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In this paper, we discuss how to construct the bilinear identities for the wave functions of the (%,, 0y )-KP
hierarchy and its Hirota’s bilinear forms. First, based on the corresponding squared eigenfunction symmetry
of the KP hierarchy, we prove that the wave functions of the (7, 0;)-KP hierarchy are equal to the bilinear
identities given in Sec.3 by introducing N auxiliary parameters z;, i = 1,2,...,N. Next, we derived the bilinear
equations for the tau-function of the (;, oy )-KP hierarchy. Then, we obtain the bilinear equations for the tau-
function of the mixed type of KP equation with self-consistent sources (KPESCS), which includes both the
first and the second type of KPESCS as special cases by setting n = 2 and k = 3. Finally, using the relation
between the Hirota bilinear derivatives and the usual partial derivatives, we show the procedure of translating
the Hirota’s bilinear equations into the mixed type of KPESCS.

Keywords: (%, 0} )-KP hierarchy; bilinear identity; 7-function; Hirota’s bilinear form.
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1. Introduction

Sato theory has important applications in the theory of integrable systems. It reveals the infinite
dimensional Grassmannian structure of space of tau-functions, where the tau-function are solutions
for the Hirota’s bilinear form of KP hierarchy. The KP hierarchy can be expressed in terms of
pseudo-differential operator and has the bilinear identities [3,4].
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Soliton equations with self-consistent sources (SESCS) are important integrable models in many
fields of physics, such as hydrodynamics, state physics, plasma physics. For example, the KdV
equation with self-consistent sources describes the interaction of long and short capillary-gravity
waves. The nonlinear Schrodinger equation with self-consistent sources represents the nonlinear
interaction of an electrostatic high frequency wave with the ion acoustic wave in a two component
homogeneous plasma. The KP equation with self-consistent sources describes the interaction of a
long wave with a short wave packet propagating on the x-y plane at some angle to each other.

As an infinite dimensional integrable system, it has been generalized to large sets of integrable
hierarchies by introducing new flows [7,16]. In [8], Liu and his collaborators construct an extended
KP hierarchy by introducing a new vector field ds,. This new extended KP hierarchy can be reduced
to the k-constrained KP hierarchy , the Gelfand-Dickey hierarchy with self-consistent sources, the
first type of KP equation with self-consistent sources(KPESCS) and the second type of KPESCS.
In [18], Yao and her collaborators propose a new (%, 0y )-KP hierarchy with two new time series
Y, and o. This new (7,, ox)-KP hierarchy can be regarded as a generalization of the extended KP
hierarchy, which consists of a y,-flow, a o -flow as well as a mixed ¥,- and ox-evolution equations
of the eigenfunctions [8]. The (;, 0x)-KP hierarchy contains the mixed type of KP equation with
self-consistent sources (KPESCS), which can also be reduced to both the first type and the second
type of KPESCS as special cases. Also, the constrained flows of the (%, oy )-KP hierarchy can be
regarded as a generalization of the Gelfand-Dickey hierarchy (GDH), which contains the first,the
second as well as the mixed type of GDH with self-consistent sources.

The KP hierarchy can be expressed in bilinear form using Hirota’s bilinear operators [6]. In this
formalism, solutions to the KP equation can be obtained without knowing its Lax pair. Researchers
have paid much attention on the subject of bilinear identities because of its importance in Sato
theory. By using the bilinear identities of soliton hierarchies [2—4,9, 15], we can derive the Hirota
bilinear forms for all the equations in the hierarchies. Recently, Lin and his collaborators give the
bilinear identities for the wave functions of the KP hierarchy with a squared eigenfunction symmetry
in [11]. Considering the squared eigenfunction symmetry as an auxiliary flow, they also give the
bilinear identities for the extended KP hierarchy. They obtain the generating functions of the Hirota
bilinear forms for the extended KP hierarchy by constructing the 7-function for the extended KP
hierarchy.

This paper is organized as follows. In Section 2, we briefly recall the KP hierarchy and the
(Y2, 01)-KP hierarchy. In Section 3, the bilinear identities of the (7,,0)-KP hierarchy are con-
structed. In Section 4, the 7-function of the (%,,0))-KP hierarchy is introduced. The generation
functions for the Hirota bilinear form of the (%,, 0x)-KP hierarchy are obtained. In Section 5, we
show the procedure of translating the Hirota bilinear forms into nonlinear partial differential equa-
tions. Conclusions are given in the last section.

2. The KP hierarchy and (¥, o;)-KP hierarchy
Let

L=0+ud ' 4upd?+--

be a pseudo-differential operator whose coefficients are considered as generators of a differential
algebra o7 [4].

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
310



Y.Q. Yao et al. / Bilinear Identities and Hirota’s Bilinear Forms

The well-known KP hierarchy
L, =[Bn,L], neN 2.1

can be constructed from the compatibility condition of the following linear systems [3,4]

Ly =Avy, (2.2a)
3;” —Byy, B,=(L"),, neN, (2.2b)

where {1, } are the time variables with 7; = x and B,, stands for the differential part of L". The com-
patibility of #,—flow and t,,—flow of the KP hierarchy (2.1) leads to the following zero-curvature
equations

(Bm),, — (B,,)tm =[Bn,Bm], mneN. (2.3)
Supposing that W = 1+ @0 ' + @02 +-- - is a dressing operator satisfying
IW=—Wa"W W, neN, (2.4)
then the operator L defined by
L=wow"™! (2.5)

is a solution to the KP hierarchy (2.1).
Let the wave functions and the adjoint wave functions be

v (t,A) =Welth), (2.6a)
yr (@A) = (W)l Y (,4) = Y 6d, (2.6b)

i>1
where W* is the formal adjoint of W defined by (Za,-&i)* = Z(—&)iai, we find that the wave

function (2.6a) satisfies the KP hierarchy (2.2) while the adjoint wave function satisfies

L'y* = Ay, (2.7a)
a *
alﬁl — By, B,=[L")",, neN. (2.7b)

Similarly, we can get the following hierarchy
L, =[L",B,], neN (2.8)
from the linear systems (2.7a). If the operator W* is a solution of
I [WH) T =[WH) oW i (W)™, neN, (2.9)

then the adjoint operator L* = —(W*)~!dW* is a solution to the hierarchy (2.8).
For any fixed k € N, by defining a new variable 7, whose vector field is given by

N
—s—1
aTk:atk_ZZgi § (9;S,
i=1s>0
Liu and his collaborators introduce a new extended KP hierarchy [8]
Co-published by Atlantis Press and Taylor & Francis
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L’n:[anL]7(n€N7n7ék)7 (2103)
N

Ly = Bk+ZQi<9_li”i,L] ; (2.10b)
i=1

Gis, = Bn (qi), (2.10¢)

rig, = —By (1), (2.10d)

gin. = Bi (qi), (2.10¢)

riafk:_Blﬁ(ri)ai:L"'vN- (2.10f)

The compatibility of #,—flow and 7, —flow of (2.10) gives rise to the following zero-curvature equa-
tions

i=1 i=1

N
B — (Bk + Z q,-alrl) +
Iy

N
By, By + Zqialr,-] =0.

For any fixed n,k € N, Yao and her collaborators propose the (7, ox)-KP hierarchy with two
generalized time series 7, and oy in [18]

L, =[Bs,L], (neN,s#n,s#k), (2.11a)
N
Ly, = B,,—i—aan,Blr,-,L] , (n#k), (2.11b)
i=1
N
Lo, = |Bi+ B Y qid~'ri, L], (2.11c)
i=1
qis, = Bs (qi) (2.11d)
rig, = —B; (ri), (2.11e)
0 (¢i.0, — Bi (41)) — Br (4iy, —Bn (41)) =0, (2.116)
& (ri, +Bg (ri)) = B (riy, + B (r;)) =0, i=1,...,N, (2.11g)
where a,, and f; are constants, ¢; and r; (i = 1,2,--- | N) are generalized eigenfunctions and adjoint

eigenfunctions. It’s easy to see that the KP hierarchy can be derived from (2.11) by setting ¢, =0
and fB; = 0. The commutativity of (2.11b) and (2.11c) under (2.11f) and (2.11g) gives rise to the
following zero-curvature equations

N N
By, —Biy, + [Bu, Bl + B | Buy Y 4i0 " 'ri| + 06| Y. qid"'ri,Be| =0. (2.12)
i=1 n i=1 n
Supposing that the operator W in (2.5) satisfies the following evolution equations
oW =—(WIW W, (s#ns#k) (2.13a)
N
Wy, =—(Wo"W ') W+a, Y qio 'nW, (n#k) (2.13b)
i=1
N
Wo, = —(W*W 1) W+ Y g0~ 'riW, (2.13c¢)
i=1
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we can prove that the operator L defined by (2.5) satisfies (2.11a) (2.11b) and (2.11c¢) (see [18] for
the proof).
When we take n =2, k =3 and set » =y, 63 =, u; = u, the mixed KPESCS

Ay, — 387111”1 — 12uuy, — Uy — 300 Z (qirl-)y + 4ﬁ3 Z (ql'l"l')x

N N
=1 =1 , (2.14a)

N
+3mp 'Zl (Qiri,xx - Qi,xxri) =0
i=

N
00 | Gis — Gixxe — 3Uqix — %Qia_luy - %Qi”x - %(XZ% jgl C]j”j) 7 (2.14b)

—B5(qiy — qiex —2ug;) =0
N
00 | 7if — Tipoe — 3urix+ %ria_luy - %riux + %(eri jgl CIjrj> : (2.14¢)
—B3 (riy+rixe+2ur;) =0, i=12,...,N
can be obtained from (2.12), (2.11f) and (2.11g).
In particular, if oo = B3 =0 (resp., tp = 0,35 =10orop = 1,5 =00r ap = 1,83 = 1), the
nonlinear equations (2.14) will be reduced to the KP equation [3,4](resp., the first type [12,13,17],

or the second type [5, 8, 12], or the mixed type of KP equation with self-consistent sources [18]).
The KP equation with self-consistent sources has important applications in physics [10, 13].

3. Bilinear Identities for the (7, o;)-KP hierarchy
We introduce d.,-flows (i =1,2,--- ,N) as
o,L=[q:d 'ri,L], i=1.2,...,N, (3.1)

where g; and r; are the eigenfunctions and their adjoint ones, respectively to construct the bilinear
identities for (2.11). According to the results given in [1], the relation between the operator W and

the auxiliary parameters z; (i = 1,2,--- | N) satisfies
W, =qd 'rW, i=1,2,---,N. (3.2)
Let £(t,A) = ¥ t;A' +1,A" + oy AX, the action of pseudo-differential operator on & (,1) is
i#nk
defined by
amg (l‘,l) — )Lm7
JMmeS(tA) — ymeS(tA)
for any integer m.

Denoting Z = (Z17Z27 o ,ZN)’
r= (tla .. wtnfla’)/natn#»la .. ~7tk—176katk+1a' : ) ort = (tla cee 7tn713’ynatn+la cee 7tk—176k7tk+17' . ')’ the
wave function and the adjoint wave function with auxiliary parameters z; (i = 1,2,--- ,N) can be
defined as

o (z,1,A) =Wes ) (3.3a)
o* (z,6,A) =(W*) e 804, (3.3b)

Before giving the bilinear identities for (2.11), let’s recall a useful lemma [3]:
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Lemma 1. Let P and Q be two pseudo-differential operators, Q* is the formal adjoint of Q, then
Res,P-Q* = Resy P (e5 W‘)) 0 <e—5<fv">) , (3.4)

where Res, <Zai8i> =a_; and Res), <Zaili> =a_.
i i
Now we have the following theorems:

Theorem 1. The (%,,0;)-KP hierarchy (2.11) is equivalent to the following bilinear identities with
N auxiliary variables z;, i =1,2,3,...,N,

Res; o (T,t,A) 0* (T',1',1) =0, (3.5a)
Resy o, (T,t,A)0* (T',1',1) = q; (T,t)r; (T',1'), (3.5b)
Res; o (T,t,4) [0 'q;i (T',t') 0" (T",1', )] = —q: (T 1), (3.5¢)
Res; [0 'ri (T,t) o (T,t,A)] 0 (T',¢',A) = r; (T',¢) ,i=1,2,..,N, (3.5d)
where
1= (tla~"7tn717’yn7tn+la"'7tk—170k7tk+17'“)7
1= (t/17' .. 7t/n—17/)/n7t/n+17' .- 7t/k7176/k7t/k+17' . ')7
T = (z1 — @Y% — POk, 22— 0¥ —PiOk, -+, zv — 0¥ — PkOk),
T/ - (Zl - an’)/n - BkG/]ﬁZZ - any,n - ﬁkollm 3 ZIN T any,n - ﬁkolk)7
and

f(Tlvt/) :Zgl 'gZ'f(Tat)v

g =" —1)" (=t )" (=t )" (et = ) (e — i)
alll ~“a""*18’”+1 malk—llalkJrl io—i ar,;azofi

e (ST (B — Bon) (00 — o)

il Y ey g e

82 =

The action of 0~ on the (adjoint) wave function is taken as pseudo-differential operator actin
J p i4 8

on the exponential part of the function, e.g., ' (r@) = (9~'rW) <e5 WL)) .

Proof. Let’s prove the following observations first

nmy
(B — gl ) a0t 3 3O O " (10,0

In—1 “lnt1 Te—1 g+ , (3.6a)
*
= Pm()ml"'mn—lmn+1"'mk—lmk+1"'mlw (T7t7)t)
ﬁ d g d moanﬂ B L B LS I L B LS I L] [r~(T t)]
k v, " doy f ti1 Ptat 1 Yt g S8 (3.6b)

= P’"Oml Mg Mgy Mg gy -y Vi (T7 t)

where Bugm,-my_myy--m_ymy.y-m, 18 @ differential operator in d since the actions of the partial

derivatives 0, (for i # n,k) and ﬁ, d%k can all be written as the actions of differential operators.
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Indeed, applying J,,, d% <o @*(T,t,A), the following expression can be constructed

’de
o, |0 (T,t,A)] = —B;[0"(T,t,1)], (3.7a)
d N
d'}/ [0)* (Tata)’)] = w;,, (Z,l‘,k) |Z:T — Oy Z (J)Z*’. (TJ?A)? (37b)
n =1
d ., . A
dTyk[w (T,1,A)] = w5, (2,1,A) lo=1 — B ), @ (T2, 1), (3.7¢)
j=1

which can be reduced to

d d
— —,— | [0" (T,t,A)] = [o,B; — BB, [@* (T,t,1)]. 3.8
(B~ e ) 0" (Tt 0] = a5~ Bl (T, )] 68)
Similarly, applying d;, ﬁ, d%k to r;(7,t) and taking (2.11e) (2.11g) into consideration, we have

O [ri(T,1)] = =B[ri(T,1)],i=1,--- N, (3.9a)

0 [rio, (1) |o=1 + Biri (T,1)] = B [ri, (2,8) |lo=r + Byr(T,1);] =0, (3.9b)
d N

d [ri (T,1)] = riy, (z,1) |z:T_aani,Zj (T,1), (3.90)
T =t
d N

H[ri (T7t)] = Ti,of (Z7t) ’Z:T - Bk]_; Tiz; (T,t). (3.9d)

Substituting (3.9¢) and (3.9d) into (3.9b), we obtain

(Bk d —aﬁ’) 1 (T.t) = (B — BBy i (T1). (3.10)
de

So the observations (3.6) can be obtained with the help of (3.7a), (3.8) and (3.9a), (3.10).
Now we prove the bilinear identities (3.5) from (2.11)(2.13)(3.2):
To prove the bilinear identity (3.5a), it is sufficient to consider the following case

mg
Res; @ (T,7,7) (Bk ‘; —ocnd) O+ QM QI L M G M g* (T, 4) = 0

th— t Ty— 1,
d de n—1 n+1 k—1 k+1

for every m; > 0.
By using Lemma 1 and observation (3.6a), we have

m
Res; o (T,t,ﬁ,) (Bkﬁ — a”dick> 08;]”1 s QM1 il [ =1 ML ‘at’,nlw* (T,t,l)

th—1 “lnt1 Te—1 Tl
-1 _
= Reslweé(t’k)PmOml"‘mn—lmn+1"'mk—lmk+l"'ml (W*) e s4)
=Res;W (W) ' P

MMy -+ M | Mgy 1 Mg | My =M

so the bilinear identity (3.5a) holds.
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Notice that W,, = ¢;0~'riW,i=1,2,...,N, we get

In—1 “lnt1 Te—1 Tkt
=Res; @, (T,1,A) Pugmy -y smys s ymey - @ (T3, 1)
=Res;qi (T,1) 1 (T, 1) WeS M) P ooy g (W)~ e 0A)
=Resyq; (T,1)0 ' ri(T,0) P o

=dqi (Tv t) Pm0m1 My M Mg Mgy 1 -y T (Ta t)a

ny
Res) ., (T,t,1) (Bkd% — a”diok) Oat’l”' B B LS W LSS LSS "'at’,nla)* (T,t, 1)

so the bilinear identity (3.5b) is proved.
Similarly, we have the following bilinear identity
Res; o (T,1,A) 0} (T',1', 1) = q;(T,t)r; (T',1'). (3.11)
By substituting @’ = —r;d0~'q;®* into (3.11) and @, = ¢;0 " 'r;® into (3.5b) respectively, the
bilinear identities (3.5¢) and (3.5d) can be proved.

Theorem 2. If q;(T,t), ri(T,t) (i=1,2,--- ,N),

o(T,1,4) = <1 +Zw,~z—i> oS4

i>1

and

o (T,l‘,l) =1+ Z (Di*)t_i e—i(t,l)
i>1
satisfy the bilinear identities (3.5), then the pseudo-differential operators L=WoW~! (W =1+
Y wid %) and functions q; and r; are solutions to the (y,,0y)-KP hierarchy (2.11).
Proof. For any m > 1, denoting W = 1 + ¥ @}~ and taking (3.5a) and Lemma 1 into account ,
i>1

we have

ResyWW*9" = Res; Weo('4) (—9)"We ¢ (4)

=Res, 0 (T,t,A)(—3)"0*(T,t,A)

=0,

which implies that the negative part of (WW*)_ is 0. Noticing that the non-negative part of (WW*) .
is 1, we have W = (W*)~ 1.
For any m > 0, the following computation

ResyW, W1 (—9)" = ReSlWZieﬁ(I,l)am (Wﬁl)*eé(“’l)
=Res; o, (T,t,A)d"w* (T,t,A) ’
=qi(T,t)d"ri(T,t)

leads to
(WZinl)_ =dqi (T7 Y) a71"'1' (T7 y) .
Since the non-negative part of (W,W~") _ is 0, then (3.2) holds.
From the definition of W, we know that (W,, +L_ W), = 0.
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For m > 0 and s # n, s # k, we have the following computation
Resy(W, W' + L) 9™ =Resy(WW '+ (Wa'W—1)_) o™
= Res; W, e . (=9)"(W*)"le ¢4 L Resy (W W ™! — (Wa*W 1) )9
= Res; W, e M) . (—9)"(W*)le oA  Resy Waes ) . (—g)mw*~le=s(t4)
=Res; @y, (T,1,A)(—0)"o*(T,1,A) =0,

which means that (2.13a) holds.
Similarly, we can get

d

an W(T,t)]=—L"W, (3.12a)
d _ 7k
d—ck[W(T,t)] =-L"W, (3.12b)
1.e.,

qié?riW = —LYLW,

N
W'J/n (Zat7 ) |Z:T — Oy

i=1

N
WO’k (Zat)|z:T - ﬁk ZQiariW = —L]iW.
i=1

So (2.13b) and (2.13c) are proved.
Applying both sides of (3.12) to 5 (1h) respectively, we can get the following equalities

d
- T :Bn Ta ) 3
dan( L A) o(T,t,1)

d
dicfkw(T’t’l) - Bkw(T,t,l)

Then according to (3.5¢), we find

d‘; [o(T,1,A)] -0~ (q:(T' 1) o* (T',', 1))
=L’ (—Res, o(T,t,A) -9~ (q:(T',t")w*(T",t',2)))

= Li(q,-(T,t)),

d
an [¢i(T,t)] = —Resy,

which leads to

N
U Y qiz; (Tst) +qiy, (2,1) =1 — L qi (T,1) = 0. (3.13)
j=1
Similarly, we have
- k
B Y. giz; (T,1) + gy (2,1) |o=1 — L 4 (T, 1) = 0. (3.14)

j=1
So equation (2.11f) can be proved by combining (3.13) and (3.14).
Equation (2.11g) can also be proved in the similar way from (3.5d). O
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4. Tau-Function for (7, o;)-KP hierarchy

Since the (adjoint) wave functions of (};,, ox)-KP hierarchy satisfy the same bilinear equation (3.5a)
just as the (adjoint)wave functions of the original KP hierarchy do (if one considers z;,i =1,2,--- |N
as auxiliary parameters), it is reasonable to assume the existence of tau-function and make the
following assumptions

e

T(zt=[A]) enn)

w(T,[,l):We R (413)
7(z,1)

o (T,1,A) = we—é‘m, (4.1b)
T(z,1)

where the ™ over a function f(z,¢) is defined as

f(z,t) = f(z1 — QY — BiOks - - - ,2v — OV — PicOk, 1) 4.2)

: 1 _1
with [)L] = (Ivﬁa"')) <= (217227"'7ZN)7 = (tb'"atnfl7’}/n7tn+l>'"atk—lackatk-l-l?'")' For
example,according to the definition (4.2), we have

—_~—

T(Zat) = T(T>t)>

P

T(th_ M’]) = T(th_ M’])?

where

1 1 .
R:(RlaRlv"'7RN)7 Ri:Zi_an<'}/n_nln>_Bk<6k_w), l:1,2,...7N.

According to [2,11], assume

gi (z2,1) = 'i"((zzjtt)) o) = ’;((ZZ;)) i=1,2,...,N. 4.3)
we can get the following results

O (r(T,1) o (T,1,A)) = Wfﬁ(%“, i=1,2,...,N, (4.4a)
=1 (qi(T,1) @ (T,1, 1)) = Weé‘“), i=1,2,...,N. (4.4b)

Substituting (4.1) (4.3) and (4.4) into (3.5), we have
Res; 7 (o, — (A7 (mt + [A])eE0H) =0, (4.50)
Resy 7., (2,7 — [A])T (28 1 [A])ef =) (4.5b)
~Resy T(2,0 — [A])(0;log T (e.0)) 7 (1" + [A)eE P = i (e.0)pi (), (4.50)
Res; A7 (5,1 — M)k (7' + [A])eS D) = & (z 1) (2.1, 4.5d)
Resy A~ py (2.1 — (AT (o' + [A)eS0 M = pi ()7 (2.1). (4.50)
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Denoting y = (y1,y2,---) and setting ¢ and ¢’ as t +y and ¢ — y respectively, we can write the equalities
(4.5) as the following systems with Hirota bilinear derivatives D and D;’s:

i=0

ipi@y)pm( ew(Zyl l) -7 (T,1) =0, (4.6a)

— ¥ pi(25)[0:1og T (T,1 +3)] pis (=D)t(T,t+y)-t(T,t —y)

i=0

+§op (@) iy (=D)exp < 1y iDi) % (1) 7 (1) , (4.6b)

=exp (Z yiDi> Ki(TJ) ‘Pi T7t)

=

8
T8

£ pi2p(-D)exs (£ yi) e(1.0)- (1)

i=0

, (4.6¢)
— exp (,z yiDi) K (T,0)-2(T,1)

£ pi(23)pi (-D)exp (_E yiD; ) pi(T,1) - 7(T,1)

i=0 i=1 ) (4.6d)
= exp <_§1yl~Di> (T,t)-pi(T,t)

where D = (Dl, %Dg, ;D:;, ) D; is the Hirota bilinear derivative defined by D;f - g = f.8 — fg;
and p; (y) is the i—th Schur polynomial given by exp Z yili = Z piy)A!

Let y = 0, the equation (4.6b) can be converted 1nt0 the followmg forms by using the Hirota
bilinear operator

ki (T,1) pi (T,t) +Ds;, (Tt) - (T 1)
:Ki(Tvt) pi (T7t) +DZ,‘TX (Tat) : T(Tvt)
=k; (T,t) pi (T,t) +3DxD,T(T,t) - T(T,t)’
=0

4.7)

By setting n = 2, k = 3 and comparing the coefficient of y3 in equation (4.6a) and the coefficient of
¥2,¥3 in equation (4.6¢) (4.6d), we can obtain
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1
K; (Zat) pi (Z?t)+§D1DZiT(Z7t) ’ T(Zat) =0, (4.82)
I N 2 N
Di+3| Dy~ Y D, | —4D1{D3—B3Y. D, || t(z,1)-7(z,1) =0, (4.8b)
i=1 i=1
g N N
4| D3—B3Y. D, | +3D1 (D2 — 0 Y. D, | =D} | t(z,1) - K (z,1) =0, (4.8¢)
L i=1 i=1
[ N N
4| D3—B3Y. D, | 43Dy (D2 — 0 Y. D, | =D} | p; (z.) - 7 (z,1) =0, (4.8d)
i i=1 i=1
[ N
Di+(D2— Y. D, || t(z,1) K (z,1) =0, (4.8¢)
L i=1
i N
Di+(Dy— Y. D, || pi(z,t)-T(z,t)=0, i=1,2,---,N. (4.8f)
| i=1

The bilinear equations (4.8) correspond to the mixed type of KP equation with self-consistent
sources [5], which can be reduced to the first type or the second type of KP equation with self-
consistent sources by setting a; = 0 or 3 = 0 respectively. The KP equation with self-consistent
sources describes the interaction of a long wave with a short-wave packet propagating on the x,y
plane at an angle to each other [13].

5. The Procedure of Getting Nonlinear Equation from Hirota’s Bilinear Equation

At the beginning of this section, we recall two identities for arbitrary functions 7(¢) and x(¢), which
is proved in [11]

2cosh( X8 |1 Y69,
exp (ZS,'D,) Kt=e (f ) e (x/7), (5.1a)
i
2cosh( £, )1
cosh (Z&Dl) Tr=e <,- > 8T (5.1b)
i

By defining u = dZlogt(x=1,), =%, r , we can get [11]

n 2n
(350) LI

_ b
1

1 & B

?';)TK-TZCXP znglwa ul -ei q, (523)
2n 2n

| = <Z5iDi> w (251'91')

el W N A Ni /52
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2n
_ (xa0)
79*% -e)!:& r. (5.2¢)

and similarly, we have

| - (zon)
— 7p T=exp |2

Comparing the coefficient of (6,-)j ,J > 0, we can get the relations between the Hirota bilinear deriva-
tives and the usual partial derivatives. Here are some of them

(D% — gy + 1202, PLET — o, DIDYTT — 991y
D?Tg = ri1,1 +6ury, 2232 = 1y 5 4+ 29wy
D2£~r :I’ZvDSTI;T :r3aD1£.T :r171—{—2ur (5-3)
Di’z” = q1,1.1 +6uqi, 2L = g1 5+2q0
%—@,D‘”—%, = =q11+2ug

where the subscripts 7, j,--- of u; j,...,7i j,....qi j,... denote the derivatives with respect to the vari-
ables f;,t;,---
We also have the following expressions

D‘L"C

D\D; 11_29 1, i, DyD; 11_28 IMZZ, :za—luzm

D;; =y PP =y 4200 (5.4)
D xt Dllg KT 1

2 = Y4 =q1;+299"

where the subscripts z; (i = 1,2,3,...N) of u denote the derivatives with respect to the variables z;
(i=1,2,3,...,N).

By using (5.3) and (5.4), we can write (4.8) as the following nonlinear partial differential equa-
tions

8*18Ziu—|—riqi:0,

N N 2
<uxxx + 12uuy +4B3 Y uy, — 414,) +3 <8y - Y azk> u=20,
k=1 k=1

N N
_4‘11',1 + 4B3Qi,zk + 3Qi,xy + 6‘]1’ (ay — 0 kZI azk> 871” - 30‘2 k21 qi xz; + qi xxx + 6”‘]i.,x = 07

X

N _1 N (5.5)
4riy —4Pariz +3rixy + 61| 0y — 0 kzl dy |07 u—3m, kzl Fixzg — Figex —OUrix =0,

N
qixx + 2”‘]1' —dqiy + 0 kzl 9iz = 07

N
Tie +2uri+riy—0p ¥ ri,, =0, i=1,2,3,...,N
k=1

Equations (2.14) can be obtained by eliminating the auxiliary variables z; in (5.5). So we can
see that the Hirota bilinear equations (4.8) correspond to the mixed type of KP equation with self-
consistent sources (2.14).
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6. Conclusions

The bilinear identities for the (7, 0x)-KP hierarchy [18] are constructed in this paper, which could
be seen as the generating functions of all the Hirota’s bilinear equations for the zero-curvature
forms in the (%, o;)-KP Hierarchy. Many integrable 2+1 dimensional equations with self-consistent
sources are included as special cases of this hierarchy. We have shown that the Hirota’s bilinear
forms (4.8) correspond to the mixed type of KPESCS, which can be reduced to the first and the
second type of KPESCS.

With the help of N auxiliary flows (d.,—flow), we obtain the bilinear identities of the whole
(Y, 0 )-KP hierarchy, which have many important applications. For example, taking the intimate
relation between quasi-periodic solutions and bilinear identity into account, we investigate the
quasi-periodic solutions for the (%,,0;)-KP Hierarchy. Under proper constraints, the (7, ox)-KP
hierarchy can be reduced to Gelfand-Dickey hierarchy (GDH), KdV equation, Bonssinesq equation
and many other equations with self-consistent sources. So the bilinear identities of the (7, oy )-KP
hierarchy can help us learn the relation among these equations’ bilinear identities. We will investi-
gate these problems in future.
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