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We establish the local and global theory for the Cauchy problem of the singular Hartree equation in three di-
mensions, that is, the modification of the non-linear Schrédinger equation with Hartree non-linearity, where the
linear part is now given by the Hamiltonian of point interaction. The latter is a singular, self-adjoint perturba-
tion of the free Laplacian, modelling a contact interaction at a fixed point. The resulting non-linear equation is
the typical effective equation for the dynamics of condensed Bose gases with fixed point-like impurities. We
control the local solution theory in the perturbed Sobolev spaces of fractional order between the mass space
and the operator domain. We then control the global solution theory both in the mass and in the energy space.

Keywords: Point interactions. Singular perturbations of the Laplacian. Regular and singular Hartree equation.
Fractional singular Sobolev spaces. Strichartz estimates for point interaction Hamiltonians Fractional Leibniz
rule. Kato-Ponce commutator estimates.

1. The singular Hartree equation. Main results

The Hartree equation in d dimension is the well-known semi-linear Schrodinger equation with cubic
convolutive non-linearity of the form

i = —Au+Vu+ (wxul*)u (1.1)

in the complex-valued unknown u = u(x,t),t € R, x € R4, for given measurable functions V,w :
R? — R.

Among the several contexts of relevance of (1.1), one is surely the quantum dynamics of large
Bose gases, where particles are subject to an external potential V and interact through a two-body
potential w. In this case (1.1) emerges as the effective evolution equation, rigorously in the limit of
infinitely many particles, of a many-body initial state that is scarcely correlated, say, ¥(xi,...,xy) ~
uo(xy) - - up(xn), whose evolution can be proved to retain the approximate form ¥(xj,...,xy;t) ~
u(xy,t) - -u(xy,t) for some one-body orbital u € L>(R?) that solves the Hartree equation (1.1) with

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
558



A. Michelangeli et al. / Singular Hartree equation in fractional perturbed Sobolev spaces

initial condition u(x,0) = ug(x). The precise meaning of the control of the many-body wave function
is in the sense of one-body reduced density matrices. The limit N — 4o is taken with a suitable re-
scaling prescription of the many-body Hamiltonian, so as to make the limit non-trivial. In the mean
field scaling, that models particles paired by an interaction of long range and weak magnitude, the
interaction term in the Hamiltonian has the form N~'}, j<kW(x;j —xt), and when applied to a wave
function of the approximate form u(x; ) - - - u(xy) it generates indeed the typical self-interaction term
(w* |u|?*)u of (1.1). This scenario is today controlled in a virtually complete class of cases, ranging
from bounded to locally singular potentials w, and through a multitude of techniques to control the
limit (see, e.g., [9, Chapter 2] and the references therein).

The Cauchy problem for (1.1) is extensively studied and understood too, including its local
and global well-posedness and its scattering — for the vast literature on the subject, we refer to the
monograph [12], as well as to the recent work [23]. Two natural conserved quantities for (1.1) are
the mass and (as long as w(x) = w(—x)), the energy, namely,

M (1) = /Rd > dx

8 = 5 [ (ViR + Vi) avs o [ = luto) Platy)axay.
R?xR?

The natural energy space is therefore H'(R“), and the equation is energy sub-critical for w €
L'(RY) + L*(RY) and mass sub-critical for w € L9(RY) + L*(R?), for ¢ > max {1,4} (¢ > 1 if
d=72).

In fact, irrespectively of the technique to derive the Hartree equation from the many-body linear
Schrodinger equation (hierarchy of marginals, Fock space of fluctuations, counting of the conden-
sate particles, and others), one fundamental requirement is that at least for the time interval in
which the limit N — +oo is monitored the Hartree equation itself is well-posed, which makes the
understanding of the effective Cauchy problem an essential pre-requisite for the derivation from the
many-body quantum dynamics.

In the quantum interpretation discussed above, the external potential V can be regarded as a
confining potential or also as a local inhomogeneity of the spatial background where particles are
localised in, depending on the model. In general, as long as V is locally sufficiently regular, this term
is harmless both in the Cauchy problem associated to (1.1) and in its rigorous derivation from the
many-body Schrédinger dynamics. This, in particular, allows one to model local inhomogeneities
such as ‘bump’-like impurities, but genuine ‘delta’-like impurities localised at some fixed points
X1,... Xy € R? certainly escape this picture.

In this work we are indeed concerned with a so-called ‘delta-like singular’ version of the ordi-
nary Hartree equation (1.1) where formally the local impurity V (x) = ¥ (x — X ) around the point X,
for some locally regular potential ¥ is replaced by V (x) = &(x — X)), and more concretely we study
the Cauchy problem for an equation of the form

idu = “—Au+8(x—X)u”+ (wx|ul*)u. (1.2)

There will be no substantial loss of generality, in all the following discussion, if we take one point
centre X only, instead of X1,..., Xy € R3, and if we set X = 0, which we will do throughout.

The precise meaning in which the linear part in the r.h.s. of (1.2) has to be understood is the ‘sin-
gular Hamiltonian of point interaction’, that is, a singular perturbation of the negative Laplacian —A
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which, consistently with the interpretation of a local impurity that is so singular as to be supported
only at one point, is a self-adjoint extension on L?>(R¢) of the symmetric operator _A’C(")“(Rd)’ and
therefore acts precisely as —A on H2-functions supported away from the origin. In fact, —A\Cso(Rd)
is already essentially self-adjoint when d > 4, with operator closure given by the self-adjoint —A
with domain H?(IRY), therefore it only makes sense to consider the singular Hartree equation for
d € {1,2,3}, and the higher the co-dimension of the point where the singular interaction is sup-
ported, the more difficult the problem.

Our setting in this work will be with d = 3. We shall comment later on analogous results in
the simpler case d = 1. In three dimensions one has the following standard construction, which we
recall, for example, from [5, Chapter 1.1] and [24, Section 3].

The class of self-adjoint extensions in L?(IR3) of the positive and densely defined symmetric
operator _A‘C;;(IR@\ (0} is a one-parameter family of operators —Agq, & € (—oo, +0], defined by

D(—Aa) = {w € L*(R) ] y=g+ 2 ((j); Gy, with ¢, € H2<R3>}
o+ 4z (1.3)
(mAa+A)y = (-A+2)¢2,
where A > 0 is an arbitrarily fixed constant and
e VAk
Gy (x) = prars (1.4)

is the Green function for the Laplacian, that is, the distributional solution to (—A+A)G, = § in
7' (RY).
The quadratic form of —A is given by
I|~0e] = H'(R?) +span{G, }
(—Aa)[91 + K. Gi] = —Alloa + K1 Gal3 (1.5)
V013 + 2019215+ (e + 32 ) [xa

The above decompositions of a generic Y € Z(—Ay) or Y € P[—A4] are unique and are valid
for every chosen A. The extension —Ag—. is the Friedrichs extension and is precisely the self-
adjoint —A on L?(R?) with domain H?(R?3).

The operator —Ay, is reduced with respect to the canonical decomposition

PE) = By®) e DLE)
/=1

in terms of subspaces L% (R?) of definite angular symmetry, and it is a non-trivial modification of
the negative Laplacian in the spherically symmetric sector only, i.e.,

(—Ad)lg—agrz@y) = (=B)|m2ms); #0. (1.6)
Each y € Z(—Ay) satisfies the short range asymptotics

w<x>=0w(|xl|‘clz)+o(1> as x>0,  a:=(-4m0a) ", (L.7)
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or also, in momentum space,

ﬁem_g V(p)dp = dy(R+2m%a)+o(1) as R — oo, (1.8)
Ip|<R

for some cy,dy € C. Equations (1.7) and (1.8) are referred to as, respectively, the Bethe-Peierls
contact condition [11] and the Ter-Martyrosyan—Skornyakov condition [28], and express a boundary
condition for the wave function in the vicinity of the origin, which is indeed the characteristic
behaviour of the low-energy bound state for a Schrédinger operator —A+V where V has almost zero
support and s-wave scattering length a = —(4ma)~". Thus, —A is recognised to be the Hamiltonian
of point interaction in the s-wave channel, localised at x = 0, and with inverse scattering length o
in suitable units.
The spectrum of —A is given by

Gess(_Aoc) = Gac(_Aoc) = [07+°°)7 GSC(_AOC) = 07
B 0 if & € [0, +o0] (19)
%) = {{—(4na)2} if o € (—o0,0).

The negative eigenvalue —(47a)?, when it exists, is simple and the corresponding eigenfunction is
x| ~'e~#*llXl Thus, o > 0 corresponds to a non-confining, ‘repulsive’ contact interaction.
We can now make (1.2) unambiguous and therefore consider the singular Hartree equation

10u = —Agqu+ (w|ul*)u. (1.10)

In order to avoid non-essential additional discussions, we restrict ourselves once and for all to
positive o’s. In fact, —A, is semi-bounded from below for every @ € (—oo,+o|, as seen in (1.9)
above, thus shifting it up by a suitable constant one ends up with studying a modification of (1.10)
with a trivial linear term that does not affect the solution theory of the equation.

Owing to the self-adjointness of —Ag, and to its positivity for o > 0, the ‘singular (or per-
turbed) Schrodinger propagator’ t — e®« leaves the domain of each power of —A, invariant. In
complete analogy to the non-perturbed case, where the free Schrodinger propagator ¢ — €2 leaves
the Sobolev space H*(R?) = 2((—A)*/?) invariant, and the solution theory for the ordinary Hartree
equation is made in H*(IR?), including the energy space H' (R?), now the meaningful spaces of so-
Iutions where to settle the Cauchy problem for (1.10) are of the type ITI(“; (R3), the ‘singular Sobolev
space’ of order s, namely the Hilbert space

Hy(B) = 9((~ba)?) (L11)
equipped with the ‘fractional singular Sobolev norm’
Wil = (1 =A8a)"y2. (1.12)

It is worth remarking that whereas the kernel of the propagator r — e« is known since
long [4,27], the characterisation of the singular fractional Sobolev space H (IR®) is only a recent
achievement [17], and we shall review it in Section 2.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
561



A. Michelangeli et al. / Singular Hartree equation in fractional perturbed Sobolev spaces

In view of the preceding discussion, we consider the Cauchy problem

{ia,u = —Aqu+ (wx|ul?)u

0) = 1 € Fy(R). e

We are going to discuss its local solution theory both in a regime of low (i.e., s € [0, %), intermediate
(e, s e (%, %)), and high (i.e., s € (%, 2]) regularity. Then, exploiting the conservation of the mass
and the energy, we are going to obtain a global theory in the mass space (s = 0) and the energy
space (s = 1).

We deal with strong HS,-solutions of the problem (1.13), meaning, functions u € € (I, H,(R?))
for some interval / C R with I 3 0, which are fixed points for the solution map

O(u)(t) = e f—i / teiH)Aa(w*|u(r)\2)u(r)dr. (1.14)
0

Let us recall the notion of local and global well-posedness (see [12, Section 3.1]).

Definition 1.1. We say that the Cauchy problem (1.13) is locally well-posed in ITIQ(R3) if the
following properties hold:

(i) Forevery f € H:(R?), there exists a unique strong H?-solution u to the equation
. '
ut) = e f — i/ D8 (ke u () P)u(t) dT (1.15)
0

defined on the maximal interval (—7,,T*), where T,,T* € (0,+o0] depend on f only.

(ii) There is the blow-up alternative: if 7* < +oo (resp., if T, < 4-e0), then limy7- [Ju(?) | = oo
(resp., limy 7, [|u(?)]| g, = +o°).

(iii) There is continuous dependence on the initial data: if f, Uman fin ﬁ;(R3), and if I C
(=T.,T*) is a closed interval, then the maximal solution u, to (1.13) with initial datum f;, is
defined on I for n large enough, and satisfies u, ——— u in € (I, H,(R?)).

If T, = T* = 4o, we say that the solution is global. If (1.13) is locally well-posed and for every
f € H$,(IR?) the solution is global, we say that (1.13) is globally well-posed in H%,(R?).

Let us emphasize the following feature of solutions to (1.15): if both f and w are spherically
symmetric, so too is u. This follows at once from the symmetry of the non-linear term of (1.15) to-
gether with the previously mentioned fundamental property that the subspaces of L?(IR?) of definite
rotational symmetry are invariant under the propagator ¢2«. This makes the above definitions of
strong solutions and well-posedness meaningful also with respect to the spaces

orad(R?) 1= Ho (R%) NLE_o(RY)
equipped with the ﬁgc—norm. Part of the solution theory we found is set in such spaces.
We can finally formulate our main results. Let us start with the local theory.

Theorem 1.1 (L?-theory — local well-posedness). Let a0 > 0. Let w € L%’“’(]R3) for y€[0,3). Then
the Cauchy problem (1.13) is locally well-posed in L*(IR?).

Theorem 1.2 (Low regularity — local well-posedness). Let o >0and s € (0,%). Letw € L%’”(R3)
fory € [0,2s]. Then the Cauchy problem (1.13) is locally well-posed in H:,(R?), which in this regime
coincides with H*(R?).
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Theorem 1.3 (Intermediate regularity — local well-posedness). Let o¢ > 0 and s € (%, %) Let
w € WSP(R3) for p € (2,40). Then the Cauchy problem (1.13) is locally well-posed in HS,(R?).

Theorem 1.4 (High regularity - local well-posedness). Let o > 0and s € (3,2]. Let w € W*P(R?)
for p € (2,+e0) and spherically symmetric. Then the Cauchy problem (1.13) is locally well-posed
in H(; rad(R3)'

The transition cases s = % and s = % are not covered explicitly for the mere reason that the

structure of the perturbed Sobolev spaces HY *(R%) and Y 2(R3) is not as clean as that of H2,(RR)
when s ¢ {%, % — see Theorem 2.1 below for the general case and Remark 2.2 for the peculiarities
of the transition cases.

Let us remark that for s > 0 we have an actual ‘continuity’ in s of the assumption on w in the
three Theorems 1.2, 1.3, and 1.4 above — in the low regularity case our proof does not require any
control on derivatives of w and therefore we find it more informative to formulate the assumption
in terms of the Lorentz space corresponding to W5”(RR3).

Such a ‘continuity’ is due to the fact that under the hypotheses of Theorems 1.2, 1.3, and 1.4 we
can work in a locally-Lipschitz regime of the non-linearity. When instead s = 0 we have a ‘jump’ in
the form of an extra range of admissible potentials w, which is due to the fact that for the L>-theory
we are able to make use of the Strichartz estimates for the singular Laplacian.

Next, we investigate the global theory in the mass and in the energy spaces.

Theorem 1.5 (Global solution theory in the mass space). Let o > 0, and let w € L*(R?) N
3

WI’Z(RZ), orw € L7(R3) for y € (0, %) Then the Cauchy problem (1.13) is globally well-posed

in L*(R”).

Theorem 1.6 (Global solution theory in the energy space). Let o > 0, w € Wrz"(f(]R3) for p €
(2,+), and f € Hy ,q(R?).

(i) There exists a constant C,, > 0, depending only on ||w| |1, such that if || f||;> < Cy, then the
unique strong solution in Hé"md(]l@) to (1.13) with initial data f is global.

(i) If w > 0, then the Cauchy problem (1.13) is globally well-posed in H). . (R3).

a,rad

As stated in the Theorems above, part of the local and of the global solution theory is set for
spherically symmetric potentials w and solutions u. In a sense, this is the natural solution theory for
the singular Hartree equation, for sufficiently high regularity. In particular, the spherical symme-
try needed for the high regularity theory is induced naturally by the special structure of the space
H,(R?) (as opposite to H*(R?), or also to H,(R?) for small s), where a boundary (‘contact’) con-
dition holds between regular and singular component of ﬁgc—functions. In the concluding Section 7
we comment on this phenomenon, with the proofs of our main Theorems in retrospective.

Before concluding this general introduction, it is worth mentioning that the one-dimensional ver-
sion of the non-linear Schrédinger equation with point-like pseudo-potentials is much more deeply
investigated and better understood, as compared to the so far virtually unexplored scenario in three
dimensions.

On L*(R) the Hamiltonian of point interaction “— d‘;—zz + 0(x)” is constructed in complete analogy

to —Ag, namely as a self-adjoint extension of which results in a larger variety (a

d2
(—32) ’CS"(R\{O})’
two-parameter family) of realisations, each of which is qualified by an analogous boundary condi-
tion at x = 0 [5, Chapters 1.3 and 1.4]. In fact, such an analogy comes with a profound difference, for

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
563



A. Michelangeli et al. / Singular Hartree equation in fractional perturbed Sobolev spaces

the one-dimensional Hamiltonians of point interaction are form-bounded perturbations of the Lapla-
cian, unlike —A, with respect to —A on L?>(R?), and hence much less singular and with a more easily
controllable domain. For instance, among the other realisations, one can non-ambiguously think of
- (%22 + &(x) as a form sum, §(x) now denoting there the Dirac distribution.

In the last dozen years a systematic analysis was carried out of the non-linear Schrodinger
equation in one dimension, mainly with local non-linearity, of the form

idu = —(d%zz + 5(x))u+06\u]771u,

or the analogous equation with &’-interaction instead of J-interaction, initially motivated by phe-
nomenological models of short-range obstacles in non-linear transport [29]. This includes local and
global well-posedness in operator domain and energy space and blow-up phenomena [1-3], weak
LP-solutions [6], scattering [8], solitons [19,21], as well as more recent modifications of the non-
linearity [7]. None of such works has a three-dimensional counterpart.

2. Preparatory materials

In this Section we collect an amount of materials available in the literature, which will be crucial
for the following discussion.

We start with the following characterisation, proved by two of us in a recent collaboration with
V. Georgiev, of the fractional Sobolev spaces and norms naturally induced by —A, that is, the
spaces I-NI&(R%) introduced in (1.11)-(1.12).

Theorem 2.1 (Perturbed Sobolev spaces and norms, [17]). Let o« >0, A >0, and s € [0,2]. The
following holds.

(i) Ifs€[0,1), then
Hy,(RY) = H'(R?) 2.1
and
Iwllz ~ lwlas (22

in the sense of equivalence of norms. The constant in (2.2) is bounded, and bounded away
Jfrom zero, uniformly in o.
(i) Ifs€ (3,3), then

H5(RY) = H*(R?) +span{G, }, 2.3)
where G, is the function (1.4), and for arbitrary w = ¢y, + k3, G, € HS(R?)
19+ k2 Gallgs = 1@llas+ (14 )[xn]. (2.4)
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(iii) If s € (3,2], then

. 0 . 5
H(R%) = {ll/ € L*(R%) ‘ V=0, + %Ga with ¢;, € H' (RS)} (2.5)
(X‘i‘ﬁ
and for arbitrary ¥y = ¢y + % G, € ITI&(R3)
I
| &2 + jﬂ% G| i = 10allas - (2.6)

4

The constant in (2.6) is bounded, and bounded away from zero, uniformly in «.

Remark 2.1. The case s = 0 is trivial, the case s = 1 reproduces the form domain of —A, given in
(1.3) above, the case s = 2 reproduces the operator domain (1.5).

Remark 2.2. Separating the three regimes above, two different transitions occur (see [17, Section
8]). When s decreases from larger values, the first transition arises at s = % namely the level of H*-
regularity at which continuity is lost. Correspondingly, the elements in ITIS/ 2 (R3) still decompose
into a regular H %—part plus a multiple of G, (singular part), and the decomposition is still of the
form ¢, + k) G, except that now ¢, cannot be arbitrary in H %(R3): indeed, ¢, has additional
properties, among which the fact that its Fourier transform is integrable (a fact that is false for
generic H %—functions), and for such @, ’s the constant k; has a form that is completely analogous

to the constant in (2.5), that is,

Ky =

1 1 —~
—— [ dp¢i(p)
a+yx (2m): e

(see [17, Prop. 8.2]). Then, for s < %, the link between the two components disappears completely.
Decreasing s further, the next transition occurs at s = %, namely the level of H’-regularity below
which the Green’s function itself belongs to H*(R?) and it does not necessarily carry the leading
singularity any longer. At the transition s = %, the elements in ﬁ(}/ 2 (IR3) still exhibit a decomposition
into a regular H %-part plus a more singular H 2 _—part, except that H 2 _—singularity is not explicitly
expressed in terms of the Green’s function G, (see [17, Prop. 8.1]). Then, for s < %, only H*-
functions form the fractional domain. Remarkably, yet in the same spirit, such transition thresholds
s = % and s = % (and their analogues) emerge in several other contexts, such as the regularity of
solutions to the cubic non-linear Schrodinger equation on the half-line with Bourgain’s restricted
norm methods [15] or the regime of rank-one singular perturbations of the fractional Laplacian
[25,26].

Remark 2.3. In the limit @ — oo (recall that Ag—.. is the self-adjoint Laplacian on L?(IR?)) the
equivalence of norms (2.4) tends to be lost, consistently with the fact that the function G, does not
belong to H S(R3). Instead, the norm equivalences (2.2) and (2.6) remain valid in the limit @ — oo,
which is also consistent with the structure of the space I-NIg, (R3) in those two cases.

The second class of results we want to make use of were recently proved by two of us in collab-
oration with Dell’ Antonio, Iandoli, and Yajima, and concern the dispersive properties of the prop-
agator 1 — el associated with —A, quantified both by (dispersive) pointwise-in-time estimates
and by (Strichartz-like) space-time estimates.
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To this aim, let us define a pair of exponents (g, r) admissible for —A, if

2 o1y 1
2.3 d ogf:3(f—7) - 2.7
ref2,3) an . 577) <3 2.7

that iS, q = ﬁ € (4,+°°]
Theorem 2.2 ([14,20]).
(i) There is a constant C > 0 such that, for each r € [2,3),
le™eullyrey < ClelC ull gy, 10, 28)

(i) Let (q,r) and (s, p) be two admissible pairs for —Ay. and r',s' are dual exponents of r,s. Then,
for a constant C > 0,

e flloe, ey < CllFllaes) =

and

'
/ D8 p (1) d7
0

Remark 2.4. The dispersive estimate (2.8) has a precursor in [13] in the form of the weighted
L!L7-estimate

< C”FHL“/(R,,LI’,(REE)) . (2.10)
Li(R,,L"(R}))

: 3
Iw™ e |y < Cle| 2 wullpgsy, — t#0, (2.11)

where w(x) := 1+ |x|~!. The weight w is needed to compensate the |x|~! singularity naturally
emerging in e"A«y for any ¢ # 0, as typical for a generic element of the energy space ITI& (R3) - see
(2.3) above. By interpolation between (2.11) and ||e"®«u||, = ||u||> one can then obtain a weighted
version of (2.8) in the whole regime r € [2,+o0] (see [20, Prop. 4] or [14, Eq. (1.19)]. It was a merit
of [20] to have observed that as long as r € [2,3), the dispersive estimate (2.8) is valid also without
weights. In parallel, in [14] the same estimate (2.8) was obtained as a corollary of the much stronger
result of the L”"-boundedness, r € (1,3), of the wave operators
W = strong -lim ¢ i1hapllA

associated to the pair (—Agq, —A), and of the intertwining properties of W=, which allow one to
deduce (2.8) in the regime r € [2,3) from the analogous and well-known dispersive estimate for the
free propagator 1 — €',

The third class of properties that we need to recall concern fundamental tools of fractional
calculus. One is the following fractional Leibniz rule by Kato and Ponce, also in the generalised
version by Gulisashvili and Kon.

Theorem 2.3 (Generalised fractional Leibniz rule, [18, 22]). Suppose that r € (1,+c0) and
P1,P2,41,q2 € (1,+00] with pijﬁ—q% = % j € {1,2}, and suppose that s, |1,V € [0,+o0). Let d € N,
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then

12 (f)lrwey S N2 Fllm wey |27 8l (o)

-V s+v (2.12)
127 flle @y | 27 8l 1o (mery »

where 9* = (—A)3, the Riesz potential. The same result holds when 9° is the Bessel potential
(1—A)2.

Remark 2.5. As a direct consequence of Mihlin multiplier theorem [10, Section 6.1], the estimate
(2.12) holds as well for 2 = (—A+ A1)2 for any A > 0.

We also need a more versatile re-distribution of the derivatives among the two factors f and
g in (2.12): the following recent result by Fujiwara, Georgiev, and Ozawa provides a very useful
refinement of the fractional Leibniz rule and is based on a careful treatment of the correction term

[f.8ls == fP°¢+82°f . (2.13)

Theorem 2.4 (Higher order fractional Leibniz rule, [16]). Suppose that p,q,r € (1,+o0) with
%—i—é :%andletdEN.

(i) Let s1,s2 € [0,1] and set s := 5| + s2. Then
12°(fg) — [f&lsllrmey S N2 fllr @y | 278l o (rey - (2.14)
(i) Lets; €[0,2], 52 € [0,1] be such that s := sy +s2 > 1. Then

12°(f8) = [f.8ls+s 2 (V- Vg) +52*(3Af) — 58D"*Af| s (e
SN2 fllor @) |27 8l Lagwey - (2.15)

Moreover, since
DAV -VE)+ D (gAf) — gD N =DV - (gVf) +8 D' f
we can rewrite (2.15) in the more compact form

12°(fg) = f2°g +(s = 1)8Z°f +52° >V (V)| 1rme)

< N 5 (2.16)
S N2 @l 278l ara) -
For the fractional derivative of |x|~'e~*/ we need, additionally, a point-wise estimate.
Lemma 2.1. Let A > 0, s € (0,2]. We have the estimate
—Alx —Alx] —Alx]
e e e
7’ S ) 0. 2.17
7 T g @17
Proof. Obvious when s = 2, and a straightforward consequence of the identity
_ ~ _ 1 A _ 1 |pI*+A
PG = 7 (plGalp) = ~F (S )+ 7 )
| (2m): PP +24 (2m): p*+A
when s € (0,2). O
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In the second part of this Section, based on the preceding properties, we derive two useful
estimates that we are going to apply systematically in our discussion when s > % Let us recall that
in this case

g182llwsa < [lg1llwsa l|g2llwsa (s> 3, g€ (6,+)), (2.18)
as follows, for example, from the fractional Leibniz rule (2.12) and Sobolev’s embedding

WS4(R?) — L=(R3).
We start with the estimate for the regime s € (%, %), for which we recall Sobolev’s embedding

w4 (R3) SN %O,ﬁ(s,q) (R3)

2.19
B(s,q) = min{s— 21} (s€(%,3), g€ (6,+). 19

Proposition 2.1. Let s € (3,3) and h € WS4(R?) for some g € (6,+20). Then
|2°((h=1(0)Ga) |12 S IAllwsaza) (2.20)

where G, is the function (1.4) for some A > 0.

Proof. tis not restrictive to fix A = 1. For short, we set G(x) := |x| !¢ " and G(x) := ]x\*le*%"“.
By means of the commutator bound (2.14) we find
|12°((h= 1) G) 2 = [|2* (e M (h=h(0)) G) |
< ||2° (e 2H(h - h(0)) G) — [e~2M (h - n(0)),G] ||

)

+ [l 2M(h=h(0)) 7G| o + |G 7" (e ¥ (h—h(0))) | . 6
)
)

174N

|2 (=22 (h = n(0)))]| | 272G
+|le M (= 1(0) 2°G ||, + |G 2° (e ¥ (h— 1(0)))]| 2
= X +%r+ X5

for every s1,s;, € [0, 1] with s; + 5, = s and every ¢;,¢2 € [2,+o0| such that ql_l +q2_1 =21

Let us estimate the term %3. Since, by (2.18) and Sobolev’s embedding,

|2° (e (h—n(0)) ||, < [[(X=2)% (e™2F(h—h(0))) ],
1 1 ..
< [lem2 Al + 11Ol 2 s (i)
S rllwsa 4 |7l 2= S ||Bl[wsa,

and since HG|| 20, < oo because =L < 3 for ¢ > 6, then Holder’s inequality yields

< || 2° (e ¥ (h—h(0)))]|,, HéHL% < |Allwsa - (iif)
Next, let us estimate %;. When s € (%, 1], we choose s; =5, 55 =0, g1 = ¢, and g2 = 2%12

| »—a

and we proceed exactly as for 3. When instead s € (1, ) we choose 51 =1, s =s—1€ (0, 5),

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
568



A. Michelangeli et al. / Singular Hartree equation in fractional perturbed Sobolev spaces

q = (é - %)*1, and ¢» = (% — qil)*l. Then Sobolev’s embedding W*4(R3) — W41 (R?) and
estimate (ii) above imply

|77 (e m=—n)| , S ||(t-a) e h=nO))| < Il

L1

whereas estimate (2.17) and the fact that g» < sq2 < 3 for s € (1, %) imply

125Gl S [l M (4 25) || < +oo.

bl T xF

‘qu
Thus, in either case s € (3,1] and s € (1,3),
Z1 S | hllwsa - (iv)
Last, let us estimate %,. Because of the embedding (2.19),

fWW—MwH
|x|2(s:) L

S hllwsa

Moreover, since ¥(s,q) > s — 5 and hence 2(1 — ¥(s,q)) < 2(1 +s5— ¥(s,q)) < 3 for every s €
(1.3), estimate (2.17) implies

e R e (R N Y ey

Thus,
“ (= h(0)) .
e 2 "
2 < | e K792 Gl S e ™)
Plugging (iii), (iv), and (v) into (i) the thesis follows. -

We establish now an analogous estimate for the regime s € (% ,2], for which we recall Sobolev’s
embedding

w4 (R3) SN (51 ,B(s,9) (R3)

2.21
3(s,q) == s—l—% (s€(%,2],q€(6,+<>°)). 2:21)

Proposition 2.2. Let s € (3,2] and h € W*4(R3) for some q € (6,+c0). Assume further that h is

spherically symmetric and that (Vh)(0) = 0. Then
|2°((h=1(0)) G2 ) [|,2 < Ihllwsaces) (2.22)
where G, is the function (1.4) for some A > 0.
Prior to proving Proposition 2.2 let us highlight the following property.
Lemma 2.2. Under the assumptions of Proposition 2.2,
() = h(0)| S [IFllwsa 2] TPC), (2.23)

where ¥(s,q) =s—1— %, as fixed in (2.21).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
569



A. Michelangeli et al. / Singular Hartree equation in fractional perturbed Sobolev spaces

Proof. By assumption, h(x) = Z(|x|)~ for some even function h : R — C. Owing to the embed-
ding (2.21), h € €"?9(R), whence i’ € €94 (R). Moreover, /' (0) = 0, because (Vh)(0) = 0.
Therefore,

K (p)| = [H(p) =K ()] S Ihlwsalp]*C?.
As a consequence,

l &l
) =h(O)] < [T (p)Idp S Wilhwsa [ p700 @ S s 7,

which completes the proof. U

Proof. [Proof of Proposition 2.2] It is not restrictive to fix A = 1. For short, we set G(x) := x|~ eI
and G(x) := |x| e~z
Let us split
12 (=1 G)||,2 = [[2* (¢ 2 (h—h(0))G) |
< | 2* (e M (h—1(0)) G) — e 2 FI(h— h(0)) 2°G
+(s=1G P (e 2 (h—h(0))) +52°2V- (GV (e M (h - 1(0)))]|
+|le 2 (h—n(0)) 2°G| 2 + (s — 1)||G 2° (e M (h— n(0))) ||
+5]|2° 72V - (GY (e M (h—n(0))) |,
= B+ %o+ R+ Ry (1)

We estimate the term &% by means of the commutator bound (2.16) with s; = s and s, = 0 and
of (2.18), namely

L5 || 2 (A=) L IG] 2 S e (i)

(since % €1[2,3) and ||(~}\|qu(;2 < +o0).
For the estimate of %>, we observe that s — ¥(s,q) < % and hence (2.17) implies
126D 2G|, S [|e7 2 (x4 x| 020D ||y < oo

this and the bound (2.23) yield
h(0)

K < H x| 1+ 2(s4)

PO < hllwsa (i)

For %5, Holder’s inequality, the property (2.18), and Sobolev’s embedding yield

@ 5 ||2° (e (h—n(0) s 1G]] 2

e 90— 1(0)) lwse S Wl + - w

<
< [l
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For %, one has

s < || 271GV (e 2 (h—1(0)))]| -

— 1y (v)
HV(E . (h_h(o))Hstl.q 5 ||h||WW>

S
S

where we used the estimate (2.20) in the second inequality (indeed, s — 1 € (%, 1)), and the property
(2.18) and Sobolev’s embedding in the last inequality.
Plugging the bounds (ii)-(v) into (i) completes the proof. O

3. L?-theory and low regularity theory

In this Section we prove Theorems 1.1 and 1.2. Let us start with Theorem 1.2 and then discuss the
adaptation for s = 0. The proof for s € (0, %) is based on a fixed point argument in the complete
metric space (Z7u,d) defined by

Zrm = {ueL™([-T,T],Hy(R?))| 0all o .y iy 3y < M} 3.1
du,v) == |lu—vl=(-1r12m))

for given T, M > 0. This is going to be the same space for the contraction argument in the inter-
mediate regularity regime s € (%, 3) (Section 4), whereas for the high regularity regime s € (3,2)
(Section 5) we are going to only use the spherically symmetric sector of the space (3.1).
Proof. [Proof of Theorem 1.2]

Since by assumption s € (0, 1), the spaces H*(R?) and H:,(R3) coincide and their norms are
equivalent (Theorem 2.1), so we can interchange them in the computations that follow.

From the expression (1.14) for the solution map ®(u) one finds

1000) -z < Ifllzg + T 10w 2l

and applying the fractional Leibniz rule (2.12) (Theorem 2.3), Holder’s inequality, and Young’s
inequality one also finds

2 2
[Ow o fua ")l gy, = 11O ")l s

S wsluPlli= 12 ull gz +12° WP _ gl

=LY LeL3Y

2 s
Wl 7 s 19l

6
3=

Sobolev’s embedding Hy (R3) = H*(R3) < Hz(R3) < L77(R3) then yields
1900 |-y < Il +Co T Il 5 el 0)
for some constant C; > 0.
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On the other hand, again by Holder’s and Young’s inequality,

[P (u) — (v )||L°°L2 < T (ws [ul)u— (ws [v*)vl] =g
< T (0w ) =)z + || ¢ (= )] .2
<7

~

[l wHullz o lu=vl=r2

+w, muu—vnwmur+\v|HLmL%uvrumy),

whence, by the same embedding Hy (R3) < L7 7(R3) as before,
d(@(u),®(v)) < Colwl 5. (lullf.g +IVI7p) Td(u,v) (i)

for some constant C; > 0.
Thus, choosing 7" and M such that

—1
M =2||flg, T =f(max{Ci,Cpm?|wll 5.) ",

estimate (i) reads ||®(u)|| -z, <M and shows that & maps the space 27y defined in (3.1) into

itself, whereas estimate (ii) reads d(®(u),®(v)) < 1d(u,v) and shows that @ is a contraction on
Zr m. By Banach’s fixed point theorem, there exists a unique fixed point u € 27y of ® and hence
a unique solution u € 27y to (1.15), which is therefore also continuous in time.

Furthermore, by a customary continuation argument we can extend such a solution over a max-
imal interval for which the blow-up alternative holds true. Also the continuous dependence on the
initial data is a direct consequence of the fixed point argument. We omit the standard details, they
are part of the well-established theory of semi-linear Schrodinger equations. (]

We move now to the proof of Theorem 1.1. Crucial for this case are the Strichartz estimates
of Theorem 2.2. To this aim, we modify the contraction space (3.1) to the complete metric space
(%r.m,d) defined by

{M € Lw([_Tv T]sz(R3)) ﬂLq(Y)([_Tu TLL’(Y) (R3)>}
@TM =
s. L. H“HLN([—T,T],LZ(W)) + H”HUM)([—T,T],Lr(V>(R3)) <M 3.2)
d(u,v) = |lu=vll=rr.203) + =Vl Lo (1,70, 3
for given T,M > 0, where
6 18
q(y) == 7 r(y) = 92y (3.3)

are defined so as to form an admissible pair (g(7y),r(y)) for —Aq, in the sense of (2.7). For the rest
of the proof let us drop the explicit dependence on ¥ in (g, 7).

Proof. [Proof of Theorem 1.1] Clearly, when ¥ = 0 the very same argument used in the proof of
Theorem 1.2 applies.
When 7y € (0, %) we exploit instead a contraction argument in the modified space (3.2).
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One has

L.
I g+ @) < | [ (v ) (7) e,

r . _
+| [t ey )z, + e+ el
from which, by means of the Strichartz estimates (2.9)-(2.10), one deduces
”(I)(M)HL""L2 + Hq)(u) ||L‘7L’ <C (HfHLZ + || (W* |u|2)u||Lq/L,./>

for some constant C > 0.
By Holder’s and Young’s inequalities,

[ (w s |ua*Yutl |y < HW*!M\ZHM,L;HMHLW
S ||W||L%‘wH”Hizq’LrH””LwL?
and
_r
ull?oy,r < (T2l oy
whence

_Y
102 + 19 oz < Co (2 + T 2wl 5 Ml 2

for some constant C; > 0.
Following the very same scheme, one finds

[ (1) = D) | popz + [P () = POV | oz S (| (w o |u)ue— (w )yl
< o [ul®) (=) o 4w (Jul® = Pl
and moreover
_r
[(w s |u*) (e =v)|l gy S T 2HWHL%-M”MH%‘JUHM_VHL"“Lz

and

_7
lw o (luf? = [Pl S T2 W5l = vllzowr (lallzoze + [9lo ) 1] o2 -

Thus,

®

_Y ..
d(@(u),®(v)) < Colwll 5. (lullZepo + el Forr + VI ro + IV 170rr) < T2 d(uyv). (i)

Therefore, choosing T and M such that

_ _ 2 —14+3
M = 2C||fll;2, T = (8max{C|,C}M ||w||L%,w) ,

estimate (i) reads || ®(u)|| =2 + || P(u)||zez- < M and shows that ® maps %7 y into itself, whereas

estimate (ii) reads d(®(u),®(v)) < 3d(u,v) and shows that @ is a contraction on %7 .

The thesis then follows by Banach’s fixed point theorem through the same arguments outlined

in the end of the proof of Theorem 1.2.
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For later purposes, let us conclude this Section with the following stability result.

Proposition 3.1. Let o > 0. For given w € L%”w(R3), v€[0,3), and f € L*(R%), let u be the
unique strong L*-solution to the Cauchy problem (1.13) in the maximal interval (—T,,T*). Consider
moreover the sequences (wy), and (f,), of potentials and initial data such that wy, 22w in
L%"m(Rg‘) and f, =225 f in L2(R3). Then there exists a time T := T(HW”L%,m I fllz2) > O, with

[—T,T| C (=T, T*), such that, for sufficiently large n, the Cauchy problem (1.13) with potential w,,
and initial data f, admits a unique strong L*-solution u,, in the interval [—T,T]. Moreover,

un 2w in €(-T,T),LA(RY)). (3.4)

Proof.  As a consequence of Theorem 1.1, there exist an interval [—T7,,T,] for some T, :=
Tn(”WnHL%,m | £all2) > 0 and a unique u, € €([~T;, T,],L*(R?)) such that

unlt) = e g, —i /0 =D (0 () P)atn (7) T @

Since ||w,,HL% .. and || f||;> are asymptotically close, respectively, to ||w||L% .. and || f]|2, then there
exists 7 := T(||w||L% > |l fllz2) such that T < T, eventually in n, which means that u, is defined on
[~T,T]. Let us set ¢, := u — u,.

By assumption u solves (1.15), thus subtracting (i) from (1.15) yields

O = eim“(f—fn)—i/otei(tT>A°‘((w*|u2)u—(wn*|un|2)un)(r)dr
- eitA“(f—fn)—i/Otei(tT)A“{((W—Wn)*|u\2)u+(Wn*|“‘2)¢n (D
+ (wn * (ug, —i—@un))un}(r) dr.

Let us first discuss the case ¥ = 0. From (ii) above, using Holder’s and Young’s inequality in
weak spaces, one has

19ull=r2 S Nf = fallz +T w—walle= [lul- 2

+ T [[wall= (ul oge + letall7og2 ) 1190l =2

Since ||wy||z~ and ||uy||;~;2 are bounded uniformly in n, then the above inequality implies, decreas-
ing further 7 if needed,

n——+oo

1@nll=r2 S N = Fallee +[w =wall 5. 0,

which proves the proposition in the case ¥y = 0.

Let now y € (0,3). In this case, owing to Theorem 1.1, u,u, € L4([-T,T],L"(R?)), where
(q,r) = (%, %,) is the admissible pair defined in the proof therein. We can then argue as in the
proof of Theorem 1.1. Applying the Strichartz estimates (2.9)-(2.10) to the identity (ii) above, one
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gets
19all =2 + 19nllzorr S NF = Fullz + [ (9 = wa) s ul*)u]| g .0
) (ii1)
+H(W"*|u‘ )¢”HLGIL"+H(|W”‘*(|u”|+’u|)|¢”|)u”HLq’L"'
By means of Holder’s and Young’s inequality in weak spaces one finds
_Y
(o= wa) Py S T H = wall Mot
_Y
[ w5 1) u| o S T2 Wl 3 el Zore l19ll 2 :
Ly @iv)

_Y
[ (1wl (otal + 2} [ @nl)ttn | g S T2l 3 (ltnllzorr + llullzorr)
X || @nllzarr([ul] g2 -

and ||uy||rerr are bounded uniformly in n, then inequalities (iii) and (iv) imply,

00

Since ||w,,HL%
decreasing further 7T if needed,

n—r—+oo

19l =2 + | @allzars S N F = Fallz + 1w =wall 3. 0,

which completes the proof. 0

4. Intermediate regularity theory

In this Section we prove Theorem 1.3. The proof is based again on a contraction argument in the
complete metric space 27y, for suitable 7,M > 0, defined in (3.1), now with s € (%, %)

As a consequence, in the energy space (s = 1) we shall deduce that the solution to the integral
problem (1.15) is also a solution to the differential problem (1.13).

We conclude the Section with a stability result of the solution with respect to the initial datum
f and the potential w.

Let us start with two preparatory lemmas.
Lemma4.1. Let & > 0and s € (3,3). Let w € WP (R?) for p € (2,+00). Then

W (Wiv2)ll=ms) < lw* (Wi y2)lwsn @)

< “4.1)

ey 1 7y 12
for any fl&-functions V1, W, and 3.
Proof. The first inequality in (4.1) is due to Sobolev’s embedding
WS3P(R?) — L°(R?).
For the second inequality, let us observe preliminarily that
~ 3 _6p_ 3
Hy(R’) — L3»2(R).

Indeed, decomposing by means of (2.3) a generic Y € ﬁ; (R3) as w = ¢y, + Kk G, for some
¢, € H*(R?) and some k; € C, one has

S oalles + 1kl ~ (wllgs

Il s
L

p
3p—2

< ol e +lkalliGall s
L3r-2 L

p
3p—2
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6,
the second step following from Sobolev’s embedding H*(R?) — Lw%z(R3) and from G, €
6,
L2 (R3), because 32%2 € [2,3) for p € (2,4<0), the last step being the norm equivalence (2.4).
Therefore Young’s inequality yields

s

(1= A)> (ws (i)l = [1((1—=A)>w)* (wiya)||
SNA=A 2wl lwill o llvall o
L L3p—2

3p—2

Q

[[w (w1 y2) [l

Wl @) W1l g ey W2 | g 3
thus proving (4.1). O

Lemma 4.2. Let & >0 and s € (3,3). Let h € W*4(R3) for q € (6,-+). Then hy € H(R?) for
each y € H(R?) and

Wl s sy S Whllwssgeoy W e - (42)
Proof. Let us decompose ¥ € PNI&(R3) as ¥ = ¢, + kG, for some ¢, € H*(R?) and k; € C,

according to (2.3). On the other hand, by the embedding (2.19) the function 4 is continuous and
[h(0)] < [l =~w3) S Illwsa(gs)- Thus,

hg = h¢y + K3 (h—h(0)) Gy, +x, h(0) Gy . (1)
Applying the fractional Leibniz rule (2.12) and using Sobolev’s embedding,

12— 4)3 (hg2)||.2
S (L= 2)3 Ao 1921l 20, +[I72l=[I (L —A)39 |2 (i)

S hllwsall@a |z -

Q

1A o2 | s

Moreover, since G, € L*(R?),
[(h=1(0))Gllz < lh=h(O)= < [[Allwsa;
this, together with the estimate (2.20), gives
52 (h=h(0))Gllms < |rnlllallwsa - (iii)

The bounds (ii) and (iii) imply that hy is the sum of the function ¢ + &3 (h — h(0))G, € H*(R?)
and of the multiple k;4(0)G), of G : as such, owing to (2.3), hy belongs to HS(R3) and its H -
norm is estimated, according to the norm equivalence (2.4), by

1Pl gy g3y = 1h¢x+ Kk (h—h(0)) Gyl + |1 | [R(0)]
S Mllwsa(l9allas +r2]) + [l [[2llwsa
~ [llwes 1 5
which completes the proof. (]
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Combining Lemmas 4.1 and 4.2 one therefore has the trilinear estimate

3

1w (wru2) sl gy gy S W llwo ey [T 100 1 sy - (4.3)
=1

Let us now prove Theorem 1.3.
Proof. [Proof of Theorem 1.3]
From the expression (1.14) for the solution map ®(u) and from the bound (4.3) one finds

1000) -z, < Ifllzg + T 1005 [l

3 @)
< W fllgg +Co T lwllwsr full g
for some constant C; > 0.
Moreover,
1D(u) = PW)Imre < T 110w 1) — (w s [v]?)]| =2 y
< 2 22 (i)
S T (10w ul®) (= v) [z + [ (w (ful* = ) v][ o)
For the first summand in the r.h.s. above estimate (4.1) and Holder’s inequality yield
1w ) =) g2 < llwo [l |op= [l = | = 2
) (ii1)
S Iwllwsr [l gy [l =Vl p=p2-
For the second summand, let us observe preliminarily that
HS(R?) — L3*(R%). (iv)

Indeed, decomposing by means of (2.3) a generic ¥ € fl;; (R3?) as y = ¢, + k3, G, for some ¢, €
H*(R?) and some k; € C, one has

Wl < l19allo= + 1Kl [|Galls= S 9allms + Ikl = lwlig,

the second step following from the Sobolev’s embedding H*(R3) < L*(R?), the last step being
the norm equivalence (2.4). Then (iv) above, Sobolev’s embedding W (R?) — L3(R3), and an
application of Holder’s and Young’s inequality in Lorentz spaces, yield

1w Q> =PVl =re < llws ([P =[P | ogsn V] =g
S Wiz a4l popse lu = vl =2 [V g3 (v)
S wllwse a4Vl gy = vl 2 V1] o, -
Thus, (ii), (iii), and (v) together give

d(®(u),®(v)) < CoT [wllwer (lleel}.g, + V117, ) d(2t,v) (vi)

for some constant C; > 0.
Now, setting C := max{C},C,} and choosing 7 and M such that

-1
M=2|flg, T =5(CMwlw),

estimate (i) reads ||®(u) < M and shows that ® maps the space 27 defined in (3.1) into

HLeofIx
itself, whereas estimate (vi) reads d(®(u),®(v)) < 3d(u,v) and shows that ® is a contraction on
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Zr m. By Banach’s fixed point theorem, there exists a unique fixed point u € 27 of ® and hence
a unique solution u € 27y to (1.15), which is therefore also continuous in time.

Furthermore, by a standard continuation argument we can extend such a solution over a maximal
interval for which the blow-up alternative holds true. Also the continuous dependence on the initial
data is a direct consequence of the fixed point argument. U

A straightforward consequence of Theorem 1.3 when s = 1 concerns the differential meaning
of the local strong solution determined so far.

Corollary 4.1 (Integral and differential formulation). Let o > 0. For given w € WHP(RR?),
p € (2,40), and f € HL(R?), let u be the unique solution in the class € ([—T,T],HL(R?)) 1o
the integral equation (1.15) in the interval [—T,T| for some T > 0, as given by Theorem 1.3.
Then u(0) = f and u satisfies the differential equation (1.10) as an identity between I-NI(; Yfunctions,
H;'(R3) being the topological dual of H),(R?).

Proof. The bound (4.3) shows that the non-linearity defines a map u + (w* |u|?)u that is continuous
from H/,(R?) into itself, and hence in particular it is continuous from H/,(R?) to H;'(R?). Then
the thesis follows by standard facts of the theory of linear semi-groups (see [12, Section 1.6]). [

For later purposes, let us conclude this Section with the following stability result.
Proposition 4.1. Let a > 0 and s € (3,3). For given w € WSP(R3), p € (2,+), and f €
I}&(H@), let u be the unique strong Flgc-solution to the Cauchy problem (1.13) in the maximal
interval (—T.,T"). Consider moreover the sequences (wy), and (fu)n of potentials and initial
data such that wy, “== w in WP (R3) and f, "= f in H(R3). Then there exists a time

T:=T(|[wllwsr, [ fllz,) > 0, with [-T,T] C (T5,T*), such that, for sufficiently large n, the Cauchy

problem (1.13) with potential w,, and initial data f,, admits a unique strong ﬁ&—solution u, in the
interval [—T,T]. Moreover,

ung 2w in G(-T,T),HS(R)). (4.4)

Proof.  As a consequence of Theorem 1.3, there exist an interval [—T7,,7,] for some T, :=
Ta(llwallws», | fall ;) > 0 and a unique u, € C([~T, T,), HL(R?)) such that

) = gy =i [ =D (4 L (7)[2)1tn(7) dT. *)
0

Since ||wnl|ws» and || fu[| 7, are asymptotically close, respectively, to [|w{jws» and || f||5, . then there
exists T := T (|[wllws», | /|l z;) such that T < 7, eventually in n, which means that u, is defined on
[-T,T]. Let us set ¢, := u — u,. By assumption u solves (1.15), thus subtracting (*) from (1.15)
yields

On = eima(f*fn)*i/o ei(t_T)Aa((W*m‘z)M*(Wn*|un|2)”n)(7)dr

= a(f— ) —i tei(tff)A"‘ w—wy) * |ul?) i+ (wy * |u|?
= ere(f— ) =i [ ] (=) )t (v )0
+ (W * (U, +@un))un}(r) dr.
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From the above identity, taking the I-NI&—norm of ¢, boils down to repeatedly applying the estimate
(4.3) to the summands in the integral on the r.h.s., thus yielding

3
19nll gy, S 11F = Fall gy, + T llw—wallwsr l[ull .5

+T Wallwsr (ull7e gy + lnll7e gy ) 10ll -7 -

2

Since by assumption ||wy||ws» and [|us||7. -, are bounded uniformly in n, then the above inequality
(02

implies, decreasing further 7 if needed,

n—+oo

10ull oy S 17— Fulgz, + 1w = willwss 0,

which completes the proof. O

5. High regularity Theory

In this Section we prove Theorem 1.4 for the regime s € (%, 2]. The approach is again a contraction
argument, that we now set in the spherically symmetric sector of the space 27y introduced in (3.1),

namely in the complete metric space (%T(S‘)l,d) with

0 oo IS
%;,A; = {u el ([_T’ T]? (x,rad(R3>) ’ HMHL""([fT,TLﬁg,(]Rﬂ < M}
d(u,v) :

S.D

[t =Vl == 1.77,02R3))

for suitable 7, M > 0.

A very much useful by-product of such a contraction argument will be the proof that when s =2
the solution to the integral problem (1.15) is also a solution to the differential problem (1.13), as we
shall show in a moment.

Let us start with two preparatory lemmas.

Lemma 5.1. Let & > 0 and s € (3,2]. Let w € WSP(R3) for p € (2,+) and assume that w is
spherically symmetric. Then

(1) one has the estimate

[Iw+ (W1 92) lwssn (rs)

HWHWW(R3) 7 ||ﬁa(R3) | l’/2”1‘?’&(11%3)

W -
[Iw (W1 y2) || (w3 (5.2)

IZANRYAN

for any ﬁgc-functions V1, Yo, and Y3;
(i) if in addition yy, W, are spherically symmetric, so too is w* (YY) and

(V(w=* (y1¥2)))(0) = 0.
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Proof. (i) The first inequality in (5.2) is due to Sobolev’s embedding
WP (R3) — L™(R?).

For the second inequality, let us observe preliminarily that
A(R3) < L3772 (RY).

Indeed, decomposing by means of (2.5) a generic ¥ € HS(R?) as y = ¢, + 20 g 5, for some

4£
¢, € H*(R?), one has

< < s RS ~
||1V||L3;')7§2 < H‘PML%H%(O)H\GML% S ol =~ vz,

the second step following from Sobolev’s embedding H*(R?) — L= (R3)NL”(R?) and from

6,
G, € Lv> (R3), because 32%2 € [2,3) for p € (2,4<0), the last step being the norm equivalence
(2.6). Therefore Young’s inequality yields

I (W ya) lwsse 2 [1(1=24)2 (w (y1v2)) |
(2= 2)3w) * (wry2) |

S IA=2)2wlw vl e llvall o
L3r-2 L3r—2
S IWllwses) Wil sy W21l g 3y »

thus proving (5.2).

(ii) The spherical symmetry of w (y;y») in this second case is obvious. From Sobolev’s em-
bedding W*3P(R3) < € (R?) we deduce that V(w (w1 y»))(x) is well defined for every x € R3;
MOreover,

VOws (v192)(0) = (V) (v1y2)) ©) = [ (Vw)(=3)va()valr)dy = 0.

the above integral vanishing because the integrand is of the form R(y) ﬁ for some spherically sym-
metric function R. U

Lemma 5.2. Let @ > 0 and s € (3,2]. Let h € W, (R®) for some q € (6,+0) and assume that

rad

(Vh)(0) = 0. Then hy € H,(R?) for each v € H,(R3) and

Wil sy S Ilhwsaes) 1V - 53)
Proof. Let us decompose y € H3(R3) as y = ¢, + ¢i 9 G, for some ¢ € H*(R?), according
to (2.5). On the other hand, by the embedding (2.21) the function  is continuous and |h(0)] <
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11| 2= w3y < [1llwsa(rs)- Thus,

hy = oy + 200 (h—h(0)) Gy + ‘“(4& h(0) Gy . Q)

471

Applying the fractional Leibniz rule (2.12) and using Sobolev’s embedding,

hallis = [[(1—A)%(héa)ll.2
S =82 Ao 192l 2 + 11— 2)204 .2 (if)

S [lallwsallgallme -

Moreover, since G, € L?(R?)

|25 = (O)Ga 2 S 10 =h(O) =119 l1= S Wellwea 63l

this, together with the estimate (2.22) (which requires indeed spherical symmetry), gives

The bounds (ii) and (iii) above imply that F) := h¢, + d’i © (h—h(0))G,, belongs to H*(R?) with

47I

<}(h h(0

o e S hllwsall@allas - (iii)

1E s S Allwsallgallzs - (iv)

In particular, Fj, is continuous. One has

Fu(0) = h(0)92(0) + -9 1im h

at¥r =0 x|

because by assumption (V£)(0) = 0. In turn, (i) now reads hy = F) + +( )G, which means, in

47:

view of the domain decomposition (2.5), that 2y belongs to H(; (R3). Owing to (iv) above and to
the norm equivalence (2.6), we conclude

1wl ~ 1Fxllas S [lAllwsell@nllas
which completes the proof. O

Combining Lemmas 5.1 and 5.2 one therefore has the trilinear estimate

3
10w Gnu2)uslgy | sy S |WHW”’R3H|MJ”HY (5.4)

Let us now prove Theorem 1.4.
Proof. [Proof of Theorem 1.4]
From the expression (1.14) for the solution map ®(u) and from the bound (5.4) one finds
1R e, < Il + T 0w Pl

(i)
< Il +Ci T lwllwer ]

L"°H‘
for some constant C; > 0.
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Moreover,
[D(u) = @)=z < T (ws |l )u— (w [v]?)v]| 2
ST (1w [l =) =2+ [ (w (Ju® = P12) ][ o) -

For the first summand in the r.h.s. above the bound (5.2) and Holder’s inequality yield

(i)

W uef | op [l = V]| =2
9 (i11)

10w J2el?) (= )| =g <
S Iwllwsr [l g e =Vl pop2

|
|
For the second summand, let us observe preliminarily that the embedding

Hy(R?) — L*(R?) (iv)
valid for s € (%, %) and established in the proof of Theorem 1.3 holds true even more when s € (%, 2.

Then (iv) above, Sobolev’s embedding W*?(R?) < L3(R?), and an application of Holder’s and
Young’s inequality in Lorentz spaces, yield

1w (ful? =[Pl gz < lwoe (ool = V1) | =62 V] oo
S Wl llutvllpse [lu=vllg=p2 [Vll=gse V)

~Y
S Iwllwse llu+v[| gz 0= vlz=g2 (V] gz -
Combining (ii), (iii), and (v) we get

d(®(u), @) < CT |wllwsr (llF. g, + V7. ,) d0,) (vi)
for some constant C, > 0.
Thus, choosing T and M such that

—1
M =2|fllg. T = g (max{Ct,Co}M?|[wlwr) ",

estimate (i) reads || ®(u) < M and shows that ® maps the space EKT((])& into itself, whereas

||Lmﬁgc,rad
estimate (vi) reads d(®(u),®(v)) < 3d(u,v) and shows that @ is a contraction on %T(?‘)l By Ba-

nach’s fixed point theorem, there exists a unique fixed point u € %’T((])B, of ® and hence a unique

solution u € ,%”T((BI to (1.15), which is therefore also continuous in time.

Furthermore, by a standard continuation argument we can extend such a solution over a maximal
interval for which the blow-up alternative holds true. Also the continuous dependence on the initial
data is a direct consequence of the fixed point argument. U

A straightforward, yet crucial for us, consequence of Theorem 1.4 when s = 2 concerns the
differential meaning of the local strong solution determined so far.

Corollary 5.1 (Integral and differential formulation). Let o > 0 and w € W>P(R3), p € (2, 4-0),
a spherically symmetric potential. Assume moreover f € FI&rad (R3). Letu e €([-T,T), ﬁérad (R3))
the unique local to the Cauchy problem (1.13) in the interval [—T,T|, for some T > 0, i.e. u satisfies
the Duhamel formula (1.15). Then u(0,-) = f and u satisfies the equation i0;u = —Agu~+ (W |u|?)u
as an identity in between L*(R3)-functions.
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Proof. The bound (5.4) shows that the non-linearity defines a map u — (w* |u|?)u that is continuous
from H érad (R3) into itself, and hence in particular it is continuous from H. érad (R3) to L?(R3). Then

the thesis follows by standard fact on the theory of linear semi-groups (see [12, Section 1.6]). [

6. Global solutions in the mass and in the energy space

In order to study the global solution theory of the Cauchy problem (1.13) when s = O (the mass
space L?(R3)) and s = 1 (the energy space H,,(R?)), we introduce the following two quantities, that
are formally conserved in time along the solutions.

Definition 6.1.

(i) Letu € L*(R?). We define the mass of u as
M () = |ullfz.

(i) Let A > 0 and let u = ¢y, + k3 G, € HL(R?), according to (2.3). We define the energy of u as

Eu) 1= %(7Aa)[u]+%/R3(w*|u|2)|u‘2dx
= L(ANOnIR + VO 17 + (o0 32) a2 = Aua]22) + 5 S (w5 |uf?) | dix.

Remark 6.1. For given u, the value of (—Ag)[u| (the quadratic form of —A) is independent of A,
and so too is the energy & (u).

We shall establish suitable conservation laws in order to prolong the local solution globally in
time. The mass is conserved in L?(R3) in the following sense.

Proposition 6.1 (Mass conservation in L>(R?)).

Let o > 0, and let w belong either to the class L (R*) NW13(R?) or to the class w € L%’w(]l@),for
y€(0,3). Fora given f € L*(R%), let u be the unique local solution in € ((—T., T*),L*(R?)) to the
Cauchy problem (1.15) in the maximal interval (—T,,T*), as given by Theorem 1.3. Then 4 (u(t))
is constant fort € (=T, T").

Proof. Let us discuss first the case w € L*(R3) "W !3(IR?). Consider preliminarily an initial data

f € HL(R?). Owing to Corollary 4.1, for each ¢ € (—T,,T*) u satisfies idju = —Aqu -+ (w* |u*)u

as an identity between H !-functions, whence
(10 + Agu— (W |u\2)u,u>ﬁ&1 o =0.

o

The imaginary part of the above identity gives
G llu@)Iz = 0,

which implies that .# (u(t)) is constant on (—T,T*). For arbitrary f € L*(R?) we use a density
argument. Let (f;), be a sequence in H)(R?) such that f, === f in L?(R?), and denote by u, the
solution to the Cauchy problem (1.13) with initial datum f;,. Because of the continuous dependence
on the initial data, we have that u, — u in € (I,L*(R3)), for every closed interval I C (—T.,T*).
Since A (uy(t)) = M (un(0)) = A (fn) for every n, we deduce that .4 (u(t)) = A4 (f) fort € I.
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Owing to the continuity of the map ¢ — .# (u(t)), we conclude that .Z (u(t)) = 4 (f) for t €
(=T, T7).

Let us discuss now the case w € L%’m(]l@), Y € (0, %) Consider preliminarily an initial data
f € HL(R?) and a Schwartz potential w. Owing to Corollary 4.1, for each t € (—T,, T*) u satisfies
id,u = —Aqu+ (w*|u|?*)u as an identity between f[& !_functions, and reasoning as above we deduce
that .# (u(t)) is constant on (—T,,T*). For arbitrary f € L?(R3) and w € L%’“(R3), 7€ (0,3),
we use a density argument. Let (f;), be a sequence in HL(R3) such that f, === f in L*(R%),
(wn)n be a sequence of Schwartz potentials such that w, == w in L%’W(H@), and denote by u,
the L? strong solution to the Cauchy problem (1.13) with initial datum f, and potential w,. The
stability result given by Proposition 3.1 guarantees that u, == u in ¢ ([~ T, T],L*(R?)) for some

T > 0, whence . (un(t)) =2 . (u(r)) for t € [—T,T]. Using the mass conservation for u, we
deduce that .# (u(t)) = .#(f) for t € [-T,T]. Repeating the above argument with f replaced by
u(to) for some 1y € (—T;, T*) yields the property that # — .# (u(t)) is constant in a suitable interval
around 7y and hence, by the arbitrariness of 1y, it is locally constant on the whole (—7,7*). But
(=T.,T*) >t +— # (u(t)) is also continuous, whence the conclusion. O

We therefore conclude the following.

Proof. [Proof of Theorem 1.5] An immediate consequence of the conservation of the mass, i.e.,
conservation of the L?>-norm, and of the blow up alternative in L. U

Let us move now to the conservation of mass and energy in the energy space. We observe the
following.

Lemma 6.1. Let o > 0 and let w € W'P(R3) for some p > 2. If vy 222 v in HL(R®), then
&(vn) =225 £(v). As a consequence, ifu € € ([T, T],HL(R?)) for some T >0, then t — & (u(t))
is continuous on [—T,T)|.

Proof. The limit &(v,) === &(v) follows from the inequality

EW) = E@)| S [(=Aa) V] = (—Aa) val [+ | (w s V) VP = (W [va*) [vul* [l
combined with the estimates

| (~A2) V]~ (~Aa)val | S v =vallgs (V]2 + Ill )
and
10w [pIP) V1% = (v val?) vl e S N )V = vl 1w (91 = vl v P
S lws Pllz=llv = vall2 (IVll2 + [1vall2)
+ 1wl (v =val (W] [val)) || Va1 72

S Iwllwrollv = vall gy (W15, + lvallZ, )
the last two steps above following from Holder’s and Young’s inequality, and from the inequality
4.1). (]

We then see that mass and energy are conserved in the spherically symmetric component of the
energy space.
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Proposition 6.2 (Mass and energy conservation in , L a(R).

Let o0 > 0. For a given w € erl’(f(R‘z), p € (2,+00), and a given f € H. _(R3), let u be the unique
local solution in %((—T*,T*),ﬁéjmd(R%) to the Cauchy problem (1.15) in the maximal interval
(—T.,T%), as given by Theorem 1.3. Then .# (u(t)) and & (u(t)) are constant fort € (—T,,T™).

Proof. We start proving the statement for the mass. Owing to Corollary 4.1, for each ¢t € (—T,,T")
u satisfies id,u = —Aqu+ (wx |u|*)u as an identity in H; ' (R?), whence
= 0.

(100 + At — (w |u*)uu) g1 g

The imaginary part of the above identity gives
g llu@)lz = 0,

which implies that .# (u(t) is constant on (—T,,T*).

Let us prove now that the energy is conserved, first in the special case f € ﬁghrad(]@) and

w e W2P(R3), for p € (2,4-0). Owing to Corollary 5.1, u satisfies idu = —Agu+ (w |u|?)u as an

rad

identity in L%(R3), whence
(i0hu+ Agu— (w \u!z)u,a,u>Lz = 0.
The real part in the above identity gives
6 (3 (=it u)2 = 3 fos (W [u?) [u*dx) = 0,

which implies that & (u(t)) is constant on (—T,,T%).
For arbitrary f € H ,(R*) and w € WP (R3) we use the stability result of Proposition 4.1.

rad
(R3) and (w,), be a sequence in W27 (R3) such that f, === f

rad

Let (f,), be a sequence in H>

o,rad
in HL(R?) and w,, == w in W' (R3), and denote by u, the solution to the Cauchy problem

(1.13) with initial datum f;, and potential w,. Then Proposition 4.1 guarantees that u, UimasisNg

in €([-T,T),H.(R3)) for some T > 0, and Lemma 6.1 implies that & (1,()) 2= & (u(r)) for
t € [T, T]. Using the energy conservation for u, we deduce that & (u(t)) = &(f) fort € [-T,T].
Repeating the above argument with f replaced by u(ty) for some #y € (—T,,T") yields the property
that 7 — & (u(t)) is constant in a suitable interval around 7y and hence, by the arbitrariness of 7o, it is
locally constant on the whole (—T,,7%). But (—T%,T*) >t — &(u(t)) is also continuous, whence

the conclusion. O
We are now ready to prove our result on the solution theory for the Cauchy problem (1.13).

Proof. [Proof of Theorem 1.6]
Letu € €((~T.,T*),H! . ,(R3)) be the unique local strong solution to (1.13), on the maximal

a,rad ~
time interval (—7;,T*), with given initial datum f = ¢, +cG, € H], _(R?), for some A > 0, and
given potential w € Wr;’dp(R3), for some p € (2,+o0), as provided by Theorem 1.3. Then (—T,,T*) >
t— A (u(t))+ & (u(t)) is the constant map, as follows from Propositions 6.2. Decomposing u(t) =

,;rad
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0. (1) + k3, ()G, foreacht € (—T.,T*) and using (2.4) we find

lu()lF, = 16207 + (1)
< A1) [lu(@) |2+ (A 0a (Ol = Allu()|Z + [V (012 + (0 + 32 ) [k (1))
S A (1) + 5 (=) [u(0)]. *)
For part (i) of the statement, we observe that
sup u(@)Z, S sup (A (u(1)+ 3(—Ad)[u(r)])
te(=T.,T*) o te(—=T.,T*)

S sup (A () +E () + [ (w u(t) ) lu() 1)
te(=T.,T*)

2 2
S 1+ sup  (jwoful|z [Jullf
te(=T.,T*)

S 14+ sup [l

ullz, 17172
te(=T,,T*) Ha L

having used (*), the estimate (4.1), and the mass and energy conservation. Therefore, if || f||;2 is
sufficiently small (depending only on ||w||ws»), then

2

sup u(®)llz S 1,
te(—T.,T*) «

and we conclude that solution is global, owing to the blow up alternative.

For part (ii) of the statement, the additional assumption w > 0 implies

H2a)u)] < HBa)u0]+ [ (weluP)fuln)Pdr = &),
which, combined with (¥) and the mass and energy conservation yields

sup  [u(®)|Z, S sup (A (w(0)+E W) S 1.
te(—T.,T*) o te(~T.,T*)
Therefore, the solution is global, by the blow up alternative. Since this is true for every initial datum
feH! (R, we deduce global well-posedness for (1.13). O

;rad

7. Comments on the spherically symmetric solution theory

As initially mentioned in the Introduction and then shown in the preceding discussion, part of the
solution theory was established for spherically symmetric potentials and solutions (Theorems 1.4
and 1.6) and in this Section we collect our remarks on the emergence of such a feature.

This is indeed a natural phenomenon both for the local high regularity theory and for the global
theory in the energy space, as we are now going to explain. Of course, the spherically symmetric
solution theory is the most relevant in the study of the singular Hartree equation, since the linear part,
namely the operator —Ag, differs from the ordinary —A precisely in the L?-sector of rotationally
symmetric functions.

For the local theory, one ineludible ingredient of the fixed point argument is the treatment of the
non-linear part of the solution map (1.14) with a ﬁ&—estimate that we close by means of the trilinear
estimate (4.3)/(5.4).
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This estimate is designed for functions of the form hu, where h = w x |u|?, and it is crucially
sensitive to the specific structure of the space ﬁ; (R3) for s > % (Theorem 2.1(ii)-(iii)). In particular,
in order to recognise that the regular part hu is indeed a H*-function, one must show that (h —
h(0))G), € H*(R?). Technically this is dealt with by means of the fractional Leibniz rule, suitably
generalised so as to avoid the direct LP-estimate of s derivatives of each factor 4 — h(0) and Gy ;
already heuristically it is clear that this only works with a sufficient vanishing rate of 4 — h(0) as
|x| — 0 in order to compensate the local singularity of G .

For intermediate regularity (Proposition 2.1 and Lemmas 4.1-4.2) the vanishing rate h(x) —
h(0) ~ |x|® that can be deduced from the embedding w * [u?| € €% (R?) is enough to close the
argument and no spherical symmetry is required. For high regularity (Proposition 2.2 - Lemma
2.2, and Lemmas 5.1-5.2) the embedding w * |u?| € €1 (R3) would only guarantee an insufficient
vanishing rate (x) — h(0) ~ |x|; since one needs A(x) — h(0) ~ |x|'*®, this requires the additional
condition VA(0) = 0. For the latter condition to hold for & = w x |u|?, as shown in the proof of
Lemma 5.1(ii), the spherical symmetry of both w and u appears as the most natural and explicitly
treatable assumption.

In fact, the condition VA(0) = 0 is even more crucial and apparently unavoidable in one further
point of the argument hu € ITI& (R?), because unlike the intermediate regularity case, where it suffices
to prove that the regular component of hu is a H*-function, in the high regularity case one must
also prove that such regular component satisfies the correct boundary condition in connection with
the singular component. As shown in the proof of Lemma 5.2, the correct boundary condition is
equivalent to |x|~'(h(x) — h(0)) — 0 as |x| — 0, for which VA4(0) = 0 is again necessary.

Concerning the global theory in the energy space, the emergence of a solution theory for spher-
ically symmetric functions is due to one further mechanism. As usual, globalisation is based upon
the mass and energy conservation. In the theory of semi-linear Schrédinger equations it is typical
that the conservation laws are deduced from a suitably regularised problem (see, e.g., the proof
of [12, Theorem 3.3.5]). In the present context (Proposition 6.2) we follow this scheme showing
first the conservation laws at the level of I-Nlé—regularity, and then controlling the stability of a den-
sity argument which is set for ﬁé—regularity. Clearly the first step appeals to the local ﬁé—theory,
which is derived only for the spherically symmetric case, thus the stability argument can only work
in the spherically symmetric sector of the energy space.
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