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In this paper, we will construct free-field realizations of the W, » algebra associated to an .27,-valued differ-

ential operator
._g = InaN +UN,1(9N71 +UN728N72 + .. U0>

where 47, is a Frobenius algebra with the uint I,.
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1. Introduction

The source of the concept of W-algebras is the conformal field theory (CFT briefly) [2, 11, 23].
The main problem of the CFT is a description of fields having conformal symmetries. Only in the
two-dimensional case is the group of conformal diffeomorphisms rich enough to build a meaningful
theory on this base. All diffeomorphisms of a circle represent the core of the theory. Its related Lie
algebra is a centerless Virasoro algebra, whose extension is the well-known Virasoro algebra. In
the study of Virasoro algebra, there were various representations in terms of free fields, based on
bosons, fermions and ghosts. In particular, the free-boson representation, including vertex operators,
proved to be useful for particular calculations, especially for the evaluation of correlation functions.
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The CFT requires the extension of the Virasoro algebra as far as possible. The work by Zamolod-
chikov pioneered the concept of CFT. He gave an extension of the Virasoro algebra called the W3
algebra. In that terminology, the Virasoro algebra was W,. At the end of the 1980’s, it was found
that the mathematical framework for further extension of Virasoro algebra already existed as the
theory of integrable systems. In other words, the classical realization of the W-algebra [23] appears
naturally as the second Poisson bracket of KdV-type hierarchies. For example, the Virasoro algebra
W, is realized as the Magri bracket for the KdV hierarchy [12,18], and the Zamolodchikov-Fateev-
Lukyanov W ,-algebra as the second Adler-Gelfand-Dickey (AGD briefly) bracket for the m™-order
Gelfand-Dickey (GD,,) hierarchy [1, 10, 17, 19]. Free-field relations of W-algebras have also been
obtained by constructing the related Miura maps, please see e.g. [7-9, 14] and references therein for
details.

In [5], A. Bilal proposed a non-local matrix generalization of the well-known W,,-algebra, called
the V, ,-algebra, by constructing the second AGD bracket associated with a matrix differential
operator of order m

L= —1,0"+U 0" ' +U,0" 2+ +U,
d

=—(Lid—P)--- (1,0 — Py), 8:5, P;, Ujegl(n,C),

where I, is the n'"-order identity matrix. Upon reducing to U; = 0, the non-commutativity of matri-
ces implies the presence of non-local terms in the V,, ,,-algebra. A Miura transformation relates
these Poisson brackets of the U; to much simpler ones of a set of P; € gl(n,C), i.e., the Kupershmidt-
Wilson (KW briefly) type theorem. Contrary to the scalar case, generally P; are not free fields. It
is difficult to give such a free-field realization because of the non-local terms except some special
cases [3,4].

Recently motivated by the work in [6,13,16,25], Strachan and Zuo began to study the Frobenius
algebra-valued integrable systems [21,22,24,26]. In [21] they introduced an §-valued KP hierarchy
associated with an §-valued pseudo-differential operator (¥DO in brief)

L=1304+U 0 '+ U9 +---

and constructed infinite series of bi-Hamiltonian structures, where 13 is the unit of the Frobenius
algebra §. Via the properties of the second Hamiltonian structures, they have obtained a local matrix
generalization of W-type algebras. Because the Frobenius algebra is commutative, upon reducing
to the U; = 0, the second Hamiltonian structure is still local, which gives a chance to construct
free-field realizations.

The aim of this paper is to construct free-field realizations of the W, » algebra associated to a
concrete .@7,-valued differential operator

L =1,0" + Uy 19" '+ Uy20" 2+ Up

and organized as follows. Firstly, we recall the definition of W5, y-algebra and then show a KW-
type theorem. Afterwards, with the help of the KW-type theorem we will construct the free-field
realizations of the W, y algebra. Finally we give two examples to illustrate our method.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
519



Y.Y. Ge et al. / Free-field realizations of the Wy, -algebra

2. The W3, y-algebra and the KW-type theorem
2.1. Local matrix generalizations of the classical W algebras

To be self-contained, below we recall some known facts, see [21,22] for details. Let us begin with
some basic definitions.

Definition 2.1. The Frobenius algebra § := {§,trz, 15,0} over K is a free K-module § of finite
rank n, equipped with a commutative and associative multiplication o and the unit 13, and a K-
linear form trz : § — K whose kernel contains no nontrivial ideas, where K is C or R.

Let
L = 138N+UN,18N‘1 + UN,28N‘2 +--- Uy 2.1

be an §-valued differential operator of order N. The §-valued Gefland-Dickey (GD in brief) hierar-
chy is defined as

A
ot,

=B, oL~ ZLoB,, r=12,..., (2.2

where B, =% f is the pure differential part of the operator L¥. As discussed in [21], the §-valued
GD hierarchy has bi-hamiltonian structures with the second Poisson bracket as

_ 5 5 5
{fjg}(N):trS/res<<$o6é;> o P — Lo (5; g) > édx 2.3)

0
where the variational derivative® é is defined by the formula Z 0 1 Upon reduc-
ing to the Uy_; = 0, the Poisson bracket { , }V) is reducible if and only 1f
of
Z,——|=0. 24
res[.Z, 5 g] (2.4)

We denote the reduced bracket by { , }E)N), which provides a local matrix generalization of the
classical Wy-algebra ([21]). We would like to call the W5, y-algebra. Especially when one takes
¢(x) = trg Uy_», with the use of (2.3) and (2.4) the reduced Poisson bracket is given by

3
(0000 =~ (570 + 93490 8x-)

This means that the W5, y-algebra contains the Virasoro algebra as its subalgebra.

3The variational derivative with respect to an algebra-valued field has been discussed in [20]. In the present context, let
= n OF
f=[uzF(V)dxforV =Y vse, € §, the variational derivative SV is defined by
q=1
" . SF of
Fv+6v)—f(v)= /trg B—OEV—O—O(SV dx—/z 8vq+0(5v) dx,

2f

—d)/ 0 and Jv is a small parameter. Without confusion, we
Jj=0 av,
q

f

Mz

where f(v) =trg F(V), 8V = ): Ovgeq ES

of 5F
use the notation % instead of —.

1%
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2.2. Modifying the second Hamiltonian structure
In order to construct free-field realizations of the Wy, y-algebra, we want to study the transforma-

tion of the second Hamiltonian structure { , } by the factorization

gzﬁoﬂ_lo...oﬁ, (25)

,
where £ = 150" 4+ V; n,_10Y ! 4.+ are F-valued ¥DOs and ) N, = N.
=1

Theorem 2.1. Assume that the factorization (2.5) exists, then the second Poisson bracket for L is a
direct sum of those for 24, ...,%,, that is to say,

{7.a3™ =Y {7.a3™. (2.6)
j=1
Moreover, the constraint condition Uy_1 = 0 is equivalent to
of
res[ ’63] er{],&g] 0. 2.7

When § = R, this result is the so-called KW theorem in [15].

Proof. Observe that

~ ) 0
5f:trg/res 59];06$dx— Ztm/ressé 0 8.Ljdx

IZ /res 0L o-0Lj108Lj0o L 10 0 Ldx
r 5f
Z /resiﬂj 10- oflo@oﬁo-'o i+100.Ldx.
This expression implies
;-;jz ,/10'“0310669]2;0.,%0-@ i+1 mod R(—oco,—m;—1). (2.8)
—k )
Here R(—eo, —k) contains all of the §-valued operators of the form Z Ajd’. With the use of (2.8),
we get r
0 0 0
Zjo 592]; 69%110 j+1=-$j0"-0.$10éo,%o---o iv1 mod R(—eo,—1) (2.9)
and
5f 6f of of
= = | 2.1
Zres ]’6,,2” =res (%0 5.2 5.2 0 L) =res|Z, 53] (2.10)
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Obviously, (2.7) follows from (2.4) and (2.10). With the help of (2.9), the right side of (2.6) is

1~
—~—
e
o
-
Z

.
Il
=

I

-1~
g

o

~.
Il
—

_of o (S, o8
res( ,,%jom>+o,,% %o(moo‘iﬂj>+>o&‘gjdx

of of Og
X/o<woc$j>_ <,%jow>_oafj> or-gjdx

~.
I

I
-
e
\> —
a

|
07~

=2
<

~.
I
—_

- of 0g
— ) tr /res (.i” > <.$ > dx
j; § ) \Tse ),
a of og
= tr /res (of) o( o.,i”) dx
L) olsz9) 2\52°7),
r—1 6f 5g )
— t d
= ki /res <5iﬂj+1 ° JH) ° <5-$J+1 S + *

0 0
_trg/res <.,$,o(t§j;r>o (fro&-;)erx

) o S ) (g0 5
_trg/res [<5$lo$1)0<5ﬁ031)+ ("%O&Er)o<$ro5.fr>+] dx

We thus complete the proof of this theorem. O

The above theorem implies that it is possible to simplify the construction of the free-field real-
ization for the Wg, y-algebra to the construction of the free-field realization for each copy of the
W5, 1-algebra. Many examples suggest the existence of free-filed realizations of the above W-type
algebras, but up to now we have no a unified proof for the general W5, y-algebra. In the next section
we illustrate our construction by taking a concrete algebra .«7,.

3. Free-field realizations of the W, y-algebra
Let us denote
n
% = {a: Zak/\k_l ‘ ar€C k= 1,...,n},
k=1
where A = (A;j) € gl(n,C) with the elements

- JLi=j+1
Aij = Ot = {0, other cases
and A? =1,, is the n'"-order identity matrix. Observe that A" =0, then %, is a maximal commutative
subalgebra of gl(n,C). In [21, 26], they have shown that the algebra 2, has at least n-“basic”
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different ways to be realized as the Frobenius algebra <, := {%,In,tr%} with the trace form
defined by

n
trey,(a) = ax+an(1 —8,x) forany a= Z AN e 7. (3.1
k=1

Without loss of generality, in this section we will take the Frobenius algebra § as .27, and construct
a free-field realization of W, y-algebra.
Suppose that the .7, -valued differential operator

L =1,0" +Uy 19"+ Uy 20" P+ Uy
could be represented as a product of
L =ZnoLn-100ZL

of .o7,-valued differential operators .¢; =1,d +V;, j=1,...,N. With the use of Theorem 2.1, we
get

N
{7.8" = z{f,g};bj.
N ) ) )
~Fe [ << o) o210 (2L g)>3;d
- 6f J &g . of 1 6f
_; /V aWd Here using Fx7 =d~ 5, (3.2)

More precisely,

(V) p
{tr%/FV,-dx, tr%/Gdex} = 6,-,tr,%/Fa—de,
’ X

where F and G are two 7,-valued test functions.
Next, we want to study the reduced bracket under reduction to the submanifold Uy_; = 0.

Lemma 3.1. The Poisson bracket { , Y™) with the constraint Uy_, = 0 is reduced to

(V) 1 a
{tr% / FVidx, try, / Gdex} = (8- ) ey [ F2-Gx, (3.3)
D N 8
where F and G are two o,-valued test functions. In particular,

1
Vi) Vie )} = (8= ) gt 8'(x=), (3:4)

n
where V; = Z \/,-7qu*1.
g=1
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Proof. Taking an overcomplete set of vectors®
- 1 N—1 .
hj=(hj,....,n] "), j=1,...,N (3.5)

in an (N — 1)-dimensional Euclidean space with

N N
~ 1
Y hi=0, Y nin =64, Z HihG = 8j— - (3.6)
j=1 j=1
N N
Observe that Uy_; = Z V; and denoting 7, = Z h‘j-Vj, a=1,...,N—1. With the help of
j=1 j=1

(3.6), we have

1 N—-1
7UN 1+Zhl as ]:1)7N

and

a Of

8f _ of o
15% j yenns

8V,  8Uy-

N. 3.7

So using (3.6) and (3.7), the Poisson bracket { , }(N ) in (3.2) can be rewritten as

N of d Og
t PR,
.8} ]:ZI ) 5V, ax sV
of d 0g of d &g
=Nt dx t —— 0 —
'S | SUy_, ° 9x 60N, +a§ 5| 57, ox o7,
When we consider the reduction Uy_; = 0, from (2.7) we should take into account the following
condition
N S
y (l) —0. (3.8)
j=1 OVj/x

That is to say,

Thus the reduced Poisson bracket { , }gv) is given by

N—1
2 V) _ 6f d 8¢
{fvg}D - a;ltrg 57/0 Oax&% X

be.g., such vectors have been explicitly written in [8].
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and for two 7,-valued test functions F and G,

()

N—1 P

{trm/FVidxvtrm/GdeX}D = Z,lh?h?trm/Fadex
1 d

=(0ij — o )tre, [ F5- .

(8= ) tr, [ F5-Gx

The identity (3.4) follows from the formula (3.3) and the definition trz in (3.1). [l

Let K = (Kq,) be an n X n matrix with the elements K, = 0y ,+1. Obvious the matrix K is a
real symmetric matrix, thus there exists an orthogonal matrix Q such that K = Qdiag(4,,...,4,) 0,
where A; are eigenvalues of K and Q' is the transpose of Q. Assume

S = (S,) = Qdiag(v/A1,...,\/A,) € gl(n,C), (3.9)

then K = S§".
Taking (N — 1)n free fields @; 4(x) with the currents j; 4(x) = ¢; ,(x) together with the Poisson
bracket

(N
{Jiq(®), 30 }):Sijsqral(X—Y)a (3.10)
wherei,j=1,....N—landg,r=1,...,n

Theorem 3.1. Setting
- n
Je= k- Iva1n)s Jak =Y, Scadaalx), 3.11)
a=1

then the identification X = %N o Ly_10--+0.%) with the element

n
L=1,0+V;=1,0+ ) (h;-J)A“", j=1,...N (3.12)
k=1
L N—1
provides a free-field realization of the W, y-algebra, where h; - J .= Z h? Ja -
a=1

Proof. The constrained condition Uy_; = 0 follows from

N N n n N
Zvj:ZZh Jo) A Z(Zﬁj.jk>/\“:0.
j=lk=1

j=1 k=1 \Jj=1
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N—1

Denoting V; = Z Vik(x)A*! then V. (x) =h;-Ji = Y h%Jox. Now, with the help of (3.6), (3.9)
a=1

and (3.10), we have

{Vig(x), Vj,r(Y)}gv) = {h;-J,, h; 'jr}gn)
N—1
= ¥ (W ag@) 1Ty ()}

a,b=1
= bZ] hal’lb ﬁZ 1 {Sq,ajaﬂ(x) 7Sr,ﬁjb,ﬁ (.X) }](_)m)
a, o,f=

hahb Z quaS,ﬁ 5ab5aﬁ5'(x—y)
a,b=1 o,f=1
N—-1

Ogrn—1 &' (x—y)
—1

156+rn 15<X y>
(u *> gtrn-190 (X—Y),

which is exactly the reduced Poisson bracket (3.4). We thereby obtain the free-field realization of
the W, y-algebra. U

S

:‘l

4. Conclusion

In summary, with the help of the KW-type theorem, we have constructed free-field realizations of
the W, v algebra associated with the .27,-valued differential operator

L = In(?N +UN_18N_1 + UN_2(9N_2 +--- Up.

By analogy with the above, a minor modification will give the free-field realizations of the W, x
algebra for k =1,...,n— 1. But for general Wy » algebra, it is still open because of the uncertainty
of the K-linear form trg.
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