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In this paper, we apply Fokas unified method to study initial-boundary value problems for the two-component
Gerdjikov-Ivanov equation formulated on the finite interval with 3 x 3 Lax pairs. The solution can be expressed
in terms of the solution of a 3 x 3 Riemann-Hilbert problem. The relevant jump matrices are explicitly given
in terms of three matrix-value spectral functions s(A), S(1) and Sy (1), which arising from the initial values at
t = 0, boundary values at x = 0 and boundary values at x = L, respectively. Moreover, The associated Dirichlet
to Neumann map is analyzed via the global relation. The relevant formulae for boundary value problems on the
finite interval can reduce to ones on the half-line as the length of the interval tends to infinity.

Keywords: Two-component Gerdjikov-Ivanov equation, initial-boundary value problem, Fokas unified method,
Riemann-Hilbert problem.

1. Introduction

The Gerdjikov-Ivanov (GI) equation takes in the form [10]

i

3-2
. 1.1
794 (1.1)

q:r = i%cx + qz@c +

In these years, there has been much work on the GI equation, including Hamiltonian structures [2],
Darboux transformation [3], rouge wave and breather soliton [19], algebro-geometric solutions [11],
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envelope bright and dark soliton solution [17]. Recently, Zhang,Cheng and He obtained the N-
soliton solutions with Riemann-Hilbert method about the two-component (2-GI) equation [22]
{ Q1 = iqre+q1 (@131 + 92420) + 591 (|1 [* |2 ) +ilqrg2 g1, (1.2)

9 = 2+ @211+ 2320) + 592191 |* + 1g2|*) + il 919217 g2

In 1997, Fokas announced the unified transform for the analysis of initial boundary value (IBV)
problems for linear and nonlinear integrable PDEs [4]. The Fokas method was usually used to ana-
lyze the IBV problem for integrable PDEs with 2 x 2 Lax pair on the half-line and the finite interval,
such as nonlinear Schroéding equation [5,6], sine-Gordon equation [7,15], KdV equation [8], mKdV
equation [1,9], derivative nonlinear Schréding equation [12]. In 2012, Lenells extended this method
to the IBV problem of integrable systems with 3 x 3 Lax pair on the half-line [13]. After that, several
important integrable equations with 3 x 3 Lax pair have been investigated, including Degasperis-
Procesi [14], Sasa-satuma [18]. However, there has been still less work on the IBV problems on the
finite interval of integrable equations with 3 x 3 Lax pair except to the two-component NLS [20],
general coupled NLS [16] and the integrable spin-1 Gross-Pitaevskii [21] equations.

In this paper, we apply Fokas method to consider 2-GI equation with the following initial bound-
ary value data:

Initial value: q1(x,t =0) =qio(x), q2(x,t =0) = g20(x),

Dirichlet boundary value: ¢;(x =0,t) = go1(¢), @2(x=0,1) = g (),
qi(x=L,t)= fo1(t), qa(x=L,t)= foalt), (1.3)

Neumann boundary value: g1,(x =0,7) = g11(f),  qax(x=0,1) = g12(¢),
‘I1x(x:L>t):f11(t)v 612x(XZLJ)—f12(t)7

where g (x,7) and ¢, (x,t) are complex-valued functions of (x,#) € Q, and Q denotes the finite
interval domain

Q={(x1)][0<x<L0<t<T},

here L > 0 is a positive fixed constant and 7 > 0 being a fixed final time.

Comparing with two-component NLS equation [20], the IBV problem of the 2-GI equation (1.2)
also presents some distinctive features in the use of Fokas method: (i) The order of spectral variable
k in the Lax pair (2.1) is higher than that of 2-NLS equation. In order to make the results on the
interval reduce to the ones on the half-line, we should first introduce transformation y(x,7,k) =
k%Ad)(x,t,k)k_%A so that the Lax pairs are even functions of k. (ii) The 2-GI equation admits a
generalized Wadati-Konno-Ichikawa (WKI) type Lax pair, which admits a gauge transformation to
AKNS-type Lax pair, but this gauge transformation can not be used to analyze the IBV problem by
mapping it into 2-NLS equation. We need to introduce a matrix-value function G(x,¢) to transform
the WKI-type Lax pair into AKNS-type Lax pair.

Organization of this paper is as follows. In the following section 2, we perform the spectral
analysis of the associated Lax pair for the 2-GI equation (1.2). In the section 3, we give the cor-
responding matrix RH problem associated with the IBV problem of 2-GI equation. In section 4,
we get the map between the Dirichlet and the Neumann boundary problem through analysising the
global relation. Especially, the relevant formulae for boundary value problems on the finite interval
can reduce to ones on the half-line as the length of the interval approaches to infinity.
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2. Spectral analysis
2.1. Lax pair
The 2-GI equation admits a 3 x 3 Lax pair [22]

v, +ik* Ay = Uy, (2.1a)

v, + 2ik* Ay = Uy, (2.1b)

where y(x,7,k) is a 3 x 3—matrix valued eigenfunction, k € C is the spectral parameter, and
U (x,t),Uz(x,t) are 3 x 3—matrix valued functions given by

. . .
Uy = —kOA + %QZA, Us = —2K30A+ik*AQ? + ikQ, — E[Qx, o]+ iQ“A, (2.2)
10 0 0 q1 9
A=10-10 |, 0=[g 00 ]. (2.3)
00 —1 g0 0

There are both odd power and even power of k in the Lax pair (2.1), to make (2.1) are even
functions of k for analyzing the large L limit, we introduce a transformation

Wt k) = k2N (x 1, k2, (24)

and get an equivalent Lax pair
O+ ik*Ap = U, ¢, (2.52)
O+ 2ik*A¢ = U9, (2.5b)

where

0, = —QIA—k2Q2A+§Q2A,

) (2.6)
3 1
U = —2k* Q2 A+ K (IAQ” +iQa = 201A) + (iQ1x — 5[0, O] + §Q4A),
04q1 g2 000
O1=(1000 |, O=1q00], 0=01+0». 2.7
000 G 00
Let A = k?, Lax pair (2.5) becomes
O+ iAAG = U1 0, (2.8a)
O +2iA°Ap =059, (2.8b)

where Uy, U, are given by (2.6) with k? replaced with A.
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2.2. The closed one-form

Defining a 3 x 3 matrix-value function

1 00
Gx,t)=| %4110 |, (2.9)
%QZ 01
and making a transformation
0 (x,1,k) = G(x, 1)1 (x,1, k)e M2 (2.10)
then we get a new Lax pair for p(x,7,4)
Mo +IA[A 1] = ViU, (2.11a)
U +2iA% (A, 1] = Vo, (2.11b)
where
~1 P ~1
Vi=G (-0Qi1A+ EQ AN)G—-G Gy, (2.12a)

V= 4G AQ +i0a —20IN)G+ G (101~ 5100+ LO*NG-G'G,. (2120)

Letting A denotes the operators which acts on a 3 x 3 matrix X by AX = [A,X], then the equa-
tions (2.11) can be rewritten in a differential form

d(e(ilx-‘rzikzt)f\u) — W, (213)
where the closed one-form W (x,z,k) is defined by

W = 220N (v g L Vo). (2.14)

2.3. The eigenfunctions ;’s
We define four eigenfunctions {u j}‘]‘ of (2.11) by the Volterra integral equations

Wit k) =T+ [ e Pt20Aw (/¢ k). j=1,2,34. (2.15)
Yi

where W; is given by (2.14) with u replaced by ;, and the contours {yj}‘l‘ can be given by the
following inequalities ( see Figure 1):

Yi:x—x' >0,t—1 <0,
$ix—x >0,t—1 >0,
$:x—x <0,6—1 >0,
Ya:x—x <0,6—1 <0.

(2.16)
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Fig. 1. The four contours 7;,7», ¥ and Y4 in the (x,7)—domain.

Fig. 2. The sets Dy,,n = 1,...,4, which decompose the complex A-plane.

and the matrix equation (2.15) involves the exponentials

1, 20 (x—x)+4id2(t—1") 2iA(x—x')+4iA%(1—1")
e ,e

. =20 (x—x')—4id > (t—1'
,uj]Z- e A (x—x")—4id=(t t)7

“j]3: o 2iA(x—x)—4id>(1—1")

[

=TT

(2.17)

from which, we find that the functions {;} are bounded and analytic for A € C such that A belongs

to

1 : (D2,D3,D3),
M2 : (Dy,D4,Dy),
M3 : (D3,D2,D2),
Ha : (D4,D1,D1),

(2.18)

where {D,,}‘lt denote four open, pairwisely disjoint subsets of the complex A —plane showed in

Figure 2.
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And the sets {D, } admit the following properties:

= {k € C|Rel; > Rel, = Rel3,Rez; > Rezo = Rezs},
Dy = {k € (C\Rell > Rel, = Relsz,Rez; < Rezp = ReZ3},
D; = {k € C‘Reh < Rel, =Rels,Rez; > Rezp = R6Z3},
Dy = {k € C|Rel; < Rel, = Rel3,Rez; < Rezp =Rez3},

where /;(A) and z;(1) are the diagonal entries of matrices iAA and 2iA%A, respectively.

2.4. The spectral functions M,,’s

For each n = 1,...,4, a solution M, (x,#,A) of (2.11) can be defined by the following system of
integral equations:

(My)ij(x,1, 1) = U+/ l““dfﬁv@uﬂm)J AeD, ij=123 (219
ij

where W, is given by (2.14) with u replaced with M,,, and the contours ¥, n=1,...,4,i,j=1,2,3
are defined by

7 if Rel;(A) <Relj(A) and Rez;(1) > Rez;j(A),

) v if Relj(A) <Rel;(A) and Rez;(A) < Rez;j(A),
Y=\ 1 if Reli(A) > Relj(1) and Rezi(1) < Rezj(A), O *€Dw (2:20)

% if Reli(A) > Relj(A) and Rez;(A) > Rez;(A).

Here, we make a distinction between the contours 3 and }; as follows,

,}/r_ _ { 7, lf H1§i<j§3(Reli(l) —Rel](l))(Rez,(l) —RGZJ'(A)) < 07 (2 21)
Y s if Thi<icj<3(Reli(A) —Relj(4))(Rezi(4) —Rez;(4)) > 0. '

The rule chosen in the produce is if /,, = [,,, m may not equals n, we just choose the subscript is
smaller one.
According to the definition of the ", one find that

Ya Ya Ya B3P
Y=|(rwn|r=|nnn
Y2 YaYa nhyy

(2.22)
BN Yaye v
Y=|(npn|r=uumn
BBV Y4 Vs Ya

The following proposition ascertains that the M,’s defined in this way have the properties
required for the formulation of a Riemann-Hilbert problem.

Proposition 2.1. For each n = 1,...,4, the function M,(x,t, 1) is well-defined by equation (2.19)
for A € D, and (x,t) € Q. Moreover, M,, admits a bounded and contious extension to D, and

1

My(x.0,2) =1+0(3), A= AED, (2.23)
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Proof. Analogous to the proof provided in [13] 0

Remark 2.1. Of course, for any fixed point (x,#), M, is bounded and analytic as a function of
k € D, away from a possible discrete set of singularities {k;} at which the Fredholm determinant
vanishes. The bounedness and analyticity properties are established in appendix B in [13].

2.5. The jump matrices

The spectral functions {S,(A)}} can be defined by
Sp(A) =M, (0,0,1), AeD,, n=1,....4 (2.24)

Let M denote the sectionally analytic function on the Riemann A —plane which equals M,, for A €
D,,. Then M satisfies the jump conditions

M, = MyJp p, k € D,ND,, nm=1,....,4, n#m, (2.25)
where the jump matrices J,, ,(x,7,A) are given by

T = ef(ilx+2i121)f\(srﬁlsn)_ (2.26)

2.6. The adjugated eigenfunctions

As the expressions of S,(A) will involve the adjugate matrix of {s(1),S(1),S.(A)} defined
in the next subsection. We will also need the analyticity and boundedness of the the matrices
{;(x,2,1)}}. We recall that the adjugate matrix X of a 3 x 3 matrix X is defined by

mi(X) —mip(X) mi3(X)
XA = —mn(X) mn(X) —mys(X) |,
m31(X) —m3n(X) ms3(X)

where m; (X ) denote the (ij)th minor of X.
It follows from (2.11) that the adjugated eigenfunction u4 satisfies the Lax pair

et — A [A, pt] = v,
{ pt —2iA2[A, uA) = —vI pA, (2.27)

where VT denotes the transform of a matrix V. Thus, the eigenfunctions { u;‘ ‘1‘ are solutions of the
integral equations

wh(x,t,A) =1~ ye"W*X'HW<f*”>A(v1de+vadt)yj.*, j=1,2,3. (2.28)
J

Then we can get the following analyticity and boundedness properties:

“114 : (D3,D27D2)a
;u:)’A : (D27D37D3)a ( . )
ui : (D1,D4,Ds)
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2.7. Symmetries
We will show that the eigenfunctions p;(x,, k) satisfy an important symmetry.

Proposition 2.2. The eigenfunction y(x,t,k) of the Lax pair (2.1) satisfies the following symmetry:

—T

vl (x,0,k) = w(x,,k) = —Ay(x,t,—k)A, (2.30)
here the superscript T denotes a matrix transpose.
Proof. The matrices U (x,t,k) and V (x,7,k) in the Lax pair (2.1) written in the form
Ve =Uy, Vi =Vy,
satisfy the following symmetry relations
Ux,t,k)" = —U(x,1,k),  V(x,t,k)T ==V (x,1,k), (2.31)
and
U(x,t,k) = AU (x,t,—k)A, V(x,t,k) = AV (x,t,—k)A. (2.32)
In turn, relations (2.31) and (2.32) imply
v (x,1,k) = U(x,t,k)w (x,1,k), v (x,1,k) =V (x,t,k) )y’ (x,1,k), (2.33)
and
v (x,t,k) = —AUT (x,t, —k) Ay (x,1,k), viA(x,t,k) = —AV (x,t, k) Ay (x,1,k).  (2.34)
O
Remark 2.2. From proposition 2.3, one can show that the eigenfunctions u;(x,#,A) of Lax pair

equations (2.11) satisfy the same symmetry.

2.8. The J,,,’s computation

Let us define the 3 x 3—matrix value spectral functions s(1), S(A) and S;.(A) by

w3(x,1, ) = o (x,1, A )e Axt2ARDAG Ry (2.352)
1y (1, A) = o (x,1, A )e~ (Axt2i20Ag 5y (2.35b)
wa(x,t, ) = pa(x,t, A)e (A0—LH2220Ag, 4y (2.35¢)
Thus,
s(A) = p3(0,0,1), (2.36a)
S(A) = 11(0,0,1) = XA 10,7, 1), (2.36b)
SL(A) = pa(L,0,4) = 2H AU (LT, 1), (2.36¢)
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And we can deduce from the properties of u; and u} that {s(1),S(),S.(A)} and

{s*(1),84(1),S2 (1)} have the following boundedness properties:
s(A): (D3UD4,DyUD;,D1UD>),
( ) (DQUD4,D1UD3,D1UD3),
(l) (DQUD4,D1UD3,D1UD3),
(l) (DlUDz,D3 UDy4,Ds UD4)7
SA( ) (D1UD3,D2UD4,D2UD4),
Sé( ) (DlUD3,D2UD4,D2UD4).

Moreover,
My (x,t,A) = o (x,1,A)e” (Ax22°DAg 2y A € D, (2.37)

Proposition 2.3. The S, can be expressed in terms of the entries of s(A),S(A) and Si.(A) as follows:

S
7] 2 3 g 12913
Si=| 0 wmahs |, 2= | Ay, 23 |, (2.38a)
0 oA o3 (STS;‘/})“ 532 533
s m33(8)ma1 (S)—mo3(8)m31(S) m3z(s)mai (S)—ma (s)m31(S)
11 (SSTSA 0 S (ngSA)“ :
Sy = | s m”(Y)m”((sT_Am|]]3(X)m3l( ) m3( )m”((ATSA’;IIZ( )m31(S) ,
s ma3 (8)my1(S)—my3(s)ma1(S) maa(s)my1(S)—mia(s)mai(S)
31 (sT8M) 1 (sTS4) 1 (2.38b)
a0 0
m33 () ma (o
Sy = | 9 3;;;?/) 3,%?{)
oty = =i

where o/ = ('Q{ij)?,j:l is a 3 x 3 matrix, which is defined as </ = s().)e_iALASL(l). And the functions

(STSA)U = S1mii(s) — Saimai (s) + S31m31(s),

(s" 811 = s11m11(S) — s21m21 (S) + s31m31 (S).
Proof. Firstly, we define R,(1),7,(1) and Q,,(A) as follows:

Ry(A) = 2 TApg (0,7, 1), (2.392)
T,(A) = e AM,(L,0,1), (2.39b)
0n(A) = eALTUDAN (1 T 7). (2.39¢)

Then, we have the following relations:

My (x,t,A) = py (x,1, A )eliAxT2R20AR (7).

My (x,t, 1) = o (x,1, A )elitx+2iR20Ag (3,

Ma(,1,3) = ps (1,1, )P 2R0AT, (3), 240
My (x,1,A) = pa(x,1, A )el 5202080 ()
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The relations (2.40) imply that

, (2.41)

These equations constitute a matrix factorization problem which, given {s(4),S(1),S.(A4)} can be
solved for the {R,,S,, T, 0, }. Indeed, the integral equations (2.19) together with the definitions of
{Rn,Su, T, 0} imply that

(Ra(A))ij =0 if ¥i=n,
(Sa(A))ij =0 if =,
(T(A))ij = 87 if 7=, (242)
(Qn(ﬂ‘))l] - 51] lf 7" Ya.

It follows that (2.41) are 27 scalar equations for 27 unknowns. By computing the explicit solution
of this algebraic system, we arrive at (2.38). O

Remark 2.3. Due to our symmetry, see Lemma 2.30, the representation of the functions S, (1) can
be become simple. It leads to much more simple to compute the jump matrices Jy, , (x,7,A4).

2.9. The residue conditions

Since W, is an entire function, it follows from (2.37) that M can only have sigularities at the points
where the S,s have singularities. We denote the possible zeros by {4, }’1v and assume they satisfy the
following assumption. We assume that

mi1(27)(A) has ng possible simple zeros in Dy denoted by {A,}}°
(STs*)11(k) has n; — ng possible simple zeros in D, denoted by {A; I
(sTS%)11(k) has ny —ny possible simple zeros in D3 denoted by {A,}"
(k) has N — n, possible simple zeros in Dy denoted by {4;}"

n1+1;

ny+1 >

and that none of these zeros coincide. Moreover, we assume that none of these functions have zeros
on the boundaries of the D,’s. We determine the residue conditions at these zeros in the following:

Proposition 2.4. Let {M,}} be the eigenfunctions defined by (2.19) and assume that the set {4}
of singularities are as the above assumption. Then the following residue conditions hold:
33 (A)[M(Aj) ]2 — 3 (A)) [IM(A))13 22
. e 9
1 () (Aj)mar () (4;)

Res;L:,lj [M]l = 1< < I’l(),lj €D, (2.43a)

Resy—p,[M]1 =

A
QL[S
2
”:>
.

+ S31(A )Yzz(/lfI

—S21(A)s32(A)) 20 [M(A)))a (2.43b)

_ m33(5)(Aj)ma1(S) (A7) —ma3(s)(Aj)m31 (S)(Aj) —26(A,) ,
Res)“:)*j [M]2 = j (xTSA)Iljl (lj)sn(?tj)j e ’ [M(l]”l

(2.43¢)
l’ll—|—1 Sj§n27kjeD3)
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_ m3(s)(A))ma1 (S)(A;) —man(s) (Aj)m31 (S) (X)) ,—26(A;) ,
Resk:}‘/ [Ml; = ] (STSAjljl(lj)S11(7Lj / e M)

. (2.43d)
ni+1 §J§n2,7tj€D3.
m33()(Aj) e -
Resy_y. M), = ———" 200 DM, 1<j<N,A; €Dy. 2.43
eslfl_/[ ]2 :52{1](2/]),52{21(1])6 [ ( ])]1 n2+ SJ> ] 4 ( e)
mn () (A1) 26 :
Resy_) M]3 = ————— PDIM(A), 1<j<N,A; € Dy. 2.43
where f = g and 0 is defined by
0 (x,1,A) = idx+2iA°r. (2.44)

Proof. We will prove (2.43a), (2.43c), the other conditions follow by similar arguments. Equation
(2.37) implies the relation

Ml — ‘uze(l’kx-‘rZi}Lzl)[A\Sl ’ (2.453)

M3 — IJQe(i},X+2i?L2[)/A\S:37 (245b)

In view of the expressions for S; and S35 given in (2.38), the three columns of (2.45a) read:

1

2.46
i ()’ (2.46a)

(M1 = [12]1

[My]> = (o] 20 o + [Wa)aot0 + (2] 3.2, (2.46b)

(M]3 = [pa]ie 20 A3 + [Wo]r o3 + (o). (2.46¢)
while the three columns of (2.45b) read:

[Ms]1 = [to]1s11 + [M2]2s21€°® + [12]3531 €7 (2.47a)

[Ms]a = [po]y e BcpmltienSl 20
+ [Nz]zm‘z}(“)ml'((fr)s}n)z'f ()31 (S) (2.47b)
+[N2]3 et l((sST)S_A’;lll:(s)mzl (S)

M]3 = [[Jz]l"’32(5)’"21((;92&’;11212(5)’"31(S)6—29
+[/.12]2 m32(s)m11552§?11f(S)m31 (S) 70
+[U2]3 maa(s)my I((A;ST);‘?lI,Z(S)mZI (S) .
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We first suppose that A; € D; is a simple zero of m;(.</)(4). Solving (2.46b) and (2.46¢) for
[12]1, [H2]3 and substituting the result in to (2.46a), we find

[M] :%3[M1]2—~Q732[M1]3629_ [“2]2 626
i myy (o )ma () my ()

Taking the residue of this equation at A;, we find the condition (2.43a) in the case when A; € D.
In order to prove (2.43c), we solve (2.47a) for [u]1, then substituting the result into (2.47b) and
(2.47¢), we find

m33(s) my3(s) m33(s)ma1 (S) —mo3(s)ms1 (S) _
T I
[M3}3 _ mz?fs) [/»12]2 + mizlfs> [ 2] m32(S)ng£f;;Z¢jfl<S)m31 (S) 6_26 [M3]1. (2.48b)

Taking the residue of this equation at A;, we find the condition (2.43c) in the case when A; € D3. [

2.10. The global relation

The spectral functions S(4),S.(4) and s(A) are not independent but satisfy an important relation.
Indeed, it follows from (2.35) that

1y (x, 1, A ) e AxF2RDALG=1 Q) s (A)eMAS, (A1)} = pg(x,1,A). (2.49)
Since p;(0,7,4) =1, evaluation at (0,7) yields the following global relation:
ST A)s(A)e*EAs, (A) = 2R TAL(T, ), (2.50)

where ¢(T,A) = us4(0,T,A).

3. The Riemann-Hilbert problem

The sectionally analytic function M (x,z,A) defined in section 2 satisfies a Riemann-Hilbert problem
which can be formulated in terms of the initial and boundary values of g;(x,7) and g»(x,t). By
solving this Riemann-Hilbert problem, the solution of (1.2) can be recovered for all values of x,¢.

Theorem 3.1. Suppose that q(x,t) and q2(x,t) are a pair of solutions of (1.2) in the interval
domain Q. Then q(x,t) and q(x,t) can be reconstructed from the initial value {q0(x), g20(x)} and

boundary values {go1(t),802(t),811(1),812(1) }, {fo1 (1), fo2(t), f11(2), f12(2) } defined as follows,

q10(x) = q1(x,t =0), ga0(x) = g2(x,t = 0),
go1(t) = q1(x=0,1), go2(t) = g2(x=0,1),
for(t) = qi(x=L,t), foo(t) = qa(x=L,t), (3.1
g1 (1) = qix(x =0,1), g12(t) = q2x(x = 0,1),
f11(t) = qu(x = L;t), fi2(t) = qu(x = L;1).

Use the initial and boundary data to define the jump matrices Jy, ,(x,t,A) in terms of the spectral
functions s(A) and S(A),SL(A) by equation (2.35).
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Assume that the possible zeros {A;}\ of the functions myy (<) (1), (STs*)11(A), (sTSY)11(A)
and <#11(A) are as the assumption in subsection 2.8.
Then the solution {q\(x,t),q2(x,t)} is given by

q1(x,t) =2i im (AM (x,t,A))12, q2(x,t) =2i hm (AM(x,t,A))13. (3.2)

A—voo A—roo
where M(x,t, ) satisfies the following 3 x 3 matrix Riemann-Hilbert problem:

e M is sectionally meromorphic on the Riemann A —sphere with jumps across the contours
D,ND,,,n,m= ,4, see Figure 2.
e Across the contours D, ND,, M satisfies the jump condition

My (x,8,A) = My (x,8,A) I n(x,2,A), A € DyNDy,n,m=1,2,3,4. (3.3)

° M(x,t,?L):I[—i—O(%), A — oo,
o The residue condition of M is showed in Proposition 2.4.

Proof. It only remains to prove (3.2) and this equation follows from the large A asymptotics of the
eigenfunctions. 0

4. Non-linearizable Boundary Conditions

A key difficulty of initial-boundary value problems is that some of the boundary values are unkown
for a well-posed problem. While we need all boundary values to define the spectral functions S(1)
and Sz(A), and hence for the formulation of the Riemann-Hilbert problem. Our main result, The-
orem 4.3, expresses the unknown boundary data in terms of the prescribed boundary data and the
initial data in terms of the solution of a system of nonlinear integral equations.

4.1. Asymptotics

An analysis of (2.11) shows that the eigenfunctions { u j}‘l‘ have the following asymptotics as A — oo:

#1(1) #1(2) #1(3) ﬂ1(1) ﬂ1(2) ﬂl(z)
pilet, ) =T 1 ) )y |+ |l )y | +0Gk)
L @ 1) (2) ,,2) 2
31" H3p' Has M3y M3y Hss
f(( ))A11dx+ nidt +a1 %42
— }14_% —1G1+Zq? f((x ))Azde-l-nzzdt f A2361?6-1- Nx3dt 4.1)
— 2@+ L£|q)? f((j 1)A32dx+ N32dt f A33dx+ N33dt

[Thy 4671x+21i(QI.‘v(Lz()2)+QZ“3(2)) 102+ 2,(611u2(3)+qzu3(3>)

3 | 1) oy +0(35)-
(2) 2) (2)
M3y M3 H33

where
lq* = a1* + g2, 4.2)
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Anr = glgl* — H @141+ 0242x),

Ay = g1 *lg)* + 01414,

Aoz = {qiqolql* + 1924+, (4.3a)
A = tq132)q* + 191Gox,

Asz = L|ga|al* + 19232«

M = #19/°+ 2(@191x + @292 — 01G1x — 232x) 91> + 1 (@ 1x* + a2+ *) — 3 (@110 + 92021,

N2 = —gla1lal* + §la* (@141 — G1g1x) + §(@1G1x — T2q2x + @202 — G1q1x) |1 > + £lqix)* + 241G,

N3 = —g:q1921q|* + §191*(92G1x — §192+) + § (@115 — G2@o + G202x — §1G1x) 7192 + £ G1:G2x + 192G 1,
N2 = —gq1%|ql* + §a* (0132 — 2q1x) + 3 (0101 — G292x + D20x — 01G15) 0132 + £ Q15625+ §91 321,
33 = —g |02 *1a1* + §191*(0202¢ — G202x) + 5 (01G1x — G2G2x + 0282 — D1914) |92 > + £l G2 * + $9232:-
(4.3b)
Remark 4.1. The explicit formulas of ,ul(%) and ul.(jz), i, j = 2,3 are not presented in the following

analysis, we do not write down the asymptotic expressions of these functions.

Next, we define functions {CIDij(t,QL)}ijzl and ¢;; (t,l)ijzl by:
CD]](Z‘,%) ‘D]z(l,)b) @13(1,%)
p2(0,1,4) = | ®a1(t,A) Poa(t,A) Po3(t,4) |, 4.4)
@31(&},) ¢3z(l‘,7t) CI)33(t,A,)

P11(1,4) ¢12(t,2) 913(2,2)
H3(L,l,)t) = ¢21(l‘,ﬁ,) ¢)22(l‘,l) (])23(1‘,1) . (45)
O31(t,A) ¢sa(t,A) ¢33(t,A)

From the asymptotic of p;(x,7, 1) in (4.1) we have

QL HORHD
12 (0,1,4) =1+ 1 <1>%11; (1) qa%l% 1) Py (1)
®;) (1) @3, (1) P33 (1) (4.6)
1 1
+22 CID%ZI)(t) ‘b%zz)(t) ¢%23)(t) +0(55)
Dy (1) D3y (1) P33 (1)
Recalling the definition of the boundary data at x = 0, we have
q’glz) (1) = 5:801 (1), <I>§? (1) = zen+ %(801‘1)%2) +802<D§12))7 47
i .
13 (1) = g (1), @3 (1) = fgi2+ 5 (50193 + 5003y,
In particular, we find the following expressions for the boundary values at x =0 :
g(t) =20 (1), goa(t) =2i@\Y (1) (4.82)
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g11(t) =40\ (1) + 2i(g01 (1) D) (1) + 202 @Y (1)),

, (4.8b)
gua(t) = 403 (1) + 2i(g01 B8 (1) + o (1) DL (1))
Similarly, we have the asymptotic formulas for u3(L,t,A1) = ¢;;(t, /l)zjzl,
ORELORNO
Bl 2) =11 00))(0) 0,)(1) 933 (0)
5 5 ¢3(1;(t) ¢:§2)(I) ¢33(t)(1) (49)
(o @ o0 050 |
T2 | 010 62 (0) 0/ (0) | +OG)
037 (1) 033 (1) 933 (1)
Recalling that the definition of the boundary data at x = L, we have
(b%)(f) = i foi (1), ¢’1(§)(f) =3+ %(fm%(%) +f02¢3(%)), (4.10)
‘Pl(g)(f) = 5 foa (1), ‘P1(3)(f) =/t %(f01¢2(3) +f02¢3(3)-
In particular, we find the following expressions for the boundary values at x = L :
for(t)=2i00)(1),  foalt) = 2093 (1) (4.11a)
— 4@ 2i (1) (1)
Ji1(t) =405 (1) +2i(for (1) 95y (1) + for03,” (1)), (4.11b)

Fia() = 4013 (1) +2i(for 035 + foo (1) 033 (1)).
From the global relation (2.50)and replacing T by ¢, we find
12(0,0,A)e 2 A L5(1)e RS (M)} = ¢(1,1), A € (DsUD4,DyUD2,DiUDy).  (412)

Lemma 4.1. We assuming that the initial value and boundary value are compatible at x = 0 and
x = L, then in the vanishing initial value case, the global relation (A.3) implies that the large A
behavior of cj1(t, ), j = 2,3 satisfy

(1) (2) (1) 7 (1)
D, (1) Dy (r)+ Dy, (1), (1) 1
en(e,2) = 220 B 000 o L
7(1) 7(2) (1) o\ 7(1) (1) 0\ 7(1)
Py (1) | 015 (1) +Pyy (1)915" (1) + Py (1) 955 (2) LN
+ 7 + e +0(7L3) e , A — oo,
(4.13a)
(1) (2) (1) 7 (1)
D/ (1) D () + Dy (1)), (1) 1
C31(l,7t> — 33 + 31 1321 11 +O(F)
500 62040060 (0 + oW ()
G35 (1) | 015 (1) + 3y (1) gy (1) + P33 (1)y5 (1) LN
+ 7 + e +0(7L3) e , A oo
(4.13b)
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Proof. The global relation shows that under the assumption of vanishing initial value

21 (t,l) = &y (t,l)q;n(t,i) —i—@zg(l,l)é]Q(t,i)eiZilL +q)23(l,2,)(513(l,2)€72mL, (4.14a)

e31(1,A) = @31 (6, A) 11 (1, A) + P32 (1, ) Pra (1, A )e A 4 D33 (2, A) fu3(2, A)e 2 AL, (4.14b)
Recalling the equation
: + 2iA% A, u] = Vau. (4.15)
From the first column of the equation (4.15) we get
D1 =[5 (01811 +802812) + S (1801 [* + [802[%)?] P11 + (24801 + ig11) P21 + (24802 + ig12) P31,

Dy <AL Doy + [~ 34 (801> + |02 ) Zo1 +iAg11 + & ((2]g01 > + |g02]*) 211 + Go1802812 — 851811
—801802812) — 5801 (|g01|* + |g02|*)? — %:8o1e ) P11 — £ (18011 + [802]%) |go1 [* P21

—2801811%P21 — (3802811 + £ (18011 + [8021%)G01802) P31, (4.162)

D31, <AL D3 + [~ 3 A (801> + |g02[*)Z02 +iAg12 + § ((2[802]* + |go1 [*) 212 + G02801811 — §5r812
—801802811) — +802(|g01|* + |g02|*)? — %802 | P11 — £ (|8011* + [802]*) 801802 P21

. —%gmglz‘bm - (%gozglz + ﬁ(\801 2+ !802\2)\802|2) D3y

From the second column of the equation (4.15) we get

Dy =4iA*P1p + [3(g01811 +80&12) + 4 (80117 +1802[*)?] P12+ (2Ag01 +ig11) P22
+(2Ag02 +ig12) P32,

Doy :[—%lﬂgm 2+ 1g02*)801 +iAg11 + ﬁ ((2\801 2+ 1g02*)811 + 801802812 — 83,811
—801802812) — 1801 (1801 > +12021*)? — %-8o1:] @12 — £ (|go1 [> + |g02[*)[g01 P22

- R b (4.16b)
—35801811P22 — (5802811 + 5 (|g01]* +1802/*)01802) P32,

D35 =[—5A(|g01 >+ 80217) 802 + iA&12 + £ ((2]g02|* + |20117)12 + 02801811 — 850812
—801802811) — 1802(|8011* +18021*)* — %:802¢] P12 — § (801 * + [802/*) g01802P22

L — 28018122 — (3802812 + £ (18011 + 8021%) |g02|*) P32
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From the third column of the equation (4.15) we get

D3 =4iA>P 13+ [5 (801811 + 802812) + 5 (801> + |802]3)?] P13+ (2Ag01 +ig11) D3
+(2A g0z +ig12) P33,

Do3; :[—%1(1801 \2 + 1802\2)g_01 +iAgi +£ ((2|g01 !2 + !goz\z)g_n + 801802812 —8_51811
(

—801802812) — 5801 (18011 + 1802[*)* — %801 ] P13 — £ (|01 1> + |g02/*) |g0n \2‘132(34 160
.16¢

—1801811P23 — (2802811 + £ (|g01]* + [802])g01802) P33,

D33, =[—3A(|g01 > + |02 G0z + iA&12 + £ (218021 + |2011*) 812 + 802801811 — §5p812
—801802811) — 18021801 > + 12021*)* — 5:802: ] P13 — 4 (| 8011 + |8021%) 801802 P23

—%801(5712@23 — (%gozglz + i(\801 2+ 1g02/%) 1802|2) ®33.

Suppose

>
q); _ (a{)@ Lo (t) " (1) +) + (Bo(t)+ AL) + AU) +) @17

A A2 A A2
D3
where the coefficients «;(t) and B;(t), j =0,1,2,---, are independent of k and are 3 x 1 matrix
functions.

To determine these coefficients,we substitute the above equation into equation (4.16a) and use

the initial conditions

a(0) +Bo(0) = (100)", 1 (0)+Bi(0)=(000)".

Then we get
1 2
Py 1 q)gl) q)gl)
o | = (o) +4 | aly |+ | ol | -0t
(1) (2)
S 00 @31 31 (4.18)

Similarly, suppose

D
o (t oh(t t t ;
CI)22 = <a0(t)+ la'()_i_ ;’(2)4_)_'_([30(1‘)_'_%()_’_%(2)_’_>e4112t’ (419)
@3,
where the coefficients «;(t) and B;(t), j =0,1,2,---, are independent of k and are 3 x 1 matrix
functions.
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To determine these coefficients,we substitute the above equation into equation (4.16b) and use
the initial conditions

a0(0)+Bo(0) = (010)", 1 (0)+Bi(0)=(000)".

Then we get
1 2
@), 0 o) o2
0 ) = (1) 4 0lf |+ [ 0l) | ot
@3 0 ol o2
2 (1)
[eRe) (RO e 00k e 0y N
T 0 +z | 5 (=2 (lgor]* + lgo2l )801+1g11)¢ ( ) | +0Gz) [ e
0 2 (=3 (lgo1 * + [g02] )g02+1g12)d> ) (0)

(4.20)
Similar to the derivation of ®;,,i = 1,2,3, from (4.16¢c) we can get the asymptotic formulas of
$;5,i=1,2,3

D3 0 CI’%) 523)
Py |=(0]+1] @) [+5] @ |+0(k)
D33 1 q)g;) (2)
~o!)(0) —0(0)+ o} (0 + oY (0)0ly
+ |7 0 +s 4%-(—%(!gm|2+\g02|2)§01+i§11)q’§13)(0) +0(f) | e Hm
0 L (=1 (I801? + 1802302 + ig12) 1Y (0)

(4.21)

Similar to (4.16), we also know that {¢; j}f’ j= satisfy the similar partial derivative equations.

Substituting these formulas into the equation (4.14a) and noticing that we assume that the initial

value and boundary value are compatible at x = 0 and x = L, we get the asymptotic behavior (4.13a)
of ¢ji(t,A) as A — oo. Similar to prove the formula (4.13b).

O

4.2. The Dirichlet and Neumann problems

In what follows, we can derive the effective characterizations of spectral function S(A),S.(A) for
the Dirichlet ({go1(),g02(¢)} and {fo1(¢), fo2(¢)} prescribed), the Neumann ({g;;(¢),g12(¢)} and

{f11(t), fi2(t) } prescribed) problems.
Define the following new functions as

FLA) = F6R) = F(6,—R),  fo(t,2) = F(LA) + F(t,—A), (422)
Introducing

A(k) = 2 _ g 2AL 3 (k) = QPR | o~ 2iAL (4.23)
Denoting 9D as the boundary contour which is not included the zeros of A(1).

Theorem 4.1. Let T < oo. Let go(x) = (q10(x),q20(x)),0 < x > L, be two initial functions.
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For the Dirichlet problem it is assumed that the function {go1(t),g02(¢) },0 <t < T, has sufficient
smoothness and is compatible with {qi0(x),q20(x) at x =t = 0, that is

q10(0) = g01(0),  g20(0) = g02(0).

the function {fo1(t),f)02(t)},0 <t < T, has sufficient smoothness and is compatible with
q10(x),q20(x) at x = L, that is

q10(L) = fo1(0),  g20(L) = fo2(0).

t <T, has suffi-

For the Neumann problem it is assumed that the functions {g1(¢),g12(¢)},0 <
(), fi2()},0<1<T,

cient smoothness and is compatible with qo(x) at x =t = 0. The functions { f1;
has sufficient smoothness and is compatible with qy(x) at x = L.
Then the spectral function S(A),S(A) is given by

@11(1) e4i)Lqu)21(1) e4i’12TCI>31(;L)

SA)=| e**TPp (L)  Dyp(A) D35 (1) (4.24)

e HVTH (L) Dys(A) P33(A)

o (i) €4M2T¢21 (
StA)=| e 4% T (A)  ¢ra(R) $32(2) (4.25)
YY) 9(A) 9n(d)

ol
N~—
Q
~
S
]
~
5
—
>l
N—

and the complex-value functions {®;3(t,1)};_, satisfy the following system of integral equa-
tions:

D13(1,A) =fg e L (g01211 + g02812) + (801 > + |g0212)?] @13 + (24 go1 +igr1) D23
+(2Ag02 +ig12) P33} (¢, A)dr,

Do3(t,A) =[¢ { [—32 (801> + |g021*) 201 +iAg11 + & ((2[g01]* +[g02]?) @11 + G01802812
—&%1811 — 801802812) — 3801 (18011 + 18021*)* — %801 ] P13 — 3801811P23 )
— 518011 + [802/*) 801 > P23 — (3802811 + £ (Ig01 >+ |g02/*)801802) P33 } (', A)dt’,

D33(1,A) =1+ [ { [-3A(Igo1 |* + |02 G0z + iAZ12 + & (218021 + |20117) 212 + 802801811
— 85,812 — 801802811) — 1802(Ig01 > + |802[*)* — %802 ] P13 — $801212P23
—£(Igo1 >+ |8021*)801802P23 — (3802812 + £(Ig01 > + |802|*) 802 |?) @33 } (¢, A )dt’.

and {®y1 (t,A)};_ |, {Pr(t,1)};_, satisfy the following system of integral equations:
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(®11(1,4) =1+ 5 { [3 (01811 +802212) + £ (|g01]* + g02*)?] P11 + (2 g0t +ig11) P
+(2Ago02 +ig12) P31} (¢, A)dr’,

N2 o - . — H - - -
Doy (1,4) =fg ™ L1 (1801 |* + |g021*)Go1 +iAg11 + £ ((21go1]* + 1802/*)&11 + 01802812
—g5181 — 801802812) — 1801 (|g01 1+ 802/*)* — %:801] P11 — 3801811 P21 427
— 4 (Igo1]* + 1g021*) 101 @21 — (5802811 + 4 (|80t * + |g021*)Go1802) P31 } (', A )dr,

N2 o _ A . _ _ _

@31 (1,4) =[5 ™ L1 (1801 > + |802/*) 802 + iAg12 + £ (21802l + 1801 1*) 812 + 02801811
—8%,812— §01802811) — $802(1801 1> + |802*)? — %802 ] P11 — 3801812P21

— 1 (1801 * +18021*) 80180221 — (5802812 + (801 [* +1802|%) 802 [*) P31 } (', A )dr .

Pia(1,A) =[5 e D L L (901211 + 802812) + 4 (18012 + 8021*)?] @12 + (24801 +ig11) P22
+(2A802 +ig12) P32} (', A)dY,

Doy (1,A) =1+ [ { [—3A(Igo1]* + |go2[*)Zo1 +iA&11 + % ((2[g01]> +1802/7) 811 + G01802812
—g5181 — 801802812) — 5801 (1201 1% + 1g02*)? — 5:801] P12 — 3201811 P22 4.28)
— 4 (011> + 1g021%) 101 [*@22 — (5802811 + 4 (|01 [* + |g02|*)Z01802) P2 } (¢, A )l

D3 (t,4) =L+ [5 { [ 32 (801> + |g02[*)Z02 +iAG12 + & ((2]802]* + |g01[*) 212 + G02801811
—8%,812— §01802811) — 1802|801 > + |802*)? — %802 | P12 — 3801812P22
—2(Ig01]* + |g02/*) 801 802P22 — (3802812 + £(Igo1 > + |g02[*)[802|?) P32 } (¢, A )dt’.

(i) For the Dirichlet problem, the unknown Neumann boundary value {g(t),g12(t) and
{f11(2), fra(2) are given by

2 Y . 1 _ _
g1 (1) =i b K(lqﬁz— +igo1)dA — E/w (801922— + 02023 )dA
3 3
4 1, - (1) 2
+— . X(l¢21— —2¢,,")dA + = /aD (801P22— + g02P32- )dA (4.29a)
3 3
4 A - - —2iAL oL
+— - X[(q)u — 1)1 +DP12(¢n — 1)e +P13¢03e |-dA,
3

2 ) . 1 _ _
g12(1) e /303 K(lq)la— +igo)dA — p /303 (801932— + 802933 )dA

4 Loz =(1) 2
— —(A -2 ( dai 7/ B Br_
i 8D3A( ¢31 ¢3]) +7r 8D3(801 23 +g02 33 )d}b (429b)
4 0 A ) o ] |
in D Z[(q)“_1)¢31+¢12¢32€_211L+‘b13(¢33—1)6_2”%],0?)1,7
3
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and
fn) === [ S0 tif)dh - [ (bt b )
l - - —
! i Jop 3A 12— T 4ol 7 Jon, 01P22 0P
_4 O Y SRS X() g/
- 8D3A(7L¢217 2®,, )dl—l-n aD3(f01¢227+f02¢32*)dl (4.300)
4 A _ . ' ) |
i o w101 = )P+ 912(B20 — )M+ 9136 dd,
3
fi2(t) / A (Adi3— +ifnn)d l—f/ (for®3 + for®3_ )dA
T 31)3
4 1 _ _
. K(Acbgl_ —28Maa + p /a o, (fo1923- + food33-)dA (4.30b)
4 1 A ] o ) |
_—n. D K[((P“_1)(I)3l+¢12¢328211L+¢13(q}33_l)emlL],dl_
3

where the conjugate of a function h denotes h = h(.).
(ii) For the Neumann problem, the unknown boundary values {goi(t),g02(t)} and

{fo1(2), for(t)} are given by

8o (t / K©12+CM+ / *(1521+6M
oDy A
4 (4.31a)
+— / ¢21 Dy — 1)+ (¢ — 1)®12€72’AL+¢23¢13€721M}+d17
go2(? / K‘D13+d1+ / 7¢31+dl
‘ (4.31b)
+— / ¢31 (D11 — 1)+ g3 Pppe 2 4 (¢33—1)‘1>13€_MLL6M7
and
1.
foi(t **/ *¢12+ l**/a Zq)zwdl
bs (4.32a)
—*/ ‘1321 (p1i—1)+ (Cbzz—1)¢12€2’“+‘1>23¢13€21M}+dl,
Foal / 0 / L&, a2
n(lt)=—= —P134dA — — — D34
A 7 Jap; A (4.32b)
- = [q)%l(¢ll —1) + P301pe” 4 (‘1333—1)(1513621“} dA.
aD; A +

Proof. The representations (4.24) follow from the relation S(k) = ¢22*TAy"1(0, T, k). And the sys-
tem (4.26) is the direct result of the Volteral integral equations of p,(0,7,k).

(2)

(i) In order to derive (4.29a) we note that equation (4.8b) expresses gi; in terms of @5’ and

‘Dglz) , CIDglz). Furthermore, equation (A.4) and Cauchy theorem imply
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—i;”q>g‘2>(t):/a (®na(t, 1) — 1)dA = / (®n(t,4) — 1) dA.

/ it 1)k = [ @ult. Al
and

it _ (2 1
—2q>§2)(t)=/aD2 (mlz(t,x)—@gz)(t))dz:/m (Aeni,4) - (1)) dr,
Thus,

indl) = / Dy (t,A)dA, ind) = / @y (t,A)dA, (4.33)
8D3 ‘9D3

w0 = ([ + [ ) [ponwa)-oldn]ar

N </81)3+ aDI) [Aq)lz(t’l) _q>§12) (t)} A

(4.34)
_ _ oW
_/M [mu(t,z) ol (t)}idk
e —2iAL
-/ {zq>12(t,;t)—g2°ll+ —APia(1,2) - g;il]} dA+1(t).
3 —
where () is defined by
2p—2iAL 201
I(t) = — 0] .
(1) /aDg{ 5 e -G @t
The last step involves using the global relation (4.14a) to compute /(¢), that is
9= 2AL oWVl LepWgd
1(;):/@0{_ eA ;Lclz_q,glz)_ 1292 ;LF 13 923 . z(})ezzu dA
3 —
20-2AL [ @) g 4 b g1 o '
+/3Do {_ . 12 92 . 1393 (Ada —‘Pz(i))eb“ i (4.35)
3 —

2e MM 2AL | (7 T
+/ [¢21(‘1>11 —1)e™" " 4 (¢ — 1)‘I>12+¢23‘I>13} dA.
anY A

Using the asymptotic (4.13a) and Cauchy theorem to compute the first term on the right-
hand side of equation (A.13), we find

2, .

1(t )——wr<1>12 +/ gol ¢22 +&¢23 d/l+/aDoK(l¢21*_2¢2(i))]d7t

24 ) (4.36)

+ /aDO A [@I(CI)“ — 1) (Goy — 1) Drpe 2 ¢;23<1>13€721M} dA.
3
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Equations (4.34) and (A.14) imply

1
@3(1) = Zzn/a OA(QL(I)12 +igo d’l_*/ (801022 + 802023 )dA
1
in Jop OA( ¢21*_2¢21 )]
1 21 ) . ) |
iT JoD) A [th(q)“_l) (¢22—1)(1312e_2’7LL+¢23q)13e—21/1L}_dl.

(4.37)

Equations (4.33) and(4.37) together with (4.8b) yield (4.29a). Similarly, we can prove
(4.29b).

The expressions (4.30a) for f11(¢) can be derived in a similar way. Indeed, we note that
equation (4.11b) expresses f11 in terms of (])g) and (])2%), ¢3(é). These three equations satisfy
the analog of equations (4.33) and (4.34). In particular, ¢2(12) satisfies

X
ingl; = _/31)0 (A(Mhz_ —2¢1(é))> dA+J(t), (4.38)

where

eZtlL
J(t)Z/aDO{Z A 01a(t, 1) — fo;gt)]} dx.

Then using the global relation to compute J(7), that is

2 = B}
( ) —17T¢12 +/ fOl b, 7+f02q)23 dl—/aDOK(kq)ﬂ*_chgll))]dl
24 ¥ ; - 3 , (4.39)
_/a ) A [CP21(¢11—1) (CI)ZZ_1)¢12€211L+¢23¢136211L}7dl‘

The equation (4.38) and (4.39) together with the asymptotics of ¢, (¢, 1) yield (4.30a).
The proof of (4.30b) is similar.
(i1) In order to derive the representations (4.31a) relevant for the Neumann problem, we note
that equation (4.8a) expresses go; and gpp in terms of CIDSIZ) and <I>§13), respectively. Further-
more, equation (A.4) and Cauchy’s theorem imply

/ Qu(tA)dh= [ @il A)dl
Thus,
o /
(1) = + D1, (1,A)dA
indy; (1) (am anl> 12(t,4)
= / Dy (1,4)dA (4.40)
oDs

)
= —P ,A) | dA +K (1),
-~ (A 124 (t )) +K(1)
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where

_ [ 2/ o
K() = /aDgA(e ®1z(t,l))+dl,

using the global relation and the asymptotic formulas of ¢;; (¢,4), we have

K(l‘) = —iTECI)glz)(l‘)—FZ/ { ¢21++ [(}521((1311 l)eZi/lL—i-((}Szz— 1)@12+(ﬁz3q>13] }d)t
oDg +

4.41)
Equations (4.8a), (4.40) and (4.41) yields (4.31a). The proof of the other formulas is similar.
O
4.3. Effective characterizations
Substituting into the system (4.26), (4.27) and (4.28) the expressions
D =D;j0+eDij 1 +ED o+, i,j=1,2,3. (4.42a)
0ij = Gijo+EQij1 + € 0o+, i j=1,2.3. (4.42b)
gon = g4 + %857 + -+ gor = Egly + ezgffz) T (4.42¢)
for=efg) €50+ S =efy + )+ (4.42d)
gu=egy) +E1] +-- g1 = €81y %17+, (4.42¢)
fu=ef) +EA + - fa=efy + €205+ (4.426)

where € > 0 is a small parameter, we find that the terms of O(1) give

P30 =0Pr30=0P330=1,
o(l): DPi10=1Dr10=0P310=0, (4.43)
DPi0=0DPpo=1P30=0.

Moreover, the terms of O(¢) give

D331 =0 P =0,

D3 (1,k) = [T W0 (228 i)',
P11 =0,
i22 (1
Oe) : { ®au1 = [P (iAg)) (1 )ar', (4.44)

D311 = [pe HiA2 (et (ilg_(lz))(f/)dt/
Opp1 = e D 22g +igl)) ()
@1=0, P3;=0.
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the terms of O(&?) give

(@130 = fje M0 2080 +idgy) ()’

D230 = [y [Mé’n)( VP13t k) - g1 (()lz))( )} dr',

P32 = o |81 ()1t () - 2g§;g< ()] ar',
[ )

O(€%):{ Pap = Jy e = (iAg}) ()t

D310 = [§ et 1) (i)Lg%))(t’)dt’,

Pon = [y e 4ir? t”l)(Zlgézl) + igizl))(t’)dt’

P22 = Ji [(R1] ()12 (.0) = 31 8l)) ()] '
P30 = [ [(ilgglz)(f')q)lzl(t k)~ 38 52)8(()1))(1')} dr'.

\

(4.45)

Similarly, we will have the analogue formulas for {¢;;;}3._,,/ =0,1,2 expressed in terms of

the boundary data at x = L, that is {f }IJ 0112,1 =1,2.
On the other hand, expanding (4. 29) (4.30) and assuming for simplicity that m;;(.27)(A) has no
zeros, we find

i,j=1°

L b 0.2 —260)an, (4460

Diny= =2 (1)
=5 [ 0enr e vighans [ 2

2 -
== [ Gena) ighart = [ Shana-0.2)-200)d2,  @dob)
3

T Jopy A

1 2
ffl)(z):_E (7L¢121 (1, ) +if))dr — pe /a OA(ACD2H (1,2)—28{)an,  (4.46c)
f(l)(t)——g (Adi31_(t 7L)+if(l))d7tfi Y oads 6,0 —200)an,  (4.46d)
12 - i aDg 13,1-\/, 02 it aDgA 31,1-\F, 31 ) .

we also find that

(1)12 - _4)]]1 —41/12[ l‘) (gll)(t/)dt/,
4)1317_4%[! —4id2(t—1") (1)( ¢)dr',
o1 1 = 2iA [§etF - t)f( (t)at',
311 = 20 [ R t)f( J(t)ar'.

(4.47)

The Dirichlet problem can now be solved perturbatively as follows: assuming for simplicity that
m11(<7)(A) has no zeros and given g(()ll), g(()lz) and fl(ll ), fl(é), we can use equation (4.47) to determine
®y;1_,0j1.1-,j = 2,3. We can then compute g\!, ¢!} from (4.46a), (4.46b) and then @, 1, j =2,3
from (4.44) and the analogue results for ¢;; 1, j = 2,3. In the same way we can determine @5, j =

2,3 from (4.45) and the analogue results for ¢;1,j = 2,3, then compute gﬁ),g%) and fl(f), fl(g).
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These arguments can be extended to the higher order and also can be extended to the systems
(4.26), (4.27) and (4.28) thus yields a constructive scheme for computing S(k) to all orders. The
construction of Sz(A) is similar.

Similarly, these arguments also can be used to the Neumann problem. That is to say, in all cases,
the system can be solved perturbatively to all orders.

4.4. The large L limit

In the limit L — oo, the representations for g11(¢),g12(¢) and go1(¢),go2(2) of theorem 4.3 reduce to
the corresponding representations on the half-line. Indeed, as L — oo,

for =0, fo—0, fii—=0, fio—0,
¢ij—>6ija %—>1as)1,—>ooinD3

Thus, the L — oo limits of the representations (4.29a), (4.29b) and (4.31a), (4.31b) are

gn(t) =2 Jopy(A®12— +igo1)dA + 2 Jopo (801P22— + 802 P32 )dA,

» , » 4.48
gn(t) =2 Jopy(A@13— +igo2)dA + 2 Jopy (801 P23 + g02P33-)dA. (448)

and
goi(t) = %faDg DioydA, gna(t) = %faDg D34dA, (4.49)

respectively. And these formulas coincide with the corresponding half-line formulas, see (A.9),
(A.10).

Appendix A. Some formulas on the half-line

For the convenience of reader, we show the half-line formulas of g;;(¢),g12(7) and go1(¢),g02(¢) on
the A —plane.
From the global relation (2.50)and replacing T by ¢, we find

1(0,8,1)eX¥Ag(A) = ¢(t,A), A € (D3UDs,DyUD,,DyUD). (A1)

We partition matrix as following,

Py q’l') .
0,4,1) = i), j=2,3, A2
)= (g g ). (a2

where @, denotes a 2 x 2 matrix, ®;; denotes a 1 x 2 vector, ®;; denotes a 2 x 1 vector. Then,
we can write the second column of the global relation, undering the matrix partitioned as (A.2), as

D1y (1, 4)51j(A)s5, 5 (A)e ™7 4+ @1, A) = c1(t,A), A €D UD,, (A32)

q)jl(l‘,)L)S]j(l)sgiﬂ/l)eiz“lzt —i—q)zxz(l‘,)L) = szz(t,/l), A €DiUD;, (A.3b)

The functions ¢;j(¢,4),c2x2(f, 4) are analytic and bounded in D UD, away from the possible zeros
of my1(A) and of order O(7) as k — co.
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From the asymptotic of p;(x,7,A) in (4.1) we have

,Ltz((),t,k) =1+

&=

S Auad +mquar’ Lo
SlalP0" =501 [igy) AdY' +nar

()1 1 (1)

M7 79x+ 501

+ 72 ( By ? &) M) +0(35)
Hi 2%2

(A4)

where Q = (q1,492), A11 is defined by first identities of (4.3a), 111 is defined by (4.3b), A and 71 are
2 x 2 matrices defined as following,

Ay Ap3 N2 7723>
A= , - : A5
<A32 As3 > 1 < N3z M33 (A-9)

Also, we have

1
: : 1
PD(r,A) = li 1/{2 +0(33), A—e,A€DIUD (A.6a)
(1) )
o)1) dP (¢t 1
Do (t,A) =lhyo + 212()+ 2;§(>+0(/13), A — 00, A € D;UD;. (A.6b)

where

1 2 i 1
(1) = Lgo(t), @ (1) = Leg1(t) — Ego®l), (1)
1
cpgx)z(t) = [yndr'.

here go(¢) and g;(¢) are vector boundary functions defined by the boundary data of (1.3) as go(¢) =

(801(2),802(1)) and g1 (1) = (g11(2), 812(1)).
In particular, we find the following expressions for the boudary values:

g0 =2i@\) (1), (A7)

g1 = 2igo®)), (1) +4D) (1), (A.7b)
We will also need the asymptotic of c¢1;(z,4),

Lemma A.l1. The global relation (A.3) implies that the large A behavior of c¢1;(t,A),c2x2(t,A)

satisfies
(1) )
Dy (1) Py (1) 1
_ U j
Clj(l‘,l)— 1 + 22 +O(F), A — oo, A €Dy. (A.8)
Proof. Analogous to the proof provided in Lemma 4.2. O

We can now derive the maps between Dirichlet boundary condition and the Neumann boundary
condition as follows:
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(i) For the Dirichlet problem, the unknown Neumann boundary value g () is given by

g1(0) = 5 [op, (AP1j-(1,A) +igo(1)) + %52 [5, P2xa-dA

) A9
=& fopy A Dy (—A)sy (A )sy ) (—A)dA. (A9)

(ii) For the Neumann problem, the unknown boundary values go() is given by
go(t) = L [op, @1 (1, A)dA + 2[5 e ¥ 1y (—A)s1(—A)syy (~A)dA. (A.10)
Proof.

(1) In order to derive (A.9) we note that equation (A.7b) expresses g; in terms of @glx)z and

LI)S). Furthermore, equation (A.6) and Cauchy theorem imply

_Eq’gx)z(t):/ [‘szz(fﬂ)—ﬂzxz]dAZ/ [@r2(t,A) —Ioxo]dA

2 oD, oD,
and
_ﬂcp(z)(t):/ AD(t ;L)_go(t) d/’L:/ AdDy(t /l)—go—(t) dA.
2l aD, S 2i D, I 2i

Thus,
i@, (1) = = (Jap, + Jap, ) [@2:2(1, ) — Tnsaldh
= (Jop, + Jap,) [®2x2(1;1) —Toxa]dA (A1)
= Jop, [ P2x2(t,4) —=os2]dA — [5p, [ @22 (t, —A) —Taxo]dA
:f3D3 q)2x2f(t7)l’>dl'

Similarly,

w0 (1) = (an, + fon,) 21100, 4) = 57|
= (s = Jom) [A@15(1,~2) = 42| ar+1(1) (A.12)
= Jop, [A®1j-(t,A) +igo(t)]dA +1(2).

where /(1) is defined by

1) :2/31)1 [mu(z,x)—g(’(’)

2i ]dl

The last step involves using the global relation to compute /(1)
X

1) =2 [y, [Merjsyly = @risiysy e %) - 42 aa (A.13)

Using the asymptotic (A.8) and Cauchy theorem to compute the first term on the right-hand
side of equation (A.13), we find

1(1) = —in @) —2 [, A11(~A)s1;(~A)s5 05 (~A)e A, (A.14)
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Equations (A.12) and (A.14) imply

q)gi) (1) = 2 Jop, A®1;- (1, 1) +igo(1)]dA 2
_ % f8D3 )uch](—A)Slli(—ﬂ,)sz_iz(_l)e—ﬁhl TdA.

This equation together with (A.7b) and (A.11) yields (A.9).

(i1) In order to derive the representations (A.10) relevant for the Neumann problem, we note that

equation (A.7a) expresses go in terms of q,ﬁlj)

theorem imply

. Furthermore, equation (A.6a) and Cauchy’s

~ 5@ (1) = [o, @1j(t,A)dA = [y, ®1j(,A)dA, (A.15)

Thus,

i7tCI>§b) () = (Jop, + Jap,) 11, A)dA
= (Jops = Jap,) @1j(t, A)dA +2 [5, ®1j(1,A)dA (A.16)
= [op, P1j+ (1, A)dA +2 [, P1j(t,A)dA,

and using the global relation, we have

2f8D1 cD]](t’z‘)dA = 2f9D1 (Cljsgiz — q)llsljsgxl2€74ilz’)dl

. A.17
= —in®{) (1) + 2 [y, P11 (~A)s1;(~A)sy y (—A)e 447 dA. &17)

Equations (A.7a), (A.16) and (A.17) yields (A.10).
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