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The Geng hierarchy is derived with the aid of Lenard recursion sequences. Based on the Lax matrix, a hyper-
elliptic curve %, of arithmetic genus n+ 1 is introduced, from which meromorphic function ¢ is defined.
The finite genus solutions for Geng hierarchy are achieved according to asymptotic properties of ¢ and the
algebro-geometric characters of 7, 1.
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1. Introduction

The soliton equations describe various nonlinear phenomena in natural and applied sciences such as
fluid dynamics, plasma physics, optical fibers and other sciences. It is of great importance to solve
nonlinear soliton equations from both theoretical and practical points of view. Due to the nonlinear-
ity of soliton equations, it is a difficult job for us to determine whatever exact solutions to soliton
equations, but with the development of soliton theory several systematic methods has been devel-
oped to obtain explicit solutions of soliton equations, such as the inverse scattering transformation
[1], the Hirota bilinear transformation [2], the Bdcklund and the Darboux transformation [3,4], the
algebro-geometric method [5], the nonlinearization approach of Lax pairs [6], the homogeneous
balance method [7], etc [8-12].
The nonlinear diffusion equation [13-15]

Uy = (%) (L.1)

which has a lot of applications in plasma physics, laser physics, semiconductor physics, astro-
physics, population dynamics in biology and helium combustion process in chemistry, can be
obtained in the following equations in case of v =1 [16]

1 V2 (v)
u== - |=1] (-
! l/t2 X Lt2 ¥ u xx’
(), 2 ()
vw==-|— —— | = .
2\u?) . 2\u?),,

In this paper we will concentrate primarily on constructing the finite genus solutions of the entire
Geng hierarchy related to (1.2) based on the approaches in Refs. [17-32]. The finite genus solutions

(1.2)
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are associated to nontlinear flows in the Jacobian of a hyperelliptic curve. This phenomenon is con-
nected to the existence of integrable hierarchies with nontlinear dependence on the spectral parame-
ter. Such problem was first considered in Refs. [24] and [25]. The algebraic geometric approach was
proposed in [26]. Key examples are the Camassa-Holm [27] and Harry dym equations [28] whose
algebraic geometric solutions produce nontlinear flows in the generalized Jacobian of hyperelliptic
curves in Refs. [29] and [30]. After separation of variables, the appearance of nontlinear flows in
the (generalized) Jacobians of algebraic curves, also appears in ODEs and was first considered in
Refs [31] and [32].

The outline of this paper is as follows. In Section 2, we obtain the coupled diffusion equation
hierarchy based on Lenard recursion sequences. In Section 3, with the aid of Lax matrix we shall
introduce hyperelliptic curve %, of arithmetic genus n+ 1. In Section 4, we define the meromor-
phic function ¢ and investigate the asymptotic properties of ¢. Moreover, we construct the finite
genus solutions of the whole hierarchy by use of the Riemann theta functions according to the
asymptotic properties of ¢ and the algebro-geometric characters of %, ;.

2. Hierarchy of nonlinear evolution equations

In this section, we shall derive the Geng hierarchy associated with the 2 x 2 spectral problem [16]

B (¢ B Au  v—1

where u and v are two potentials, and A is a constant spectral parameter. To this end, we first
introduce the Lenard recursion sequences

KLj=JLj1, Lj=(a;b))", j=0 22)
with three starting points
-2 v\
Ly=|—5,- Ly= (1,007, Ly=(0,1)" 2.3
o(2u27u>, 0=(1,00", Lo=(0,1)", (2.3)

where K and J are two operators defined by

(20 —9? o (Oud'ud  Jud~'vo 1 a1
K‘(az 0)’ J_2<avaluaavalva—a>’ 907 =979=1 24

It is easy to see that KerJ = {atoLo + GoLo + Lo | Vo, G, & € R}. Hence L ; are uniquely deter-
mined by the recursion relation (2.2) up to a term const.Lo+const.Lo+const.Ly, which is always
assumed to be zero. Assume that the eigenfunction ¢ satisfies an auxiliary problem

(m) y,(m)
V \%
(Ptm = V(m)(PJ V(m) = ( 11m 12m ) I (25)
V2<1 ) _Vl(l )
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(m)

where V| Vl(gn ), Vz(;") are defined as follows;

Vi = Y. (=0b; —2ud"'uda;2 —2ud~'vab;A) A",
J:
V) = Y (9a;+20 7 uda;a —2v9 " uda;d 4207 vabA — 2090 Wb AT, (2.6)

Jj=

Vi =Y (9a; — 20" udajA — 209~ uda;A — 29~ vab;A — 2v0~ vab; M)A,
j=0

(=]

(=]

Then the compatibility condition of (2.1) and (2.5) yields the zero curvature equation, U;, — Vx(m) +

U, V(m)] = 0, which is equivalent to a class of nonlinear evolution equations
th = 2am,x - bl’l’l,XX? vlm = am,xx- (27)

The first two nontrivial flows in (2.7) are (1.2) and

1 <1—v2—|—vux—uvx> v<2ux—v2ux+uvvx+v—v3>
X X

Uy = —
u u3 u3

u

1 <2ux—v2ux+uvvx+v—v3) 7 28)
XX

2 u3

1 /1 [/ 1—=v*4vu,—uv, v ( 2uy — Viuy+uvvge +v—13
vi==|-— — = .
"2 \u ul Lou ul s

3. Hyperelliptic curve

Let x = (x1,x2)" and v = (w1, y»)T be two basic solutions of (2.1) and (2.5). We introduce a Lax
matrix

1, g n(0-1\ (G F
W=sy +vx )(1 0 >—<H_G> (3.1

which satisfies the Lax equations
W, =[UW], W, =[V" w]. (3.2)
Therefore, detW is a constant independent of x and #,,. Equation (3.2) can be written as
Gy=(v—1)H—-A(v+1)F,

F, =2AuF —2(v—1)G, 3.3)
Hy=2A(v+1)G—2AuH,

and
thﬂ = Vl(;/l)H - VZ(I”)F7
F, =2(V\"F -v{}G), (3.4)
H, = 2(V2(f1)G - Vl(in)H)'
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Suppose functions F, G and H are finite-order polynomials in A

n+1 ) n+1 ) n+1 )
G=Y GA" F=Y FA" ) H=Y H A (3.5)
j=0 j=0 j=0

j
where
Go = —2ud 'udco—2ud~""vody, Fy= 2(1 —v)8_1u8co +2(1 —v)a_lvado,
Hy = —2(14v)d 'udco —2(1+v)d"vady, Fyi1=Hpi1 = o,
Gj=—09d;_1 —2ud 'udc; —2ud ""vad;, 1<j<n, Gui1=—dyy, (3.6)
Fj=0dc;—1+2(1—-v)d 'udc;+2(1—-v)a~'vad;, 1<j<n,
Hi=0dc; 1 —2(1+v)d 'udc; —2(1+v)d~vad;, 1<j<n.
Substituting (3.5) and (3.6) into (3.3) yields
KE;=JEj1, JEy=0, (3.7)
KE, =0, (3.8)

where E; = (cj,d j)T, 0 < j<n—1.1Itis easy to see that the equation JEy = 0 has a special general
solution

Ep = L. (3.9)

By induction, we obtain from recursive relations (3.7) and (2.2) that

k
Er=) ajlij, 0<k<n, (3.10)
j=0
which are special solutions of (3.7), where oy, 0, ..., 0 are constants of integration and ogp = 1.
Moreover, from (3.8) we can get
cn=Pox+Br,  dn=Box’ + Pox+ B, (3.11)

where By, B1, B2, B3 are constants of integration.
Since detW is a (2n+ 4)th-order polynomial in A, whose coefficients are constants independent
of x and ¢,,, we have
2n+3
—detW =G*+FH =42 [] (A — 4)) =4R(4), (3.12)
j=1

one is naturally led to introduce the hyperelliptic curve %, of arithmetic genus n + 1 defined by
Jni1 P —R(A) =0. (3.13)

The curve %, can be compactified by joining two points at infinity, Pot, where Pooy # Peo_. For
notational simplicity the compactification of the curve %, is also denoted by %, ;. Here we
assume that the zeros A; of R(A4) in (3.12) are mutually distinct. Then the hyperelliptic curve J#,;
becomes nonsingular and irreducible.
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We write F' and H as finite products which take the form

2(1 — n+1 2(1 n+1
Fo X - DT —wy), =2 :v)/ln(l—vj), (3.14)
=1 =1

where {u; ’}i} and {v]}’;i]1 are called elliptic variables. According to the definition of %, |, we
can lift the roots p; and v; to JZ;, 41 by introducing

N 1 .
fi(x, 1) = <uj(x,tm),—2G(,uj(x,tm),x,tm)> , j=1,....,n+1, (3.15)

1
{}j(x,[m) = (Vj(x,tm),ZG(Vj(X,Im),x,Zm)> ) J: 17' . .,I’l+ 1> (316)

where (x,1,,) € R2.
From the following lemma, we can explicitly represent oy (0 < < n) by the constants
117"‘7)’21’!4-3-

Lemma 3.1.
OQICZ(A), [=0,...,n, (3.17)
where
12n+3
A= (A1, Any3), co(A) =1, ci(A) =3 Y A,
J=1
l 270! Cona) A AP (3.18)

22012 (a3 )2 (21 = 1) o (2jong3 — 1)

Jlseees j2,1+3:0
JiFe A o=l
Proof. Assume that
Fj = Fj‘ocl:...:ocj:Oa H] = Hj’OC]Z...ZOCjZO? G] = Gj|(X]:...:OCj:0' (319)

It will be convenient to introduce the notion of a degree, deg(.), to effectively distinguish between
homogeneous and nonhomogeneous quantities. Define

deg(u) = —1, deg(v)=0, deg(dy)=1, (3.20)
thus from (3.7) it can be implied that
deg(Fy) = deg(Hy) = 2k+1, deg(Gy) =2k, ke Ny. (3.21)

Temporarily fixed the branch of R(A)'/? as A"+? near infinity, R(A)~'/2 has the following expansion

RA)1? = Y a2, (3.22)
“1=0
where
2n+3
A:(Alv-~-712n+3)7 éO(A):la EI(A):% Z] A’j?"'v
j:
. ! 200 (2 ones) AT AL213 (3.23)
am) = ((Jlj !2);--3-)(1'21” 7
J1reesdn3=0 s
jl+~~+j2n+3:l
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Dividing F(A), H(A), G(1) by R(1)'/? near infinity respectively, we obtain

F(A) o A n—2—1 nl—l _ 1
— F F
R()/—>§)C<M Z?L Zl/l
( ) - 21y +2-1 _ Ny g -l
cl AL H)L” " F (3.24)

_ @[ (A)Afnfzfl Glln+27l — G"llfl7
R Z Z L

for some coefficients £, Fj, él to be determined next. From (3.3) and (3.24), we have
ék,x = (V— l)ﬁk — (V—|— I)Fk,

Fiox = 2uFis1 —2(v — 1)Gip, (3.25)
Hiy =2(v+1)Gyoy — 2uH; g,

for k € Ny. The initial values of Fy, Hy and G have been chosen as Fy = 2(17 ) JHy = 2(1:v), S0 =
—2 such that Fy = Fy, Hy = Hy and Go = Go Moreover, we can prove 1nduct1vely that
deg(F) = deg(H;) =2k +1, deg(Gy) =2k, keN,. (3.26)

Hence, Fj, H; and G; are equal to £}, H; and G, respectively for all [ € Ny. Thus we proved

HQA) _ v GA) _ v

F(A) & . R e

R(L)2 l;)zk : R(Ml/z—lgfm , R(l)l/z_,gaGM . (3.27)
Considering

1/2 z’n—i—z l 5

/l—>och (3.28)

a comparison of the coefficients of A in the following equation

1=R(A)ZxR(A)"? = <ch AL l> (ch AL l) (3.29)

yields
ch N =&, k€N (3.30)

Therefore, we compute that
k
Y ckm(A)E = ch m ZFlCm 1A ZFIZCk 1-p(A)Cp(A) = Fi, (3.3D)
m=0 m=0

where k =0,...,n. O
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4. Finite genus solutions

Equip the %, with canonical basis cycles: dy,...,d,+1; b . ,Bn+], which are independent and
have intersection numbers as follows

ﬁjodk:(), bjOi?k:O, djOEkZSjk. (4.1)
For the present, we will choose our basis as the following set [17]

Al=lda
@ = . 1<I<n+1, 4.2)
TP

which are n+ 1 linearly independent homomorphic differentials on ., . Then the period matrices
A and B can be constructed from

Aijﬂ @y, Bij% . 4.3)
aj b;

It is possible to show that matrices A and B are invertible [33,34]. Now we define the matrices C
and T by C = A~!, 7 = A~'B. The matrix 7 can be shown to be symmetric (Tkj = Tjx), and it has
positive definite imaginary part (Im7 > 0). If we normalize @, into the new basis ®;,

n+1

=Y Cady, 1<j<n+l, (4.4)
=1

then we obtain

n+1
[ Zcﬂ / @ = 8, / ;= Tj. 4.5)

Let 7,11 be the period lattice 7, = {z € C”Hm +mtT; m,n € Z”+1}. The complex torus
T = C"'/F,. 1 is called the Jacobian variety of .%; . Now we introduce the Abel map .7 (P) :
DiV(t%/nJrl) — 9

o (P) = </P > (mod-Z,11), (Y mb) =Y ms (P, (4.6)

Qo

where P, P, € .1, ® = (a)l, ceey w,,H).
Let 0(z) denote the Riemann theta function associated with ;. [33-35]:

0(z)= Y exp{2mi <N,z>+mi <NT,N >}, 4.7
MEZ"+1
n+1
where z = (z1,+++ ,2p41) €C"T, <N,z >= Z Nizg, < NT,N >= Z T4 Nk N ;. For brevity, define
k,j=1

the function z: %, 1 x 6" | — C! by

W(PQ)=A—-H(P)+ ) 2(0")=(Q), (4.8)
o'eQ
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where P € 41, Q = {01, ,Qus1} € o™ K1, 6", 1 denotes the (n+ 1)th symmetric

power of 1, and A = (Ay,...,A,11) is the vector of Riemann constant defined by

1 n+1 P
Aj:*(1+7jj)_2/~wk/ w;, j=1,....n+1. 4.9)
2 k=1 Y Ak J Qo
K

Without loss of generality, we choose the branch point Qy = (4;,,0), jo € {1,...,2n+3} as a
convenient base point, and A(Qy) is its local coordinate.
By virtue of (3.12) and (3.13) we can define the meromorphic function ¢ (P,x,t,) on £ 1:

2y-G H

= 4.10
F 2y+G’ (4.10)

¢(P,X,lm) =

where P = (A,y) € i1 \{Pox }.

Lemma 4.1. Suppose that u(x,ty),v(x,t,) € C*(R?) satisfy the hierarchy (2.7). Let A; € C\{0},
1<j<2n+3,and P=(A,y) € H#pi1\{Port,Por,Po}, where, Py = (0,0). Then

1
;v_'_O(C)’ as P_>P°0+a C:A_l,
O(Pxtm) = & S0 (4.11)
¢=0 O, as PP, (=27
—V
and
¢(P,x,tm)C:OC+O(§2), as P— Py, {=0A7, ==+l (4.12)
—
Proof. From (3.12) and (3.13), we have
2GoG1 + FyH,
y = FL 2 <1+°1+0°§+0(§2)>, as P— P... (4.13)
£—0 8
From (3.5), we obtain
GCZOC*"*Z(GOJFGICJFO(QZ)), as P— Py, (4.14)
%
F = ("N R+FR{+0(8%), as P— Pus. 4.15)
£—0
Then according to the definition of ¢ (P, x,1,,) in (4.10), we have
2y—G
Px,t,) =
(P( 7x7 ) F
F2-Go+ <3F7QG°G'4+F°H° - Gl) £+0(8?)
{0 C(Fo+FE+0(8?) (4.16)
1
) L4 0(), as P> Pay,
£—0

2
o), as P P
—V
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To prove (4.12), we introduce the local coordinate { = oA? near Py. Similarly we have

1
y = 5Fi$+0(8?), as P—= Ry, (4.17)

—02
G = G 18>+ 0(LY), as P— Ry, (4.18)

£—0
F = F 1 +0(8?), as P— Py, (4.19)

£—0
then (4.12) is given by virtue of (4.10) and (4.17)-(4.19). ]

The divisor of ¢ (P,x,1,) is given by

(O(Pxstm)) = Dy o, () seos st (i) — PP 1y (st esfls 1 () (4.20)

from the Lemma 4.1 and the definition of ¢ (P,x,1,,) in (4.10).
Let a)I(JS’)PW (P) denote the normalized Abelian differentials of the third kind holomorphic on
Hni1\ {Po,Po_} with simple poles at Py and P._ with residues +1, respectively, which can be

expressed as

1
3) 1 1 n+
P)=— il —$; 4.21
Op p. (P) zMij[Il@ 8;)dA, (4.21)
where y; € C, j=1,...,n+1, are constants that are determined by
/ op ) (P)=0, j=1,..n+L (4.22)
aj T

The explicit formula (4.21) then implies

(C'+0(1))de, as P— Py, C:o‘l%’
wf(’j,)Pw,(P) = O(I)dc, as P—>Pm+’ C:A717 (423)
Ol 0(1)dg, as Py P, (=271

Therefore,

p In¢ +1In(@°) +0(8), as P— B,
/ Oy (P) = { In(@™)+0(§), as P Pus, (4.24)
% 0 —ing +In(0=) +0(C), as P— P,

for some constants @, ©~, ®° € C.

Theorem 4.1. Let P = (A,y) € 1 \{Puos, P, Py}, (x,tm) € M, where M C R? is open and
connected. Suppose u(x,ty),v(x,t,) € C*(M) satisfy the hierarchy of equations (2.7), and assume
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that Aj, 1 < j <2n+3, in (3.12) satisfy Aj € C\{0}, and A; # A as j # k. Moreover, suppose that
Dp(x,,) OF equivalently, Dy(y.,.), is nonspecial for (x,tn) € M. Then

1 0t 0(2(Peoy, V(x, 1)) 0 (2(Po; L x,1m))) N 0 O(2(Peors f1(x,1m))) B (2(Po, V(x,1m)))
00 O(z(Poy, (%, 1)) 0 (2(Po, V(x,1m))) @7 O(2(Po, ¥ (x, 1)) O (2(Po, L, 1))
(4.25)
1=y (%2 0(z(Pos, A(x,1n)))0 (2P, L, 1)) 02 (2 Po, D (x, 1)) 4.26)
Lty @02t 0™ 0(2(Por, ¥ (x,m))) 0 (2(Po, V(. 1)) 62 (2(Po, 1, 1)) '

Proof. According to Riemann’s vanishing theorem [17,33], the definition and asymptotic properties
of ¢(P,x,t,), ¢(P,x,1,,) has expression of the following type

P f P

(;( ) (X; m)))exp (/ wf(’j.)P (P)) , (4.27)
(Z(R (xvtVn))) Qo e

where N(x,t,) is independent of P € Jf 1, A(x,tm) = {Q1(x,t0),- s Quy1 (X, 8m) }, V(X,10) =
{(xtm), s Vst (X, 1)} € 0"+, 1. Considering the asymptotic expansions of ¢ (P,x,t,,) near
P..+ and Py, we have

0(P.x ) = NG tu) g

E=3E=

1+v et 0(@(Peot, V(x,1m)))
2 N G B ) (428
u o 0(2(Po, V(x,11)))
oy MO g AGem) 429
0 (z(Po, V(x,1m)))
l — N m 0 ~ 9 ‘
) By, B 1m)) (#30
Then combining (4.28)-(4.30) yields (4.25) and (4.26). ]

5. Conclusions

In this paper, Finite genus solutions for Geng hierarchy are constructed, which are very impor-
tant because they reveal inherent structure mechanism of solutions and describe the quasi-periodic
behavior of nonlinear phenomenon or characteristic for the integrability of soliton equations. More-
over, they can be used to find multi-soliton solutions, elliptic function solutions, and others. How-
ever, we can’t straighten the flows of the entire soliton hierarchy under the Abel-Jacobi coordinates,
we will study it in the future.
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