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In this paper we study the existence of local analytic first integrals for complex polynomial differential systems
of the form x = x+ P,(x,y), y = —y, where P,(x,y) is a homogeneous polynomial of degree n, called the
complex homogeneous Kukles systems of degree n. We characterize all the homogeneous Kukles systems of
degree n that belong to the Sibirsky ideal. Finally, we provide necessary and sufficient conditions when n =
2,...,7 in order that the complex homogeneous Kukles system has a local analytic first integral computing the
saddle constants and using Grobner bases to find the decomposition of the algebraic variety into its irreducible
components.
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1. Introduction and statement of the main results

The integrability problem is one of the main problems in the qualitative theory of planar polyno-
mial differential systems. Although integrability is a restrictive condition and a generic system is
not integrable, the existence of a first integral allows to know the phase portrait of a planar differ-
ential system. These non-generic integrable differential systems are used to analyze a bigger family
of differential systems that are described as perturbations of this non-generic system, see [1] and
references therein. Closely related to the existence of a local analytic first integral is the so-called
center-focus problem. The center problem for planar polynomial real systems of the form

X=—y+Pxy), y=x+0(x,y) (1.1)

being P and Q polynomials is equivalent to study when such systems admit a local analytic first
integral of the form

Dx,y)=x"+y"+ Y 0uxyt, iR (1.2)
J+k>3

In this case the trajectories are closed and the singular point at the origin is called a center. By

definition any nonconstant differentiable function which is constant on the trajectories of (1.1) is a
first integral of system (1.1).
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Setting z = x + iy we can write system (1.1) of the form

n
z=iz+X(z,2) =iz + ZXk(Z,Z) (1.3)
k=2
where each X is a homogeneous polynomial of degree k and 7 = x — iy. It turns easier and more
convenient from the computational point of view to study the integrability problem not only for
system (1.3) but also for more general complex systems
n ) ) n )
=izt Y, XpdZ, i=-izt+ Y YpdZ (1.4)

jk=2 jk=2
where each X and Y are complex parameters. If we apply the change of time 7 — if system (1.4)
becomes a system of the form

n n
t=z— Y apd?=z+P(z2), i=-zi+ Y by =-7+0(z72). (1.5)
jHk=2 Jtk=2

For system (1.5) one can always find a function of the form

D(z,2)=2z+ Y, Pu/?, (1.6)
Jj+k>3
such that
L oD
== (24P(z2)+ = (—2+0(z2) =Y gs(22)",
dz dz7 =

where gy are polynomials of aj; and bj; with rational coefficients called saddle constants. In the
case that @ = 0 we say that the origin is a complex center. Note that in this case ® is a first integral
of system (1.5). If the differential system (1.5) is a complexification of the differential system (1.1)
then going back to the original coordinates we obtain from & a first integral of (1.1) of the form
(1.2).

Conditions for the existence of a complex center for system (1.5) (that is for the existence of a
first integral such as @ in (1.6)) have been found for the case of quadratic systems (n = 2) (see for
instance [4, 6]). However, when n > 3 is an open and difficult problem, see [12]. The case n = 3
with P and Q homogeneous polynomials was solved in [25]. The case when P and Q are of degree
3 but are not homogeneous was studied in [5] for a particular case.

In this paper we contribute to the characterization of the complex centers for a linear complex
center perturbed by homogeneous polynomials of degree n, i.e., systems of the form

n—1

. +1
X=x— Z Ajp1—jX' 7y
=

il Y=y, (1.7)

where x,y € Cand a;,—1—; € C not all zero since otherwise system (1.7) would be linear. Note that

n—1
P(xy) = Y ajuorp Ty (1.8)

j=—1
is a homogeneous polynomial of degree n. These systems are called complex Kukles homogeneous
systems. The name comes from the fact that systems of this form in R? and with the linear part with
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eigenvalues £i were studied for the first time by Kukles in [18], who also was the first in studying a
linear center perturbed by cubic nonhomogeneous nonlinearities. More specifically Kukles in [18]
initiated the study of the necessary and sufficient conditions for the existence of a real center in
differential systems of the form

x=y,
. 2 2 3 2 2 3 (1.9)
Y= —X+a1x"+axxy+azy” +asx” +asx’y-+aexy” +azyy,

where x,y € R and ay,...,a7 € R. The center problem for system (1.9) with a; = 0 was solved

in [19] and with a7 = 0 in [3]. The first complete solution of the center-focus problem for Kukles’
system (1.9) was obtained in [20]. In [26] it was also given the complete solution using the Cherkas’
method of passing to a Liénard equation, see also the works [2,3,10,17,21,27].

When n =2 or n = 3 system (1.7) is a particular case of the system analyzed in [15], where the
authors studied the system

. 2 2 3 2 2 3
X =X—dajpX —dolxXy —dapy —apX —djxy—dopxy —daasy,

: (1.10)
y=-y
with x,y € C and g;; € C not all zero. As a direct consequence of this study we state the following

result without proof.

Theorem 1.1 ([15]). System (1.7) with n = 2 has a complex center at the origin if and only if one
of the following two conditions hold.

(@ ajo=0;
(b) apy =a-12=0.

System (1.7) with n = 3 has a complex center at the origin if and only if one of the following two
conditions hold.

(@ axp=a =0;
(b) a1 =app=a_13=0.

Before stating the main results of this paper we want to mention that the case when we have a
real Kukles system with homogeneous nonlinearities, that is, a system of the form

i=y, y=—x+0u(xy), (1.11)

where x, y € R and Q,(x,y) a real homogeneous polynomial of degree n, was studied in [13] for the
case n odd and in [14] when # is even. In particular, it is proved under certain conditions an open
conjecture pointed in [28]: Is it true that a system (1.7) where x,y € R with real nonlinearities of
degree higher than two has a center at the origin if and only if its direction field is symmetric about
one of the coordinate axes?

As we will see the case of complex centers is much more complicated to deal with than the real
ones and the obtained results are much different from the ones regarding for real centers.

We introduce in Section 2 the subvariety called the Sibirsky subvariety of the center variety, see
also [16,22,23]. The main results of the paper are the following.

Theorem 1.2. System (1.7) belongs to the Sibirsky variety if and only if one of the following two
conditions hold:
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(a) when n is even:

(a.1) ap—1,0 = Ap-2,1 = - =az 1= 0;

(a.2) ar_2=-=4aopn-1=0ad-1n =0
(b) when nis odd:

(b.1) an10=an21="=aui 1 =0

(b.2) anrna=-=agp-1=a-1,=0

Theorem 1.2 is proved in section 3. We recall that we have excluded from the Sibirsky variety
when all coefficients a;; are zero since then system (1.7) would be the linear system that is not the
case considered in this paper because we deal with nonlinear systems of degree n. Note that Theorem
1.2 is a general result for any n > 2. We recall that for every point in the Sibirsky subvariety the
corresponding system has an analytic first integral defined in a neighborhood of the origin, see [16]
and Theorem 3.5.5 of [24]. So systems provided by Theorem 1.2 have complex centers at the origin.
We also recall that all time-reversible systems are inside the Sibirsky subvariety, see [22-24].

Now we characterize all the complex centers of system (1.7) when n = 4,5,6,7. This is the
content of the following four results.

Theorem 1.3. System (1.7) with n = 4 has a complex center at the origin if and only if one of the
following three conditions hold:

(@ azp=a; =0;
(b) aip=ap3=a_14=0;
(© azp=ajp=a_14=0.

The proof of Theorem 1.3 is given in section 4.

Theorem 1.4. System (1.7) with n =5 has a complex center at the origin if and only if one of the
following three conditions hold:

(@) asp=az) =a>»=0;
(b) ap=a13=ap4=a_15=0;
(©) asp=azp=aj3=a_15=0.

The proof of Theorem 1.4 is given in section 5.

Theorem 1.5. System (1.7) with n = 6 has a complex center at the origin if and only if one of the
following four conditions hold:

(@) asp=a4) =azp=0;

(b) a3 =aja=ap5=a_16=0;

() asp=azp=ar3=aj4=a_16=0;
d) asp=as1 =ax3=ajg=a_16=0.

The proof of Theorem 1.5 is given in section 6.

Theorem 1.6. System (1.7) with n =7 has a complex center at the origin if and only if one of the
following four conditions hold:

(@) asgp=as) =asp=a33=0;
(b) azz=ara=a15=aps=a-17=0;
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(©) agp=as)=az3=as=aj5=a_17=0;
(d) agp=asp=az3=ar4=a15=a_17=0.

The proof of Theorem 1.6 is given in section 7.

2. The Sibirsky subvariety

To state the main result of this paper we need to introduce the subvariety called the Sibirsky subva-
riety of the center variety. To define this subvariety we proceed as follows. We consider a system of
the form

X=x— Z apqxp+1yq7 y=-y+ Z bqpqup+lv 2.1)
(pq)€eS (p.g)€S :

where a,y, by, € C and

Let L: N2/ — N? be the linear operator such that for v = (vi,...,vy) € N%,

O O M ORI )

M= {VENZI:L(V): (2)}

keN

and let

Let also C[.#] denote the subalgebra of C[a, b] generated by all monomials of the form

Vi Va0 BVl Vi L pVa
Ui gy O Paip P S pi - Pyipy (2.2)

for all v € .#. In order to simplify notation we will abbreviate such a monomial by [v] =
[V],...,Vz]].FOI’VE'//, let

V= (v2,,...,v1).
The Sibirsky ideal is
Lip = ([v] = [Vllv € #).

As pointed out in the introduction, this variety is very important since for every point in the Sibirsky
subvariety the corresponding system has an analytic first integral defined in a neighborhood of the
origin, see [16].

For system (1.7), for any fixed n, we have that / =n+1, and (p1,q1) = (0,n—1), (p2,92) =
(L,n—2),...,(Pn+1,qn+1) = (—1,n). Moreover, since C[.#Z] denote the subalgebra of C[a,b]
generated by all monomials of the form (2.2) and for system (1.7) we have that b,;,, = 0 for
j=1,....,l=n+1,in .# we can take

VH—I:"':VZI:vn+2:"':v2(n+l):0

since otherwise C[.#] = {0} and this case is not considered here since this correspond to the linear
systems which are not taken into account due to the fact that we deal with nonlinear systems of
degree n > 2.
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3. Proof of Theorem 1.2

Note that in system (2.1) we have b,, = 0 for all p,q € S and (2.1) can be written in the form of
system (1.7).

Lemma 3.1. The Sibirsky component of the center variety of system (1.7) for each fixed n > 2 is
defined by the following equations

Vj+1 Vn+l —
Ha]n 1—j 7ln_07
with v; €N for j=—1,...,n—1 such that

n
Z n—2j+1)vj+(n+1)vyy =0. 3.1)
J:

Proof. The proof follows directly from the definition of Sibirsky variety taking into account that in
our case b,, = 0 for all p,g € Sand so v = (Vvi,...,V,, V,11) (see the last paragraph in section 2).
Hence the condition defining the Sibirsky variety becomes

(0 ) (L e () o (e = (),

or in other words

Vo +2v3 4+ (n— 1)V, — Vpyy =k,
(l’l— 1)V1 +(n—2>V2+"'+Vn_1 +nv, 1 =k,

which yields

Vo+2v3+ -+ (n— 1)V — Vi
=n—Dvi+(n=2)va+--+ Vo1 +nVyy1.

This condition can be written as
n=1)vi+(n=3)w+-+(1—-n-2))Vyu1 —(n—1)Vy+ (n+ 1)V, =0,

or equivalently
n
Z n—2j+1)vi+(n+1)vy =0.
J:

This concludes the proof. (]
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Proof. [Proof of Theorem 1.2] We first take n > 2 even. In this case we can write (3.1) as follows

n/2 n
Y (n=2j+1)vi+(n+ 1)V — Y, (2j—1-n)v;=0,
j=1 j=n/2+1
that is
n/2—1 n
V%—i- Z (I’l—2j—‘r1>Vj—|—(n+1)Vn+1:V%+1+ Z (Zj—l—l’l)Vj.
j=1 j=n/2+2
Since v; € N, and v; is the exponent of a1, for j=1,...,n and Vv, is the exponent of a_1 ;,

it is clear that the two conditions are

e =dAdon—-1=04—1n = 0,

and

ann_|=-+=dyp 21 =a,10=0.

[SIE}

n
2

This concludes the proof when 7 is even.

When 7 is odd, it follows from the general theory of Lyapunov constants that ant w1 = 0 since
it corresponds to the first Lyapunov constant.
In this case we can write (3.1) as follows
(n-1)/2 n
Y (n-2j+1)vi+(m+Dvi— Y (2j—1-n)v;=0,
j=1 j=(n+3)/2
that is
1 (n—3)/2 1 n
Vaci 45 Z (n=2j+ 1)Vj+ (4 1)Vas1 = Vuss + 5 Y (@j-1-n)v;
j=1 Jj=(n+5)/2
Since v; € N, and v; is the exponent of aj_ ,; for j=1,...,n and v, is the exponent of a_1 ,,
it is clear that the two conditions are
An i ) =An3 ngl - =0aop—1 =01, =0,
2 02 2 02 ’
and
Ani ol =duil 3 =+ =dp—21 =dp—1,0 = 0.
) 202 ’
This concludes the proof. O

Before giving the proof of Theorem 1.3 we give the following result proved in [4]. If an inte-
grating factor is not well defined in a neighborhood of a singular point the following statement can
be applied.
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Lemma 3.2. (i) If system

n—1 n—1
X=x— Z apvqx”“yq, y=—y+ Z bq,pqu”*l 3.2)
p+q=1 pt+q=1

has a local inverse integrating factor l(x,y) = (xy)* T, E-’B " with F; analytic inx and y, F;(0,0) =0
fori=1,....m, & #0, and a is not an integer greater than 1, then it has a first integral of the form
(1.6).

(ii) If system (3.2) has a local inverse integrating factor | (x,y) = (xy)* and ag,q—1 = bg—1,a =0,
then it has a first integral of the form (1.6).

4. Proof of Theorem 1.3

We first establish the sufficiency of all conditions of Theorem 1.3. Statements (a) and (b) are the
Sibirsky cases given in Theorem 1.2 when n = 4. For statement (c) system (1.7) becomes

X=x— a271x3y — a()’3xy3
y=-y

This system has two invariant lines /| = x, [, =y, and one exponential factor f| = ¢” . Moreover it
is possible to find an inverse integrating factor is of the form V = (l112)3e_2"0>3y3/ 3. In order to prove
the existence of an analytic first integral in a neighborhood of the origin we apply statement (ii) of
Lemma 3.2, First we make a change of time given by d7 = e~2403° 34t The new system has an
inverse integrating factor V = (xy)? and we can apply statement (ii) of Lemma 3.2 to deduce the
existence of an analytic first integral of the form (1.6).

Now we prove the necessity of all conditions of Theorem 1.3. For doing this, we introduce in
system (1.7) with n = 4 the change of variables X = x+iy, Y = x —iy and ¢ — ¢ /i. With this change,
(1.7) becomes

X=Y +i(aoz +an+aps+ay) +a30)X4/2

+(ao3 +2a14 —az) — 2(130)X3Y + i(alz — 3(6114 +a30))X2Y2

+(aos — 2a1s — az1 +2az0)XY? —i(aps — ary — ara +az1 —az)Y*/2,
Y =—X+ (ap3 +aip +ays +an +a3o)X4/2

—i(aos +2a14 — az —2a30)X°Y + (a2 — 3(a14 + az) ) X*Y?

—i(aops —2a14 — az +2a30)XY> — (aps — a;p — a1a + a1 —azo)Y*/2.

4.1

Now we write (4.1) in polar coordinates, i.e., we do the change of variables r> = zZ and 0 =
arctan(Imz/Rez), and system (4.1) becomes

= ir4((a12+a21)cos6+(a03 + azo) cos30 +ajscos 56
+i(ap —arn) sin6+i(a3o+ao3)sin36—ia14sin59)/2

6=—1 —I—r3((a12 +ap1)cos B + (aps +azp) cos30 + a4 cos 50
+i(az1 —ai2)sin O +i(azy — aop3) sin360 — ia148in50) /2.

4.2)

To determine the necessary conditions to have a center for system (4.2) we propose a formal
Poincaré series of the form

oo

H(r,0) =Y H,(6)r", (4.3)
n=2
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where H,(0) = 1/2 and H,(0) are homogeneous trigonometric polynomials respect to 6 of degree
n. Imposing that this power series is a formal first integral of system (4.2) we obtain

H(r,0) = Z Vo,
k=2

where V; are in fact the Poincaré-Liapunov constants that depend on the parameters of system (4.1)
which correspond to the saddle (focus) quantities of the original system (1.7) with n = 4. It is easy
to see that these V,; are polynomials in the parameters of system (4.1). System (4.1) is polynomial
and due to the Hilbert Basis theorem, the ideal J = (V,, V4, ...) generated by the Poincaré-Liapunov
constants is finitely generated, i.e. there exist Wy, Wa, ..., Wy in J such that J = (W}, Wa, ..., W;). Such
a set of generators is called a basis of J and the conditions W; =0 for j = 1,...,k provide a finite set
of necessary conditions to have a center. The set of coefficients for which all the saddle constants
Vui vanish is called the complex center variety of system (1.7) with n = 4 and it is an algebraic set.

In practice we determine a finite number of Poincaré-Liapunov constants thinking that inside
these number there is the set of generators. From this set a much harder problem is to decompose
this algebraic set into its irreducible components. We must use a computer algebra system. The
computational tool which we use is the routine minAssGTZ [7] of the computer algebra system
SINGULAR [9] which is based on the Gianni-Trager-Zacharias algorithm [8]. The computations
have been completed in the field of rational numbers. That is, we know that the decomposition of
the center variety that we encountered is complete. Therefore in the statement of the theorem we
provide sufficient and necessary conditions to have a complex center.

5. Proof of Theorem 1.4

We first establish the sufficiency of all conditions of Theorem 1.4. Statements (a) and (b) are the
Sibirsky cases given in Theorem 1.2 when n = 5. For statement (c) system (1.7) becomes

X=x— 0371)64)’ - 6l0,4xy4
y=-y

This system has two invariant lines /; = x, [, =y, and one exponential factor f| = ¢ . With these
ingredients we can find an inverse integrating factor of the form V = (I;1,)*e =240 */3 To prove the
existence of an analytic first integral in a neighborhood of the origin we also apply statement (ii) of
Lemma 3.2. We make a change of time given by d7 = ¢~2004° /34t The new system has an inverse
integrating factor V = (xy)* and we can apply statement (ii) of Lemma 3.2 to deduce the existence
of an analytic first integral of the form (1.6).

The necessity of all conditions of Theorem 1.4 is proved by the same method used in the previ-
ous theorem.

6. Proof of Theorem 1.5
The sufficiency of all conditions of statements (a) and (b) of Theorem 1.5 come from Theorem 1.2
when n = 6. For statement (c), note that system (1.7) becomes

X=x— a4,1x5y - 610,5)0’5

. (6.1)
y=-y

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
395



J. Giné and C. Valls / Integrability Conditions for Complex Homogeneous Kukles Systems

System (6.1) has two invariant lines /; = x, [, =y, one exponential factor f; = ¢ and an inverse
integrating factor of the form V = (I;1)° e~4a05°/5 To prove the existence of an analytic first inte-
gral in a neighborhood of the origin we apply statement (ii) of Lemma 3.2. We made a change of
time given by dt = e~4047’ /54t The new system has an inverse integrating factor V = (xy)’ and
we can apply statement (ii) of Lemma 3.2 to deduce the existence of an analytic first integral of the
form (1.6).

For statement (d), note that system (1.7) becomes

X=x— a372x4y2 — a075xy5 6.2)
y=-y

System (6.2) has two invariant lines /; = x, [, =y, one exponential factor f; = ¢ and an inverse
integrating factor of the form V = (I 112)463*3”@”5 /4. To prove the existence of an analytic first inte-
gral in a neighborhood of the origin we also apply statement (ii) of Lemma 3.2 by making a change
of time similarly as in the proof of Theorem 1.4.

The necessity of conditions of Theorem 1.5 is proved by the same method used in Theorem 1.3.

7. Proof of Theorem 1.6

The sufficiency of all conditions of statements (a) and (b) of Theorem 1.6 come from Theorem 1.2
when n = 7. For statement (c), note that system (1.7) becomes

X=x— a4,2)65y2 - 6171,6)@5

=y (7.1)
System (7.1) has two invariant lines /; = x, [, =y, one exponential factor f; = ¢ and an inverse
integrating factor of the form V = (I;15)? e4a-165°/6,

For statement (d), note that system (1.7) becomes

X=x- a4,1xsy - aq,sxys

. (7.2)
y=->
System (7.2) has two invariant lines [; = x, [, = y, one exponential factor f; = " and an inverse
integrating factor of the form V = (1112)6e*5“*1~6y6/ 6 To prove the existence of an analytic first
integral in a neighborhood of the origin in both cases we apply statement (ii) of Lemma 3.2 in the
same way that in the previous cases, by making a convenient change of time.

The necessity of conditions of Theorem 1.6 is proved by the same method used in Theorem 1.3.

In view of the results obtained we can formulate the following conjecture: Is if true that a system
(1.7) has a complex center at the origin if and only if it belongs to the Sibirsky ideal or it is Liouville
integrable?

Recall that a differential system in the plane is Liouville integrable if it has an integrating factor
of the form V = exp{D/E}Hl-Cix" where D, E and C; € C[x,y] and 4; € C. Note that E and C; are
invariant algebraic curves of the system and exp{D/E} is an exponential factor, see for instance [11]
and references therein.
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