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The Adler-Bobenko-Suris (ABS) list contains scalar quadrilateral equations which are consistent around the
cube, and have D4 symmetry and tetrahedron property. Each equation in the ABS list admits a beautiful decom-
position. We revisit these decomposition formulas and by means of them we construct Bécklund transforma-
tions (BTs). BTs are used to construct lattice equations, their new solutions and weak Lax pairs.
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1. Introduction

It is well known that discrete integrable systems play important roles in variety of areas such as
statistic physics, discrete differential geometry and discrete Painlevé theory. Quadrilateral equations
are partial difference equations defined on four points (see Fig.1(a)), with a form

O(u, i, 4, 1t; p,q) = 0, (1.1)

where u is a function of discrete variables n,m, constants p,q serve as spacing parameters of n-
direction and m-direction, respectively. Short hand notations

U=Upm, U=Uptlmy U= Upm+l, U= Upt1m+1

will be used in the paper. When we speak of consistency-around-the-cube property of the quadrilat-
eral equation (1.1), we mean that [10,21]: (i) equation (1.1) is affine linear, (ii) imposing on the six
faces of the cube (see Fig.1(b)) six equations of type (1.1),

O(u, i, it pq) =0, Q7,1

p 0
O(u, &, 7,1 p,r) = 0, Q(i,t, 1,1 p,r) =0, (12)
q q 0

where shift in the third direction is denoted by bar and r is spacing parameter of the third direction,
one first solves the doubly shifted quantities from the left hand side of (1.2) and then the triply
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Fig. 1. (a). An elementary quadrilateral. (b). The consistency cube.

shifted quantity obtained from the right hand side of (1.2) are the same. In a beautiful paper [1] Adler
Bobenko and Suris (ABS) classified all quadrilateral equations with the assumption of consistency-
around-the-cube and additional conditions: (i) equation (1.1) having D4 symmetry; (ii) tetrahedron

property, i.e. the final value of u only depends on u,u,u. ABS list includes all such consistent-
around-the-cube (CAC) equations:

HI: (u—u)(ii—id)—p+q=0, (1.3a)
H2: (u—u)(i—0)— (p—q)(u+i+a+i+p+q) =0, (1.3b)
H3(8): p(uii+ i) — q(uii + ) + 8 (p* — ¢*) = 0, (1.3¢)
AL®): plu-+)(ii+it) — qu+i) (@+t) - 8 pq(p—q) =0, (1.3d)
A2: p(1— @) (uit+ i) — q(1 — p?) (uii + iint)
— (P = ¢*) (1 + uigir) = 0, (1.3e)
QU@): plu—)(ii—i) — qu—i) (@— 1)+ *pq(p—q) =0, (1.3f)
Q2: plu—i)(ii— 1) — q(u— ) (@— 1)
+pq(p—q)(u+i+a+ia—p*+pg—q*) =0, (1.3g)
Q3(8): p(1—¢?)(uid+ i) —g(1— p )(Mu—i—AN)
) <ﬁﬁ+u§+ 81~ ) (1.3h)
Q4: sn(p)(uii+ i) — sn(q )(uu+f[‘)fsn(p q) (i + uit)
+Sn(p)sn(q)sn(p—q)(1—i—kzuuuNL?): , (1.3i)

where 6 is an arbitrary parameter, sn(p) = sn(p;k) is the Jacobi elliptic function and Q4 in the
above form was given by Hietarinta [9].

If the top equation in the consistency cube is viewed as same as the bottom equation but with u
as a new solution, then the side equations as a coupled system, i.e.

O(u, i, @, 1; p,r) =0, Q(u,,,u;q,r) =0, (1.4)

automatically provides a Backlund transformation (BT) for the bottom equation (1.1). Its linearized
form obtained by introducing # = g/f can act as a Lax pair of equation (1.1). The equations on
the bottom and top faces have the same form at the beginning, but if one imposes different limits
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on the top and bottom variables then the resulting equations will be different and the two side
equations will give a BT of the two resulting equations. This beautiful idea was demonstrated in [3]
by Atkinson. Usually by an auto-BT we mean it connects different solutions of same equation while
by a nonauto-BT we mean it connects solutions of two different equations.

BT originated from the construction of pseudo-spherical surfaces and BTs have been playing
important roles in soliton theory [15,22,23]. In this paper, we will consider the ABS list and focus
on those BTs that can be constructed by using decomposition property of the ABS equations. In fact,
each equation Q = 0 in the ABS list admits a decomposition which is an analogue of the following,

Q0 Qu Qu
%:h12h34_h13h24:PQ7 P: Quz Quluz QL!2M4 9 (15)

QLl3 Qu1u3 Qu3 uq

~

where uy = u, up = u, u3 = u, us = U,

hij(”h“j) = Qquul - QQukula (1.6)

Ou, = 94,0, Quuy = 04,0, 0, and i, j, kI are distinct elements in {1,2,3,4}. The decomposition
(1.5) played a crucial role in the classification of the ABS list and in the further discussions under
the CAC property with a more general setting (allowing the faces of the consistency cube to carry
a priori different quad-equations) [2,7, 8]. A"/ are used to study singularity structures of solutions,
which is considered to be related to the CAC property and boundary value structures (cf. [4,5]). The
decomposition (1.5) and & polynomials can be used to construct BTs. For example, H3(6) has the
following decomposition:

~ ~

A = h(u,u, p)h(u,u, p) — h(u,,q)h(u,u,q) = H3(5) =0,

where h is defined by h(u,u, p) = uu+ pd. This implies that with unknown function U, the pair

~

h(u,it,p) =UU, h(u,i,q) =UU (1.7)

will provide a BT to connect H3(8) and the U-equation which comes from compatibility of the pair
in terms of u. By calculation one can find the corresponding U-equation is H3(—9). In this paper we
will examine system (1.7) for some ABS equations. As a result, when 4 is affine linear, a completed
list of BTs together with connected CAC equations are given. When # is beyond affine linear, some
quadratic CAC equations are obtained. Some BTs are used to construct new solutions and weak Lax
pairs.

The paper is organized as follows. In Sec.2 we revisit decomposition of the ABS list. In Sec.3
we discuss possible forms of 4 and the related quadrilateral equations of u# and U, which are listed
in Table 1 and 2. Sec.4 includes some examples as applications, a new weak Lax pair of Q1(0), new
polynomial solutions of Q1(8) and rational solutions of H3*(0) in Casoratian form are obtained.
Finally, Sec.5 is for conclusions.
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2. Decomposition (1.5) of the ABS list
2.1. Decomposition (1.5): revisited

Let us revisit the decomposition (1.5) and have a look at the relation of Q and P from a general
viewpoint. Consider Q(u,u,u,u; p,q) to be a general quadrilateral affine linear polynomial:

~

O(u,u,u,u;p,q) —kuiitii + lyuni + lzuﬁﬁ—l- l3uuN;V+ l4ﬁif;t:
+ prul+ pruu + p3ﬁ+ p4u§+ psuil + p(,ﬁ
+q1u+42ﬁ+Q3ﬁ+Q4/ﬁ+C, 2.1)

where k,I;, pi,qi,c are constants. Let 2! denote a set of polynomials with s distinct variables in
{u,u, ﬁ,a} and at most degree ¢ for each variable. With this definition, the most general element
in @i is O defined in (2.1) and A"/ belongs to ﬂ% For the above generic Q, the decomposition
(1.5) holds and P € 2} [2]. In fact, the discriminant of 4/ plays an important role in the classifi-
cation of integrable quadrilateral equations. With a more general setting in the CAC condition, the
classification of Q-type equations was done in [2] and a full classification was finished in [7, 8].

In the following let us take a close look at the relation between Q and P in (1.5). Similar to (1.6)
we define

gij(uhuj) :PukPm_PPukun (22)
where P is defined in (1.5). Then we have the following.

Proposition 2.1. For the polynomial Q given in (2.1), P defined in (1.5) and h' in (1.6), there is a
constant K such that

In particular when K = 0, P can be factorized as a product of distinct linear function a;ju; + b;.

Proof. It has been proved that P € 22} [2]. Thus we can switch the roles of Q and P in (1.5). For
the polynomial Q given in (2.1), P defined in (1.5) and /4 in (1.6), by direct calculation we find

g7 = (=1)KnY, (i,j) €{(1,2),(1,3),(2,4),3,4)}, 23)
with a same K which is an irreducible rational function of {u;}. This implies
¢12¢% _ ¢1342 — k20p

Corresponding to the structure in (1.5), there must be

P P, P,
K>Q = |Py, Puyuy Puyu, | € 21
Pu3 Pu|u3 Pu3u4

Since Q € ﬁj the only choice for K is a constant.
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If K = 0, then we have g’/ = 0 in light of (2.3). Noticing that

g"
(InP)yu, = P2
if g'/ = 0 we have

InP =y (ur) + Wa(u2) + w3 (u3) + Wa(us),
where ;(u;) is a function of u;. This means P € &} can be factorized as

P = ¢y (u1) 92 (u2) $3(u3) P4 (u1a),

where there must be ¢;(u;) = a;u; + b; because of P € @J.

O]

The above proposition reveals an “adjoint” relation between Q and P if Q is an affine-linear
quadrilateral polynomial (2.1). For A-type and Q-type ABS equations, one can see that Q and P are

almost same.

2.2. Decomposition of the ABS list
For each equation (1.1) in the ABS list it holds that [1]

A = h(u, i, p)h(@, @, p) — h(u, &, q)h(i, i1, q) = 0,

2.4)

where function A(u, i, p) is h'? divided by certain factor k(p,q). Functions A, /# and connections

with the ABS equations are listed below:

H1: h(u,u,p) =1, =0, identity,

H2: h(u,u,p) =u+u+p, %:HZ(u,ﬁ,ﬁ,ﬁ;p,q):O,

H3: h(u,u,p) = uu+ péd, %”zHS(u,ﬁ,ﬁ,ﬁ;p,q):Q
- 1 — _

Al: h(ual’t)p):*(u—l_u)z_azp’ %:Al(uauvuaUQPaQ)Al(“auaMJ/‘QP’_‘])

p

- pu— 1) (uu—p — — _
- | N S

Ql: h(u7u7p):;(u_u)2_52p> %0:Ql(ua%”au;PaQ)Ql(”:ua”au§P7_Q):0
~ 1, .

Q2: h(u,mp):;(u—u)2—2p(u+®+p3,

% - Qz(ualz ﬁ7/b~;,PaQ)Q2(Ma’/~‘a ﬁ,ﬁ,Pv_Q) = 07
1+p* _ (1-p*)&°

. ~ N__P 2, 2
Q3: h(u,u,p)—l_p2(u —i—u)—l_pzuu—i- 1y
A = Q3(u, L, 0,15, p, q)03(u, i, 0, i;p,q ') =0,
- -1 - - -
Q4: h(u,u,p) = () (Ksn?(p)u?u® + 2sn’ (p)uti —u* — u* +sn*(p)) ,
p

A = Q4(u,u, ﬁ,ﬁ;p,q)Q4(u,ﬁ, ﬁﬁ;p, —q)=0.
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We note that for the ABS equations, the case K = 0 in Proposition 2.1 corresponds to H-type
equations in the ABS list; for H-type equations P is a constant and for H1 even P = 0; for A-type
and Q-type equations, Q and P differ only in the parameter q.

3. Biacklund transformations

In Section 1 by H3(d) as an example we have illustrated its decomposition can be used to construct
a BT. Motivated by the decomposition (2.5) of the ABS equations, we consider the following system

h(u,u,p) =UU, (3.1a)
hu,iiq) = UT, (3.1b)

where to meet the consistency w.r.t. u we request U satisfies certain quadrilateral equation

S

F(U,U,U,U:p,q) =0, (32)
which we call U-equation for convenience. In fact, on one hand, since u must be well defined by
(3.1), the two equations in (3.1) must be compatible (i.e. u = &), which leads to the U-equation. On
the other hand, for arbitrary U the function & defined by (3.1) satisfies (2.4). In a more general case,
considering the following pair

h(u,,U,U,p) =0, h(u,u,U,U,q) =0, (3.3)

if without knowing any information of u-equation (1.1), only by the compatibility W =1 we can
eliminate u from (3.3) to get U-equation (3.2), and vice versa, to get u-equation (1.1), we call
(3.3) and the related u-equation (1.1) and U-equation (3.2) a consistent triplet generated by (3.3)
(cf. [24]). Obviously, such a consistent triplet is nothing but a special case of BTs.

As for generating solutions, we note that for H2 and H3, u solved from (3.1) with corresponding
h’s will provide a solution to these two equations, while for the rest equations in the ABS list there is
uncertainty. For example, for Q1, we do not know whether u solves Q1 or Q1 (u,u,u,u; p,—q) = 0.
In this section, instead of finding solutions, we are more interested in considering (3.1) as a BT to
connect u-equation (2.4) and U-equation. In the following subsections Sec.3.1,3.2, we start from a
generic affine-linear polynomial

h(u,u, p) = so(p) +s1(p)u+s2(p)u+ s3(p)uit, (3.4)

where s;(p) are functions of p, and then examine all possibility that admits a consistent triplet in
which both u-equation and U-equation are CAC. We note that 4 = 0 with (3.4) is a discrete Riccati
equation, and the special case s; = s, with s3 = 0 was already considered in [3].

3.1. Consistent triplets

When £ is defined as (3.4), for the relation of 4 and possible forms of u-equation and U-equation,
we have the following.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
39



D.D. Zhang and D.J. Zhang / On Decomposition of the ABS Lattice Equations

Theorem 3.1. When h(u,u, p) in system (3.1) is defined by (3.4), then U-equation (3.2) is affine-
linear if and only if either

h(u, i, p) = s0(p) +s1(p)u+s2(p)u 3.5)
or (after a constant shiftu — u—c)
h(u, i, p) = so(p) +s3(p)uit. (3.6)
Proof. When h(u,u, p) is defined by (3.4), we solve out from (3.1) that

_UU—so(p)—si(p)u . UU—s0(q) —s1(q)u
s2(p) +s3(p)u 2(q) +s3(qu

u , U=

From the consistency 7 = &, we have the resulting equation for U: f(U .U, U,U ,u) = 0, which
should be independent of u. Therefore the coefficient of u in f should be zero, which leads to

52(q)s3(p) — s3(q)s1(p) = s2(p)s3(q) — s3(p)s1(q) = 0. (3.7)
When s3 = 0, (3.4) turns to be (3.5). In this case, the system (3.1) is a BT for u-equation

so(p) +s1(p)ut+s:(p)i _ so(q) +s1 (61)5“2(61);: (3.8)

so(q) +si(qluts2(q)u  so(p) +s1(p)ia+s2(p)it

and U-equation

~

U(s1(9)U —s1(p)U) + U (s2(q)U — 52(p)U) +50(q) (51 (p) +52(p)) = 50(p) (51(q) + 52(q)) = 0.
(3.9
Here we note that equation (3.8), (3.9) and the BT (3.1) compose a consistent triplet (cf. [24]), i.e.
viewing the BT (3.1) as a two-component system, then the compatibility of each component yields
a lattice equation of the other component which is in the triplet.
When function s3 # 0, we have

_5(q) _sip) _sile) _ 5(p)
s3(g)  s3(p)  s3(q) s3(p)

where c is a constant independent of p and g. It then follows that s, = s; = c¢s3. Thus (3.4) yields

h(u,ii, p) = so(p) — c*s3(p) +s3(p) (u+c) (@ +c),

which then reduces to (3.6) by redefine so(p) — so(p) + c*s3(p) and u — u — c. Consequently the
u-equation reads

(so(p) +s3(p)uit) (so(p) +s3(p)iitt) = (s0(q) +s3(q)uit) (so(q) +s3(q)iim) ~ (3.10)

and U-equation reads

(3(p) — $3(@)UTTT +U (s0(p)s3(a) — 50()53(p)D)
+U (s0(p)s3(9)U — 50(q)s3(p)U) = 53(p)s3(q) — s5(q)s3(p).- (3.11)

Note that replacing s with —j—‘; and s3 with %, equation (3.10) becomes (3.11). Egs.(3.10), (3.11)
and (3.1) compose a consistent triplet as well.
]
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Now we have obtained four quadrilateral equations, (3.8), (3.9), (3.10) and (3.11), all of which
are derived as a compatibility of (3.1). Among them, equation (3.8) with so = 1, s;(p) = p —
a, s2(p) = p+a can be considered as the Nijhoff-Quispel-Capel (NQC) equation with b = a (cf. [19]
and eq.(9.49) in [10]).

3.2. CAC property with h given in (3.5) and (3.6)

Although (3.8), (3.9), (3.10) and (3.11) are derived as a compatibility of (3.1), it is not true that
they are CAC for arbitrary s;. After a case-by-case investigation of the CAC property of the four
equations, we reach a full list that includes all CAC equations when 4 are given in (3.5) and (3.6),
which is presented in the following theorem:

Theorem 3.2. For the system (3.1) where h is affine-linear as given in (3.5) and (3.6), if it generates

a consistent triplet and acts as a BT between quadrilateral equations which are CAC, the exhausted
results are

Table 1. Consistent triplets.

No. BT(3.1) u-equation U-equation
1 ylu—u) = uu Q1(0; p2,¢%) lpmKdV
2 u+i+p=UU H2 H1(2p,2q)
3 Juta)-8p=UU  Al@:p'q) H3(8:2p,29)
4 uii48p =UU H3(5) H3(—8)
5 Sui—1) =UU (A.11) H3(1) with U — U]
1 (11— —UU _ 2 — 2
6 ﬂ(l puit) = UU A2 A2(/1=p2,\/1=¢?)

Proof of the theorem is given in Appendix A.

Here we have two remarks. First, most of the BTs in Table 1 can be found from known liter-
atures. For example, transformation 1 was already known in [16, 18,20] as a BT connecting the
lattice Schwarzian KdV (Q1(0)) equation and IpmKdV equation, transformation 2 and 3 were given
in [3], transformation 6 can be found from eq.(57) of [6] by first taking (A,B,C) = (1,0,0), then
(0,0,1) and next eliminating s,¢ from the obtained equations, transformation 4 can be found from
eq.(58) of [6] by first taking (A,B,C) = (0,1,0), then (0,0,1) and next eliminating s,¢ from the
obtained equations. The second remark is although transformation 1 is a special case of 3 by taking
6 = 0 and imposing a point transformation, we would like to keep it in the table because it does not
only connect the lattice Schwarzian KdV equation and lpmKdV equation but also plays a practical
role in deriving lattice equations in Cauchy matrix approach [17] as well as in generating rational
solutions [24].

3.3. Other cases: Q1(5), A1(S) and A2

For equations Q1(8), A1(d) and A2, their i polynomials are not affine linear. We discuss them one
by one.
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First, for Q1(8), the corresponding system (3.1) is
(i—u)?—8%p> = puU, (i—u)*>—8%¢* =qUU, (3.12)

which is quadratic w.r.t. u. We find if u satisfies Q1(8), then U satisfies

~ ~

~ A= o~ 72 ~ o~ = ~
[p(UU —0U0) - qUU - UU)} +apg(U - D) [52(p—q)(U ~U)-UU(U — U)] —0, (3.13)
and vice versa. The above equation can be transformed to H3*(§) equation

(p—4) [p(UT ~ 00~ g(UT = 00| + (U -0)(0 ~0) |(U - U)(U ~ 0)pg—48*(p — )| =0
(3.14)
by transformation p — 1/p,q — 1/q. Here we note that H3*(J) is one of integrable quad equa-
tions that are multi-quadratic counterparts of the ABS equations. These multi-quadratic equations
are consistent in multi-dimensions as well and were systematically found in a beautiful work [6].
System (3.12) provides a BT between Q1(d) and H3*(9) (3.13).
Similarly, for A1, we find

(i+u)®—8%p> = puU, (i+u)*—38%*¢* =qUU, (3.15)

provides a BT between Al and H3*(9) (3.13).
For A2, in the system (3.1) there is

(puit —1)(uu — p)
1—p? '

h(u,u,p) = (3.16)

It is hard to write out a U-equation in a neat form. However, by observing that U is arbitrary in
(3.1), we can replace U with U/ f(u) where f(u) is a suitable function of u so that the deformed BT

h(u, i, p) f(u) (@) = UU, h(u,i,q)f(u)f(@)=U0 (3.17)
generates a U-equation with an explicit and neat form. Taking f(u) = 1/u, (3.1) with (3.16) becomes
u—1)(uu— ~ u—1)(uu— ~
(puu )(W~ p) _ v, (quu )(WA q) _ Ui, (3.18)
(1 —p?)ui (1 —q*)ui
which connects the solutions between A2(u) and A2*(U) equation [6]
(p—q) [T ~00) ~qUT - 00
U -O)O-0)|(U-0)0-0)(pg—1)+2(p—q)(1 +Uz717(7)] —0, (3.19)

with p — 2(p*+1)/(1—p?),q — 2(¢* +1)/(1—¢*). One more example of utilizing f(u) is H3(5).
For the transformation 4 in Table 1, taking f(«) = u we have

(uii+ 8p)uti = UU, (uii+ 8q)uii =UU, (3.20)

which connects the solutions between H3(8)(«) and H3*(0)(U) equation with parameters p —
4/ pz, q—4/ qz. BTs (3.18) and (3.20) have been listed in [6]. Let us look at a third example. It can
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be verified that

uu—p ~  ull—gq PN

UU (3.21)

— :UIJ7 — frd
puu—1 quu—1

is an auto-BT of A2. Taking f(u) = 1/u the new BT provides a transformation between A2(«) and
A2*#(U) with parameters p — 2p*> — 1,q — 24> — 1.
We collect the BTs obtained in this subsection in Table 2.

Table 2. BT(3.1) related to Q1(8), A1(5), H3(5) and A2.

No. BT(3.1) u-equation U-equation
1 Ma-wP-8tp=ul Q1(8) H3#%(8; 1, 1)
2 la+w?-8p=uvU AL(8) H3%(8; 5, )
3 (pui-V)(uii—p) _ 1757 A2 Az*(2(1ﬂ+l) 2(q2+1)>
(T=p?)uir N I-p* 7 1-¢*
4 (uii+ 8 p)uii = UT H3(5) H3%(8: %, )
5 “wop =yu A2 A2
puu _
6 (P:ugjlp)uﬁ =Uu A2 AZ*(ZPZ - 1,2q2 - 1)

In this section we have given an exhausted examination for the case where # is the affine-linear
polynomial (3.4). For Q1(6), A1(8) and A2, their & polynomials are not affine linear and their
corresponding U-equations are usually multi-quadratic counterparts of the ABS equations, (see
Table 2). For Q2, Q3 and Q4, their & polynomials are so complicated that from system (3.1) we can
not derive explicit U-equations.

We also note that there are many systematical works to consider constructions of BTs for quadri-
lateral equations [3,6,13,14]. In [6] many BTs are constructed by considering compatibility of (3.3)
which are Riccati equations in terms of U but allowing more freedom for u. Besides, [6] presents
variety of BTs with free parameters (A, B,C) that are derived by using Yang-Baxter maps. BTs in
Table 2 are included in the results of [6].

4. Applications

BTs have been used as a main tool to find rational solutions for quadrilateral equations (see [24]).
In this section we would like to introduce more applications, including a BT and weak Lax pair of
Q1(0), polynomial solutions of Q1(8) and rational solutions of H3*(§).

4.1. BT and weak Lax pair of Q1(0)

From the previous discussion, we know that Q1(0),

PP(u—a)(ii—1) — ¢ (u—u)(ii—1u) =0, @.1)
has a BT
i—u=pUU, i—u=qUU, (4.2)
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where U satisfies the ]pmKdV equation. If U solves the [pmKdV equation, so does 1/U. Employing
this symmetry we introduce

U-u=pU U, d—-u=qu 'U"! 4.3)

as an adjoint system of (4.2), which is also a BT between Q1(0) and IpmKdV. Eliminating U from
(4.2) and (4.3) we reach

~ o~

(@—u)(@—u)=p?, (u—m)(a—u)=q",

which gives an auto-BT of Q1(0). Noticing the symmetry that « and 1/u can solve Q1(0) simulta-
neously, we replace & with 1/ and reach

~ o~

(i —) (i —u) + p*ui =0, (a—7)(@—u)+q*au=0, (“4)

which gives another auto-BT of Q1(0). One can check that the following 6 equations

P (u— ) (i — ) — ¢* (u— ) (i — ) = 0, (4.5a)
(i —70) (& — u) + p*uu =0, (4.5b)
(i — @) (@~ u) + ¢t = 0, 4.5¢)
(@) — )+ pPaa =0, (4.5d)
(@) (@— )+ g =0, (4.5¢)
PR — )i — ) — Fa—) G —7) =0 (4.50)

can be consistently embedded on 6 faces of a cube.
The BT (4.3) yields a pair of linear problems (Lax pair):

~ 10 A 10
e=( p o @={ p | (4.6)

where ® = (g, f)T. The consistency of (4.6) leads to an equation
(=i~ +7) |~ ) (i~ ) — ¢* (u— ) (T~ &) | =0, @7

which is Q1(0) multiplied by a factor (u—u — ﬁ+§). This means Q1(0) can not be fully determined
by (4.6). Such an Lax pair is called a weak Lax pair and was first systematically studied in [11].
(4.6) is a new weak Lax pair of Q1(0). As a result, replacing (4.5a) and (4.5f) by

~

u—ti—a+u=0, aunu(l/a—1/a—1/a+1/u) =0,

respectively, (4.5) is also consistent around the cube as a system.
In addition to the weak Lax pair of Q1(0), we have shown an approach to construct auto-BT for
u-equation from (3.1) if U-equation admits a symmetry U — 1/U. For A2 and related BT (3.21),
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employing the same technique, we have relations

(wii — p) (it — p) = (pui—1)(pui—1), (uit —q) (@t —q) = (quii —1)(quu—1),

and

(uit — p) (1 — piti) = (puii — 1)(p —an), (uii—q)(1 — qun) = (qui—1)(q—u).
Both of them are auto BTs of A2.

4.2. Polynomial solutions of Q1(5)
Consider (3.12), i.c.

(i—u)?>—8%p> = pUU, (i—u)*—8%¢" =qUU, (4.8)

which is a BT between Q1(8) and H3*(8). However, if we do not care about what U-equation is,
then from decomposition (2.5f) any u defined by (4.8) will be a solution of

H = O (u, 8, 1 p, q)Q1 (u, i, U p, —q) = 0. (4.9)
In other words, (4.8) may also be a BT between Q1 (u, u, i, a p, —¢q) = 0 and some U-equation other
than H3*(8). This means, if we just solve (4.8) and obtain u, we should verify whether u satisfies
Q1(6) (13f) or Ql(bl, 1/77 it\a ﬁ’pa _q) = O
To solve (4.8) which is a quadratic system, we suppose that U is a polynomial of

x=an+bm+vy, (4.10)
say,
N .
U= ZCNﬂ-x' 4.11)
i=0

with constants a, b, ¥, ¢; and ¢g # 0,N > 0. Introduce
Vi=U—U, vo=U—u, 4.12)
where v; and v, should satisfy
Vi—Vi =WV —W (4.13)

due to consistency of (4.12). For the case that both v; and v, are also polynomials of x, we have the
following result:

Theorem 4.1. When U is given in (4.11), we can convert the system (4.8) to
v%—52p2:pUl7, v%—52q2:qU(7. (4.14)

When N > 1 and we require that v; have the following form,
N . N .
vi=) fv-ix', va=Y gy (4.15)
i=0 i=0

with constants f;, g; to be determined, the only allowed values for N are 1 and 2. u is recovered
through (4.12).
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The proof for this theorem is given in Appendix B.
Let us turn to find polynimial solutions. When N=0, we have U = ¢y and

(@—u)* = p(&p+c3), (@—u)*=q(8%q+c}).

Suppose
2 2
__ % _ 9 . -
p_a2_52’ q_b2_527 O‘—P%B—qb- (416)
It turns out that four possibilities for u are
(!
an+fm+y, 5 a+pfm+y,
—1)m+l1 —1)n+l —1)m+l
Om+(;l3+% ( 2) o+l 2) B+,

which coincide with the result in [12].
When N = 1,2, with p, g parameterized as

p=d>, q=Db (4.17)

following Theorem 4.1, after some calculation and scaling, we find solutions to (4.8):

u=+8x"+7y, U==+28x, (4.18a)
2 2

u:i‘)xt‘ix—@( 3n+b3m) + Y0, U=~ (4.18b)
3 C 3 (&0)

We can check that # and U respectively satisfy Q1(8) and H3*(8) equation (3.13). These are poly-
nomial solutions.

4.3. Rational solutions of H3%(5)

One can derive rational solutions for H3*(6) from those of Q1(d) and BT (3.12).
It has been proved that Q1(d) with p,q parameterized as in (4.17) has the following rational
solutions [24]:

+ 67
Uy = (4.19)

~ll
[~

where N-th order Casoratian f is given by
f=fv=IN—=1|=|a(n,m,0),a(n,m,1), - aln,mN-—1)],

for N > 1 and extended to negative direction by

_ 3] _
fov=(=DR v, fo=1, (4.20)
[-] denotes the greatest integer function, f = fy_1 = |N/—\2 , f = fv+1 = |N|, etc; the Casoratian
vector ¢ is
1 .
_ T o 2j+1y,,. —
a(namal>_(aﬂ7a17 7aM—1) ; aj_ (2]+1)'as' lI’l‘S,‘ZOv M= 1727

with function y;
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yi(n,m,l) = l/ll*(n,m,l) +vy; (n,m,l), l//ii(n,m,l) = pii(l :I:s,-)l(l +as;)" (1 £bs;)™,

where

1 e :FS,'j
pf:izexp[—z( j) yj], y; € C.
=1

The Casoratian f defined above satisfies a superposition relation [24]

I

7f—Tf=aff, (421a)
Ff—Ff=bfT. (4.21b)

Making use of (3.12), (4.19), (4.20) and (4.21), by a direct calculation we find rational solutions
of H3*(J) (3.13) can be written as

—2
_ 52 2
UN+2 - ffzf, N € Z (422)
The first three solutions are
Uy=1-x38%
Uy =x3 — 82,
Us — (x? —x3)2 —95§2

9x%
where
xi=dn+bm+y.

Here U, is (4.18b) with ¢y = 1.
Finally, we note that, compared with the solution of H3(9) given by [24], which is

ntm 1 ?"’ _1 n+m6f
un+2 = (—1)72 " ( f) =,

when § =i = y/—1 it s interesting to find the relation Uy = |uy|>.

5. Conclusions

BTs contain compatibility and are closely related to integrability of the equations that they connect.
In this paper we have investigated system (3.1) as a BT. When 4 is affine linear with a generic
form (3.4), we made a complete examination and all consistent triplets are listed in Table 1. As
applications, apart from constructing solutions (cf. [24]), these BTs in the triplets can be viewed as
Lax pairs of u-equations, where wave function ® = (g, f)? can be introduced by taking U = g/f
but usually it is hard to introduce an significant spectral parameter. When # is beyond affine linear,
system (3.1) as a BT and the connecting quadrilateral equations (including multi-quadratic ones)
are listed in Table 2. Further applications of the obtained BTs, such as constructing weak Lax pair
and rational solutions for multi-quadratic lattice equations, were also shown in the paper.
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Appendix A. Proof of Theorem 3.2

A.1l. Multidimensional consistency: h given in (3.5)

The following discussion is on the basis of the CAC condition U =1 =1 for system (1.2). First we
investigate the case of (3.8) and (3.9) with h(u, u, p) given in (3.5) where we assume s; (p)s2(p) # 0,
otherwise (3.8) is not a quadrilateral equation.

All so=0

In this case, it can be verified that (3.8) always satisfies the CAC condition TI=t—1. Canonically,

n m
we make a transformation u — (— EEZ g) (— i;g;’;) u so that equation (3.8) is in a neat form

51(p)s2(p) (u— ) (@ — 1) = 51(q)s2(q) (u— ) (i — ).

Without any loss of generality, by assumption of s;(p) = —s2(p) = %, equation (3.8) turns out to be
the equation Q1(0; p?,4%)?, while the corresponding equation (3.9) becomes the IpmKdV equation,

p(UT —00) - g(UT —T0) =0. (A1)

A1.2. s59£0

A. 51(p) +s2(p) = kso(p) with constant k
This goes to the case of so = 0 by taking u — u—k~' when k # 0 and u — u— so(p)n — so(q)m
when k = 0.

B.si(p)+s2(p) = kso( )with nonconstant k

Check all terms in u = u where the coefficient of uzz® reads

s1(p)s3(r)A(B+C), (A2)

with

s2(p)s1(p) —s2(q)s1(q), B = (=so(p)s1(p)+s0(q)s1(q))(s2(r) +s1(r)),
(s7(p) +s2(p)s1(p) — 51(q) — 52(q)s1(q))s0(r)
+[s0(p)s2(q) +s1(q)s0(p) — s1(p)so(q) — s0(q)s2(p)] 51 (p)s1(q)sy " ().

Letting (A.2) vanish leads to only three subcases.

CaseB.1. A=0

By this we denote Q1(0) in which replacing p and ¢ by p? and 4°.
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It directly results in
s2(p)s1(p) = co, with constant cy. (A.3)
Then from the coefficient of #* we have
51(p)st(q)EF =0, (A4)
where
E =50(p)s1(p)(s1(q) + co) — s0(q)s1(q) (s (p) + co),
F =c3s1(p)so(p) — cgso(q)s1(q) — co(si(p) — s1(q))so(r)si(r)
+ (s0(@)s1(p) —s0(p)s1(9))s1(p)s1(q)st (r)-
If E =0, it returns to the Case A. In fact, when £ = 0, under (A.3) we have
si(p)+eo _st@+co _ _ s1(p)+52(p)

sip)so(p) — si@sola) ' so(p)

)

with constant cj.
In the case that F = 0 and s (p) is not a constant, it again returns to Case A. In fact, in this case
from F = 0 we can take sy to be the form

so(t) = c151(1) +czsf1(t),

where ¢ and c; are constants. Substituting the above with t = p,q,r into F = 0 it turns out that
c2 = c1¢o, from which and (A.3) we find s1(p) + s2(p) = so(p)/c1, which brings the case to Case
A. Thus the only choice is 51 (p) being a constant. Without loss of generality we suppose s1(p) = 1
and as a consequence of (A.3) we also have s,(p) = co. Then, after checking the remaining terms in

%=1 =1 we find co = 1. Therefore in this case we have h(u,u, p) = u+u+ p, and (3.8) and (3.9)
are nothing but H2 and H1(2p,2q).

CaseB.2. A#0,B=C=0
B =0 yields either s2(r) 451 (r) = 0 or so(p)s1(p) = co with constant cp. The former belongs to
Case A and then we consider the later, i.e.

so(p)s1(p) = co. (A.5)
Note that if the term s3(p) +s2(p)s1(p) — 57(q) — 52(¢)s1(g) in C vanishes we will find (s;(p) +
s2(p))si1(p) to be a constant, which, together with (A.5), again leads to Case A. If the term does not
vanish, from C = 0 we can assume there are constants ¢, and c3 such that cas0(r) + ¢35, ' (r) = 0,

ie.
so(r)s2(r) = c1 = —c3/ca. (A.6)
Making use of (A.5) and (A.6) we reach

co(cf — ) < 1 1 >:0_

C1 2

)
i) (p) so(Q)
We ignore solution sg = ¢ because this leads to s; and s, to be constants and then brings the case
to Case A. Therefore we have c; = *£c¢p. Since ¢; = —cg results in kK = 0 which is Case A, the only
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choice is ¢; = ¢p and in this case the canonical form for 4 can be
~ |
h(u,u,p) = —(u+u)—dp.
p
Then it follows that (3.8) is A1(5;p2, qz), and the corresponding (3.9) is H3(5;2p,2¢).

Case B.3. AB#0, B+C=0
Since B # 0, from B+ C = 0 we can assume

s1(r) 4+ s2(r) = c1s0(r) + a5, 1 (1), (A7)

with constant ¢; and nonzero constant ¢, (if co = 0 we back to Case A), in which

¢, 51 (P)(s2(p )+S1( ) —s1(q)(s2 ()‘HI(Q)), (A.82)
(P)s1(p) —s0(q)s1(q)

¢y = 150(P)(52(q ()+S1(q)) s0(q) (s1 ()+Sz(p))JS1(p)S1(cJ) (A.8b)
so(p)s1(p) —so(q)s1(q) ' '

Note that in Case B so(r) and s5 () must be linearly independent. Separate p and ¢ in (A.8a)
we find s1(p)(s2(p) +s1(p)) — c150(p)s1(p) = co with nonzero constant ¢y, which, together with
relation (A.7), yields s2(p) = cacyy Is1(p). Now, substituting this relation and (A.7) into (A.8b) we
find ¢; = ¢¢, and consequently, s1(p) = s2(p). Thus, (3.5) of this case reads

h(uaﬁ7p)ZSO(p)+sl(p)u+Sl(p)ﬁa (Ag)
and (A.7) reads
2s1(r) = c150(r) —|—cos1_1 (r).

We note that (A.9) is already discussed in [3]. After making u — u — 1/c; in (A.9) we can consider

€0

h(u,u,p) = “an(p

i) +s1(p)u+si1(p)u,

which, however, leads to Case B.2. So, nothing new is obtained in this case.

A.2. CAC property: h given in (3.6)
For h(u,u, p) given in (3.6), we suppose so(p),s3(p) # 0 and they are not constants simultaneously,

so that we can keep the freedom of p,q. By the same manner, from the coefficient of @’ in u = ,
we find

53(p)so(r) = s3(r)so(p) +53(r)st(q) — s3(a)s5(r) +53(@)s5(p) —53(P)s () =0.  (A.10)
If s3(p) is a constant, setting s3(p) = 1,s0(p) = pS, we have h(u,u,p) = uu + pd, (3.10) is
H3(0) and (3.11) is H3(—9).
If so(p) is a constant, by setting so(p) = 1,s3(p) = pd, it comes out that h(u,u,p) = 6 puu+ 1.
By transformation u — u~', (3.10) also reaches H3(§).
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If neither so(p) or s3(p) is a constant, d,d,(A.10) yields

(s5(p))" _ (s5(a))’
% I 2 /

() (3))

which leads to s3(p) = c¢153(p) +c2 with nonzero constant ¢;. When ¢z = 0, it yields so(p) = 8s3(p).
Replacing u — (—8&)'/?u and taking s3(p) = 1/p, we can write equation (3.10) as

=Cy,

¢ (uii — 1) (@i — 1) = p*(uii — 1) (i — 1), (A.11)

and the corresponding (3.11) is H3(1) after transformation U — U~'. When ¢, # 0, we can scale ¢
to be 1 by replacing u — (c1)'/*u. Then, setting ¢; = 1,s3(p) = —=2=,s50(p) = —~—, equation

(3.10) reduces to A2 and (3.11) reduces to A2(y/1 — p%, /1 —¢3).
We note that (A.11) is not a new equation. It is related to Q1(0; p%,¢%) by u — u'~
As a conclusion we have proved Theorem 3.2.

1)n+m

Appendix B. Proof of Theorem 4.1

According to the BT (4.8) and assumption (4.11) and (4.12), we can assume that v; have the follow-
ing special form

N N
vi= (D)"Y fv_ix', va=(=1)") gy’ (B.1)

i=0 i=0
with constants f;, g; to be determined, where 6; can be arbitrary functions of n,m. First we have the

following.

Lemma B.1. With U defined in (4.11) and v\, v, defined above, when N > 1, we have

N N
vi=Y fu-ix, va=Y gnix' (B.2)
i=0 i=0

Proof. Substituting (4.11) and (B.1) into system (4.8) and (4.13), from the coefficient of the leading
term x?V (if N > 1) in (4.8) we find

fe=ctp, g =-cia, (B.3)

which means g—‘i = g, and from the coefficient of x¥ in (4.13) we find
0

fo (D= (1)) =go (=D = (-1)%).

Consequently we have

(0% —-12) p= (0% - (-1)*)q.

Since p, g are independent constants, it follows that 8; = 6;(n), 6, = 6,(m). Consequently, from the
coefficient of ¥ ~!(N > 1) in (4.13) we have (—1)% fob = (—1)%goa, which leads to the fact that
and 6, are constants. Noticing that 0; and 6, can be absorbed into f;, g;, we can assume 6; = 6, =0
without loss of generality. Thus (B.1) becomes (B.2). L]

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
51



D.D. Zhang and D.J. Zhang / On Decomposition of the ABS Lattice Equations

Lemma B.2. With U defined in (4.11) and vy, v, defined in (B.2), when N > 1, the allowed values
of N are only 1,2.

Proof. Analyzing the coefficient of x¥~!(N > 1) in (4.13), we obtain fob = goa, which leads to
g—z = g in light of (B.3). So we have p = 8a?, ¢ = 0b* with constant 6. 8 can be scaled to be 1 using
3, therefore we set p = a?,q = b* (i.e. (4.17)) and fy = tcoa, go = tcob, t> =1 from (B.3). One can
always take ¢ to be 1 as system (4.8) remains invariant under U — —U. Consequently we have

Jo=coa, go= cob. (B.4)
Substituting (B.2), (4.17) and (B.4) into the coefficient of KNl (N > 1) in (4.8), we can work out

2¢1 + coaN 2¢q + cobN
=  —qA =

— . B.
fi 5 , &1 5 b (B.5)

Then substituting (4.17)-(B.5) into the coefficient of x" _2(N > 2) in (4.13), we find it varnishes.
Next, analyzing the coefficient of x> ~2(N > 2) in (4.8), we have

fr= g (8c2+4aci (N — 1) +a*co(N* —2N)),
b (B.6)
=73 (8¢ +4bci (N — 1) +b*co(N* —2N)) .
Substituting (4.17)-(B.6) into the coefficient of x¥3(N > 3) in (4.13), we obtain
abcy(a® — b*)(N* +2N) =0,
which admits zero option if N > 3. Therefore all possible choices of N can only be 1,2. 0
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