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Calle Tarfia, s/n, 41012 Sevilla

jnvaldes@us.es
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In this paper, we deal with contractions of Lie algebras. We use two invariant functions of Lie algebras as a
tool, named ψ and ϕ function, respectively, which have a great application in Physics due to their remarkable
properties. We focus the study of these functions in the frame of the filiform Lie algebras, trying to extend to
these algebras some of the properties of such functions over semi-simple Lie algebras.
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1. Introduction

Many modern physical theories have a powerful mathematical framework underlying, in which dif-
ferent types of Lie algebras play a very important role. Specifically, Lie algebras (Sophus Lie Nor-
wegian mathematician, 1842-1899) constitute certainly one of the most useful in order to describe
symmetries underlying in these physical theories. As a example, it can be highlighted the importance
that the Virasoro and Kac-Moody algebras have, among others, in the development of the Super-
string Theory. Also, Lie algebras are essential in Conformal Field Theory, in which semi-simple
Lie algebras guarantee the existence of a non-degenerate Killing form, which in turn allows to build
vertex algebras, which are important in this theory [7]. But it is possible that the better known exam-
ple is the application of Lie algebras to the celebrated Standard Model of particle physics, which
describes the internal symmetries of the unitary product group SU(3)×SU(2)×U(1).

The study of other physical concepts has significantly been enhanced by the limit processes
which allow us to relate Lie algebras among themselves. These processes were first investigated by
Segal [21] in 1951, although, as it has been just noted, they are currently being widely used. Two
are the better known examples of these processes. The first of them involves the connection between
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classical mechanics and relativistic mechanics, with their respective Poincaré symmetry group and
Galilean symmetry group. The second one is the limit process by which quantum mechanics is
contracted to classical mechanics, when }→ 0, which actually corresponds to a contraction of the
Heisenberg algebra to the abelian algebra of the same dimension. Remember also that classical
mechanics is a limiting case of relativistic mechanics. Hence the group of the former, the Galilean
group, must be in some sense a limiting case of the relativistic mechanics’ group. This means that
the representations of the Galilean symmetry group must be limiting cases of the representations of
the Poincaré symmetry group (see [15] for further information).

There also exist many works on contractions of algebras that address both the physical aspect
of the applications of these contractions and the mathematical aspect focused in the study of the
algebraic properties of these contractions. Indeed, after Segal, the concept of limit process between
physical theories in terms of contractions of their associated symmetry groups was formulated by
Erdal Inönü and Eugene Wigner [9, 10], who introduced the so-called Inönü-Wingner contractions
or IW- contractions. Later, Saletan [20] studied a more general class of one-parameter contractions,
for which the elements of the corresponding matrices are one-degree polynomials with respect to
the contraction parameter (in fact, WI-contractions are a subclass of Saletan contractions). Other
extensions of the IW- contractions are, for instance, the generalized Inönü-Wigner contractions,
introduced by Melsheiner [4], the parametric degenerations [2,3], very used in the Algebraic Invari-
ants Theory, and the singular contractions [10]. Other relevant papers that can be cited on this topic
are [6, 11, 13, 14, 16, 23, 24] and [25].

Due to these reasons, the main goals of this paper are two: the first, to study the proper contrac-
tions of filiform Lie algebras of lower dimensions. At this respect we obtain, according to notation
by Hrivnák and Novotný [18], that there is a proper contraction from the filiform Lie algebra f3 both
to the algebra 3g1 and the algebra g3,2, whereas there exists no proper contraction either between f3
and g3,1, or f3 and g3,3. We also prove that there is no proper contraction from a filiform Lie algebra
to a Heisenberg algebra.

The second goal is to compute the invariant functions ψ and ϕ, introduced in 2007 by Hrivnák
and Novotný [17], for the case of these filiform Lie algebras of lower dimensions. The reason for
dealing with algebras of lower dimensions is because there are no complete classifications of Lie
algebras of dimensions greater than 5 and, besides, few invariant for them are known. Therefore,
the use of these invariant functions can be considered as a tool to get advances in the knowledge of
these algebras, particularly in the study of contractions.

To finish this introduction, we would like to explain the motivations for dealing with filiform
Lie algebras in particular. These algebras were introduced by M. Vergne in the late 60’s of the
past century [22], although before that, Blackburn had already studied the analogous class of finite
p-groups and used the term maximal class to call them, which is also now used for Lie algebras.
Vergne showed that, within the variety of nilpotent Lie multiplications on a fixed vector space, non-
filiforms can be consigned to small-dimensional components. Besides, filiform Lie algebras are the
most structured algebras within the nilpotent Lie algebras, which allow us to use and study them
easier than other Lie algebras (an historical evolution of Lie algebras in general can be checked
in [1]).

Furthermore, in spite of filiform Lie algebras belong to a subclass of nilpotent Lie algebras, in
the current literature there is not any difference among the values obtained of the invariant functions
for filiform nilpotent Lie algebras and non-filiform nilpotent Lie algebras. For this reason, one of
the main purposes of this paper has been to highlight the filiform cases among the rest of nilpotent
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Lie algebras in order to establish that difference and thereby facilitate the work of future researches
in this topic. Particularly, the term filiform is not mentioned by the authors of the reference [16]
through all the paper.

The structure of the paper is as follows: in Section 1 we give some preliminaries on Lie algebras
in general and on filiform Lie algebras, in particular. Sections 2, 3 and 4 are devoted to extend some
results by Hrivnák and Novotný [17,18] to the case of filiform Lie algebras of dimensions 3, 4 and 5,
respectively. Proper contractions between Heisenberg algebras and filiform Lie algebras are studied
in Section 5 and finally, we point out certain conclusions about the results that we have found in the
last section.

2. Preliminaries

We show in this section some preliminaries on filiform Lie algebras, invariant functions in Lie
algebras and proper contractions of Lie algebras.

2.1. Preliminaries on filiform Lie algebras

In this subsection we show some preliminaries on Lie algebras in general and on filiform Lie alge-
bras in particular. For a further review on these topics, the reader can consult [8].

An n-dimensional Lie algebra g over a field K is an n-dimensional vector space over K endowed
with a second inner law, named bracket product, which is bilinear and anti-commutative and which
satisfies the Jacobi identity

J(u,v,w) = [u, [v,w]]+ [v, [w,u]]+ [w, [u,v]] = 0, for all u,v,w ∈ g. (2.1)

The center of g is the set Z(g) = {u ∈ g | [u,v] = 0, for all v ∈ g}. The Lie algebra is said to be
abelian if [u,v] = 0, for all u,v ∈ g.

Two Lie algebras g and h are isomorphic if there exists a vector space isomorphism f between
them such that

f ([u,v]) = [ f (u), f (v)], for all u,v ∈ g. (2.2)

It is denoted as g∼= h. The lower central series of a Lie algebra g is defined as

g1 = g, g2 = [g1,g], . . . , gk = [gk−1,g], . . . (2.3)

If there exists m ∈ N such that gm ≡ 0, then g is called nilpotent. The nilpotency class of g if the
smallest natural c such that gc+1 ≡ 0.

An n-dimensional nilpotent Lie algebra g is said to be filiform if it is verified that

dim gk = n− k, for all k ∈ {2, . . . ,n}. (2.4)

The only n-dimensional filiform Lie algebra for n < 3 is the abelian. For n≥ 3, it is always possible
to find an adapted basis {e1, . . . ,en} of g such that

[e1,e2] = 0,

[e1,e j] = e j−1, for all j ∈ {3, . . . ,n},
[e2,e j] = [e3,e j] = 0, for all j ∈ {3, . . . ,n}.

(2.5)
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If n≥ 4, then the following two integers are invariants by isomorphism [5].

z1 = min{i≥ 4 | [ei,en] 6= 0}, z2 = min{i≥ 4 | [ei,ei+1] 6= 0}. (2.6)

From the condition of filiformity and the Jacobi identity (2.1), the bracket product of g is determined
by (2.5) and the products

[ei,e j] =
min{i−1,n−2}

∑
k=2

ck
i jek, for 4≤ i < j ≤ n, (2.7)

where ck
i, j ∈ K are called structure constants of g. If all of them are zeros, then the filiform Lie

algebra g is called model. From the invariants (2.6), the model algebra is not isomorphic to any
other algebra of the same dimension. From (2.5) and (2.7), every n-dimensional filiform Lie algebra
g having an adapted basis {e1, . . . ,en} verifies that

g2 = 〈e2, . . . ,en−1〉, g3 = 〈e2, . . . ,en−2〉, . . . ,gn−1 = 〈e2〉, gn = 0. (2.8)

2.2. Invariant functions in Lie algebras

In this subsection we recall the definitions and main properties of invariant functions ψ and ϕ ,
obtained by Hrivnák and Novotný [17] in 2007.

2.2.1. The invariant function ψ

Definition 2.1. Let g be a Lie algebra. An endomorphism d of g is said to be a (α,β ,γ)-derivation
of g if there exist α,β ,γ ∈ C such that

α d[X ,Y ] = β [dX ,Y ]+ γ [X ,dY ], ∀X ,Y ∈ g. (2.9)

The set of (α,β ,γ)−derivations of g will be denoted by Der(α,β ,γ)g.
Note that this definition is the extension of the usual definition of derivation, that is, d[X ,Y ] =

[dX ,Y ]+ [X ,dY ], ∀X ,Y ∈ g.

Theorem 2.1. Let f : g 7→ g̃ be an isomorphism between two complex Lie algebras g and g̃. Then,
the mapping ρ : End g 7→ End g̃ defined as ρ(d) = f d f−1 is an isomorphism between the corre-
sponding vector spaces Der(α,β ,γ)g and Der(α,β ,γ)g̃, ∀α,β ,γ ∈ C.

Corollary 2.1. The dimension of the vector space Der(α,β ,γ)g is an invariant of the Lie algebra g,
∀α,β ,γ ∈ C.

Definition 2.2. The functions ψg,ψ
0
g : C 7→ {0,1,2, ...,(dimg)2} defined as

(ψg)(α) = dimDer(α,1,1)g, (2.10)

(ψ0
g )(α) = dimDer(α,1,0)g, (2.11)

are called ψg and ψ0
g invariant functions corresponding to the (α,β ,γ)-derivations of g.

A relevant result obtained by Hrivnák and Novotný [17] is the following:
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Theorem 2.2. Two 3-dimensional complex Lie algebras g1 and g2 are isomorphic if and only if
ψg1 = ψg2 .

A sketch of the proof of this result, which is given in a complete form in [12] is the following:
Hrivnák proves in the first place that if f : A 7→ Ã is an isomorphism of complex algebras A and
Ã, then the mapping ρ : End A 7→ End

∐
Ã is an isomorphism of the vector spaces der(α,β ,γ)A

and der(α,β ,γ)Ã, being the mapping ρ defined for all D ∈ End A by ρ(D) = f D f−1. Then, as a
consequence of this result is that for any (α,β ,γ)∈C, the dimension of the vector space der(α,β ,γ)A
is an invariant characteristic of algebras. From this last result the previous theorem is deduced with
a different notation.

2.2.2. The invariant function ϕ

Definition 2.3. Let (V, f ) be a representation of the Lie algebra g, where V is a complex vector
space. A V -cochain of dimension q is a q-linear mapping

c : g×·· ·×g︸ ︷︷ ︸
q-times

7→V (2.12)

such that c(x1, . . . ,xi, . . . ,x j, . . . ,xq)+c(x1, . . . ,x j, . . . ,xi, . . . ,xq) = 0, for all indices i, j, with 1≤ i <
j ≤ q.

The vector space of all V -cochains of dimension q with q ∈N and C0(g,V ) =V will be denoted
by Cq(g,V ). Now, we define the mapping d : Cq(g,V ) 7→Cq+1(g,V ), with q = 0,1,2, . . . as

dc(x) = f (x)c, with c ∈C0(g,V ), (2.13)

dc(x1, . . . ,xq+1) =
q+1

∑
i=1

(−1)i+1 f (xi)c(x1, . . . , x̂i, . . . ,xq+1)

+
q+1

∑
i, j=1
i< j

(−1)i+ j c([xi,x j],x1, . . . , x̂i, . . . , x̂ j, . . . ,xq+1), (2.14)

where x̂i means that xi has been omitted.
Under the same conditions as before, let κ = (κi j) be a symmetric complex matrix of dimension

(q+1)× (q+1).

Definition 2.4. A κ-twisted cocycle (or simply κ-cocycle) is any c∈Cq(g,V ), with q∈N, verifying

0 =
q+1

∑
i=1

(−1)i+1
κii f (xi)c(x1, . . . , x̂i, . . . ,xq+1)

+
q+1

∑
i, j=1
i< j

(−1)i+ j
κi jc([xi,x j],x1, . . . , x̂i, . . . , x̂ j, . . . ,xq+1). (2.15)

If the vector space V is identified with the algebra g, then the adjoint representation can be used
as an action (see [8]). So, the equality of the definition 2.4 can be written as
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0 =
q+1

∑
i=1

(−1)i+1
κii [xi,c(x1, . . . , x̂i, . . . ,xq+1)]

+
q+1

∑
i, j=1
i< j

(−1)i+ j
κi j c([xi,x j],x1, . . . , x̂i, . . . , x̂ j, . . . ,xq+1). (2.16)

The set of all κ-cocycles of dimension q will be denoted by Zq(g, f ,κ). Clearly, it is a vector
subspace of Cq(g,V ).

If the following notation is considered

coc(α1,α2,α3,β1,β2,β3) = Z2

g,adg,

β1 α2 α3

α2 β3 α1

α3 α1 β2

 , (2.17)

it is easy to see that the vector space coc(α1,α2,α3,β1,β2,β3) is constituted by the B ∈ C2(g,g)

such that ∀X ,Y,Z ∈ g,

0 = α1B(X , [Y,Z])+α2B(Z, [X ,Y ])+α3B(Y, [Z,X ])

+β1[X ,B(Y,Z)]+β2[Z,B(X ,Y )]+β3[Y,B(Z,X)]. (2.18)

Theorem 2.3. Let g : g 7→ g̃ be an isomorphism between Lie algebras g and g̃. Then, the mapping
ρ : Cq(g,g) 7→Cq(g̃, g̃), for q∈N, defined by (ρc)(x1, . . . ,xq) = gc(g−1x1, . . . ,g−1xq), ∀c∈Cq(g,g)

and ∀x1, . . . ,xq ∈ g̃, is an isomorphism between the vector spaces Cq(g,g) and Cq(g̃, g̃).

Corollary 2.2. The dimension of the vector space Zq(g,adg,κ) is an invariant of the Lie algebra g,
for any q ∈ N and any complex (q+1)-square symmetric matrix κ .

Definition 2.5. The invariant functions ϕ and ϕ0 corresponding to the n-dimensional Lie algebra g
are defined as

ϕ : C 7→
{

0,1, . . . ,
n2(n−1)

2

}

(ϕg)(α) = dimcoc(1,1,1,α,α,α)g (2.19)

and

ϕ
0 : C 7→

{
0,1, . . . ,

n2(n−1)
2

}

(ϕ0g)(α) = dimcoc(0,1,1,α,1,1)g, (2.20)

respectively.
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2.3. Proper contractions of Lie algebras

Let g = (V, [ , ]) be an n-dimensional Lie algebra and U : (0,1] 7→ gl(V ) be an one-parameter
mapping. If the limit

[X ,Y ]0 = lim
ε→0+

U−1(ε)[U(ε)X ,U(ε)Y ] (2.21)

exists for all X ,Y ∈ g, we say that g0 = (V, [, ]0) is an one-parameter contraction of the algebra g and
we write g 7→ g0. The contraction g 7→ g0 is said to be proper if g is not isomorphic to g0.

The following results were shown in [18].

Theorem 2.4. If g0 is a proper contraction of the complex Lie algebra g, then

1. dim Der (g)< dim Der (g0) .

2. ψg≤ ψg0 and ψg(1)< ψg0(1).
3. ϕg≤ ϕg0 and ϕ0g≤ ϕ0g0,

where ψ and ϕ are the invariant functions introduced by Hrivnák and Novotný in [17].

Moreover, it is satisfied that, in dimension 3, Condition 2 is a characterization of proper con-
tractions of g.

3. The ψ and ϕ invariant functions for 3-dimensional filiform Lie algebras

In this and next sections we extend the definitions of the invariant functions ψ and ϕ introduced by
Hrivnák and Novotný [17] to the case of filiform Lie algebras of lower dimensions. We study, in the
first place, the case of dimension 3.

3.1. The ψ invariant function for 3-dimensional filiform Lie algebras

Let f3 be the filiform Lie algebra of dimension 3 defined by the law [e1,e3] = e2 (remember that, by
agreement, all possible brackets not appearing in the expression of the law are considered null, that
is, in this case, [e1,e2] = [e2,e3] = 0).

Let us consider d ∈ Der(α,1,1)f3. Then

αd
(
[X ,Y ]

)
= [d(X),Y ]+ [X ,d(Y )] ∀X ,Y ∈ f3. (3.1)

Also, let a11 a12 a13

a21 a22 a23

a31 a32 a33

 (3.2)

be the matrix associated with the endomorphism d.
We wish to obtain the elements of this matrix. To do this, for the pair of generators (e1,e2) the

condition (3.1) is now

αd
(
[e1,e2]

)
= [d(e1),e2]+ [e1,d(e2)], (3.3)

and d(ei) = ∑
3
h=1 aih eh. We can get the first condition to be fulfilled for the elements of this endo-

morphism according to
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αd
(
[e1,e2]

)
= αd

(
0
)
= 0

= [a11e1 +a12e2 +a13e3,e2] + [e1,a21e1 +a22e2 +a23e3] = a23e2, (3.4)

which implies a23 = 0.
Proceeding in the same way with the following pair (e1,e3), we have that from αd

(
[e1,e3]

)
=

[d(e1),e3]+ [e1,d(e3)], we deduce, by taking into account the law of the algebra, that

α d(e2) = [a11e1 +a12e2 +a13e3,e3]+ [e1,a31e1 +a32e2 +a33e3] = (a11 +a33)e2. (3.5)

So, α a21e1 +α a22e2 +α a23e3 = (a11 +a33)e2, and thus, according to the linear dependence, the
following conditions are obtained

α a21 = 0, α a22 = a11 +a33, α a23 = 0. (3.6)

Finally, by proceeding in the same way with the last pair (e2,e3), we have that

αd
(
[e2,e3]

)
= [d(e2),e3]+ [e2,d(e3)]≡

0 = [a21e1 +a22e2 +a23e3,e3] + [e2,a31e1 +a32e2 +a33e3] = a21e2 = 0. (3.7)

As a result, we find that a21 = 0.
Summarizing, we have obtained the following conditions:

From pair (ei,e j) Conditions
(e1,e2) a23 = 0.
(e1,e3) αa21 = 0, αa22 = a11 +a33, αa23 = 0.
(e2,e3) a21 = 0.

which allow us to determine the vector space Der(α,1,1)f3. Indeed, we have that:

for α 6= 0:

Der(α,1,1)f3 = spanC


α 0 0

0 1 0
0 0 0

 ,

−1 0 0
0 0 0
0 0 1

 ,

0 1 0
0 0 0
0 0 0

 ,

0 0 1
0 0 0
0 0 0

 ,

0 0 0
0 0 0
1 0 0

 ,

0 0 0
0 0 0
0 1 0

 ;

for α = 0:

Der(0,1,1)f3 = spanC


−1 0 0

0 0 0
0 0 1

 ,

0 1 0
0 0 0
0 0 0

 ,

0 0 1
0 0 0
0 0 0

 ,

0 0 0
0 1 0
0 0 0

 ,

0 0 0
0 0 0
1 0 0

 ,

0 0 0
0 0 0
0 1 0

 .
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Therefore, ψf3(α) = 6, ∀α ∈ C. According to the notation used in [17], it is expressed in the
following way

α ∀α ∈ C
ψf3(α) 6

Note that this dimension is always the same independently of the value of α .

3.2. The ϕ invariant function for 3-dimensional filiform Lie algebras

The f3-cochains Bi ∈ C2(f3,f3), ∀i ∈
{

0,1, ...., n2(n−1)
2

}
, are defined starting from their non-null

commutativity relations Br(es,et) = keu, s < t which verify the equality Eq. (2.18). The f3-cochains
which constitute a basis of the vector space coc(1,1,1,λ ,λ ,λ )f3 whose dimension determines the invari-
ant function ϕf3 are the following:

For λ = 0:

B1 : B1(e1,e2) = e1 B2 : B2(e1,e2) = e2 B3 : B3(e1,e2) = e3

B4 : B4(e2,e3) = e1 B5 : B5(e2,e3) = e2 B6 : B6(e2,e3) = e3

B7 : B7(e1,e3) = e1 B8 : B8(e1,e3) = e2 B9 : B9(e1,e3) = e3

For λ 6= 0:

C1: C1(e1,e2) = e1, C1(e2,e3) = e3 C2: C2(e2,e3) = e2

C3: C3(e2,e3) = e1 C4: C4(e1,e2) = e2

C5: C5(e1,e2) = e3 C6: C6(e1,e3) = e1

C7: C7(e1,e3) = e2 C8: C8(e1,e3) = e3

Therefore, we have the following vector spaces

coc(1,1,1,0,0,0)f3 = spanC{Bi, 1≤ i≤ 9}
coc(1,1,1,λ ,λ ,λ )f3 = spanC{Ci, 1≤ i≤ 8}, ∀λ 6= 0.

So, we have as a result

λ 0 ∀λ ∈ Cr{0}
ϕf3(λ ) 9 8

Let us now consider these computations for 4-dimensional filiform Lie algebras.

4. The ψ and ϕ invariant functions for 4-dimensional filiform Lie algebras

In this section we deal with the case of dimension 4 with the purpose of comparing the obtained
results with previous ones.
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4.1. The ψ invariant function for 4-dimensional filiform Lie algebras

Let f4 be a filiform Lie algebra of dimension 4 defined by the brackets [e1,e3] = e2 and [e1,e4] = e3.
In the same way as before, we wish to obtain a basis of the vector space Der(α,1,1)f4, ∀α ∈ C.

To do this, let us consider d ∈ Der(α,1,1)f4. Then

αd
(
[X ,Y ]

)
= [d(X),Y ]+ [X ,d(Y )] ∀X ,Y ∈ f4. (4.1)

Let 
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 (4.2)

be the associated matrix with the endomorphism d. As

αd
(
[X ,Y ]

)
= [d(X),Y ]+ [X ,d(Y )] ∀X ,Y ∈ f4 (4.3)

we have, in the first place, that αd
(
[e1,e2]

)
= [d(e1),e2]+ [e1,d(e2)], which allows us to obtain the

first condition for the elements of the previous matrix. As [e1,a21e1 +a22e2 +a23e3 +a24e4] = 0, it
implies that a23e2 +a24e3 = 0, and so, a23 = a24 = 0.

Similarly, we obtain the rest of conditions for the elements of the matrix in the same way as we
did in Subsection 3.1. These conditions will allow us to obtain the vector space Der(α,1,1)f4.

From pair (ei,e j) Conditions
(e1,e2) a24 = 0, a23 = 0.
(e1,e3) α a21 = 0, α a22 = a11 +a33,

α a23 = a34, α a24 = 0.
(e1,e4) α a31 = 0, α a32 = a43,

α a33 = a11 +a44, α a34 = 0.
(e2,e3) a21 = 0.
(e3,e4) a31 = a41 = 0.

Note that no conditions are obtained from some pairs of generators, for instance, from the pair
(e2,e4) in this case.

Now, starting from these results we obtain the vector space Der(α,1,1)f4, being α 6= 0, and
Der(0,1,1)f4.

For α 6= 0:

Der(α,1,1)f4 = spanC




1 0 0 0
0 1

α
0 0

0 0 0 0
0 0 0 −1

 ,


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 1 0 0
0 0 α 0

 ,


0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

 ,


0 0 0 1
0 1

α
0 0

0 0 1 0
0 0 0 α


 .
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For α = 0:

Der(0,1,1)f4 = spanC




1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 −1

 ,


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0


 .

So we conclude that
α ∀α ∈ C

ψf4(α) 7

4.2. The ϕ invariant function for 4-dimensional filiform Lie algebras

As we see in the case of dimension 3, the f4-cochains Bi ∈ C2(f4, f4), ∀i ∈ {0,1, ..., n2(n−1)
2 } are

defined starting from their non-null commutativity relations Br(es,et) = keu, s < t, which verify
the equality given by Eq. (2.18). The f4-cochains which constitute a basis of the vector space
coc(1,1,1,λ ,λ ,λ )f4, whose dimension determines the invariant function ϕf4 , are the following:

For λ = 0:

B1: B1(e1,e2) = e1. B2: B2(e1,e2) = e2. B3: B3(e1,e2) = e3.

B4: B4(e1,e2) = e4. B5: B5(e1,e4) = e1. B6: B6(e1,e4) = e2.

B7: B7(e1,e4) = e3. B8: B8(e1,e4) = e4. B9: B9(e1,e3) = e1.

B10: B10(e1,e3) = e2. B11: B11(e1,e3) = e3. B12: B12(e1,e3) = e4.
B13: B13(e1,e4) = e1. B14: B14(e1,e4) = e2. B15: B15(e1,e4) = e3.

B16: B16(e1,e4) = e4.

For λ 6= 0:

C1:C1(e1,e2) = e2. C2: C2(e1,e2) = e3. C3: C3(e1,e2) = e4.

C4:C4(e1,e4) = e2. C5: C5(e1,e4) = e3. C6: C6(e1,e4) = e4.

C7:C7(e1,e3) = e2. C8: C8(e1,e3) = e3. C9:C9(e1,e3) = e4.

C10:C10(e3,e4) = e1. C11: C11(e3,e4) = e2.

C12:C12(e2,e4) =
1
λ

e3, C12(e2,e3) = e2, C12(e1,e3) =−
1

λ 2 e1.

C13:C13(e2,e4) =
1
λ

e3, C13(e2,e3) = e2,

C13(e1,e3) =
(−1+λ 2

λ 2

)
e1, C13(e3,e4) = e4.

C14:C14(e2,e4) =
1
λ

e3, C14(e2,e3) = e2, C14(e1,e3) =
−1
λ 2 e1,

C14(e1,e4) = e1, C14(e3,e4) =−e3.

C15:C15(e2,e4) =
1
λ

e3, C15(e2,e3) = e2, C15(e3,e4) =
1

λ 2 e4.
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C16:C16(e2,e3) = e3, C16(e2,e4) = λe2, C16(e1,e2) =
−1
λ

e1,

C16(e1,e3) = e1, C16(e1,e4) = e1, C16(e3,e4) = e4.

C17:C17(e2,e3) = e3, C17(e2,e4) = λe2, C17(e1,e2) =
−1
λ

e1,

C17(e3,e4) = e3.

C18:C18(e2,e3) = e3, C18(e2,e4) = λe2, C18(e1,e2) =
−1
λ

e1,

C18(e1,e4) = e1.

Therefore, we have the following vector spaces

coc(1,1,1,0,0,0)f4 = spanC{Bi | 1≤ i≤ 16},
coc(1,1,1,λ ,λ ,λ )f4 = spanC{Ci | 1≤ i≤ 18}, ∀λ 6= 0.

So, according to the notation in [17], the invariant function ϕf4 is

λ 0 ∀λ ∈ Cr{0}
ϕf4(λ ) 16 18

Note that unlike the previous case, these dimensions are now dependent on the value of λ .

5. The ψ invariant function for filiform Lie algebras of dimension 5

With the objective of proving that there is not any proper contraction from a Heisenberg algebra to a
5-dimensional filiform Lie algebra, we are going to obtain the invariant function ψf5, where f5 is the
5-dimensional filiform Lie algebra with non-null brackets [e1,e3] = e2, [e1,e4] = e3, [e1,e5] = e4.

So, as we did before, we wish to obtain a basis of Der(α,1,1)f5 ∀α ∈ C.
Let us consider d ∈ Der(α,1,1)f5 and let

a11 a12 a13 a14 a15

a21 a22 a23 a24 a25

a31 a32 a33 a34 a35

a41 a42 a43 a44 a45

a51 a52 a53 a54 a55

 (5.1)

be the associated matrix with the endomorphism d. By using the same procedure as in 3.1 and
taking into consideration in each step the precedent results obtained in the previous ones we obtain
the following conditions

From pair(ei,e j) Conditions
(e1,e2) a23 = a24 = a25 = 0.
(e1,e3) α a21 = 0, α a22 = a11 +a33,

α a23 = a34, α a24 = a35, α a25 = 0
(e1,e4) α a31 = 0, α a32 = a43,

α a33 = a11 +a44, α a34 = a45, α a35 = 0.
(e1,e5) α a41 = 0, α a42 = a53,

α a43 = a54, α a44 = a11 +a55, α a45 = 0.
(e2,e3) a21 = 0.
(e3,e4) a31 = a41 = 0.
(e3,e5) a41 = a51 = 0.
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Now, it is straightforward to obtain the vector spaces Der(α,1,1)f5, ∀α ∈ Cr{0} and Der(0,1,1)f5.

For α 6= 0:

Der(α,1,1)f5 = spanC




1 0 0 0 0
0 α+1

α
0 0 0

0 0 1
α

0 0
0 0 0 0 0
0 0 0 0 −1

 ,


0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 0 0
0 1

α2 0 0 0
0 0 1

α
0 0

0 0 0 1 0
0 0 0 0 α

 ,


0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 α 0 0
0 0 0 α2 0

 ,


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 α 0 0

 ,


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0


 .

For α = 0:

Der(0,1,1)f5 = spanC




1 0 0 0 0
0 0 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1

 ,


0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 0 0 0

 ,


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0


 .

Therefore,

α ∀α ∈ C
ψf5(α) 9

6. Some examples of proper contractions between different types of algebras

In this section we study two examples of proper contractions from filiform Lie algebras of lower
dimensions to different types of algebras.
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6.1. Proper contractions of 3-dimensional filiform Lie algebras

Theorem 2.4 allows us to know if there exists a proper contraction between 3-dimensional Lie
algebras g1, g3,1, g2,1⊕g1, g3,2, g3,3 and the 3-dimensional filiform Lie Algebras already studied in
this paper. The corresponding invariant functions ψ3g1 , ψg3,1 , ψg2,1⊕g1 , ψg3,2 and ψg3,3 , were already
calculated by Novotný and Hrivnák in [18]. They are the following:

g1: Abelian Lie algebra
α ∀α ∈ C

ψ3g1(α) 9

g3,1: [e2,e3] = e1
α ∀α ∈ C

ψg3,1(α) 6

g2,1⊕g1 : [e1,e2] = e2
α ∀α ∈ C\{0} 0

ψg2,1⊕g1(α) 4 6

g3,2 : [e1,e3] = e1, [e1,e3] = e1 + e2
α 1 ∀α ∈ C\{1}

ψg3,2(α) 4 3

g3,3 : [e1,e3] = e1, [e2,e3] = e2
α 1 ∀α ∈ C\{1}

ψg3,3(α) 6 3

As ψf3 ≤ψ3g1 and ψf3(1)< ψ3g1(1), theorem 2.4 assures the existence of a proper contraction from
f3 to 3g1. Analogously, the same occurs between g3,2 and f3 since ψg3,2 ≤ψf3 and ψg3,2(1)< ψf3(1).

Moreover, note that ψf3(1) = 6 and ψg3,1(1) = 6. Therefore, the same theorem assures that there
not exists any proper contraction between g3,1 and f3. Similarly, the same occurs between g3,3 and
f3 due to that ψf3(1) = 6 and ψg3,3(1) = 6.

Besides, according to theorem 2.2, the algebras g3,1 and f3 are isomorphic. This implies that
there is not any proper contraction between themselves.

6.2. Proper contractions between Heisenberg algebras and filiform Lie algebras

Since that, by definition, there not exists any proper contraction between g3,1 and f3, we now ask
ourselves if there exists a proper contraction between a Heisenberg algebra and a filiform Lie algebra
in the case of dimension five.

To deal with this question, let us consider the Heisenberg algebra of dimension 5, defined by the
brackets [e1,e3] = e5 and [e2,e4] = e5.

We want to obtain a basis of Der(α,1,1)H5 ∀α ∈ C. To do this, let us consider d ∈ Der(α,1,1)H5

and the associated matrix with the endomorphism d


a11 a12 a13 a15

a21 a22 a23 a25

a31 a32 a33 a35

a41 a42 a43 a45

a51 a52 a53 a55

 . (6.1)
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By proceeding in the same way as in the subsection 3.1, we obtain the following conditions for the
elements of the matrix

From pair(ei,e j) Conditions
(e1,e2) a14 = a23.

(e1,e3) α a51 = 0, α a52 = 0, α a53 = 0,
α a54 = 0, α a55 = a11 +a33.

(e1,e4) a12 =−a43.

(e1,e5) a53 = 0.
(e2,e3) a21 =−a34.

(e2,e4) a11 +a33 = a22 +a44.

(e2,e5) a54 = 0.
(e3,e4) a32 = a41.

(e3,e5) a51 = 0.
(e4,e5) a52 = 0.

This implies that

dim(Der(α,1,1)H5) = 15, ∀α ∈ C, (6.2)

and thus

α ∀α ∈ C
ψH5(α) 15

So, as ψH5 > ψf5 , Theorem 2.4 proves that there not exists any proper contraction between a
Heisenberg algebra and a filiform Lie algebra, both of dimension 5. This result will be commented
in the following section.

7. Conclusions

In this paper we have studied the proper contractions of filiform Lie algebras of lower dimensions
by using a tool previously introduced in 2007 by Hrivnák and Novotný [17]: the invariant functions
ψ and ϕ, which we have particularized to the case of such algebras. Recall that our motivation for
dealing with filiform Lie algebras has been explained in the Introduction of this paper.

Indeed, although by using a different procedure, we have confirmed some results by those
authors and have also obtained new results in the case of filiform Lie algebras of dimension 5.
In our opinion this is a small improvement since this dimension is not studied in detail in [18] (in
fact, the word filiform is not used by the authors in their paper).

Furthermore, in our manuscript we have shown several examples that could be of potential
interest for the treatment of other nilpotent Lie algebras different to the filiform or Heisenberg ones.
Note that we have also given the procedure and computed the invariant functions for other types of
Lie algebras, as the ones built by means of direct sums of other Lie algebras, for instance.

We have also calculated the invariant function ψ for the five dimensional Heisenberg algebra
and have proved that there is no proper contraction from a lower dimensional filiform Lie algebra
to a Heisenberg algebra. Furthemore, because neither these algebras are isomorphic, then it can not
exist a non proper contraction between them. Therefore, we can conclude that for a 5-dimensional
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classical-mechanical model built upon a 5-dimensional filiform Lie algebra can not be obtained as
a limit process of a quantum-mechanical model based on a 5-dimensional Heisenberg algebra.

With respect to invariant functions ψ and ϕ, we have found that for the ψ invariant function the
dimension is always the same independently of the value of α , which does not occur in the case
of the ϕ invariant function. This feature occurs at least for lower dimensional filiform Lie algebras.
We think that it could be interesting to check whether this is a general characteristic irrespective
of the dimension since that, at present, we do not know exactly which is the meaning of this fact.
One reason could be that both invariant functions are not comparable because they are defined in a
totally different way, since the function ψ is defined as the dimension of a derivation whereas ϕ is
defined as the dimension of a cocycle, which could involve that their computations were completely
different.

And with respect to contractions, we have proved that there is a proper contraction from the
filiform Lie algebra f3 both to the algebra 3g1 and the algebra g3,2, whereas it exists no proper
contraction either between f3 and g3,1, or f3 and g3,3.

Remember that, nowadays, the contractions of algebras is a hot topic in Mathematical Physics
as we can check in a quick search on the literature. Basically, if two physical theories are related
by a limiting process then the associated invariance groups should also be related by some lim-
iting process called contraction. The main example can be found in the Galilean group, which is
a contraction of the Poincarè group, that is, classical mechanics is the limiting case of relativis-
tic mechanics as we pointed our in the Introduction of the manuscript. Apart from this example,
another physical systems are being explored as we can see in [19] and references therein. In that
paper, it is explored the contraction of a W3 algebra, which is a nonlinear W -algebra, in the context
of a Conformal Field Theory. W -algebras can be regarded as generalizations of affine Kac-Moody
algebras and Virasoro algebra.

Finally, we would like to say that our intention is to deal with the invariant function ϕ for
filiform Lie algebras of greater dimensions in future work. Indeed, we are now trying to model a
Bose-Hubbard-like model for describing interacting spinless bosons on a lattice by means a filiform
Lie algebra. That is a nonlinear problem that if we succeed, it could be mapped to a system with
one-body interactions, being therefore linear. Studies of invariance groups in that kind of system
and their connection with contractions it is also something worth exploring.
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