS = {(z,w) € C} : — 2] +|w]* = —1}.
Similarly, the pseudo (three-)sphere is given by
S3 = {x = (x0,x1,%2,%3) ER} : —x3 —xF + x5+ x5 =1}

= {zw) e C: —z2+ = 1},

Equipping both H? and Sg with the Lorentzian metrics induced from ( , ) as hypersurfaces of
R4, they are complete Lorentzian manifolds, of constant sectional curvature —1 and 1 respectively.
Moreover, H? and Sg are both diffeomorphic to S! x R?, and the map o : Rg — Rg, O (x0,x1,X2,%3) =
(x2,x3,X0,X1) is an anti-isometry which carries H% onto Sg and conversely.

We now consider the canonical projection 7 : C2 — {0} — CP! which defines the complex projective
line CP'. When we restrict 7 to H3 c C?— {0}, we obtain a diffeomorphism from H onto the unit
disk B2 = {{ € C: |{]| < 1}, explicitly described by { = 7t(z,w) = w/z.

Next, we consider the (Riemannian) hyperbolic two-space, as the surface H?(r) C R3, of constant
curvature —1/r? < 0 with r > 0 given by

HP(r) = {y = (v1,32.53) € R} : yi+y3—)3 = =% and y3 > 0}.
Let p denote the stereographic projection p from the point (0,0, —1), that is,
p:H*(1) — B

(y17y27y3)>—>C:< yi_oo» )

1+y3 143
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and the homothety 1, : H?(1) — H?(r), y > ry. Then, the hyperbolic Hopf map h is explicitly given
by

h=n,0p ' om: Hi(1) » H*(1/2)
2 + [w]?

(z,w) — (Zw, 2> €CxR.

Similarly to the Riemannian case, h is a submersion with geodesic fibres, which can be defined as
the orbits of the S!-action

S! x H3 — H3

(ei’, (z,w)) > (ei’z,ei’w).
In particular, for any x = (xo,x1,%2,x3) € H3, the vector field

éx == (—X] ,XO, —X3,x2)

is tangent to the fibres of the hyperbolic Hopf map and (&, &,) = (x,x) = —1. For this reason, in
analogy with the Riemannian case, we call & the hyperbolic Hopf vector field. It is easily seen that
& is a globally defined Killing vector field [12].
We shall now describe the anti-de Sitter space H? in terms of paraquaternions, referring to [12] for
more details (see also [22]). Consider the algebra B of paraquaternionic numbers over R generated
by {1,i,j,k}, where —i> = j2 =1 and k = ij = —ji (they are also known as Gdodel quaternions
or split quaternions in Theoretical Physics). This is an associative, noncommutative and unitary
algebra over R. The conjugate of a paraquaternonic number x = xg + x1i + x2j + x3k, is given by
X = xo — x1i — x2 j — x3k, and the norm of x is given by

|]x||* = x% = x4+ x7 — x5 — 3.
Obviously, the norm of a paraquaternion corresponds to the pseudo-Euclidean metric ( , ) on R4,
namely

(x,x) = —XX.

It is easy to check that the paraquaternionic multiplication can be expressed in terms of complex
numbers as

(z1,w1) - (z2,w2) = (z122 + W1W2, Z1W2 +W122).
Therefore, in terms of paraquaternions, the anti-de Sitter three-space H%(l) corresponds to
H} = {xeB:xi=1}.

Note that 1 € H? and the multiplicative structure on B induces a group structure on Hf. Moreover,
the vectors {i, j,k} form a pseudo-orthonormal basis of TlH%, the tangent space at 1 to H3, with

(i,i) = =1, (j, j) = (k, k) = 1.
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In terms of paraquaternions, the hyperbolic Hopf vector field at x € B is given by

So, if we put

for any x € B, then {&, U,V } is a global pseudo-orthonormal frame field on H?. Let g be the metric
induced on Hf by (, ). With respect to g, the vector field & is time-like, while U,V are space-like.
If V is the Levi-Civita connection of the metric g, we have (see also Section 4 in [12])

V'g’é = 07 VU& = V7 VV& = _U7
VéU - —V, VUU = O, VvU == —g, (22)
V{:V:U, VUV:§, VVV:O

On H we can consider the usual cross product, defined by g(X x Y,Z) = dvy(X,Y,Z) for all X,Y,Z
tangent to H? Here, by dv, we denote the volume form on H? defined by the Lorentzian metric g.
Subsequently, we have

ExU=V, UxV=-& Vx&E=U.

3. Hopf magnetic curves of H%

Consider a smooth curve y = ¥(s) = (xo(s),x1(s),x2(s),x3(s)) C H3. Since & is Killing, we define
a magnetic curve 7, corresponding to &, as a solution of the equation

Vit=q&x7, (3.1

where g # 0 is the strength (see also [14,17,18,25]). We call y a Hopf magnetic curve on H?
Since {&,U,V} is a frame on HJ3, there exist some smooth functions 7i,7»,T; (depending on s),
such that the velocity ¥ = T & + ThU + T3V. Moreover, Tj is a real constant. Indeed, using (2.2) and
(3.1) we have

fi = L o(1.€) = (a8 x 1,€) + 81, V4) =0

Note that g(7,7) is constant. Therefore, the causal character of 7y is the same at each point and
hence, it depends on the initial value of . From now on, we focus on the case when 7 is a light-like
magnetic curve of &.
Remark that y is light-like if and only if 0 = ||7||> = —T? + T + T{. In this case, T} # 0, otherwise
¥ reduces to a point.
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Using (2.2), we can compute V7. By a standard calculation, we get
Vyv=TE+TU+T3V.
On the other hand, from (3.1) we have
Vit=q&x7=q(-TU+TNV).
Comparing the two above equations for V;¥, we get (again) Ty =0 and
{ Ih=—ql, (3.2)
3= qT;.
Integrating the above system of ordinary differential equations, we obtain the general solution as
To(s)+i T3(s) = ae™®,

with o € C. Then, le = |O£|2. Moreover, after a suitable translation in parameter s, one can make s
real and sgn(a) = sgn(7}), giving also a = Tj.
Next, since &,y = i ¥(s), Uy(s) = j- ¥(s) and Vy(5) = k- ¥(s), we have

7(s) = (Ti(s)i+ Ta(s)j+ T3(s)k) - ¥(s).

Therefore, as y(s) = xo(s) +x1(s)i+x2(s) j +x3(s)k, the components xo(s), ..., x3(s) of y satisfy the
following system of differential equations

X0 0 -1 T; X0
X1 T 0 I5;-T1; X1
ol |lnn o-1n||x
X3 ;-T,T1 O X3

In terms of complex coordinates, y(s) = (z(s),w(s)), the above system becomes

;=Tiz+ (T, +iT3)w,
iz (T2 +i73) (3.3)
w="Tiw+ (T +iT3)Z
Thus, to solve (3.3), we introduce the new complex functions
p:= e*iT“"z, Q= e*"T“vw, (3.4)
so that (3.3) becomes
) = aei(quTl)s _’
P ) (f) 3.5)
(P _ ael(q72T1)sp_

Taking the derivative with respect to s in both equations in (3.5) and replacing p, ¢ again from (3.5),
we get the second order complex differential equations

p—ilg—2T)p-Tip=0,  $—ilg—2T1)p—T ¢ =0. (3.6)
So, the above equations are both of the form
f—iaf —TEf =0, (3.7)
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where a = g — 2T}. Putting f = /7 0, from (3.7) we get the standard equation

6 <Tl—>6 0

whose solution depends on the sign of 72 — % =g (T1 — 4). We shall now treat separately the three
cases determined by the possible values of ¢ (T1 — %).

First Case: q (T1 -9 =0

Then, T} = %, as ¢ # 0. Going back to equations (3.6), we get

p :e"%(als—i-ag), (p:eiqfs(bls—kbz),

for some complex constants aj,a»,b1,b,. By a standard calculation, from (3.5) we obtain

44
by = —ia;,  by= % _idy. (3.8)

Thus, replacing into (3.4), we find

Y= (Z(S),W(S)) = el (als—i-az, da z(a1s+d2)> .
It is easy to check that y C HS implies 16‘;1‘ 2 Sm(ajay)+1=0.

We can now rewrite ¥ C H3 C R as follows:

Y(s) = (cos(%) +isin(%)) (s Vi + V),
where, if ay = o + i, a0 = B1 +ifa2,b1 = A +iky, by = Uy +illp, we put
Vlz(alaaZallaA‘Z)a VZZ(ﬁ17ﬁ27MI7“2)~

Since 7 is a light-like curve on H? then, with respect to (, ), the vector field V; is light-like and V,
is a unitary and time-like vector field. Moreover, they are orthogonal and satisfy

(Vi,i-Va) = %.
Applying an isometry (that is, a pseudo-orthogonal transformation) of the ambient space, without
loss of generality we may take V, = (1,0,0,0). Then, by (3.8) we immediately conclude that V} =
(0,—%,%,0), which gives

qs. qs
(5);

5 Zcos(qs), D

qs
g 1n(5)> (3.9)

This curve cannot be periodic. Contrary, supposing that y(0) = y(P) for a certain P > 0, and com-
paring the third and the fourth components respectively, we obtain the contradiction gP cos (qZP ) =
gPsin ( ) 0. Finally, the curve ¥ is a helix. See the Appendix A.

Summarizing, we proved the following result.

_ CANICA) qs qs\ _ 495
v(s) = (cos( 5 )+ ) sin( 2) sin(=- 5 ) — 1 cos

Theorem 3.1. Let y C H? denote a light-like magnetic curve of the hyperbolic Hopf vector field &,
that is, a solution of V7= q& x 7, with q # 0. If g(¥,§) = —4, then v is a light-like helix, explicitly
described, up to pseudo-orthogonal transformations, by equation (3.9). These light-like magnetic
curves are never periodic.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
469



G. Calvaruso and M.I. Munteanu / Hopf magnetic curves in the anti-de Sitter space H?

Second Case: ¢ (T — 1) = 0?, ® > 0.
In this case,
p = 3T05(q; cosh(ws) + ap sinh(ws)), @ = "3~T%(b; cosh(ws) + by sinh(ws)),

for some complex constants ay,as, by, by, where by, by can be explicitly determined in terms of a;, a»
by means of (3.5). Replacing into (3.4), we obtain

7= (2(s),w(s)) =¢ % (ay cosh(ws) + ay sinh(ws), by cosh(ws) + by sinh(ws)) .
Setting a; = o +i0y, ay = B +ify, by = A +iky, by = Uy + iy, we get
¥(s) = (cos(q2 )+ isin( "ZS )) (o cosh(ws) + By sinh(ws) + i( 0 cosh(@s) + Bo sinh(ws),
A1 cosh(®s) + iy sinh(@s) +i(A; cosh(ws) + i sinh(ws))).
Since y C H3, we have (y(s), y(s)) = —1, which yields, by the above description of 7,
—of —0g A+ A =—
—Bi—Br+uitui=1,
—ou B —wfr+ A + At =0

Considering the following vector fields in ]Ré
Vi=(ou,00,A1,L), Vo = (B1, B2, i1, ),
we obtain that V; (time-like) and V, (space-like) are unitary and orthogonal. Then
Y(s) = (cos(%) +isin(%)) (cosh(ews)V; + sinh(ws)V5).
Without loss of generality, applying an isometry in the ambient space, it is enough to consider

Vi = (cosh(y),0,sinh(y),0), Vo = (0,sinh(¥),0,cosh(¥)).

Thus,
y(s) = (cosh(l[/) cosh(ws) cos(% ) — sinh(1¥) sinh(ws)sin(%),
cosh(y) cosh(ws) sin(% ) 4 sinh(1) sinh(ws) cos(%),
| S . o (3.10)
sinh(y) cosh(®s) cos(%) —cosh(¥) sinh(ws) sm(%),

sinh(y) cosh(ws) sin(%') 4 cosh(®¥) sinh(ws) cos(%)) .

This curve is a helix. See the Appendix A. Moreover, by an argument similar to the one applied for
the first case, we conclude that the curve given by (3.10) is not periodic.
Thus, we proved the following.

Theorem 3.2, Let y C ]HI? denote a light-like magnetic curve of the hyperbolic Hopf vector field &,
that is, a solution of Vyy = q& x vy, with q # 0. If g(7,€) =Ty and q (T — 4) = @* @ > 0, then y
is a light-like helix, explicitly described, up to pseudo-orthogonal transformations, by (3.10). These
light-like magnetic curves are never periodic.
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Third Case: ¢ (71 — §) = —0?, © > 0.

We now have
p =3T3 (q; cos(ws) +arsin(ws)), @ =3T3 (b cos(ws) + by sin(ws)),

for some complex constants ay,az, by, by, with by, b, determined in function of a;,a, using (3.5).
Then, (3.4) yields

Y= (z(s),w(s)) ) (a) cos(ws) + ay sin(@s), b cos(ws) + by sin(ws)) .

We set again, as in the previous cases, a; = Q; +i0p, a; = B +if2, by = A + iy, by = Wy + il
and we find

Y(s) = (cos(g) + isin(%)) (a; cos(ws) + By sin(ws) + i( 0 cos(ws) + B sin(ws),
Ay cos(@s) + y sin(@s) + i(A; cos(ws) + iy sin(@s))).
Since (y(s),y(s)) = —1, we immediately obtain

—0F— B+ A A =~
BB+ ui s =1,
—ou B — b+ A + A = 0.
Consider V| = (o, 0,41, 42) and Vo = (By, B2, i1, U42), two constant vectors in R‘z‘, which are uni-

tary, time-like and (V;,V,) = 0.
We can now describe 7y as follows:

¥(s) = (cos(?) + isin(%)) (cos(@s)Vi -+ sin(ws)Va).
Up to an isometry of the ambient space, it suffices to take
Vi = (cosh(y),0,sinh(y),0), V2= (0,—¢&cosh(?}),0,sinh(}))

for some real constants y and ¥, where € = sgn(q).

Thus,
Y(s) = (cosh( V) cos(ws) cos(%) + ecosh(®) sin(ws) sin(%),
cosh(y) cos(ws)sin(%) — € cosh(¥) sin(ws) cos(%),
_ (3.11)
sinh(y) cos(@s) cos(L) — sinh(¥) sin(ws) sin( L),

2 2
sinh(y) cos(ws) sin( %) + sinh(¥¥) sin(ws) cos(%))
We have the following result.

Theorem 3.3. Lety C H';’ denote a light-like magnetic curve of the hyperbolic Hopf vector field &,
that is, a solution of Vyy = q& x v, with ¢ # 0. If (7,E) =Ty and q (T) — §) = —@?, with ® >0,
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then v is a light-like helix, explicitly described, up to pseudo-orthogonal transformations, by (3.11).
If W+ €0 #£ 0, then these light-like magnetic curves are periodic if and only if

q
~eQ.
» € Q

Proof. The fact that 7y is a helix is proved in the Appendix A. For the second part of the statement,
suppose that y(s) = y(s+ P), for all s and some P > 0. The curve 7 has the following general form

¥Y(s) = (acos(As) +beos(us),asin(As) — bsin(is),ccos(As) + d cos(is), csin(As) — dsin(us)),

where a,b,c,d are real constants and A, are non-zero real constants with A # p. In our case
A=w+ip=w—-4%and

. %(cosh(l]/) — gcosh(9)),b = %(cosh(l//) + £cosh(9)),

1 1
c= E(sinh(lll) +sinh(9)),d = E(sinh(w) —sinh(9)).
In the case when ad — bc # 0 we know that 7y is periodic if and only if % € Q. Moreover, ad —bc =0
is equivalent to sinh(y + €9) = 0. Henceforth, if y+ €19 # 0, the curve Y is periodic if and only if
< is a rational number. U

Remark 3.1. If v+ &1 = 0, the curves ¥ given in (3.11) have the form
¥(s) = (cosh(y)cos(As),cosh(y)sin(As),sinh(y)cos(As),sinh(y) sin(1s)),
where A = ¢/2 — €. Hence, they are always periodic.

Remark 3.2. The existence of closed trajectories is a fascinating topic in dynamical systems.
In [14], periodic orbits of the contact magnetic field on the unit three-sphere were found and a
condition for periodicity was obtained. These results were generalized in [21] to Berger spheres of
dimension three. In Physics, such a condition for periodicity is known as a quantization principle.
In Theorem 3.3, our criterion of periodicity ¢/ € Q states that the set of periodic light-like mag-
netic curves on ]HI? of the hyperbolic Hopf vector field £ of the third type are quantized in the set of
rational numbers.

4. Projections in H? of Hopf magnetic curves

As we have already reported in Section 2, the hyperbolic Hopf map is defined by
h: (1) > B2 (1/2), (zw) > (o, 2500 ) e CxR =R,

Denoting by g the usual Riemannian metric on H?(1/2), the map h becomes a pseudo-Riemannian
submersion. We now investigate the geometry of the curve ¥ = ho 7, that is, the projection of a
light-like Hopf magnetic curve y € H% via the hyperbolic Hopf map.

Let 7y be a light-like magnetic curve in H3 (1), given by y(s) = (z(s),w(s)), where the complex
functions z and w satisfy (3.3). We first prove the following result.
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Theorem 4.1. The projection ¥ of a light-like Hopf magnetic curve y C H?(l) via the hyperbolic
Hopf map is a curve of constant curvature in H?(1/2).

Proof. We compute the curvature K of 7 and show that it is a constant. We first compute ¥. Using
(3.3) and (3.2), we get

y= ((T2 — i)W + (T +iT3) 7, 2Re (T2 —iTg)zw)>.

In particular, §(7,7) = (T2 + T)(|z|* — |w|*)? = T?. Therefore, § = Tis is the arc-length parameter
for 7, and the unit tangent of yis T = Til}_/ We also find

Y= <(2T1 —q)i[(Ty —iTs)w* — (o + iT3)Z*] + 4T 2w,
277 (2> + [w]?) + 22T — q)Re(i(T> — iT3)ZW)),

If V denotes the Levi-Civita connection of g, then the curvature of ¥ is given by

VT = &kN,

where N is the unit normal of 7. A classical computation yields

‘ =

KN = —y—47.

NS}

Ti

Therefore, we may write

_o 2T —qy. . o\ . .
N = ;7261 (z (> — iT)w? — (T, + lT3)ZZ] 2Re (i(T> — ng)zw)).
1
Consequently, kK = ‘ZT‘T—:q is a constant. O

Remark 4.1. Recall the following fact about curves of constant curvature in the hyperbolic plane
H?(r) (r > 0) of curvature —1/r2. Let ¥ be such a curve and & be its geodesic curvature; then ¥
belongs to the following list:

e if ik € (0,r), then the curve ¥ is contained in an equidistant curve from a geodesic;
e if K = r, then ¥ is part of a horocycle;
e if K > r, then the curve ¥ is contained in a circle.

Remark 4.2. This classification, together with the above Theorem 4.1, completely describes the
projections of light-like Hopf magnetic curves in the hyperbolic plane.

We shall now explicitly describe all three cases discussed in the previous Section, also providing
some examples corresponding to each of them.
For the (Riemannian) hyperbolic plane H?(1/2), we consider the hyperboloid model, namely,

H2(1/2) = {y = (y1,y2,53) €R} : ¥ +¥3 -3 =—1}.
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In the first case, the magnetic curve ¥ is given by (3.9). Its projection via the Hopf map is then
parametrized by

2.2 2.2
o (8481 P
Y<S)_<4’16’2+16>'

This represents the intersection of the hyperbolic plane (as upper sheet of the hyperboloid) with the
light-like plane with equation {y; —y, = %} A particular example is illustrated in the following
Figure 1.

Fig. 1. Projection of a light-like magnetic curve (3.9) on H?(1/2)

In the second case, the magnetic curve ¥ is given by (3.10), and the projection is given by

7(s)=1% (sinh(l// — ) cosh(y + %) + cosh(y — B¥) sinh(y + ) cosh(2ws),
cosh(y — ) sinh(2ws),
sinh(y — &) sinh(y + ©¥) + cosh(y — &) cosh(y + V) cosh(2(0s)) .

It is not difficult to check that ¥ is now the intersection of the hyperbolic plane with the time-like

plane {y| cosh(y + ©) — y3sinh(y + ©¥) = 3 sinh(y — 9)}. Particular examples are shown in the

following Figure 2.

Fig. 2. Projection of a light-like magnetic curve (3.10) on H?(1/2):

lef) y=0=4 0=1; (righ) y = 1,80 =0, 0 = 5
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Finally, the magnetic curve given by (3.11) projects onto the curve ¥ on H?(1/2) parametrized by

Y(s) =1 (sinh(l//— €9)cosh(y + €9) + sinh(y + €) cosh(y — €¥) cos(2ws),
esinh(y + £9)sin(2ws),
cosh(y — ¥) cosh(y + ¥) + sinh(y — ¥) sinh(y + ) cos(2a)s)> ,

which lies at the intersection of the hyperbolic plane with the space-like plane
1
{y1sinh(y — ) —y3cosh(y —ev¥) = —3 cosh(y+¢€v)}.

See the following Figure 3 for particular examples. We may remark that in this case, the projection
7is a closed curve on H?(1/2).

Fig. 3. Projection of a light-like magnetic curve (3.11) on H?(1/2):
lefyy =0 =1 0=1e (righ) y =3,0=0, 0=

| —
Q
Dl

5. Light-like magnetic curves on the hyperbolic Hopf tube

Let B:1CR — H?(1/2), 0 €I, be a curve on H?(1/2) (not necessarily parametrized by arc-
length). For any (zo,wo) € H3 such that h(zg, wo) = (0), there exists a unique curve f3, known as
the horizontal lift of B, such that $(0) = (zo,wo), B is orthogonal to & and f projects to 3, i.e.

h(B(s)) = B(s), forany s € I.
We then call hyperbolic Hopf tube over B its complete lift to H, given by

Hg:=h'(B) = {eitﬁ(s) cteR;s€e I}.
Consider now the following parametrization of Hpg:
F:IxR—H;

(s,1) —> € B(s).
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The tangent plane to the surface Hg is spanned by F; and F;, which are computed as

{Fs(s,t) =e"B/(s),
E(S,t) = iF(S,t) = éF(s,t)'

When f3 is the projection of a magnetic curve on ]H[?, it has constant speed v (not necessarily equal
to 1). We have

h*ﬁ(s)ﬁl(s) =p'(s), Vsel

On Hg we consider the induced metric from the metric ( , ) of Hj. We also have that ( , ) =h*g,
where g is the metric on the hyperbolic plane H?(1/2). Consequently, we can compute the induced
metric gg on Hg and we obtain

gs = vids? —dr?,
which yields at once the following result.
Proposition 5.1. The hyperbolic Hopf tube Hg over a constant speed curve 3 is flat.

The unit normal at f(s) to Hg is the horizontal lift at B (s) of the unit normal v(s) at B(s), denoted
by ¥(s). Hence, f3(s) is a horizontal vector orthogonal to 3(s). The unit normal at F(s,?) to Hp is
then given by N(s,t) = e V(s).

An arbitrary curve I' on Hg writes (locally) as ¢ = #(s) and so, it may be expressed as I'(s) =
¢") B (s). It follows that

T'(s) =1'(s)Ep) +e" OB (s).

Let now ¥ be a magnetic curve on H?, parametrized by pseudo-arc length s. Denoting by f its
projection on H?(1/2), we obviously have y C Hg.

As we have seen above, 7 has a component along & and a horizontal component. From the previous
Sections we know that (7(s), &y(s)) is a constant c. We now prove the following.

Theorem 5.1. A light-like magnetic curve y on H? is a geodesic on the corresponding hyperbolic
Hopf tube.

Proof. From the Lorentz equation (3.1) we conclude that V7, being orthogonal to & and 7, is
orthogonal to Hg. Using the Gauss’s formula, we then obtain at once that ¥ is a geodesic on Hpg.
O

Remark 5.1. We may express the equation of ¥ in terms of coordinates on Hg. More precisely,
since Y C Hg, parametrize y as t = t(s). Then 7 =1'(s)&,(,) +¢" (5)B'(s). It follows that

c= <Y? é)’) = —f/(S),

and hence #(s) = #(0) — c¢s. Thus, we conclude that 7 is a (portion of a) straight line in Hg.
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We end this Section describing explicitly the situation in Case I. The remaining cases can be treated
in a similar way. By the previous Section, we have to consider

2.2 1 q2S2
‘R — H2(1/2 — (& 95 97
pir— /), Bl = (4. 55 S+

We take (z9,wo) = (1,0) € H3, which projects to $(0) = (0,0, 3).
We then construct the horizontal lift of f through (zo,wp). To do this, we take
B:R—H; CC? B(s) = (z(s),w(s)). We must have

@ —|z(s)?+w(s)> = -1,

(b) Re[i((5)z(s) —W’z(f)W(S))} =0,
(©) Z(s)w(s) =F +i G,

@ |2(s)P+w(s)2 =1+, Vs e R,

Combining (a) and (d), we may choose two real functions « and v (depending on s), such that

. 252 .
w(s) = % ¢ and  z(s) = \/ 1+ % M),

with v(0) = 0. By (c), we then get 14+ & = 4/1+ L5 4iu=v) and hence, u(0) =0and

16
/ N q
u(s)—=vi(s) = ———55v - (5.1)
4(1+5%)
Finally, from (b), we get

2.2 2.2
qs qs /
— — | 14+=— =0. 2
T u'(s) <+16>v(s) 0 (5.2)

From (5.1) and (5.2) we obtain

u(s) = % and v(s)= % - arctan% .

We can now write explicitly B, as

COs — + —sin— , sin— — — cos —

B(s) ( gs qs . qs . qs g5 qs qs__ qs gs . qS)
S) = — COS .
4474 4 4 7404

It is easy to check that (B', ') = %.
The hyperbolic Hopf tube over B may now be parametrized as

qs qs . qs . qs qs qs
F(s,t) = (cos(H—Z)—i—Zsm(H—Z), Sm(H_Z)_ZCOS(H_Z)’
qs qsy\ 4s . qs
ZCOS(H_Z)’ Zsm(r—i—z)).

Comparing with Theorem 3.1, we conclude that the magnetic curve 7, parametrized by (3.9), may
be expressed, in terms of coordinates s and ¢ of Hg by #(s) = 4%, Hence, 7 is a straight line on the
hyperbolic Hopf tube over the projection of y itself via the hyperbolic Hopf map.
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6. The Lorentz equation and the Lie group structure of H?

As we have seen in Section 2, there exists a natural Lie group structure on H% and a compatible bi-
invariant pseudo-Riemannian metric. The vector field & which was essentially used in the study of
magnetic curves is Killing and right invariant. This is the reason why, in this Section, we give a new
approach of our study trying to relate all the ingredients involved in the Lorentz equation with the
Lie group structure of H? This can be done since Hf is realized as a subgroup of the multiplicative
group of the algebra of paraquaternions. Note that in [6] (respectively in [21]) the study of magnetic
curves on the Euclidean 3-sphere (respectively on the 3-dimensional Berger sphere) is done by using
quaternions.

6.1. General things on TlH?

The Lie brackets in B correspond to the commutator and hence we have

Then, the cross product of two vectors in 7} ]HI? can be expressed in terms of the Lie brackets, that
is, for a suitable choice of orientation on 7} H? we set [vo,wo| = 2vg X wg for any vo,wg € Tj H?
One can then define the cross product of two tangent vectors asking for the cross product to be a
bi-invariant tensor. Hence, if v = (Rg).(vo) and w = (Ry)+(wy) for some vy, wo € TyH, then

vw= 2 (Re) ([0, wo))

Here R, : H — H3, R,(h) = hg (for g € H3) is the right multiplication and
(Rg)« : TTHS — T,H3 is the linear tangent map.

6.2. Magnetic curves in H;

If y(t) is a path in H3 and §() is its velocity, then one can define a path 1(¢) in T,H3 by n(¢) =
(Ry(r))x ' (7(2)). It follows that the acceleration of y can be written as

d
VJV')7: (R}/(t))*di?'
This expression comes from the general theory of Lie groups endowed with a bi-invariant
(pseudo-)Riemannian metric. We will briefly recall, in the Appendix B, some basic facts on Lie
groups.

Let now 7 be a solution of the Lorentz equation V;7 = g&(y) x 7. Consider &, € TIIHI';’ such that
E(Y(t)) = (Ryu)+Eo (in fact § = i). Thus, the Lorentz equation becomes a first order ordinary
differential equation in 7; H?, namely,

() = 2 [&.n (1),

The general solution of this equation is 1)(¢) = Ad(exp(tvo))Mo. where vo = 4&) and 0y € T1HS.
Therefore,

V() = (Ryr))« (Ad(exp(tvo))M0) = (Ry(r) © Cexp(tvy) )Mo
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If we put a(r) = exp(—1vy)y(t) we have:

Q(t) = (Lexp(—tvo) )5, (0) Y(t) + (Ry(e) )+, exp( o) 45 (exp(—1tvo)
= (Lexp(ftw)) OR}/(I) © Cexp(tvo)) ( y(t )
= (Ry(1))«(M0 — vo)

*,exp( tvo( exp(ftvo))*vo

This implies that ¢ is a parametrized geodesic in H? Hence, we obtain the following:

Theorem 6.1. Magnetic curves in Hf corresponding to the (right-invariant) Killing vector field &
are all of the form y(t) = exp(tqg&o/2)a(t), where a is a geodesic in Hs.

We note that the geodesic « is light-like if and only if 19 — % is light-like.
In order to connect this approach with the results obtained in the first part of the paper, let us look
at the Hopf magnetic curves we obtained in Theorem 3.1. We may identify the following objects:

& =i, n(t) = 4(i+cos(qt)j+sin(gt)k), no=4(i+j) and ae(t) = (1,— 4, %,0).

6.3. Hopf fibration

The Hopf fibration h : H — H?(1/2) can be also understood in this setting. If &) is a unitary time-
like vector in 7;HS, then it generates a maximal compact subgroup H = {(¢/%,0) : 6 € R} C H5.
The fibers of the Hopf projection are right cosets Hg, for g € H? More precisely, if g € H? and
x € H2(1/2) we define a right action of H3 over H?(1/2) as x- g := h(h~!(x)g), this being an
isometry. In particular we have

e h(c®,0) = (0,1/2) := xo;

e h™!(x) ={(0,%) : 6 cR}U{(¢®,0) : B €R};

o (0,e9)(z,w) = ("W,e7) := g1 and (¢®,0)(z,w) = (¢%z,e%w) := g»;
e h(g;) =h(z,w) and h(gz) =h(z,w).

Hence h(g) = x¢ - g. This shows that for y(¢) as before, we have h(y(r)) = h(a(7)).

It is known that we have three types of geodesics in H3, namely time-like, space-like and light-like
depending on which conjugacy class of SL(2,R) the corresponding monodromy matrices belong
to (namely the elliptic, hyperbolic, or parabolic class, respectively). For some connections with
Physics, see e.g. [23]. Geometrically, each geodesic is a part of the intersection of the one-sheet
hyperboloid with a 2-plane passing through the origin in the ambient. Every such 2-plane inherits
a metric which is either negative definite, indefinite or negative semi-definite of rank 1, and the
corresponding geodesics are of the respective three types described above. For some related results,
we may refer, for example, to the remarkable paper of Calabi and Markus [7].

Let a(t) = gow(t), where of(t) is a 1-parameter subgroup of H3. It follows that h(y(t)) = xo -
o(t) = (x0-g) - A(t) and this is an orbit of the 1-parameter group (). In the view of the previous
comments, we distinguish different cases:

e if ap(7) is time-like, then it is the group of (Euclidean) rotations around a time-like axis and so,
the projection h(y(7)) is a circle;

e if op(r) is space-like, then it fixes a geodesic and hence h(y(¢)) is an equidistant line from this
geodesic;

e if ao(t) is light-like, then ¢(¢) fixes a point on the boundary of H? and so h(¥(t)) is a horocycle.

This discussion is related to the Theorem 4.1 and Remark 4.1.
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Appendix A

In this section we give more geometric information on the magnetic curves obtained in Section 3.
More precisely, we prove that these curves are helices (meaning that their curvature and torsion are
constant) in all three cases described in Section 3.

First case: For the curve given in (3.9), we calculate T = 7 and ¥, and describe the Frenet-Serret
frame along 7. In fact, we obtain a Cartan null frame for the null curve y (see for example [20]). We
have

S oot i D) S () 1 4 oD
T—(gcos<2> Lain(2), 2 sin( %) 4 Leos(L),
2

8
qs . 4gs q qs\ q's qs q.. /495
s1n(2)+4 (2), g cos(2)+4sm(2)>

and

2
¥(s) =— CIZ (% sin(%), —%cos(%), %cos(%) —Fsin(%)7 ?sin(%) —COS(%)) .

In particular, (y,¥) = 0. Moreover, (¥,¥) = %, so that }/ is space-like. Note that the pseudo-arc

length parameter, §, which would make ¥ unitary, is § = %s. Since ¥ = V7, the normal vector field

N := HU}:E ;H is given by

N= (—ﬂsin(@), ﬂcos(@),—sin(@) =P os(

sy _ 945 ﬂ)
A A ) 3) g eoslg)eos(5) = psin() )

2

The binormal B is a light-like vector field along 7y defined by the conditions g(N,B) = 0 and
g(T,B) = 1. It can be computed as

B=- (sin(%), —cos(%),cos(%),sin(;)) .

The torsion of ¥, defined by 7 = g( ﬂfg ,B), is constant T = — ;—2. With respect to the pseudo-arc length

§, the Frenet-Serret equations may be written as

4 0-4/¢*> 0
d—f(TNB):(TNB) 1 0 4/¢
0 -1 0

Therefore, 7 is a light-like helix.
Second case: For the curve given by (3.10) we determine T = ¥, ¥ and the Frenet frame along y. A
standard computation gives

T = ((a)cosh(l//) 4 sinh(9)) sinh(ws) cos(%) — (@sinh(¥) + £ cosh(y)) cosh(ws) sin(%),
(@cosh(y) — 4 sinh(®¥)) sinh(ws) sin(%) + (@sinh(¥) + 4 cosh(y)) cosh(w cos(%),
(wsinh(y) — £ cosh(1)) sinh(ws) cos(%) — (wcosh(¥) + 4 sinh(y)) cosh(ws) sin(%),
(a)sinh(l//) — icosh 19)) sinh(@s) sm(%) 4 (wcosh(ﬁ +4  sinh( )) cosh(ws) cos(%)
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and

7(s) = —qw<(Sinh(l9 + p cosh(y) )Cosh ws) cos(%) + (cosh(y) — p sinh(D)) sinh(ws) sin(%),
(sinh(ﬁ + p cosh(y)) cosh(ws) sin (%) - (cosh y) — p sinh(¢ )smh (ws) cos(%),
(cosh(®) + p sinh(y) )cosh )cos(%) + (sinh(y) — p cosh(®)) sinh(ws) sin(%),

(cosh(ﬁ) +p sinh(l//)) cosh(ws) sin( >) — (sinh(l//) —p cosh(ﬁ)) sinh(s) cos(qs)) ,

where p := (i-V},V,) = p =sinh(y — ¢). In particular, p = q4ngo #0,(y,¥) =0and (},¥) = ¢*TZ,
so that ¥ is space-like. The normal vector field is given by N := HJZEgII = qu—my Note that the
pseudo-arc length parameter, §, which would make ¥ unitary, is § = ¢g71s. The binormal vector field
B is light-like and obtained from the equations (B,N) =0, (B,y) =0 and (B,T) = 1. It may be

computed as

B = (X cosh(ws) sm(q2 )+ Y sinh(ws) cos(q;) —X cosh(s) cos(q2 )+ Y sinh(ws) sm(q;)

Zcosh(ws) sm(q2 ) + W sinh(ws) cos( q;) —Zcosh(ws) cos(q2 ) -+ W sinh(ws) sin( qzs ),
where X,Y,Z,W are real constants, explicitly given by

(sinh(®) + €cosh(1)),

X = LT(cosh(lll) — esinh(y)),
1 (cosh(®¥) 4 €sinh(1)),

Y=o
Z = 5 (sinh(y) — ecosh(y)), W = 1T
with € = sgn(q).
2

2_9°
The torsion of Y is then given by 7 = g (%Y, B) = (:;2&7 , and so, it is a constant.
1
Third case: Now, consider Y given by (3.11) and determine T = ¥, ¥ and the Frenet-Serret frame.

A standard calculation gives

T = ((s%cosh(ﬁ) (Dcosh(l//)) sin(ws)cos(%) — (%cosh( y) — ewcosh 19))005 os)sin(%),
(egcosh(ﬁ) a)cosh(l//)) sin(ws) sin(%) + (% h(y) —ea)cosh(ﬁ)) cos(@s) cos(%),
—(4sinh(9) 4 osinh(y)) sin(ws) cos(%) — (% sinh(y) + wsinh(B)) cos(ws) sin(%),

(% sinh(y) + wsinh(ﬁ)) cos(ws)cos(%) — (4 sinh(}) + wsinh(y))sin ( )sm(%)

and

Ys) = qw((ecosh(ﬁ) p cosh(y)) cos(ws) cos(%) + (cosh — gpcosh(D)) sin(ws) sin(%),
(E,‘cosh(ﬁ) p cosh(y )co )sin(%) — ( y) — ep cosh(V) )sm cos(%),
—(sinh(®) + p sinh(y)) cos(cos)cos(q‘)—i— (s1nh( )+ p sinh(9)) sin(ws) sin(%),

2
— (sinh(®) + p sinh(y)) cos(@s) sin(%) — (sinh(y) + p sinh(W)) sin(ws) cos(qs >,

where p := (i-Vy,V2) = ecosh(y + €8). In particular p = < *4“’2 £ 0.
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It is easy to check that (y,¥) = 0 and g(¥,¥) = ¢*T?. Then, the normal vector field is (space-like
and) given by N = ‘ql—m}/ The binormal vector field B (light-like) is then given by

B= (Xcos(a)s) sin(%) +7 sin(ws) cos(%)7 —X cos(ws) cos(%) +7 sin(ws) sin(%)7

Zcos(ws) sin(%) + W sin(@s) cos(%), —Zcos(ws) cos(%) + W sin(ws) sin(%)) ,
where X,Y,Z,W are real constants, explicitly given by

X = ﬁ(COSh(‘I/) +é&sinh(y)), Y= —Tlrl(ecosh(ﬁ) + g sinh(9)),
Z = 5 (sinh(y) + &1 cosh(y)), W = 5 (sinh(13) + &) cosh(d)),

where € = %1 such that sinh(y +€0) = %
. 2,
The torsion of ¥ is a constant, namely T = —ﬁ (N,B) = %

Appendix B

In this Appendix we set some notations and present some basic properties on Lie groups, Lie alge-
bras, left and right invariant vector fields, bi-invariant metrics and so on. We believe that this part
serve to make the paper self-contained for readers not familiar with the subject. For more details
see e.g. [9] and [24].

Let G be a Lie group, e its unit element and g = 7, G the Lie algebra. We have the following.

e The left translation by g € G:
Ly : G — G, h— ghis a diffeomorphism whose inverse is (Lg) ™' = L,-1.

e The right translation by g € G:

Ry : G — G, h— hg is also a diffeomorphism whose inverse is (Ry) ™' = R,-1.

o If v:G — G, g— g~ ! is the inverse map, then we have
VoLg =R, 10V,VoR, =L,10Vand V. :=V,, = —idy.

e Forvp € g =T.G and g € G, one can define a left invariant vector field on G, denoted by L,,,
by L,,(g) = (Lg)«vo € T;G. In the same way we can define a right invariant vector field on G
generated by vo, by R, (g) = (Rg)«vo € T,G.

We have:
[LVovLWo] = L[vo,WO]’ Ryy = Vil_y,, [RVO’RWO] = _R[vo,wo]’ [LVO’RWU] =0,
for any vo,wp € g.

e The map G x g — TG defined by (g,vo) — L,,(g) is a diffeomorphism, which is usually called
the left trivialization of the tangent bundle of G.

e The Lie algebra of G is g = T,G together with the map [-,-] : g X g — g defined by [vo,wp] =
Lo, L) (€)-

e The maps vy — L,, and X — X (e) define inverse linear isomorphisms between g and the set of
left invariant vector fields on G. The same considerations can be made when “left invariant” is
replaced by “right invariant”.

e Letexp:g— G, vo — ¥, be the exponential map. Here %, : R — G is the path in G satisfying

dy,
Too(0) = e G| = V0 Too(s 1) = Yy (5) Ko (1), forall 5,1 €R.

If vo € g, then ¢,(g) = 8%, (1) (respectively ¢;(g) = %, (¢)g) is the flow of L, (respectively R,,)
and ¥, (1) = %, (), forall 7 € R.
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e For each g € G, the conjugation map ¢, : G — G, h+— ghg~! is a diffeomorphism.

e The Adjoint representation of the Lie group G is the map Ad : G — GL(g) defined by Ad(g) =
(¢cg)«: g — g. More precisely, we have Ad(g) = (Ry1)g(Lg)+-
The adjoint representation of the Lie algebra g is the map ad : g — Hom(g, g) defined by ad(vy) =
Ad,(vp). Moreover, we have ad(vy)wo = [vo, wo], for any vy, wp € g.

e The following formula % ‘I:OAd(exp(tvo))wo = [vo, wo] holds for all vo, wp € g.

e Let X,Y be two vector fields on G and {¢} the l-parameter group of X. Define Y(¢) :=
(0-1)«.6,(¢)Y4,(¢)- Then we have ar — 1y (r),X].

dt
e A metric (-,-) on a Lie group G is called bi-invariant if it is both left and right invariant, that is

(,v)n = ((Lg)wptt, (Lg) s niW)ghs (1, V) = ((Rg) st (Rg) W) ng»

for any g,h € G and u,v € T;,G. There exists a bijective correspondence between left-invariant
(respectively right-invariant) metrics on a Lie group G and inner products on the Lie algebra g of
G. Thus, there is a bijective correspondence between bi-invariant metrics on G and Ad-invariant
inner products on g, namely inner products satisfying the condition (Ad(g)vo,Ad(g)wo) =
(vo,wo), for all g € G and vp,wo € g. Hence, an inner product (-,-) on g induces a bi-invariant
metric on G if and only if the linear map ad(vp) : g — g is skew-symmetric for all vy € g which
means that ([uo, vo], wo) = (1o, [vo, wo]), for all ug,vo, wo € g.

It follows that the Levi-Civita connection V of a bi-invariant metric can be expressed as
Vi, L, = %L[VWO], for all vo, wp € g. Analogously, we can write Vg, Ry, = —%R[VWO].

e Let a(t) be an integral curve of the left invariant vector field X. The equation VyY = 1[X,Y]
implies that Vg = VxX = 0 and hence « is a geodesic. Thus, the 1-parameter groups are
geodesics through the identity and all geodesics are left cosets of 1-parameter groups. More
precisely, for any vy € g and g € G, the curve y(t) = gexp(tvp) is a geodesic passing through
g and all the geodesics are of this form. Right invariant geodesics can be obtained from the left
invariant ones through inversions.
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