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In this paper, we deal with contractions of Lie algebras. We use two invariant functions of Lie algebras as a
tool, named y and ¢ function, respectively, which have a great application in Physics due to their remarkable
properties. We focus the study of these functions in the frame of the filiform Lie algebras, trying to extend to
these algebras some of the properties of such functions over semi-simple Lie algebras.
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1. Introduction

Many modern physical theories have a powerful mathematical framework underlying, in which dif-
ferent types of Lie algebras play a very important role. Specifically, Lie algebras (Sophus Lie Nor-
wegian mathematician, 1842-1899) constitute certainly one of the most useful in order to describe
symmetries underlying in these physical theories. As a example, it can be highlighted the importance
that the Virasoro and Kac-Moody algebras have, among others, in the development of the Super-
string Theory. Also, Lie algebras are essential in Conformal Field Theory, in which semi-simple
Lie algebras guarantee the existence of a non-degenerate Killing form, which in turn allows to build
vertex algebras, which are important in this theory [7]. But it is possible that the better known exam-
ple is the application of Lie algebras to the celebrated Standard Model of particle physics, which
describes the internal symmetries of the unitary product group SU(3) x SU(2) x U(1).

The study of other physical concepts has significantly been enhanced by the limit processes
which allow us to relate Lie algebras among themselves. These processes were first investigated by
Segal [21] in 1951, although, as it has been just noted, they are currently being widely used. Two
are the better known examples of these processes. The first of them involves the connection between
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classical mechanics and relativistic mechanics, with their respective Poincaré symmetry group and
Galilean symmetry group. The second one is the limit process by which quantum mechanics is
contracted to classical mechanics, when A — 0, which actually corresponds to a contraction of the
Heisenberg algebra to the abelian algebra of the same dimension. Remember also that classical
mechanics is a limiting case of relativistic mechanics. Hence the group of the former, the Galilean
group, must be in some sense a limiting case of the relativistic mechanics’ group. This means that
the representations of the Galilean symmetry group must be limiting cases of the representations of
the Poincaré symmetry group (see [15] for further information).

There also exist many works on contractions of algebras that address both the physical aspect
of the applications of these contractions and the mathematical aspect focused in the study of the
algebraic properties of these contractions. Indeed, after Segal, the concept of limit process between
physical theories in terms of contractions of their associated symmetry groups was formulated by
Erdal Inonii and Eugene Wigner [9, 10], who introduced the so-called Inonii-Wingner contractions
or IW- contractions. Later, Saletan [20] studied a more general class of one-parameter contractions,
for which the elements of the corresponding matrices are one-degree polynomials with respect to
the contraction parameter (in fact, Wl-contractions are a subclass of Saletan contractions). Other
extensions of the IW- contractions are, for instance, the generalized Inonii-Wigner contractions,
introduced by Melsheiner [4], the parametric degenerations [2,3], very used in the Algebraic Invari-
ants Theory, and the singular contractions [10]. Other relevant papers that can be cited on this topic
are [6,11,13,14,16,23,24] and [25].

Due to these reasons, the main goals of this paper are two: the first, to study the proper contrac-
tions of filiform Lie algebras of lower dimensions. At this respect we obtain, according to notation
by Hrivnak and Novotny [18], that there is a proper contraction from the filiform Lie algebra {3 both
to the algebra 3g; and the algebra g3 >, whereas there exists no proper contraction either between f3
and g3 1, or f3 and g3 3. We also prove that there is no proper contraction from a filiform Lie algebra
to a Heisenberg algebra.

The second goal is to compute the invariant functions y and ¢, introduced in 2007 by Hrivndk
and Novotny [17], for the case of these filiform Lie algebras of lower dimensions. The reason for
dealing with algebras of lower dimensions is because there are no complete classifications of Lie
algebras of dimensions greater than 5 and, besides, few invariant for them are known. Therefore,
the use of these invariant functions can be considered as a tool to get advances in the knowledge of
these algebras, particularly in the study of contractions.

To finish this introduction, we would like to explain the motivations for dealing with filiform
Lie algebras in particular. These algebras were introduced by M. Vergne in the late 60’s of the
past century [22], although before that, Blackburn had already studied the analogous class of finite
p-groups and used the term maximal class to call them, which is also now used for Lie algebras.
Vergne showed that, within the variety of nilpotent Lie multiplications on a fixed vector space, non-
filiforms can be consigned to small-dimensional components. Besides, filiform Lie algebras are the
most structured algebras within the nilpotent Lie algebras, which allow us to use and study them
easier than other Lie algebras (an historical evolution of Lie algebras in general can be checked
in [1]).

Furthermore, in spite of filiform Lie algebras belong to a subclass of nilpotent Lie algebras, in
the current literature there is not any difference among the values obtained of the invariant functions
for filiform nilpotent Lie algebras and non-filiform nilpotent Lie algebras. For this reason, one of
the main purposes of this paper has been to highlight the filiform cases among the rest of nilpotent
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Lie algebras in order to establish that difference and thereby facilitate the work of future researches
in this topic. Particularly, the term filiform is not mentioned by the authors of the reference [16]
through all the paper.

The structure of the paper is as follows: in Section 1 we give some preliminaries on Lie algebras
in general and on filiform Lie algebras, in particular. Sections 2, 3 and 4 are devoted to extend some
results by Hrivndk and Novotny [17,18] to the case of filiform Lie algebras of dimensions 3,4 and 5,
respectively. Proper contractions between Heisenberg algebras and filiform Lie algebras are studied
in Section 5 and finally, we point out certain conclusions about the results that we have found in the
last section.

2. Preliminaries

We show in this section some preliminaries on filiform Lie algebras, invariant functions in Lie
algebras and proper contractions of Lie algebras.

2.1. Preliminaries on filiform Lie algebras

In this subsection we show some preliminaries on Lie algebras in general and on filiform Lie alge-
bras in particular. For a further review on these topics, the reader can consult [8].

An n-dimensional Lie algebra g over a field K is an n-dimensional vector space over K endowed
with a second inner law, named bracket product, which is bilinear and anti-commutative and which
satisfies the Jacobi identity

J(u,v,w) = [u, v, w]] + [v, [w,u]] + [w, [u,v]] =0, for all u,v,w € g. 2.1

The center of g is the set Z(g) = {u € g | [u,v] =0, for all v € g}. The Lie algebra is said to be
abelian if [u,v] = 0, for all u,v € g.

Two Lie algebras g and § are isomorphic if there exists a vector space isomorphism f between
them such that

f([u,v]) = [f(u), f(v)], forall u,v € g. 2.2)

It is denoted as g = lj. The lower central series of a Lie algebra g is defined as

k

o' =g, 0 =[g"0), ....,0" =" al, ... (2.3)

If there exists m € N such that g”* = 0, then g is called nilpotent. The nilpotency class of g if the
smallest natural ¢ such that g¢*! = 0.
An n-dimensional nilpotent Lie algebra g is said to be filiform if it is verified that

dim g* =n—k, forall k € {2,...,n}. (2.4)

The only n-dimensional filiform Lie algebra for n < 3 is the abelian. For n > 3, it is always possible
to find an adapted basis {ey,...,e,} of g such that

[61782}:()’
le1,ej] =ej_1, forall j € {3,...,n}, 2.5)
le2,e;] = [e3,ej] =0, forall j € {3,...,n}.
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If n > 4, then the following two integers are invariants by isomorphism [5].
zi =min{i > 4| [ej,e;] #0}, zo=min{i >4 ]| [e;,ei+1] #0}. (2.6)

From the condition of filiformity and the Jacobi identity (2.1), the bracket product of g is determined
by (2.5) and the products

min{i—1,n—2}
leiej] = Z cfjek, for 4<i<j<n, 2.7
k=2

where cf j € K are called structure constants of g. If all of them are zeros, then the filiform Lie
algebra g is called model. From the invariants (2.6), the model algebra is not isomorphic to any
other algebra of the same dimension. From (2.5) and (2.7), every n-dimensional filiform Lie algebra
g having an adapted basis {ej,...,e,} verifies that

gz = <€27...,€n,1>7g3 - <627°"7en*2>7"'7gn71 - <62>7 gn =0. (28)

2.2. Invariant functions in Lie algebras

In this subsection we recall the definitions and main properties of invariant functions ¥ and ¢,
obtained by Hrivndk and Novotny [17] in 2007.

2.2.1. The invariant function y

Definition 2.1. Let g be a Lie algebra. An endomorphism d of g is said to be a (, B, ¥)-derivation
of g if there exist a, 3,y € C such that

adX,Y] = B[dX,Y]+y[X,dY], VX,Yeg. (2.9)

The set of (o, B,y) — derivations of g will be denoted by Der 4 g 9.
Note that this definition is the extension of the usual definition of derivation, that is, d[X,Y]| =
[dX,Y]+[X,dY], VX,Y € g.

Theorem 2.1. Let f : g — g be an isomorphism between two complex Lie algebras g and g. Then,
the mapping p : End g — Endg defined as p(d) = fd f~" is an isomorphism between the corre-
sponding vector spaces Der g )8 and Der(aﬁmﬁ, Va,B,y e C.

Corollary 2.1. The dimension of the vector space Der g g 18 is an invariant of the Lie algebra g,
Va,B,y € C.

Definition 2.2. The functions v,y : C — {0,1,2,...,(dimg)*} defined as

(¥g) () = dimDer(q,1 19, (2.10)

(vg) (@) = dimDer(g, )8, 2.11)
are called vy, and lllg invariant functions corresponding to the (a, 8, y)-derivations of g.
A relevant result obtained by Hrivndk and Novotny [17] is the following:
Co-published by Atlantis Press and Taylor & Francis
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Theorem 2.2. Two 3-dimensional complex Lie algebras g, and g, are isomorphic if and only if
Yo = Voo

A sketch of the proof of this result, which is given in a complete form in [12] is the following:
Hrivndk proves in the first place that if f : A — A is an isomorphism of complex algebras A and
A, then the mapping p : End A — End []A is an isomorphism of the vector spaces derqp.pA
and der(a’ﬁ’y)ﬁ, being the mapping p defined for all D € End A by p(D) = fDf~!. Then, as a
consequence of this result is that for any (e, 8, 7) € C, the dimension of the vector space der(q g ,)A
is an invariant characteristic of algebras. From this last result the previous theorem is deduced with
a different notation.

2.2.2. The invariant function ¢

Definition 2.3. Let (V, f) be a representation of the Lie algebra g, where V is a complex vector
space. A V-cochain of dimension ¢ is a g-linear mapping

c:gx---xg—V (2.12)
H,—/
g-times
such that ¢(xy, ..., X, ..., Xj, ..., Xg) +c(X1,...,Xj, ..., X, ..., Xq) =0, for all indices i, j, with 1 <i <

J<q.

The vector space of all V-cochains of dimension g with ¢ € N and C°(g,V) =V will be denoted
by C4(g,V). Now, we define the mapping d : C4(g,V) s C1+!(g,V), withg=0,1,2,... as

de(x) = f(x)c, withc € C%(g,V), (2.13)
q+1

de(xi,... . Xg41) = Z(—l)i+1f(xl~)c(x1,...,)?i,...,qu)
i=1
q+1

+ Y (=) e[t T X X)), (2.14)
i,j=1
i<j

where x; means that x; has been omitted.
Under the same conditions as before, let ¥ = (k;;) be a symmetric complex matrix of dimension

(g+1)x(g+1).
Definition 2.4. A k-twisted cocycle (or simply k-cocycle) is any ¢ € C4(g,V ), with ¢ € N, verifying

q+1

0= Z(—l)iJrlK,-,-f(x[)c(xl,...,)?[,...7xq+1)
i=1
q+1
+ Z l+]Kle (i), X0, oo Xy Xy X ) (2.15)
1
llj<]

If the vector space V is identified with the algebra g, then the adjoint representation can be used
as an action (see [8]). So, the equality of the definition 2.4 can be written as
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g+l )

0= Z(—l)’HK,-,- [Xis (X1, oy Xy ey X))
i=1
q+1

+ Z (—1)i+jKijc([x,',xj],x1,. .. ,)/C\,', cee ,)E}, . ,qu). (2.16)
i7<j:1
i<j

The set of all k-cocycles of dimension ¢ will be denoted by Z9(g, f, k). Clearly, it is a vector
subspace of C?(g,V).
If the following notation is considered

B o o3
coc(ou, 00,03, B1,B2,B3) = 2% | g,adg, | oo B3 o | |, (2.17)
oz o P

it is easy to see that the vector space coc(o, 0z, 03, B1, B2, B3) is constituted by the B € C?(g,g)
such that VX ,Y,Z € g,

0= a;B(X,[Y,Z])+ uB(Z,[X,Y]) + 03B(Y,[Z,X])
+Bi[X,B(Y,Z)]+ B:2[Z,B(X,Y)] + Bs[Y,B(Z,X))]. (2.18)

Theorem 2.3. Let g : g +— g be an isomorphism between Lie algebras g and §. Then, the mapping

p: Cq(gag) = Cq(a,ﬁ)vaFQ € Na deﬁned by (pc)(xla' .. >xq) = gc(g_lxla' .. ,g_]xq)a Ve e Cq(gag)
and ¥xi,...,xq € g, is an isomorphism between the vector spaces C?(g,g) and C?(g,g).

Corollary 2.2. The dimension of the vector space Z%(g,ady, ¥) is an invariant of the Lie algebra g,
for any q € N and any complex (q+ 1)-square symmetric matrix K.

Definition 2.5. The invariant functions ¢ and ¢° corresponding to the n-dimensional Lie algebra g
are defined as

n*(n—1)

¢0:Cr— {0,1,...,2}

((Pg>(a) - dimcoc(l,l,ha,a,a)g (2.19)
and

2(n—
¢’:C— {0,1,... n(n 1)}
2

(¢%g)(a) =dimcoc(o 1101110 (2.20)

respectively.
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2.3. Proper contractions of Lie algebras

Let g = (V,[, ]) be an n-dimensional Lie algebra and U : (0,1] — gl(V) be an one-parameter
mapping. If the limit

[X,Y]o = lim U ' (e)[U(e)X,U(g)Y] (2.21)
e—0*
exists for all X, Y € g, we say that go = (V, [,],) is an one-parameter contraction of the algebra g and
we write g — go. The contraction g — g is said to be proper if g is not isomorphic to gg.
The following results were shown in [18].

Theorem 2.4. If gg is a proper contraction of the complex Lie algebra g, then

1. dim Der(g) < dim Der(go) -
2. yg < ygo and yg(1) < ygo(1).
3. @g < go and 9°g < ¢°go,

where y and @ are the invariant functions introduced by Hrivndk and Novotny in [17].

Moreover, it is satisfied that, in dimension 3, Condition 2 is a characterization of proper con-
tractions of g.

3. The y and ¢ invariant functions for 3-dimensional filiform Lie algebras

In this and next sections we extend the definitions of the invariant functions ¥ and ¢ introduced by
Hrivndk and Novotny [17] to the case of filiform Lie algebras of lower dimensions. We study, in the
first place, the case of dimension 3.

3.1. The vy invariant function for 3-dimensional filiform Lie algebras

Let f; be the filiform Lie algebra of dimension 3 defined by the law [e;,e3] = e; (remember that, by
agreement, all possible brackets not appearing in the expression of the law are considered null, that
is, in this case, [e], 2] = [e2,e3] = 0).

Let us consider d € Der 41 1)f;- Then

ad([X,Y]) =[d(X),Y]+[X,d(Y)] VXY €f;. (3.1
Also, let
app apz as
a1 az aa 3.2)
asy daszz ass

be the matrix associated with the endomorphism d.
We wish to obtain the elements of this matrix. To do this, for the pair of generators (e;,e;) the
condition (3.1) is now

ad(ler,ex]) = [d(e1),e2] + [er,d(e2)], (3.3)

and d(e;) = Zfl:l ainen. We can get the first condition to be fulfilled for the elements of this endo-
morphism according to
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ad(ler,e]) = ad(0) =0

= [a11e1 +aner +aizes, ex] + [er,az1e1 +anes + ares] = axes, (3.4)

which implies a3 = 0.
Proceeding in the same way with the following pair (eq,e3), we have that from od ([e 1,e3]) =
[d(e1),e3] +[e1,d(e3)], we deduce, by taking into account the law of the algebra, that

od(ex) = lajie; +aner+aizes, e3] + (e, azie; +azer +aszes] = (aj +asz)er.  (3.5)

So, aazie; + ctanes + otayzes = (aj; + asz) ez, and thus, according to the linear dependence, the
following conditions are obtained

aay =0, @axn=aj+az, aasz=0. (3.6)
Finally, by proceeding in the same way with the last pair (e2,e3), we have that

ad([ez,e3]) = [d(e2),e3] + [e2,d(e3)] =
0 = [az1e1 +aner +anzes,e3] + [ex,a31€1 +azer +azze3] = azje; = 0. (3.7)

As aresult, we find that ap; = 0.
Summarizing, we have obtained the following conditions:

’ From pair (e;,e;) \ Conditions
(61,€2> arsy = 0.
(e1,e3) oay =0, oay=aj+az, a3 =0.
(e2,€3) ar; =0.

which allow us to determine the vector space Der 4 1 1)f;. Indeed, we have that:
for ot # 0:

a 00 -100 010
Der(aﬁlﬁl)fszspanc 010], 0 00),{O00O0],
000 0 01 000
001 000 000
000)],|{000|,(000O0 ;
000 100 010
for ¢ = 0:
-100 010 001
Dery 1,1 f; = spang 0 00],]l000|,(000],
0 01 000 000
000 000 000
010],]000],]1000
000 100 010
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Therefore, Vi, (o) = 6, Va € C. According to the notation used in [17], it is expressed in the
following way

o VaeC
Wf;(a) 6

Note that this dimension is always the same independently of the value of a.

3.2. The ¢ invariant function for 3-dimensional filiform Lie algebras

The f;-cochains B; € C? (f5.f3), Vi € {O, 1,.... "2("2_1) }, are defined starting from their non-null
commutativity relations B, (ey, ¢;) = ke, s < t which verify the equality Eq. (2.18). The f;-cochains
which constitute a basis of the vector space coc(y 1,1,2,2,1)f; Whose dimension determines the invari-

ant function ¢, are the following:

For A =0:
B : 31(81,62)261 B : 32(61,62)292 B3 : 33(61,62)263
By B4(€2,€3) =e Bs: 35(32793) =ée Bg : B6(62ae3) =é€3
B7: Bi(ey,e3) = ey Bg : Bg(ei,e3) = e By : By(ey,e3) =e3
For A #£0:
Ci: Ci(er,e2) =e1, Ci(ez,e3) =e3 Gy Ca(ez,e3) =e2
Cs: Cg(ez,eg) =e Cy: C4(81732) =e
Cs: Cs(ey,e2) =e3 Ce: Co(er,e3) =e
Cy: C7(€1,€3):€2 Cyg: Cg(€1,€3):€3

Therefore, we have the following vector spaces

coc(1,1,1,000; = spang{B;, 1 <i<9}
cocr112.2.0)F; =spanc{Ci, 1 <i<8}, VA #0

So, we have as a result

A 0 |VAeC~{0}
o1, (A) 9 8

Let us now consider these computations for 4-dimensional filiform Lie algebras.

4. The y and ¢ invariant functions for 4-dimensional filiform Lie algebras

In this section we deal with the case of dimension 4 with the purpose of comparing the obtained
results with previous ones.
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4.1. The v invariant function for 4-dimensional filiform Lie algebras

Let f, be a filiform Lie algebra of dimension 4 defined by the brackets [e,e3] = e, and [e, e4] = e3.
In the same way as before, we wish to obtain a basis of the vector space Der(q 1 1)f4, Vot € C.
To do this, let us consider d € Der(y 1 1)f4- Then

ad([X,Y]) = [d(X),Y]+[X,d(Y)] VXY €, 4.1)
Let

app a2 aiz a4
azr azy az a4

4.2)
as) asp asz asg
a4l a4 a43 a4
be the associated matrix with the endomorphism d. As

we have, in the first place, that ad ([e, e2]) = [d(e1), e2] + [e1,d(e2)], which allows us to obtain the
first condition for the elements of the previous matrix. As [e],az1e] + axnes + axzes +axses] =0, it
implies that apszes + axqez =0, and so, ax3 = axs = 0.

Similarly, we obtain the rest of conditions for the elements of the matrix in the same way as we
did in Subsection 3.1. These conditions will allow us to obtain the vector space Der g 1. 1)f;-

’ From pair (e;,e;) \ Conditions

(e1,e2) axy =0, ax3=0.
(e1,e3) aay =0, aay=a+as;,
Oajxy =asz4, Odxy= 0.
(e1,e4) aaz; =0, aazn =ays,
oazz =ap +as, oaz=0.
(e2,€3) ar; = 0.
(83,6‘4) asz|] = dqq =0.

Note that no conditions are obtained from some pairs of generators, for instance, from the pair
(e2,e4) in this case.

Now, starting from these results we obtain the vector space Der(q 1 1)f,. being a # 0, and
Derg,11)f4-

For a # 0:
100 0 0100\ /0010
0100 0000| [0000O
Derainia=spancy 1550 o |'loooo| |ooool
000 —1 0000/ \000O
0001 0000\ /0000\ /0001
0000| [00o0o0]| [0000] [0Lo00O
oooof['lo1o0o0]’[oooo0]’[oo10
0000/ \00a0/ \0100/ \000O0a«a

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
367



J.M. Escobar et al. / Invariant functions and contractions of certain types of Lie algebras of lower dimensions

For a = 0:

Der(07171)f4 = Spanc

[l el ol
S O O O
[ el el

So we conclude that

(= el Ne)

v, (@) 7

10 0 O 010
00 0 O 000
00-1 01[]"1000
00 0 -1 000
000 0000
100 0000
000]’1I0O100
000 0000

oo oo oo oo
- o O O
o O O O

oS O O O

~——— O O O O

oS O O O

o O O O

—_— OO O

4.2. The ¢ invariant function for 4-dimensional filiform Lie algebras

As we see in the case of dimension 3, the f,-cochains B; € C*(f,,f,), Vi € {0,1,..., w

} are

defined starting from their non-null commutativity relations B, (es,e;) = ke, s < t, which verify
the equality given by Eq. (2.18). The f,-cochains which constitute a basis of the vector space
coc(1,1,1,2.4,2)f4, whose dimension determines the invariant function ¢y, , are the following:

For A =0:

For A #0:

Bl(el,€2>:€1.
By(er,e2) = e4
Br(ei,e4) = €3

Bio(er,e3) = er.
Biz(ey,eq4) =e.
Bigs(e1,es) = es.

C1:Ci(e1,e2) = en.
C4 C4(€1,€4) = €.
C7 C7(€1,€3) en.

Cio:Cio(e3,e4) = ey.

—

Ci2: Ciz(e2,e4) = 79

Ci3:Ci3(e2,e4) = %63,
Ciz(er,e3) = (_1;12

Ci4:Cra(er,e4) = %63,

Cis(er,es) = ey,

Ci5:Cis(ez,e4) =

1
(4
2 3

By:  Ba(ep,ex) =en
Bs:  Bs(e1,es) = e
Bg: 38(61,84) €4
Bii:  Bii(er,e3) =es.

Bis:  Bis(er,eq) = e3.

CQZ Cz(el,ez) e3
C5Z C5(€1,€4) —ée3
Cg: C8(€1,€3) es

Cii: Cii(e3,es) = er.

C12(€2,€3) = e,
Ci3(e2,e3) = e,
Ciz(e3,es) =ey.

Cis(er,e3
Cia(es

)2827

e4) = —e3.

Cis(er,e3) = e,

B3(€1,€2) = ée3.
86(61,64) =e).
89(61763) =e].
312(81,63) = é4.
Bis(ey,es) = e3.

C32 C3(€1,€2) = ée4.
C62 C6(e1,e4) — é4.
C91C9(€1,€3) — é4.

1
Cia(er,e3) = ¢

1
Ciaer,e3) = 57e

1

Cis(es,eq) = 2%
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-1

Cie: Ciole2,e3) =3, Cigle,ea) =Aez,  Cisler,e2) = e,

Cis(e1,e3) =e1, Cigler,ea) =e1,  Cig(es,es) = es.

—1
Ci7:Ci7(e2,e3) =e3, Ci7(ez,e4) = Aea, Ciz(er,e2) = e
Ci7(e3,e4) = e3.
—1
C18:C18(62763) =e3, C18(€2,€4) = ),6‘2, C18(€1,€2) = 761,

Cis(er,es) = ey.
Therefore, we have the following vector spaces
coc(11,1,000F4 = spanc{B; | 1 <i < 16},
1iaaa)fs =spanc{Ci | 1 <i< 18}, VA #0.

coc(y 1,
So, according to the notation in [17], the invariant function o5, is

A 0 | VAeC~{0}
o, (A)|| 16 18
Note that unlike the previous case, these dimensions are now dependent on the value of A.

5. The y invariant function for filiform Lie algebras of dimension 5

With the objective of proving that there is not any proper contraction from a Heisenberg algebra to a

5-dimensional filiform Lie algebra, we are going to obtain the invariant function yf;, where f5 is the

5-dimensional filiform Lie algebra with non-null brackets [e1,e3] = ez, [e1,e4] = e3, [e1,e5] = ea.
So, as we did before, we wish to obtain a basis of Der 4 1)f5 Vo € C.
Let us consider d € Der 4 1 1)fs and let

app apz aiz di4 dis
azy azy azz d4 dss
asz) dszz dsz asz4 dss
a4q1 a4 a43 dgq4 dgs
asy dsz ds3 as4 dss

(5.1)

be the associated matrix with the endomorphism d. By using the same procedure as in 3.1 and
taking into consideration in each step the precedent results obtained in the previous ones we obtain

the following conditions

’From pair (e;,e;) \Conditions

(e1,e2) ax3 = azy = azs = 0.
(e1,e3) aay =0, @ay=ay +ass,

oaxs =asz, Oay=azs, Oays=0~0
(e1,e4) aaz1 =0, «aaxn =as,

oazz =ap| +as, Oaz =ass, oazs=0.
(e1,es) aay =0, aag = ass,

O as3 = ass, Odas =ay +ass, oass=0.
(e2,€3) ar; =0.
(e3,€4) az; =as =0.
(63765) agql = ds) — 0.
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4y

Now, it is straightforward to obtain the vector spaces Der(q 1,1)fs, Vo € C X {0} and Der g1 1)fs-

~_ -~
S O O OO
SO O OO
S O O OO
— O O O O
SO O OO
< _ — -
Y
—
S o oo
SO O OO
O O—IvO O
OMaOOO
— o O O O
N~ _
—_—— ——

O

=]

<

o

w2

I

[Ia}

e

(NM

.

U

Q

For o # 0:

coc oo 3
cocoo—o
o o-3Oo ©
o —yc oo
cocoococo
/|I\
— _ _
—ocoocoo
cooc oo
cocoo
coocoo
coocoo
(\
~_ _ _
Soocoo
— o c oo
cocoo
cooc oo
cooc oo
(\
~_  _  _
Scoocoo
coocoo
— o oc oo
coocoo
cococo
(\

~_ _ _
coocoo
c o oo o
coco oo o
oo O —
S o oo o
/|\
~_  _  _
coocoo
S oo oo o
co oo 3
oo —~ O
coco oo o
(\
~_ _
oo oo o
cococ oy
o oo 3o
SO —~0o O
co oo o
(\

For a = 0:

~_ _
S O O O O
SO O OO
el eBelele)
— o O O O
o O O o O
<—_ _ — =
—
—
OOOO_
—
OOO_O
—
OO_OO
SO O OO
- o o O O
(\
| ——
O
=)
<
o
w2
Il
n
e
S
=
)
Q

)

ol eNeoNeNe]
eoleleNeNel
=leleleNel
o - O O O
o O o oo
—_ o O O O
eleloeleNel
[=eleleNel
eoleleNeNe]l
o O o oo
eleloNeNe]
- o O O O
eoleleoNeNe]
elelelNeNel
oo o oo
el eNoNeNe]
=elele el
—-—_ o O O O
eleloleNel
o o o oo

j

00000
00000
00000
00000
01000

I

00000
00000
00000
01000
00000

I

00000
00000
01000
00000
00000

6. Some examples of proper contractions between different types of algebras

Therefore,

o

v, (@)

In this section we study two examples of proper contractions from filiform Lie algebras of lower

dimensions to different types of algebras.
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6.1. Proper contractions of 3-dimensional filiform Lie algebras

Theorem 2.4 allows us to know if there exists a proper contraction between 3-dimensional Lie
algebras g1, 93,1, 92,1 @ 91, 93,2, 93,3 and the 3-dimensional filiform Lie Algebras already studied in
this paper. The corresponding invariant functions Ysq,, Wy, > Yy, @q,> Vgs, and Yy, ;, were already
calculated by Novotny and Hrivndk in [18]. They are the following: '

o Vo € C
: Abelian Lie algebra
o s w391(a) 9
gsa: [e2,e5] = e o VaeC
3,1 |e2,e3] =€
’ w93‘1<a) 6
o Vae C\{0} | O
92,1Dg1:[e1,e2] =e2
[ ] W92,16991(a) 4 6
o 1 | VaeC\ {1}
g32:le1,e3] =eyq,le,e3] =e;+ e
enes] =enler e Voo @ [ 4] 3
o 1 | VaeC\ {1}
933 : |e1,e3] =e€1,|ex,e31 =€
enes] =en ez, Ve @ | 6] 3

As y;, < ysg, and Y5, (1) < w3, (1), theorem 2.4 assures the existence of a proper contraction from
f; to 3g1. Analogously, the same occurs between g3 » and f; since Yg,, < Y5, and Vo, (1) < 5 X (1).

Moreover, note that y;, (1) = 6 and Yy, , (1) = 6. Therefore, the same theorem assures that there
not exists any proper contraction between g3 1 and f;. Similarly, the same occurs between g3 3 and
f3 due to that y;. (1) =6 and g, , (1) =6.

Besides, according to theorem 2.2, the algebras g3 1 and f; are isomorphic. This implies that
there is not any proper contraction between themselves.

6.2. Proper contractions between Heisenberg algebras and filiform Lie algebras

Since that, by definition, there not exists any proper contraction between g3 1 and f;, we now ask
ourselves if there exists a proper contraction between a Heisenberg algebra and a filiform Lie algebra
in the case of dimension five.

To deal with this question, let us consider the Heisenberg algebra of dimension 5, defined by the
brackets [e,e3] = es and [ez, e4] = es.

We want to obtain a basis of Der(q ; 1)Hs Va € C. To do this, let us consider d € Der(q,1)Hs
and the associated matrix with the endomorphism d

apl apz aiz ais
ax| ay ay a;
asy az; asz ass | - (6.1
as) ag a43 ags
asy asy asy ass
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By proceeding in the same way as in the subsection 3.1, we obtain the following conditions for the
elements of the matrix

’ From pair (e;, e;) \ Conditions

(e1,€2) a4 = as3.
(e1,e3) aas; =0, aas; =0, oas3=0,
aasy =0, @ass=a +as;.
(e1,eq) ap = —as3.
(e1,e5) as3 = 0.
(e2,€3) ax| = —azs.
(e2,e4) a1 +azz = ax +aqy.
(e2,e5) ass = 0.
(e3,e4) az = as).
(e3,e5) as; = 0.
(64,65) asy = 0.
This implies that
dim(Der(a7171)H5) =15, Va e C, (6.2)
and thus
a Va e C
V/Hs(a) 15

So, as y; > Y., Theorem 2.4 proves that there not exists any proper contraction between a
Heisenberg algebra and a filiform Lie algebra, both of dimension 5. This result will be commented
in the following section.

7. Conclusions

In this paper we have studied the proper contractions of filiform Lie algebras of lower dimensions
by using a tool previously introduced in 2007 by Hrivndk and Novotny [17]: the invariant functions
y and @, which we have particularized to the case of such algebras. Recall that our motivation for
dealing with filiform Lie algebras has been explained in the Introduction of this paper.

Indeed, although by using a different procedure, we have confirmed some results by those
authors and have also obtained new results in the case of filiform Lie algebras of dimension 5.
In our opinion this is a small improvement since this dimension is not studied in detail in [18] (in
fact, the word filiform is not used by the authors in their paper).

Furthermore, in our manuscript we have shown several examples that could be of potential
interest for the treatment of other nilpotent Lie algebras different to the filiform or Heisenberg ones.
Note that we have also given the procedure and computed the invariant functions for other types of
Lie algebras, as the ones built by means of direct sums of other Lie algebras, for instance.

We have also calculated the invariant function y for the five dimensional Heisenberg algebra
and have proved that there is no proper contraction from a lower dimensional filiform Lie algebra
to a Heisenberg algebra. Furthemore, because neither these algebras are isomorphic, then it can not
exist a non proper contraction between them. Therefore, we can conclude that for a 5-dimensional
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classical-mechanical model built upon a 5-dimensional filiform Lie algebra can not be obtained as
a limit process of a quantum-mechanical model based on a 5-dimensional Heisenberg algebra.

With respect to invariant functions y and ¢, we have found that for the y invariant function the
dimension is always the same independently of the value of &, which does not occur in the case
of the ¢ invariant function. This feature occurs at least for lower dimensional filiform Lie algebras.
We think that it could be interesting to check whether this is a general characteristic irrespective
of the dimension since that, at present, we do not know exactly which is the meaning of this fact.
One reason could be that both invariant functions are not comparable because they are defined in a
totally different way, since the function y is defined as the dimension of a derivation whereas ¢ is
defined as the dimension of a cocycle, which could involve that their computations were completely
different.

And with respect to contractions, we have proved that there is a proper contraction from the
filiform Lie algebra f; both to the algebra 3g; and the algebra g3 >, whereas it exists no proper
contraction either between {3 and g3 1, or f3 and g3 3.

Remember that, nowadays, the contractions of algebras is a hot topic in Mathematical Physics
as we can check in a quick search on the literature. Basically, if two physical theories are related
by a limiting process then the associated invariance groups should also be related by some lim-
iting process called contraction. The main example can be found in the Galilean group, which is
a contraction of the Poincare group, that is, classical mechanics is the limiting case of relativis-
tic mechanics as we pointed our in the Introduction of the manuscript. Apart from this example,
another physical systems are being explored as we can see in [19] and references therein. In that
paper, it is explored the contraction of a W3 algebra, which is a nonlinear W-algebra, in the context
of a Conformal Field Theory. W-algebras can be regarded as generalizations of affine Kac-Moody
algebras and Virasoro algebra.

Finally, we would like to say that our intention is to deal with the invariant function ¢ for
filiform Lie algebras of greater dimensions in future work. Indeed, we are now trying to model a
Bose-Hubbard-like model for describing interacting spinless bosons on a lattice by means a filiform
Lie algebra. That is a nonlinear problem that if we succeed, it could be mapped to a system with
one-body interactions, being therefore linear. Studies of invariance groups in that kind of system
and their connection with contractions it is also something worth exploring.

Acknowledgments

This work has been partially supported by the Spanish Ministerio de Ciencia e Innovacién, Grants
No FIS 2011-28738-C02-01, FIS2014-53448-C2-1-P, MTM2010-19336 and FEDER, and by Junta
de Andalucia, Grants No FQM-160 and FQM-326. Apart from that, the authors want to thank
professor J.Hrivnak for their useful comments and suggestions.

References

[1] L. Boza, E.M. Fedriani, J. Nufiez and A.F. Tenorio, A historical review of the classifications of Lie
algebras, Revista de la Union Matemdtica Argentina 54:2 (2013), 75-99.

[2] D. Burde, Degenerations of nilpotent Lie algebras, J. Lie Theory 9 (1999), 193-202.

[3] D. Burde, Degenerations of 7-dimensional nilpotent, Comm. Algebra 33 (2005), 1259-1277.

[4] H.D. Doebner and O. Melsheimer, On a class of generalized group contractions, Nuovo Cimento A
49:10 (1967), 306-311.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
373



J.M. Escobar et al. / Invariant functions and contractions of certain types of Lie algebras of lower dimensions

[5] FJ. Echarte, J. Nufiez and F. Ramirez, Description of some families of filiform Lie algebras, Houston
Journal of Mathematics 34:1 (2008), 19-32.
[6] A. Fialowski and M. de Montigny, Contractions and deformations of Lie algebras in Physics, American
Institute of Physics 38 (2005), 6335-6349.
[7]1 E. Frenkel and D. Ben-Zvi, Vertex algebras and algebraic curves, Mathematical surveys and mono-
graphs 88, Second edition. American Mathematical Society, 2004.
[8] J.E. Humphreys, Introduction to lie algebras and representation theory. Springer-Verlag, New York,
1972.
[9] E. Inénii and E. Wigner, On the contraction of groups and their representations, Proc. Nat. Acad. Sci.
U.S.A. 39 (1953), 510-524.
[10] E.Inonii and E. Wigner, On a particular type of convergence to a singular matrix, Proc. Nat. Acad. Sci.
U.S.A. 40 (1954), 119-121.
[11] A.A.Izmestév, G.S. Pogosyan, A.N. Sissakian, P. Winternitz, Contractions of Lie algebras and separa-
tion of variables, Journal of Physics A: Mathematical and General 29:18 (1996), 5949-5962.
[12] J. Hrivnak, Doctoral Thesis: Invariants of Lie algebras. Czech Technical University in Prague, Faculty
of Nuclear Sciences and Physical Engineering, 2007.
[13] J. Hrivndk, P. Novotny, J. Patera, J. Tolar, Graded contractions of the Pauli graded sl(3,C), Linear
Algebra Applications 418: 2-3 (2006), 498-550.
[14] M. de Montigny, J. Patera, Discrete and continuous graded contractions of Lie algebras and superalge-
bras, Journal of Physics A: Mathematical and General 24:3 (1991), 525-547.
[15] M. Nesterenko and R. Popovych, Contractions of low-dimensional Lie algebras Journal of Mathemati-
cal Physics 47 (2006). doi: 10.1063/1.2400834
[16] P. Novotny, Graded contractions of representations of Lie algebras, Journal of Physics: Conference
Series 343 (2012), conference 1.
[17] P. Novotny and J. Hrivndk, On (a, 3, ¥)-derivations of Lie algebras and corresponding invariant func-
tions, Journal of Geometry and Physics 58:2 (2008), 208-217
[18] P. Novotny and J. Hrivndk,, Twisted cocycles of Lie algebras and corresponding invariant functions,
Linear Algebra and its Applications 430:4 (2009), 1384—1403.
[19] J. Rasmussen and C. Raymond, Galilean contractions of W-algebras, Nuclear Physics B 922 (1917),
435-476.
[20] E.J. Saletan, Contraction of Lie groups, J. Math. Phys. 2 (1961), 1-21.
[21] LE. Segal, A class of operator algebras which are determined by groups, Duke Math. J. 18 (1951),
221-265.
[22] M. Vergne, Cohomologie des algebres de Lie nilpotentes, Application a I’étude de la variété des alge-
bres de Lie nilpotentes. Bull. Soc. Math. France 98 (1970), 81-116.
[23] E. Weimar-Woods, Contractions of Lie algebras: Generalized Inonii-Wigner contractions versus graded
contractions, Journal of Mathematical Physics 36 (1995), 4519-4548.
[24] E. Weimar-Woods, The general structure of G-graded contractions of Lie algebras, I: The classification,
Canadian Journal of Mathematics 58:6 (2006), 1291-1340.
[25] E. Weimar-Woods, The general structure of G-graded contractions of Lie algebras, II: The contracted
Lie algebra, Reviews in Mathematical Physics 18:6 (2006), 655-711.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
374



