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The modified discrete KP equation is the Bécklund transformation for the Hirota’s discrete KP equation or
the Hirota-Miwa equation. We construct the modified discrete KP equation with self-consistent sources via
source generation procedure and clarify the algebraic structure of the resulting coupled modified discrete KP
system by presenting its discrete Gram-type determinant solutions. It is also shown that the commutativity
between the source generation procedure and Bécklund transformation is valid for the discrete KP equation.
Finally, we demonstrate that the modified discrete KP equation with self-consistent sources yields the modified
differential-difference KP equation with self-consistent sources through a continuum limit. The continuum limit
of an explicit solution to the modified discrete KP equation with self-consistent sources also gives the explicit

solution for the modified differential-difference KP equation with self-consistent sources.
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Continuum limit
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1. Introduction

The study of discrete integrable systems has attracted a lot of interest in recent years. The most
important and widely studied three-dimensional discrete integrable system is the Hirota-Miwa equa-

tion (or discrete KP equation in bilinear form ) [1]- [3]:

aj (az — a3)f<k1 +a1)f(k2 +ay, k3 +a3) +a2(a3 —aj )f(kz —|—a2)f(k1 +ay, k3 +a3)

+a3(a) —a) f(ks+a3) f(ki +ai,ka+ax) =0

where f = f(ki,ka2,k3) and a1,az,a3 are the difference intervals for discrete independent variables
ki,ky, ks, respectively. We omit the dependence on unshifted variables in the above equation and in
the following notations. The Hirota-Miwa equation (1.1) is considered as a master equation which
by performing scaling continuum limit gives many well-known semi-discrete and continuous inte-

grable systems.
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Under the variable transformations k; — aky, ko — arky, ks — aszks, the discrete KP equation
(1.1) can be written in a compact form by using bilinear operator:

1 1 1 1 1 1 1 1 1
[a1(ay — a3)e2Pn 2P 2P 4 gy (a3 — ay )e?Pe 2P0 ~2P 4 as(a) — ap)erPs—2Pa—2Pu)f. F =0,

where the bilinear operator is defined by -
¢®Pra(n)-b(n) = a(n+ 8)b(n—8). (1.3)

The discrete KP equation (1.1) or (1.2) has the following Bécklund transformation [1,4]:
[ale%D"l —2Dy aze%D"f%D’ﬂ +(ay — a3)e%Dkl +%D"2]f g=0 (1.4)
[ale%D"l —3Diy _ ale%Dkf%Dkl + (a3 — al)e%Dkl+%Dk3]f -g=0. (1.5)

Through the variable transformations k; — al—lkl,kz — ékz,k’j — a]—}k3, the modified discrete KP
equations (1.4-1.5) become

alf(kl —l—al)g(kz +a2) —azf(]Q +az)g(k1 +a1) + (az —a1)f<k1 +ay,k +a2)g =0 (1.6)
arf(ki+a1)g(ks +az) —as f(ks +az)g(ky +ar) + (a3 —ar) f (k1 +ar,ks +a3)g = 0. (1.7)

Soliton equations with self-consistent sources, describing important physical processes, have
been studied by means of various mathematical approachs such as inverse scattering methods [5]-
[9], Darboux transformation methods [10]- [13], Hirota’s bilinear method and Wronskian technique
[14]- [22]. However, most results have been achieved in continuous case. Comparatively less work
has been done in discrete case, especially in the fully discrete case.

In [23], the authors propose a new algebraic method, called the source generalization procedure,
to construct and solve the soliton equations with self consistent sources both in continuous and
discrete cases. The purpose of this paper is to utilize the source generalization procedure to the
modified discreet KP equation (1.6-1.7) to construct the modified discrete KP equation with self-
consistent sources and clarify the bilinear structures of the modified discrete KP equations with
self-consistent sources. Furthermore, we verity that the commutativity of the source generation
procedure and Bicklund transformation holds for the fully discrete case.

The outline of this paper is as follows. In Sec.2, we construct the modified discrete KP equa-
tions with self-consistent sources and give their discrete Gram-type determinant solutions. Sec.3 is
devoted to show that the commutativity of the source generation procedure and Bécklund transfor-
mation is valid for the discrete KP equation. We end this paper with a summary and discussion in
section 4.

2. The modified discrete KP equation with self-consistent sources

In this section, we construct the modified discrete KP equation with self-consistent sources via
source generation procedure. Furthermore, we present the discrete Gram-type determinant solution
for the modified discrete KP equation with self-consistent sources and clarify its bilinear structure.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
225



Gegenhasi and X.R. Bai / On the modified discrete KP equation with self-consistent sources

It is given in [24] that the bilinear difference equations (1.6-1.7) have the following discrete
Gram-type determinant solution:

fki ko, k3) = |M], 2.1

2.2)

M D(—-1
g(kl,kz,/@):‘ ( )‘-

o0)" 1

where M = det(c;; + m;j)1<i j<ny in which ¢;j(1 <i,j < N) is arbitrary constant and the matrix
element m; j(l <i,j < N) is an function of ki, k,, k3 satisfying the difference equation

Ay mi; = ¢i(ky +av;0)9;(0), (2.3)
i)j: 1727"' ,N,V = 172)37

where unshifted independent variables are suppressed and ¢i and ¢; are arbitrary functions of
k1,ky,ks and an integer s, satisfying the dispersion relations

Ay, 0i(k1, ko, k3,8) = @i(ki, ko, k3, s4-1), (24

A+kv§5i(k1,k2,k3,.§):¢,‘(k1,k2,k3,s+1), (25)
where A_; A, are defined by
F(ky) — F(ky —ay)

A*ka(kV) = a )
\%
F(k —F(k
Aoy, F k) = 2 V“’;) &) 0123
\%

In addition, ®(s),®(s) (s is an integer) are Nth column vectors defined by
D(s) = (91(5), 92(s), -+, 9w (s)) " 2.6)
B(s) = (§1(5), 6a(s), -, fw(s))"- @7

In order to construct the modified fully discrete KP equation with self-consistent sources, we
change the discrete Gram-type determinant solutions (2.1-2.2) into the following form:

flki, ko, k3) = det(c;j(ki) +mjj)i<i j<n = |D|, (2.8)
D &(-1
g(k17k27k3) - ’@(O)T (1 ) Y (29)

where N x N matrix D = (c;j (ki) +m;;)1<i j<n and m;j, P(s), P(s) are given in (2.3-2.7). In addition,
cij(ky) satisfies

(ki), 1<i<K<Nandj=1,2,-- KK¢cZ*,
cij(kl)z{c’( 1), 1<i<K<Nand) (2.10)

d;j, otherwise,

with ¢;(k;) being an arbitrary function of k; and K being a positive integer. Then we have the
following difference formula by employing Egs. (2.1-2.5):
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My C(ky) ©(—1)

fki,kp,k3) = ‘Z? C(fl) ; glki,ky,k3)=| a1 0 |, (2.11)
®0)" 0 1
M; C(ky) (13(0“) My  Clki+ay) ®(0;)
flky+ay)=ay| o 1 0 |, flki+a)=a| of 1 0 |,
-®0)" 0 a,' —-®0)" 0 a;’
(2.12)

(axasz)? ol 1 0 0

flka+az,ks+az) = (2.13)

(ar—a3) | —®(1)T 0 —a,? —a;z ’
-®0)7 0 a' a
My  C(ky+a;) ©(01) CI)(OIJ)
(arap)* | of 1 0 0
k k = | _ 2.14
flki+ar, ky +ay) (ar—ag) | ~®(1)" 0 —a? —a? | (2.14)
—®(0)" 0 a;’ a;l
My Clki) ®(—1) D(0,) My Clky+ai) ®(—1) d(0;)
T T
R e 1 0 0 |« 1 0 0
shuta) ==au\gqyr o o gp |SRT@=Talgqr 0 a’
07 0 1 —a, or o 1 —a!
(2.15)
where 1 =2,3; C(k;), o, ®(sy) are Nth column vectors given by
Clky) = (c1(kr), -+ ek (ki) 0,---,0)",
a=(-1,--,-1,0,---,007,  numberof — 1 =K,
(I)(SV):((Pl(kv+av;s)’¢2(kv+av;s)”'7¢N(kV+av;S);)T7v:1a2>3a
and M, is given by
miy mik mige1 +digsr o0 my+diy
M, = my My M1 Hdijpr 0 Mgy +dy (216

M1+ 11 Mgtk + dept g Mot kel T i1kt - M N T dea N

myy+dyr - myg+dnk my 41 +dyger o0 myy+dyn
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According to the above results, f,g defined in (2.1-2.2) will not satisfy the modified fully dis-
crete KP equation (1.6-1.7) again. In fact, they satisfy the following equations:

alf(kl —|—a1)g(k2 —|—a2) — a2f(k2 —|—a2)g(k1 +611) + (az — al)f(k1 +ai, k> +az)g(k1,k2,k3)

K
=ay Y P j(ki+a1)0ij(kr +a2), (2.17)
ij=1
arf(ki +ai)g(ks +a3) —as f(ks +a3)g(ky +a1) + (a3 —ar) f (k1 +ay, k3 + a3) g (k1 , ko, k3, )
K
=a3 Y. P j(ki+a1)Q; (ks +a3), (2.18)
ij=1
where P, ;,Q; j forr,m = 1,--- K are functions of variables ki, k>,k3 given by
k17k27k’3 C kl F '/ > o 9 (219)
Fui Vel “D1&,(0)" (0)

D;j @;(—1)
Mf; ¢i(—1)
in which D;; is the (N — 1)th order matrice obtained by eliminating the ith row and the jth col-

umn from the matrice (c; j(k2) +m;j(ki,ka,k3))1<i j<n; ®;(s),P;(s) are (N — 1)th column vectors
obtained by eliminating the jth element from ®(s) and ®(s), respectively; Ac;(k;) is defined by

Qi j(ki,ka, k3) = —+/Aci(kt)

(2.20)

Ac,-(kl) :c,-(kl—f—al)—c,-(kl) (2.21)
and R;;, M;; are given by

Rij = (c1(ki) +muj,- - cimi (ki) +miyjcivr (ki) +migr j,- oo

cx (ki) +mi jydis1j+mgi g, dyj+my )T,
Mij = (ci(ky) +mir, - cilkn) +mi oy, cilk) +mijr, -
cilky) +mig,digi1+miger, - din +min)".

We can also show that functions (2.1-2.2) and new fields (2.19-2.20) for rm = 1,--- , K satisfy
the following bilinear equations:

arf (ko +a2)P;j(ks+az) —asf(ks +a3)Pij(ka +az) +

(a3 —ay) f(ka +aa, k3 +a3)Pij(ki, k2, k3) =0, (2.22)
arQij(ky +ax)g(ks +a3) —a3Qij(ks +az)g(ks +az) +
(a3 —a2)Qij(ka + az, k3 +as)g(ki, ka2, k3) = 0. (2.23)

So equations (2.17-2.18,2.22-2.23) constitute the modified discrete KP equation with self-
consistent sources. In the following, we will verify that functions (2.1-2.2) and (2.19-2.20) for
r,m=1,--- K solve bilinear equations (2.17-2.18,2.22-2.23).

We can compute the following difference formula for P ;,Q; j , nm =1,---,K by employing
equations (2.3-2.5):
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Qi.j(ky +ay) = ay\/Aci(ky)

Qi j(ky+az, k3 +az) =
a, —as

—@;(0)"

aa? —®.(H)T o0
e v |
a ij

Ml @i(=1) @i(0y)

Djj  ®i(—1) ®;(02) P;(03)

$i(—1) ¢:(02) oi(
~2;0" -1 a

-2

1

-2

as

03) |
1

(2.24)

(2.25)

(2.26)

(2.27)

where v = 2,3, E;; is the (N — 1)th order matrice obtained by eliminating the ith row and the jth
column from the matrix (c; j(ki +a1) + mjj(ki,k2,k3))1<i j<n. respectively; ®;(sy) is (N —1)th
column vector obtained by eliminating the jth element from ®(sy). In addition, N;; is given by

Nij = (crlki+ar) +myj, - cioi (ki +ar) +mizyjcivr (ki +ar) +migy -

T
ck(ki +ar) +mg j,dgrj+mgyr g, dyj+my )

Substituting equations (2.11-2.15) and (2.24-2.27) into modified discrete KP equation (1.6), we

obtain the following determinant identity:

My Clky) ®(—1) D(0
My C(ki+ar) ®(01) i (1 ! (0 | (02)
N 1 0 (g(l)T 0 0 52
*OT 0 a g0 0 -1 g
My Clki+ar) ®(—1) @(0
My C(ki) @(02) 7 ( 11 " (0 | (01)
+ a’ 1 0 5 ?
—®0) 0 q —e( 0 I
2 H_d0)T o -1 ap!
My Clha+a) @00 PO) |y oy a(-1)
| e I 0 0 a 10
—e)T 0 et et g o
-0 0 a4 a
My Clki+ar) ®(01) C(k
My @(—1) ®(02) r | l1 " (01) (11)
B g | 0 a =0.
a0 1 e || 2T 0 a0
2 =20 o &' 0
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In order to show that determinant identity (2.28) holds, let us introduce the following 2(N + 3) X
2(N + 3) determinant which vanishes,

My 0 0 0 0C(k;) D(—1) ®(0y)
al 0 0 0 0 1 0 0
(1" 0 0 0 1 0 0 —a°’
—-®0)" 0 0 000 1 a' |_ 0. (2.29)
0 Mg C(ki+ar) ®(01) 0 Cky) (1) ©(02)
0 a’ 1 0 0 1 0 0
0o -1 0 -4’1 0 0 -—a?
0 —-®07 0 al 00 —-1 af

Applying the Laplace expansion in (N + 3) x (N + 3) minors to the left-hand side of (2.29), we
obtain the determinant identity (2.28). Therefore, functions f,g,P; ;,Q; ; given in equations (2.1-
2.2,2.19-2.20) are solutions of equation (1.6). In the same way, substitution of equations (2.11-
2.15,2.24-2.27) into equation (1.7) gives the determinant identity:

My C(k)) ®(—1) (0
My Clki+a) (00| o (11) (0 ) (03)
_ ol 1 0 1) 0 0 o
_q T 1 —¢ —aj
CP(O) 0 ay *CI)(O)T 0 1 a3_1
My Clki+ay) ®(—1) ®(0
M;  C(ky) ©(03) ocg ( 11 ai) (0 ) (01)
+| of 1 0 b
—®0)" 0 1 =emT 0 0 —a;>
Sl 0 o1 g
My C(ki+ay) ®(0;) ®(0
My Clk) (-1 7 ( g @) (01) (03)
+| of 1 0 b
_e)F 0 -1 ||TRT 0 et
~2(0)" 0 afl a;l
My C(ki+ay) ®(0) C(k
My (-1 @] M a2 )
-~ ! 0 5(1)T ) =0, (2.30)
~30)7 -1 a;' —D(1) 0 —a, 0
’ —3(0)" 0 al' 0

which can also be proved similarly.

Now we prove f,g given in (2.1-2.2) and P, ;,Q; j for rm = 1,--- K given in (2.19-2.20) are
solutions to equations (2.22-2.23). Substituting equations (2.11-2.15,2.19,2.24-2.27) into equations
(2.22-2.23), we get the following two identities for the determinant, respectively:

Md C(k]) @(02) Dij Rij (1),'(03)

- af 1 0 -&;(1)T —¢;(1) —a3?
~¥0)" 0 &' |[|-D;0)! —9;(0) a3’
My C(k;) ®(03) Dj; R ®:i(02)

+ OlT 1 0 —(i)j(1>T —(ISJ‘(l) —a;z
—®(0)" 0 a' [|-®;(0)" —¢;(0) a;'
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Mg C(ki) P(02) P(03)
(XT 1 0 0 D,’j R,’j

Tl=e()T 0 —ap® a3 || 3,07 —6;(0) - -

307 0 &' o
and

Dij  ®;(—1) B;(0,) ZI;I C({Q)‘I’(al)‘b(éh)

e el e 0 0 —a

ML ¢i(—1) ¢:(02) -®0)" 0 -1 a;l
_Dl.]. ®;(—1) ®;(03) ZI;I C(fl)q)((;l)q)((()b)

| RO 1wt a0 0
ML gi(—1) ¢i(03) —-d0)7" 0 -1 0521

D;j  ®;(—1) P;(02) P;(0

_ 1 T l( ) 1(722) 1(732) Md C(kl) (b(—l)
—® (D7 0 —a —a of 1 0 |=o0 (2.32)
-&;07 -1 &' a;!
Now we prove the determinant identity (2.31). Let us introduce the following 2(N +2) x 2(N +

2) determinant which is equal to zero:

M ¢:i(0:) 0 ¢:(05) 0 0
—(1)” —612_2 1 —a3_2 0O 0
—3(0)" 612_1 0 a;l 0 0|
0 @;(0,)09;(05) DF 0Of 0, (2.33)
0 ¢:i(02) 0 :(03) M; 1
0 —a’ 1 —a;” —®(1)70
0 &' 0 al —20)0

where DX denotes the (N — 1) x N matrix obtained by eliminating the ith row from the matrix
(C,‘J(kl) +mij(k1,k2,k3))1gi7j§1\/, and Mi is given by

M; = (ci(ky) +mi, - cilky) +mig,digsr +miger, - diy+min)
Applying the Laplace expansion in (N +2) x (N +2) minors to the left-hand side of equation (2.33),

we obtain the determinant identity (2.31).
Similarly, the Laplace expansion of the following 2(N + 2) x 2(N + 2) determinant which is

equal to zero in (N +2) x (N +2) minors:

DS ®(-1)0 0 0 0 &(0y) P(03)
-&;(HD" 0 1 0 0 0 —a,” —a;°
~®0)" —-1 0 0 0 0 a' a3 0

0 0 0&(-1) DS R; @0, ®(03)|

0 0 1 0 &) —¢;(1) —a;* —a5°

0 0 0 —1 —;(0)7 ~4,(0) a;' a5’

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
231



Gegenhasi and X.R. Bai / On the modified discrete KP equation with self-consistent sources

where DJC. denotes the N x (N — 1) matrix obtained by eliminating the jth column from the matrix
(ci,j(ki) +m;ij(ki,k2,k3))1<i j<n, and R is given by

Rj = (c1(ky) +myj,- - ex (ki) +mi jx,dx1j+mis1 s dnj+my )T,

yields the determinant identity (2.32).

So functions (2.1-2.2) and (2.19-2.20) for ,m = 1,--- ,K are solutions to the modified discrete
KP equation with self-consistent sources (2.17-2.18, 2.22-2.23).

If we choose the arbitrary function ¢;; in (2.10) as a function of k instead of k;, we can produce
another form of the modified discrete KP equation with self-consistent sources via source generation
procedure in a similar way:

arf(ky+ay)glka+ax) —arf(ka+az)g(ki +ar) + (aa — ar) f (k1 + a1, k2 + a2) g (k1 , k2, k3)

=a .ill)i,j(kZ_’_aZ)Qi,j(kl"‘l_al)a (2.34)
i
aif(ki+a1)g(ks +a3) —as f(ks +a3)g(ki +ar) + (a3 — ay) f (k1 + a1, ks +a3)g (ky, ka, k3, )
o, (2.35)
arf(ki+a1)Pj(ks+a3) —asf(ks+a3)Pj(ki +a1) + (a3 —a1) f (ki + a1, ks + a3) P (ki , ko, k3)
o, (2.36)
a1Qij(ki +a1)g(ks +az) — a3 Q;j(ks +az)g(ki +ar) + (a3 — a1)Qij(k1 + a1, k3 +asz) gk, k2, k3)
_o. (2.37)

Equations (2.34-2.37) can be written in a compact way using the bilinear operator (1.3):

1 1 1 1 1 1
[alejale] —za2Dy, azegaszz—gale, + (612 _ al)ezﬂlel +7ﬂ2Dk2]f.g

K
1 _1
= q Z ezasz2 2a1Dy, Pij'Qija (2.38)
ij=1

1 1 1 1 1 1
[are2Pi =200 — aze24Pi 2Pk (a3 —ay)e2Ph TPk £ g =0, (2.39)

1 1 1 1 1 1
larezPh =240 — 325D 2Pk 4 (a3 —ay)ezPhT24Ps]f P =0, (2.40)

1 1 1 1 1 1
[are2Pu =200k — 3e2@P 2P 4 (a3 —ay)er P T20Ps]0 =0, (2.41)

We can derive the following discrete Gram-type determinant solution for the modified discrete
KP equation with self-consistent sources (2.34-2.37) or (2.38-2.41):

f(ki,ka,k3) = det(¢ij(ka2) +mij)i<ij<n = |D|, (2.42)
_| D @(-1)
g(klak27k3) - ’é(O)T 1 ) (243)

where m;;(1 <i,j <N),®(s),P(s) are given in (2.3-2.7). In addition, ¢;;(k,) satisfies

- C_i(kZ)v 1SiSKSNandj:1727"'7K5K€Z+7
Cij(k2) =

d;j, otherwise,
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with &;(ky)(1 < i < K) being an arbitrary function of ky, d; (1 <i,j < N) being an arbitrary constant
and K being a positive integer, and

Dij R
P j(ki,ka,k3) = /ci(ka) —cilko—an) | < 7 =, (2.44
(ki ka k) = \/eilka) — ci(ky — az) &;(0)" ,(0) )
_ = | Dij Pi(=1)
0 j(k1,ka,k3) = a1v/Aci(kz) 7% (1) | (2.45)

where D;; is the (N — 1)th order matrice obtained by eliminating the ith row and the jth column
from the N x N matrice D, and

= (C1(k2) +myj,- - ,Ci—1(ka) +mi—y1 j,Civ1(ka) +mip1j, -,

ek (ko) +mx jdgs1j+mist g, 7aTN,j+mN,j)Ta
= (Ci(k2) +my1,--- ,Ci(ka) +mj j_1,Ci(ka) +my j1,- -,
(ko) +mig, dig1 +migit, o din+min)’

3. Commutativity of the source generation procedure and Bécklund transformation

In this section, we show that the commutativity of the source generation procedure and Bécklund
transformation holds for the discrete KP equation. For this purpose, we derive another form of the
modified discrete KP with self-consistent sources which is the Backlund transformation for the
discrete KPequation with self-consistent sources.

We has shown that the Grammian determinants f(ki,k2,k3).g(ki,k2,k3),P; (ki ko, k3),
Qi j(k1,k2,k3) given in (2.42-2.45) satisfy the modified discrete KP equation with self-consistent
sources (2.38-2.41). Now we take

Ik, ko, k3) = g (kl,kz,k3), (3.1
g j(ki,ka,ks) = Qjj(ky, ko, k3), (3.2)
hi j(ki,ka,k3) = P, j(ki,k2,k3), (3.3)
and introduce two new fields

g,](kl,kz,k3 ——a1a3\/Ac, kz ‘D (D k3 ‘ (34)

D} @;(—1)
h; (ki ko ks) = —az\/ci(ka) — ci(ka —a) | D(1)T 0 |, (3.5)

d_D(O)T 1

where [)]C_ denotes the N x (N — 1) matrix obtained by eliminating the jth column from the N x N
matrice D and DR denotes the (N — 1) x N matrix obtained by eliminating the ith row from the
N x N matrice D.
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It is not difficult to show that Grammian determinants f,g; ;, ; j and f',g; ;,h; ; are two solutions
to the discrete KP equation with self-consistent sources derived in [23]:

(al(az_a3)e1/2(7Dk1+Dk2+Dk3)+az(a3 _al)el/Z(Dk1 —Dy, +Dy;) +asz(a; _(12)6,1/2(7Dkl *Dk2+Dk3))f.f

K
_ Z o1/2(Di; ~Diy+Diy) gijhij, (3.6)

ij=1
(a3el/2(Dk3—Dkl)_alel/z(Dkl_Dk3>+(al _a3)el/2(Dkl+Dk3))f-hi7j:0, J: 1, ,K, (37)
(aze"/?Pis=Pri) _ g 1/2P0=Dis) 4 (a) — az)e!/PutPis)yg, . f =0, j=1,--- K. (3.8)

Furthermore, we can verify that the Grammian determinants f, f', g; j,ggﬁ o hi, N ; satisfy the
following six bilinear equations:

K

[a1€%D"1 7%Dk2 _ aze%DkZ*%Dkl + (az —a )B%DM +%Dk2]f . f/ — Z e%Dhi%Dkl hlj . g:,, (39)
ij=1 '

[a1e%Dk1*%Dk3 —a3e%Dk3*%Dkl + (a3 *al)e%Dk‘%Dﬁ]f‘f/ =0, (3.10)

1 _1 1 _1 1 1 .
[alesz] 3 D32 —a3esz3 3Dk, 4 (a3 —al)e2D"1+2D"3]giJ 'g;',j =0, j=1,---,K, (3.11)

[ale%Dkl—%D@ —6136%Dk3_%Dk1 + (613 _al)e%Dkl-‘r%D@]hiJ . hij =0, j=1,---,K,, (3.12)
ePogi f' = (e —e2Ps)f gl j=1,- K, (3.13)
P = (e3P AP f = K G.14

Equations (3.9-3.14) constitute another form of the modified discrete KP with self-consistent
sources. It is proved in [23] that the discrete KP equation with self-consistent sources (3.6-3.8)
possesses the following bilinear Béacklund transformation:

K
1 _1 1 1 1 1 1 _1
[ye2Pn 720 4 5e2P0 ™20  Ayzze2Pn 2R f1 =2 ) ez Py gl (3.15)

ij=1
[Bre2Pu 1Pk — e3P =30 4 ) e2Pu T30 f. f =, (3.16)
[BrezPh—Ph — e3P =3P 4 43Ptk g gl =0, j=1,--- K, (3.17)
[BrezPhPh — e3Pk =2Ph 4 RyetPutiPuspy  pl =0, j=1,--- K, (3.18)
ePisg i f = (Boe 2P 4 doetls)f gl j=1,- K, (3.19)
e%Dksf'h;j = (Bge_%DkS —i—?Lze%DkS)hi’j-f’, j=1,--- K, (3.20)

where 7y is an arbitrary constant and B, B, 41,4, are constants satisfying the relation A;Ba; =
)LZBI (a1 — 613).

If we take y = —aj, A; = %a—;“‘,b =—1,6 = %’ﬁZ = 1, then equations (3.15-3.20) become
(3.9-3.14). Hence the modified discrete KP with self-consistent sources (3.9-3.14) is a Backlund
transformation for the discrete KP equation with self-consistent sources (3.6-3.8).

4. Summary and discussion

In this paper, we have produced two forms of the the modified discrete KP equation with self-
consistent sources (2.17-2.23) and (2.38-2.41) via the source generation procedure, and given their
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discrete Gram-type determinant solutions. We have also constructed another form of the modified
discrete KP equation with self-consistent sources (3.9-3.14) which is the Backlund transformation
for the discrete KP equation with self-consistent sources derived in [23].

We investigate a continuum limit of the modified discrete KP with self-consistent sources (2.34-
2.37) with one pair of sources Py (ki,kz,k3),011(k1,ka,k3), for simplicity. If we take

1
ay =90,ay =¢€,a3 = 1,Dy, =Dy, Dy, = Dy — E‘E‘D,,Dk3 =D,, 4.1)
f(k17k25k3) = F(nayat)ag(klvk27k3) = G(n’y7t)7 (42)
1
Pll(klak27k3) = 8S11(nay7t)7Qll(kl>k27k3) = Engl(nJ)at)’ (43)

in (2.38-2.41) with one pair of sources P,Q and compare €28 order of the two sides of the equa-
tion (2.38) and O order of the two sides of the equations (2.39-2.41), then we obtain the modified
differential-difference KP equation with self-consistent sources:

(D} +D,)F -G = Hy1S11, (4.4)
Dye?”F .G = (e2P — e 2P F . G, (4.5)
Dyt F - S)y = (e3P — e 3P F 8, (4.6)
Dye%D"H“ G = (erP — e P H, - G, 4.7)

which can be derived by applying source generation procedure to the modified differential-
difference KP equation [25]:

(D} +D,)F-G=0,
Dye%D”F-G = (e%D" —e*%D")F-G.

Now we show that the exact solution to the modified discrete KP with self-consistent sources
(2.34-2.37) yields the exact solution to the modified differential-difference KP equation with self-
consistent sources (4.4-4.7) through the continuum limit.

We obtain the N-soliton solution for the modified discrete KP with self-consistent sources (2.34-
2.37) by choosing
1 1—|—ﬁjal % 1—|—]§ja2 ky l—i—ﬁjag

k-
mi (ki ko ks) = “ )3, 1<ij<N, (48)

~—

pi+pj 1—pia 1 — piay 1 — pias

, _u Lk b
Oi(ki,ko,k3;8) = pi(1 — piar) (1 —piaz) 2 (1 —piaz) =,1 <i<N, 4.9)
_ Y T S 1 ,
¢j(ki,ka,ksss) = pi(1+pjar) @ (1+pjaz) 2 (1+pjaz) =, 1 <j<N, (4.10)

in equations (2.42-2.45). In equations (4.8-4.10), p;, p;(1 <i < N) are arbitrary constants. For exam-
ple, if we take N =1,K =1 and

_k _k _k
01 (ki, ko, k33s) = pl(1 —pray) @ (1—praz) 2(1—praz) %, (4.11)
_ _ Kk _k k3
0j(ki,ka,k33s) = pi(1—prar) @ (1—praz) 2 (1—piaz) s, (4.12)
1
14+2 kr)) 2
o1 (k) = (2021 k)) (4.13)
P1+pi1
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where B (k) is an arbitrary function of k,, we obtain the one-soliton solution of the modified
discrete KP with self-consistent sources (2.34-2.37):

1
ar n k n k n k
f:(1+2a2[31£k2))2 1 ] 1+ pra; ﬁ 1+ praz i 1+p1a3)£, (4.14)
p1+pi pi+pir1=piai” "1-pay” "1-pa3
1
_(1+2apik))=  pi Lhpanyiy depaaya I pasyie -y s
p1+p pipi+p1) 1=piar” “l—piax’ “l=pia3’ =
kL K k3
Py =+v/ci(ky) —ci(ky—ax)(1+ pray) ™ (1+ praz) = (14 praz) =, (4.16)
1 _k _k ks
Qn = E\/Cl(kﬁ-az) —ci(k)(1—piar) (1 -piaz) “2(1—pras) . (4.17)
We derive the following variable transformation from equation (4.1):
1
t=—sek, y=hth, n=k. (4.18)
Applying equations (4.18) and setting B (kz) = b;(¢),c1(k2) = C;(t), we obtain
€1 1
1 2 k a Eln(l+2£[31(k2) 2[3| (k2)+0(8)
(k) = 2Pt ¢ =< , (4.19)

p1+ D1 p1+ b1 p1+Pi

. . 2b . .. . .
which gives C(t) = ;1 +ljr;)1 in the small limit of €. Furthermore, we can derive the following equa-

tions using (4.1-4.3) and (4.18):

al

1
7 _ (142axB (ko)) PR S SN R R LN R JUEN

P1+pi pi+pi1—pia l=piaa” "1—pia3
_ Zh)ror) b n0pi8) R (14 pe) ghaIn(1451) 5 (1 -p1) = 2 In(1- pa) ks (1 1)
p1+p1 p1+DP1
= jL_ 201 (1)+0(¢) +e(m+ﬁ1)y+(ﬁ%*!’%)t+(ln(1+ﬁ1)*1n(1*p1))n+0(5)+0(82))’ (4.20)
P1T D1
(4.21)
1
_ (1+2aBi (k)2 P Ltpia it T+ prazyi2 14 pras,
p1+Di pi(pr+p) 1=piai” "l—piay’ "1—pia3
_ i 1(0)+0(€) _ P (o155~ )+ In(14:71) ~In(1-p1)n+0(8)+0(e%) 4.22)
P1T D1 P1
(4.23)
i L) 5]
Py = /ci(ka) —ci(ky —a2) (14 prar) s (1+ praz) 2 (1+ praz) =
_ edm(kz) _|_O(Sz)e%ln(1+516)e%1n(1+ﬁls)ek31n(1+ﬁ1)
dky
_ \/_182 dCi(t) L+ O(g4) P PRHI(14P )+ 0(8)+0(e?)
2 dt
= g\/_;d%t(t) + 0(82)eﬁ1>'+ﬁ%t+ln(l+ﬁ1)n+0(5)+0(82)’ (4.24)
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Ky kp k3

1 _k _ky
On :E\/Cl(kZ‘i‘aQ)_Cl(lQ)(l_Plal) a(l1—piaz) 2(1—praz) =

_ \/SdC;;EkZ) +O(e2)e #(1-718) o= Fn(1=p1€) y—ksIn(1p1)
2

_\/_lgzdcl(t)+0(£4)ep1yp%tln(lpl)n+0(5)+0(82)

2% "
1
_ g\/ 5 dcﬁ;t(f ) | O(e2)epr-ri-nl1-pn+0(d)+0). 4.25)

From equations (4.3) and (4.24-4.25), we have

1 o ]
Hy = \/_zd(;lt(t) +0(82)ep|y+p%t+ln(1+p1)n+0(5)+0(82)’ (4.26)
Sy = \/_;dc;ilt(t) + 0(82)eplyfp%tfln(l*Pl)n+0(5)+0(82). 4.27)

Through the small limit of é and €, the functions f,g, Hy1,S1; given in (4.20-4.22,4.26-4.27)
become

£2b1(t) ~ ) =
- —(1+ e(mﬂm)yﬂpl—171)t+(1r1(1+171)—1n(1—pl))n—lbl(t))7 (4.28)
P1+pi
eZbl (l) ﬁ] _ o b _
— 1— 76(171+P1)Y+(P1*Pl)f+(ln(1+m)*1n(1*p1))H*Zbl(t)), (4.29)
P1+P1 D1
H]] _ _ldcl (t) eﬁ1y+ﬁ%t+ln(l+ﬁ1)n — o bl (t) eﬁ1y+ﬁ%l+ln(l+ﬁ1)ﬂ+b1(l‘) (430)
2 dt p1+pi ’
and
S]] _ _ldcl(l‘)eply—p%tfln(lfpl)n _ o bl(t) eplyfp%tfln(lfpl)n+b1(t) (431)
2 dt p1+ P ’

respectively. We can verify that the functions f,g,H1,S11 given in (4.28-4.31) solve the modified
differential-difference KP equation with self-consistent sources (4.4-4.7).
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