NONLINEAR ATLANTIS
MATHEMATICAL PRESS

PHYSICS

Journal of Nonlinear Mathematical
Physics

ISSN (Online): 1776-0852 ISSN (Print): 1402-9251
Journal Home Page: https://www.atlantis-press.com/journals/inmp

Nonlocal symmetries of Plebanski’s second heavenly equation

Aleksandra Lelito, Oleg |. Morozov

To cite this article: Aleksandra Lelito, Oleg I. Morozov (2018) Nonlocal symmetries of
Plebanski’s second heavenly equation, Journal of Nonlinear Mathematical Physics 25:2,
188-197, DOI: https://doi.org/10.1080/14029251.2018.1452669

To link to this article: https://doi.org/10.1080/14029251.2018.1452669

Published online: 04 January 2021



Journal of Nonlinear Mathematical Physics, Vol. 25, No. 2 (2018) 188-197

Nonlocal symmetries of Plebanski’s second heavenly equation

Aleksandra Lelito, Oleg I. Morozov

Faculty of Applied Mathematics,
AGH University of Science and Technology,
Al. Mickiewicza 30, Cracow 30-059, Poland
alelito@agh.edu.pl, morozov@agh.edu.pl

Received 20 July 2017

Accepted 7 November 2017

We study nonlocal symmetries of Plebariski’s second heavenly equation in an infinite-dimensional covering
associated to a Lax pair with a non-removable spectral parameter. We show that all local symmetries of the
equation admit lifts to full-fledged nonlocal symmetries in the infinite-dimensional covering. Also, we find two
new infinite hierarchies of commuting nonlocal symmetries in this covering and describe the structure of the
Lie algebra of the obtained nonlocal symmetries.
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1. Introduction

In this paper we study nonlocal symmetries of Plebanski’s second heavenly equation, [32],
uxz—u,y—uxxuyy—i—ufy:O. (1.1)

This equation attached considerable attention because of its importance in general relativity. In
particular, the equation is a reduction of the Einstein equations that govern self-dual gravitation
fields, see [12,26, 30, 35] and references therein. Eq. (1.1) is an example of a nonlinear integrable
equation in four independent variables. Here integrability means the existence of a Lax pair, or a
differential covering,

{ql = (I/[xy+)~)qx_uquy7 (12)

q; = Uyygx — (uxy *l)%w

with a non-removable parameter A. Expanding the pseudopotential ¢ into a Taylor series ¢ =
Yo o A% gy yields a new covering (4.1) with pseudopotentials g; over Eq. (1.1). The goal of this
paper is to study nonlocal symmetries for Eq. (1.1) in this covering.

Infinite-dimensional Lie algebras of nonlocal symmetries are well known to play an important
role in the theory of nonlinear integrable equations and provide a useful tool to study of the latter, see
e.g.[5,7,16,17,20,33,34] and references therein. Eq. (1.1) has the infinite-dimensional Lie algebra
s of local contact symmetries and, as it was shown in [24], is uniquely defined by this algebra, see
also [11,25] for discussion of geometric properties of Eq. (1.1) and related equations. The algebra s
is the semi-direct product § = s., X 5., Where .. = [[s, 5], [5,s]] is an infinite-dimensional ideal and
5, is a three-dimensional solvable Lie algebra. We show that all local symmetries of Eq. (1.1) have
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lifts to nonlocal symmetries, that is to symmetries of the system (1.1), (4.1). Note that not every
integrable equation allows lifts of local symmetries to nonlocal symmetries, see e.g. [10]. Also, we
find two infinite hierarchies a and b of nonlocal symmetries such that

[a,a] =0, [b,6] = 0. (1.3)

Note that existence of an infinite hierarchy of commuting flows is one of the most important prop-
erties of integrability, see [1, 6, 14,19,31] and references therein. Also, we find the structure of the
Lie algebra® s & a @ b (the sum as vector spaces). In paricular, we show that

[Seo, 0] = [5e0, 0] =0, [55,0] =a, [s5,b]=0b, [a,b]=na. (1.4)

There is a great many of works devoted to methods of studying nonlinear partial differential
equations (PDEs) that admit nonlocal symmetries. For the case of potential symmetries, that is non-
local symmetries corresponding to Abelian coverings®, see [8, Ch. 7], [9], and references therein. In
regard to applications of nonlocal symmetries in non-Abelian coverings to studying of exact solu-
tions and other integrability properties of nonlinear PDEs, see [5, 16, 17,34] and references therein.

2. Preliminaries

All considerations in this paper are local. The presentation in this section closely follows [20,21],
see also [22,23]. Let : R" x R™ — R", w: (x!,...,x" ul,...,u™) > (x',... x") be a trivial bun-
dle, and J*(7) be the bundle of its jets of the infinite order. The local coordinates on J(7) are
(x',u®, u%¥), where I = (iy,...,i,) is a multi-index, and for every local section f: R" — R" x R™
of 7 the corresponding infinite jet j.(f) is a section jo(f): R"* — J*(x) such that uf (j.(f)) =
a#lfoc ai1+~~+i,,foc

= —. We put u* = u? . Also, in the case of n = 4, m = 1 we denote

ox! (dxh)i ... (dx")in 0,...,0)
1

times z.
The vector fields

0 i d
Dk:7—|— I/[;X+1 e kE{l,,n},
oot #122"0052:"1 “ duf
(i1yeeesipyeeeyin) + 1 = (i1,..., i+ 1,...,iy), are called total derivatives. They commute every-

where on J(n): [D,i, D,;] = 0.

The evolutionary derivation associated to an arbitrary smooth function ¢: J*(7w) — R™ is the
vector field

m P)
E,= Y ) Dz((P“)w, 2.1

#1>0a=1

With Dy = D,y = Dfy o0 Dl

i)

A system of PDEs F,(xi,u}") =0,# <s,re{l,...,R}, of the order s > 1 with R > 1 defines
the submanifold € = {(x',u¥) € J(7) | Dk (F,(x',u?)) = 0, #K > 0} in J=(7).

2We identify here the Lie algebra s of local symmetries with its lift to nonlocal symmetries in the covering (4.1)
bSee definition of an Abelian covering in Section 2
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A function @: J*(m) — R™ is called a (generator of an infinitesimal) symmetry of € when
Ey(F) =0 on €. The symmetry ¢ is a solution to the defining system

le(p) =0, 2.2)
where (¢ = (f|c with the matrix differential operator

JF,

#1>0

Solutions to (2.2) constitute the Lie algebra Lie(E) of (infinitesimal) symmetries of equation € with
respect to the Jacobi bracket {@,y} = Ey(y) —Ey(@). The subalgebra of contact symmetries of
& is Lieg(&) = Lie(&)NC=(J (), R™).

Denote # = R* with coordinates w*, s € NU{0}. Locally, an (infinite-dimensional) differential

covering of € is atrivial bundle 7: J*(7) x # — J= () equipped with the extended total derivatives
~ o \ d

Dy =Dy +S;)ka(xlau;wij) ows

2.3)

such that [D,i, D,;] = 0 for all i # j whenever (x,u?) € €. We define the partial derivatives of w* by
Wy = D« (w*). This yields the system of covering equations

wh =T (' uff, w/). (2.4)

This over-determined system of PDEs is compatible whenever (x',u%) € €.
A covering is said to be Abelian when system (2.4) can be mapped to the form

0 _ 70/ « Jo_ps(yd 000 i—1 :
kaka(-xyul)y kaka(.x7u1,W,...7WJ ), JGN

by a change of variables x', u%, w*. Otherwise the covering is non-Abelian.

Denote by E(P the result of substitution of D« for D« in (2.1). A shadow of nonlocal symmetry
of € corresponding to the covering T with the extended total derivatives (2.3), or T-shadow, is a
function ¢ € C*(€ x #',R™), such that

Eo(F)=0 (2.5)

is a consequence of equations Dk (F) = 0 and (2.4). A nonlocal symmetry of £ corresponding to the
covering 7 (or T-symmetry) is the vector field

_ _ > d
=E A’ 2.6
¢.A (0] + s;() oW’ ) ( )
with A* € C*(& x #') such that @ satisfies (2.5) and
D (A%) =Epa(T}) Q2.7)

for 7;} from (2.3), see [10, Ch. 6, §3.2].

Remark 2.1. In general, not every T-shadow corresponds to a T-symmetry, since equations (2.7)
provide an obstruction for existence of A® in (2.6). But for any 7-shadow ¢ there exists a covering
T and a nonlocal Tp-symmetry whose Tp-shadow coincides with ¢, see [10, Ch. 6, §5.8].

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
190



A. Lelito and O.1. Morozov / Nonlocal symmetries of the second heavenly equation

3. Local symmetries
The local contact symmetries of Eq. (1.1) are solutions @ = @(¢,x,y,z, u, u;, y, uy, ;) to the equation
le(@) = DyDy(9) —DiDy(9) — ”xxD§(¢) +2uxy DDy () = 0.
Direct computations® show that the Lie algebra s = £ie (&) is generated by the following functions
(P0<A) = —Azu — (XAtz +yAzz) Uy + (XAtt +yAtz) uy +A;u;
—% (x3 A+ 3x2yAttz + 3x}’2Atzz +y3 Azzz) )
01 (A) = —Azu,+4A Uy — % (sztt +2xyA;; +y2Azz) )
(p2(A) = _Al‘ _yAZ7

P3(A) = —A,
Vi = 3u—Xuy—yuy,
Yo = —3tu —xux—yuy —3zu,,
Y3 = —1t Uy —ZUy,

where A = A(t,7) and B = B(t, z) below are arbitrary functions of 7 and z. The structure of s is given
by equations

(o). gy(m)} = { g Ad= a1
{v1,0,(4)} = jo;(A), (3.2)
{v2,0;(A)} = 0;(2(3— j)A—3(tA, +zA;)), (3.3)
{llf3,(Pj(A)}= {(()pj+1((2—])A_tAz—ZAz)a ji? (3.4)

{vi,w} =0, {vi, w3} = s, {vo,y3} = —2ys. (3.5)

Remark 3.1. We have s = s., x 5,, where s., is generated by ¢;(A) and s, is generated by y;.
The algebra s.. admits the following description. Consider the (commutative associative) algebra of
truncated polynomials Ry[s] = R[s]/(s*) and the Lie algebra b of Hamiltonian vector fields on R?,
[15]. Then s. is isomorphic to the Lie algebra R4 [s] @ h with the bracket [f @V, g@W] = fg® [V, W]
for f,g € Ry[s] and V,W € b.

4. Infinite-dimensional covering, shadows, and nonlocal symmetries

Substituting

g=Y M.
k=0
in the system (1.2) yields new (infinite-dimensional) covering

qor = Uxyq0ox — Uxxq0,y,

q0,; = Uyyqox — Uxy g0,y

Gmy = Uy dmx — Uxx Gy + Gm—1x;

qmz; = Uyydmx — Uxyqm,y + dm—1.y, m>1.

4.1)

“We carried out all computations in the Jets software [4].
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Direct computations prove:

Proposition 4.1. Function v = q is a shadow in the covering (1.2).

Then we have:

Corollary 4.1. Functions vy = qy, k > 0, are shadows in the covering (4.1).

A nonlocal symmetry of Eq. (1.1) is an infinite sequence (¢,Qo,Q1,...,Qm,...), where ¢ =

O(X' Uiy qj,qjxqjy,---) and Op = Qu(X' i, ... ,q},qjx:qjy,--- ), m > 0, are solutions to
the equation

Oxz — Qry — Uyy Oxx — Unx Qyy + 2 Uxy QPxy = 0
and the linearization

QO,I = Uyy QO,x +qox Pry — Uxx QO,y — 40,y Pxx,

QO,Z = Uyy QO,x +qox Qyy — Uxy QO,y — 40,y Pxy,

Qm,t = Uyxy Qm,x + Gmx Pxy — Uxx Qm,y —Gmy Pxx + Qm—l,xa

Qm.,z = Uyy Qm,x + Gmx Pyy — Uy Qm,y —Gmy Pxy + Qm—l,yy m>1.

of the system (4.1).
Remark 4.1. To simplify notation, here and below we use ¢, for D D.(¢), etc.

The nonlocal symmetries of Eq. (1.1) are described by the following theorems:

Theorem 4.1. The local symmetries @y(A), ... , @3(A), Wi, W, Y3 have the lifts ®y(A), ...,
D3(A), ¥, ¥, V5 10 the nonlocal symmetries in the covering (4.1) defined as ®;(A) =

((pi(A),q3i ( ) ( ), ( ) ), le:(l[/j,lpj’(),lpj"l,...,lpj_’k,...), with
(o) k(A) —A; Gkt — (XAtz +yAzz) Grx+ (XAII +yAtz) qk.y + A, k7,
D1 4(A) = —Arqrx +Ar Gry,
Dy (A) = D3(A) =0,
Wik = —XGkx —Yqky — kg,

Wok = =31qks —XGQkx — Yy — 32k +2kqy,
Wi = —tqix—2qry + (k+1) gry1-

The proof is similar to the proof of theorem 4.2 below and is therefore omitted.

Theorem 4.2. The shadows vy = qx, k > 0, have the lifts Y to the nonlocal symmetries in the
covering (4.1) defined as Xy = (qi, Yk.0, Y15y Ykoms o) With

m

Yk,m = Z<%74k+m+lfs>a
s=0

where (a,b) = acb, — ayby.
Remark 4.2. The bracket (-,-) is a Lie bracket. It endows the space C*(R?) of smooth functions

on R? with the structure of a Lie algebra with the noncentral part isomorphic to the algebra of
Hamiltonian vector fields on R? and the center generated by the constant functions.
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Proof. We claim that ¢

Y/qm,t = <Yk,mv ux> + <vaq1€7x> +Tk7m71,x-

Indeed,

m

m
Yk,m,t = Z <QS’ qk+m+1— Y Z qs.t, ('Ik+m+lfs> + Z <CIS7 6IkerJrlfs,t> —
s=0 s=0 s=0

m

m
= <<CI07“x Qk+;71+1 Z QSaux +qg5— 1,0 Qk+m+1— s>+

m
+<q07<q1<+m+laux +q1<+mx Z qs, Qk+m+] saux>+q1c+m sx> =

m m
= <<QO,”X ‘Ik+m+l "‘ Z QSa”x Qk+m+1fs> + Z<QS717xan+m+lfs> +
s=1 s=1
m—1
= g <(Is‘mq1c+m—s>
m m
+<q0a<q1<+m+17ux>>+ q0,9k+mx +Z QSanerfo +Z qs, Qk+m+l Va”x>> =
s=1 s=1
m—1
:<4quk,x>+ E’O <q.v~,q1(+m—x,x>
m
= <Qma Qk,x> +Yk,m—1,x + Z <<QSa ux>aq1c+m+1—s> +<<Qk+m+l—sa Mx>a¢]s> =
s=0 ~~

:<<qS7qk+m+l—s>7”X>7<<‘Ik+m+1—s7ux>~,qx>
= <Yk,ma Mx> + <Qm7q1c,x> "’Tk,in—l.,x'

Proof of the equality Yy, ; = (Yim, 4y) + (Gm>qk.y) + Yim—1,y is analogous.

O

Remark 4.3. We note that the nonlocal symmetries Y are similar to the nonlocal symmetries
for the four-dimensional Martinez Alonso—Shabat equation found in [29], but the Lie brackets on

C>(IR?) here and in the constructions of [29] are different.

Theorem 4.3. Eq. (1.1) has ‘invisible’ symmetries (symmetries with the zero shadow) in the cover-

ing (4.1) defined as

I't=1(0,...,0,90,91,92; - sqm;--- ), k> 1.
——
k

The proof is similar to the proof of theorem 4.2 and is therefore omitted.

5. The structure of the algebra of nonlocal symmetries

The structure of the algebra & of nonlocal symmetries ®,,(A), Wk, Y;, I'; of Eq. (1.1) in the covering

(4.1) is described by the following theorem.

dsee remark 4.1.
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Theorem 5.1. The Jacobi brackets of lifts of the local symmetries are lifts of the Jacobi brackets
of the corresponding local symmetries, that is, the commutators for ®,,(A), ¥y satisfy equations
(3.1)—(3.5) with @, (A), Wi replaced by ®,,(A), Wy, respectively. The other Jacobi brackets are

{q)m(A)va}:{(bm(A)’Fl}:{Yk?Tl}:{Flvrj}:Oa 0§m§37 k,lZO, 17]21,
{‘P],Tk} = (k+3)Yy, {‘PQ,Tk}:—2ka, {‘P3,Tk}:—(k+1)Tk+1,
{¥,Ii} = -(—- 1Ty, {¥o, T} =2(i— 1)}, (W3, T} = (- )Ty,

Il VT g el B
{F“Y"}_{ 0, k<i—1.

Proof. We will prove that {®((A), Y} = 0. The proof for the other Jacobi brackets is similar and
therefore is omitted.

We start with writing down explicitly the formula for computing the Jacobi bracket in case
of some infinite-dimensional vectors ® and Q. In order to facilitate applying this formula to
vectors ®y(A) and Y; we enumerate coordinates of the vectors ® and Q in the following way:
0= (0_-1,00,...,0,,...), Q= (Q_1,9Q,...,Q,...). Then the Jacobi bracket is of the form
{0,Q} = ({0,Q}_1,{0,Q}0,{0,Q},...), where

(©.0);= X (21(0-1) 57 (@)~ Di(@1) 5 (0)+

1

+ 3 (Do) 52 <QA>—DI<Qm>‘9<®j>)>, e

anI

As for coordinates gy, 1, Po j(A) depends at most on g, gjx, 4jy> qjz» q; OF gj+1 and Y ; depends
at most ON G xs Gkt j+1-myx> dmy> G+ j+1-m,y for m =0, ..., j. The following observations will be
used frequently:

d d
Y Y Dilaw)=— <1>0, Y. Di( a] (@0,) j>—-1,i=0,1,2,3.
I m=0 I=tx,y,2
oo J
Z Z Dl am Tk ]) Z (Dx(am)QkJerrlfm,y _Dx(ak+j+lfm)%n7y
I m=0 m,1 m=0

_D (am)QkJerrl mx + Dy(ak+j+1fm)q”l,x)

J
Z Ay Qi+ j+1— m <ak+j+17m7Qm>~

m=0
We have
- d -
{®i(A), i} 1 =Y Di(9:(A)) af )—Y Di(q @i(A)) +
7 ‘ T
0
> 0 > 0
+). Y Di(@ 3 () =) ZDI(Tk,m)T((Pi(A)% 0<i<3.
I m=0 qm.1 T m=0 qm,1
=®;(A) =0
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It is easy to see, that ¥’ D; (qx) 9% (@i(A)) = PX(A) fori=0,1,2,3, hence {®;(A), Y }_1 = 0. Then
1
for j > 0 we get

(04). T} = Y51 (94)) o (Xej) —~ LD ) 5 (@A) +
~— 1 Nl
=0 =0
S~ d < /. d
oY) <01 (@unl) o (r,w-)) Ty (DI (M) 5o (@ ,~<A>>) |

Furthermore, we have
{Po(A), Yy}, =

=) i <Dl(q’o,m(A))aqam (Y > Y Z( (Yem) jm ((I)OJ(A))) =

[=x,ym=0 ) 1=t x,y,zm=0

(Ex (q)O,m(A)) Qi+ j+1-my — Dx (q)O,k—i-j—H—m(A)) qm,y — Dy (q)Om(A)) Qk—l—j—i-l—m,xJF

[
3
-

N ~ d
+Dy (q)O,kJerrlfm(A)) ngc) - Z D (Tk,j) (97 (@0J(A)) =
I=t.x,y,z qji

M\.

((Pom(A), Gkt jr1-m) — (Posrjr1-m(A); qgm)) —

m=0

dJ

- Y b <mZo qm,CIk+j+1_m>> EP (Do, ;(A)) =

1=t x,y,z Jil

-y

J
m=0

(<c1>o,m(A>7qk+ ) — Dok m(A) )

0
= Y ((@misgrsjrr—m) + (Gms Gt jr1-m1)) a.@)O,j(A))) =
I=tx,yz gji
J
= Y ((Pom(A); it jr1-m) — (Poxsjr1-m(A)gm)+

m=0

+(DPo st jr1-m(A),gm) — (PG (A), it jr1-m)) = 0.
O
Remark 5.1. Denote by a the ideal of the Lie algebra § generated by Y; and by b the subalgebra

generated by I';. Identify s.. and s, with the ideal generated by ®,,(A) and the subalgebra generated
by Wy, respectively. Then we obtain

§= (5D (axb))xs,

(here & denotes a direct sum of commuting Lie algebras), in particular we have equations (1.3) and
(1.4) together With [Se,Seo| = Scos [So, 50| = Seo, and [Ss,56] = 5.
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6. Conclusion

In this paper we have found two infinite hierarchies of commuting nonlocal symmetries for
Plebariski’s second heavenly equation. One of these hierarchies can be employed to construct new
solutions using the techniques presented e.g. in [10,19,31], see also [5,16,17,34]. Furthermore, we
find the lifts of local symmetries and the structure of the Lie algebra of the nonlocal symmetries.
We emphasize that finding an explicit form of nonlocal symmetries and the commutator relations
for an infinite-dimensional symmetry algebra of nonlocal symmetries (rather than just shadows) is
quite rare. We know just a number of similar results in the literature, [1-3, 5, 13, 16-18, 29]. We
hope that it would be very interesting to study how the infinite-dimensional Lie algebra of nonlo-
cal symmetries reflects the algebraic structure behind the integrability properties of the considered
equation, cf. [27,28].
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