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1. Introduction

The Kadomtsev-Petviashvili (KP) hierarchy [10, 11, 18, 28] is one of the most important classical
integrable systems. It has many applications including the theory of infinite-dimensional Lie alge-
bras [16, 17], orthogonal polynomials and random matrix model [14,27]. The KP equation, which
is a natural generalization of the KdV equation [25], can be used to model water waves of long
wavelength with weakly non-linear restoring forces and frequency dispersion. It can also be used to
model nonlinear waves in ferromagnetic media, as well as two-dimensional matter-wave pulses in
Bose-Einstein condensates. The BKP [10] and CKP hierarchies [9] are two kinds of sub-hierarchies
of KP hierarchy. In other words, the two hierarchies are two important reductions of the KP hierar-
chy.

Nambu mechanics [22,23] is a generalization of classical Hamiltonian mechanics. Since Nambu
[22] proposed 3-bracket for the generalized Hamiltonian dynamics, the 3-algebras have been studied
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intensively. With the development of string theory and M-branches, it appears naturally an algebra
with ternary operation called Bagger-Lambert algebra [1]. More motivation comes from various
3-Lie algebras, in particular the infinite-dimensional cases such as (q-deformed) Virasoro-Witt 3-
algebra [7, 8, 12] and (super) w. 3-algebra [3, 6, 13]. Recently there has been an increasing interest
in the relationship between the infinite-dimensional 3-algebra and integrable systems [4,5,30]. It is
well known that the first Hamiltonian structure of KP hierarchy is related to the W; .., algebra [29].
The W) . 3-algebra related to the KP hierarchy has been constructed in [4]. The BKP and CKP
hierarchies are also associated with two infinite dimensional algebras o(eo) and sp(eo) [16]. The
general symmetry reduction of the BKP hierarchy has been studied by means of tau functions [19].
In addition, many other Lax types have been investigated, such as the triple bracket equations of
Lax type [15] and the generalized Lax pairs [2]. There are a lot of methods to describe the algebraic
properties of the KP hierarchy. One was described by the associated Lax pair (B,,L). By means
of the operator Nambu 3-bracket, the generalized Lax equation of the KP hierarchy with the Lax
triple (B, B,,L) was studied in [26], where the KP equation and other integrable (nonintegrable)
equations were derived. It is well known that the BKP and CKP hierarchies are two important
reductions of the KP hierarchy. The constraints of the BKP and CKP hierarchies imply the vanishing
of the even time variables. Thus the BKP and CKP hierarchies can be expressed by the Lax pair
(Ban+1,L). The aim of this paper is to derive the nonlinear evolution equations from the generalized
Lax equation in term of the Lax triple (B, B,,L) of the BKP and CKP hierarchies.

This paper is arranged as follows. In Section 2, the usual Lax equation is introduced, and the
BKP and CKP hierarchies are given. In Section 3, we investigate the generalized Lax equation with
the Lax triple (B,,,B,,L) and derive the generalized BKP and CKP equations. In Sections 4, we
give the solutions of the generalized nonlinear evolution equations. Finally, a short conclusion and
further discussion are presented.

2. The usual Lax equation

The KP hierarchy is a paradigm of the hierarchies of integrable systems. It is defined as an infinite
system of equations given in Lax form [11]

oL
aT:[Bl’hL]:BnL_LBnu n:1727 (21)
n

where B, = (L") is the differential part of L". L is the pseudo-differential operator

o0
L=0+Y vi()o™, (2.2)
i=0

t = (11,1, --) are the time variables and d = d/dy,x =1;.
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The first few members of B,, are

B, =0,

By = 9% + 2w,

B3 = 9> +3v9d 4 3v; + 3w,

By = 0% 4+ 4vpd® + (4v) + 6vox)d +4vy + 6v3 + 6, x40 xx,

Bs = 3 +5v90> +5(vi +2v0.)9% + 5(va + 203 +2v1 1 4+ 2V ) D
+5(v3 +4vovi +4vovo x + 2v2 x 4+ 2V1 ¢ + V0 xx),

Bs = 9% +6v9d* +3(2v1 +5v0.) 9> 4 (6v2 + 153 4+ 15v)  +20v0 ) 9*
+(6v3 +30vovi + 15vs « +45vovo x + 20V xx + 15V xx) 9
F6V4 + 6V0 xoex + 202 o + 15V o + 15v3 4+ 30vo12
+45vgv1 x + 30V V01 + 35Vovo xx + 2005 + 255  + 1517,

: (2.3)

where the subscript x denotes the derivative with respect to the variable x.

The BKP and CKP hierarchies are also defined as an infinite dimensional of nonlinear evolution
equations given in Lax form (2.1). However the operator L needs to satisfy the constraints L* =
—dLd~" and L* = —L, respectively.

The BKP hierarchy is obtained from the KP hierarchy by imposing the condition

L*=—-9Ld™", (2.4)

which implies the vanishing of the even time variables (i.e., &, = t4 = --- = 0) and of the constant
terms of B, (n=3,5,---) [10,18,28].
Equating the coefficients of the operator d /(i = 2,3,---) in (2.4), we can derive

V1 = —V0.x,
V3 = —2v2 1 + Vo
Vs = _3V4,x + 5V27xxx - 3V07xxxxm
V7 = _4V6,x + 14V4,xxx - 28V2,xxxxx + 17V0,xxxxxxm
(2.5)
The CKP hierarchy is obtained from the KP hierarchy by imposing the condition
L*=—L, (2.6)

which also implies the vanishing of the even time variables (i.e.,t, =t4 = --- = 0) [18].
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Equating the coefficients of the operator /(i = 2,3, ---) in (2.6), we can derive

1
VI = —EVO,x;
3 1
V3 = _EVZ,X + Zvo,m,
5 5
Vs = — 5"4,}( + §V2,xxx - EVO,xxxqu
7 35 21 17
V7 = — §V6.,x + ZV4,xxx - Tvl,xxxxx + §V0,xxxxxxx7

2.7)

Equations (2.5) and (2.7) show that the odd dynamical variables of {v;} can be expressed by the
even ones of {v;}, and the even dynamical variables of {v;} are independent.

Let us list the usual BKP and CKP equations. Taking B, = B3 in (2.1) and equating the coeffi-
cient of d~'~1(i=0,2,4,---) with the left and right-hands side of (2.1), we obtain

A
Ty = 3v27x +3vy o T V0o 1 6V0V0,x7
81/2
oy = 3v4x + 3300 + V2,000 T 3voV2,x + 9v2vox — 3Vovi e + 6VIVIx — 3V1Voax,
s
oy = 3V6,x + 3V5 xx + Va oo + 3V0Vax + 15v4v0 x + 120301 x — 18V3v0 1 — 182V
+12V2V0,xxx + 12Vlvl,xxx - 3VOVI,xxxx - 3VIVO,xx_xxa
: (2.8)
where y = 13.
From (2.5) and (2.8), we derive the constraints of the BKP hierarchy as follows
Vi = —V0x,
| 2
vy = 58 1v07y — v(z) + gv()M,
2 1
V3= —3Voy +4vovox — 3 V0.0
| _ 7 _ _ 5 15
V4 = —0 zvow -0 l(vovo,y) + Vo — 0 1(vo,xa 1vo7y) +Zvd— =3,
9 9 3 27
_ 1
—50 l(VOV(),xxx) + §V0,xxxx7
(2.9)
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From (2.7) and (2.8), we obtain the constraints of the CKP hierarchy as follows

1
V] = —§V07xa
1. 1
V) = ga lV()7y — V% + gvo,xxa
1
v = —E\/o,y +3vovo,xs
1. B 4 3 _ 5 17
vy = §8 2004y — 0 (vovoy) + V0~ 9~ (voxd o) + §V8 - Z‘%,x

B 1
-39 l(V()V(),xxx) — ﬁvmxxxxa

Taking B, = Bs in (2.1) and equating the coefficient of 9!, we have

av
a—to = 20vov2x +20v1vix +20v2v0 x +20Vov1 o + 101V 1 + 10V rx + 102 rx
+5V1,xxxx + Vo oo + 10V3,xx + 5V47x + 3OVO,XV(2) + ZOVO,XVO,XX + 30V1,xV0,X7
where t = t5.

Substituting (2.9) into (2.11), we obtain the usual BKP equation

—— = ZVoV0y — IV0xVy — 5 V0V0xx — 5 VOV =V v
ot 3 0V0,y 0.xV0 3 0V0,xxx 3 0,xV0,xx 3 0,x 0,y
5 5.
+§V0,xxy - §V0,xxxxx + §a V0,yy-

Substituting (2.10) into (2.11), we obtain the usual CKP equation

dvg 5 5 25 5

2 -1
W = §V0V07y - 5VO,)CVO - §V0V07xxx - ?VOJVOJC)C + gVO,xa Vo,y
5 5.
+§V0,xxy - §V0,xxxxx + §a V0,yy-

3. Generalized Lax equation with the Lax triple

The operator Nambu 3-bracket is defined by [22]

[A,B,C] = [A,B|C+[B,C]A+|C,A]B,

where [A,B] = AB — BA.

(2.10)

@2.11)

(2.12)

(2.13)

3.1

By means of (3.1), the generalized zero curvature formulations with the Lax triple (B, B,,L) is

as follows
dL
:[BmanvL]—’ (m,n:0,1,2---), (32)
Ity
where By = 1, the operator Nambu 3-bracket [,,]_ denotes the formal integration operator part of

the derived pseudo-differential operator.
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Taking B,, = By in (3.2), it is easy to verify that (3.2) leads to the Lax equation (2.1),

dL

al‘On

Thus it is natural to derive the BKP and CKP hierarchies from (3.3).

= [BOaBmL]* = [BmL]' (33)

3.1. Generalized Lax equation
e Taking the operator pair (B,B5) in (3.2), we obtain

aV()
W =W tViut 2V0V0,x7 (3.4)
where t = t15.

e Taking the operator pair (B, B3) in (3.2), we obtain
avo 2
W = 6VIVO,x + 6V0V1,x + 3VOV0-,xx + 3V07x + 2V3.,x + 3V2,x_x + V1 xxxs (3.5)

where t = #13.
e Taking the operator pair (B,Bs) in (3.2), we obtain

v

3 = 12v2v0 x + 1201V x + 6V Vo + 12v0v2 « + 18v07xv% + 12vpv1 xx + 6V0V0 xux

+1 8V1,xVO,x + 8V0.,xV0,xx + 3V4,)c + V1o 6V3,xx + 4V2,xx_xa (3.6)

where t = t14.
e Taking the operator pair (B, B3) in (3.2), we obtain

vy

= = V4x + 2V3,xx + V2 xxx + 3VOvl XX + 3Vl V0, xx + 3VO.,xVO,xx

ot
+3v2v0 x + VoV0 xxx + 6V0 V1 x +O6VIVEx + 3Vovax, 3.7

where t = t3.
e Taking the operator pair (Bj,Bs) in (3.2), we obtain

av
alio = 4vs xt 10"'4,)(_)5 + 10V3,xxx + 5V2,xxxx + V1o + 2OV?a,)cVO + 2OV3VO.,)C
15
20V V010 + 2000V 1 e + 10(vo ) +2005v0 s + 20011 + 2007
JFSO"’IVOVO,JC + 5V0V07xxxx + 3OV1,xVO,xx + 30V0,xvl,xx + 15V07xV0,xxx + 40‘}0‘%_}

+40v Vo x + 30vov2 o + 10V x + 20v2v1  + 20V 1o + 4Ov(2)v17x, (3.8)

where t = 115.
e Taking the operator pair (B2, B4) in (3.2), we obtain

av

7;) = 2V5,x + 5V4,xx + 4V3,x_xx + V2 xoex + 8V3,xVO + 8V3v0,x + 12\/0\%#
+4V1V0,xxx + 12VOV1,xxx + 2(V0,xx)2 + 6V%V0,xx + 12V1V1,xx + 12\/%7)(
+24v; Vovo,x + 4VOVO,xxxx -+ 10v4 V0xx T ISVO,XVI xx T 6V07xv07xxx

+18v2 v x + 12vov2 o + 6Vovo o + 12v2v1 x + 12v1vp  + 12v(2)v17x, 3.9
where t = t4.
Co-published by Atlantis Press and Taylor & Francis
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3.2. Generalized BKP equations

e For the pair (By,B5), substituting (2.9) into (3.4), we obtain

dvg 1
W = g(VO,y - VO,xxx)-

e For the pair (By,B3), substituting (2.9) into (3.5), we obtain

o —Vox — VOVO,xx — gVO,xy + gVO,xxxx-

e For the pair (Bj,Ba), substituting (2.9) into (3.6), we obtain

avo _ 1 _ 1
W = VO,)ca ]VO,y - 3VO,)CV% + 7V0,xV0,xx +vovo,y + 3V0V0,xxx + ga 1VO,yy - gVO,xxy-
e For the pair (B3, B3), substituting (2.9) into (3.7), we obtain
dvo 1. 2 1
W = _4V0,xV% + SVO,XVO,XX + Vovo xxx §a 1VO,yy - §V0,xxy + §V0,xxxxx-
e For the pair (B, Bs), substituting (2.9) into (3.8), we obtain
vy 2 8 4 1 4 _1 20 ,
P = —§V0,yy - §V0,xV0,y - gVOVO,xy + §V07XXX)’ - gvowfa Yoy — ?vo,xx
25 5 n 1
—— VoV — —voV —y .
3 0,xV0,xxx 3 0V0,xxxx 9 0, xxxxxx
e For the pair (B3, Bs), substituting (2.9) into (3.9), we obtain
8\/0 1 4 2 _
5, = TgVow T 3V0uM0y — 3V0V0 + g V0uery — V0,0 lv(),y + 3v%v0,xx + 6vov%7x
, 20 11 1
_3v0,xx - ?VO,xVO,xxx - ?VOVOgcxxx - §V0,xxxxxx-
3.3. Generalized CKP equations
e For the pair (By,B5), substituting (2.10) into (3.4), we obtain
31/() 1
W = g(VQy - V(),xxx).
e For the pair (Bj,B3), substituting (2.10) into (3.5), we obtain
0
9% _ .
dt
o For the pair (Bj,By), substituting (2.10) into (3.6), we obtain
dvg _ 11 1._ 1
. = VO,xa 1V07y - 3V0,xV% + —VoxV0,.xx T Vovo,y + 3V0V07xxx +=d 1VO,yy — 7 Y0,xxy-
ot 2 3 3
e For the pair (B3, B3), substituting (2.10) into (3.7), we obtain
dvo 1__ 2 1
W = _4v0,xV% + 4V0,xVO,xx +VoVo o + §a 1v07)’y - §V0,xxy + §V0,xxxxx-
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e For the pair (Bj, Bs), substituting (2.10) into (3.8), we obtain

8v0

— =0. 3.20

ot (3-20)
e For the pair (By, Bs), substituting (2.10) into (3.9), we obtain

AT

— =0. 3.21

5 (3.21)

4. The solutions of the generalized evolution equations

For (B,B;), we note (3.10) and (3.16) are the same linear partial differential equations. However,
the other equations on the generalized BKP equations do not pass the Painlevé test. For the case of
(B1,B4) and (B, B3), by means of the Painleve analysis approach [20], we find both of the evolution
equations (3.18) and (3.19) on the generalized CKP equations do not pass the Painlevé test. For the
case of (B1,B3), (B1,Bs) and (B2,B4), we also observe that the evolution equations (3.17), (3.20)
and (3.21) disappear. Now let us give the solutions of the generalized evolution equations.

e For the pair (B, B;), the generalized BKP (3.10) and CKP equations (3.16) are the same linear
partial differential equation. Its traveling wave solution is

Vo = Cea}chberkt7 4.1)

where a, b, c are the arbitrary constants and
1
k= g(b—aﬁ). 4.2)

e For the pair (Bj,B3), the generalized CKP equation (3.17) disappears. The generalized BKP
equation (3.11) does not pass the Painlevé test. However, we may construct its solution by using the
similarity transformations method via Lie group theory [21,24].

We consider the one-parameter (€) Lie group of infinitesimal transformations.

x =x+eEW (x,y,1,v0) + O(€?),

Y =y+eEP (x,y,1,v0) +0(€),

" =t+et(x,y,1,v9) + O(€?),

Ve = vo+€en(x,y,t,v) + O(€?), 4.3)

where &', £(2), 7 and ) are the infinitesimals for the variables x, y,7 and v respectively.
The vector field of the form

d d d
=W L @2 L 7 - 4.4
TR T TR T “9
is the infinitesimal generator of the one-parameter Lie transformation group.
With the aid of the symbolic computation system Maple, we arrive at the infinitesimals
1 3
5(1)=ZC1x+f/(Y)7 5(2)=ZC1y+C3, T=Cit+C,
1, 1

S - _C 4.5
n=s3/f (») 5Cvo, (4.5)

where Cj, C; and Cs are the arbitrary constants, f(y) is an arbitrary function with respect to y. The
prime denotes differentiation with respect to y.
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Thus we may derive the linearly independent infinitesimal generators as follows

yol9 39 0 1 9 9
Yo A9y T 200w T ar
R R

V3—a*y7 V4—f()’)$+§f (y)Tvo'

In the case of V = V3 + V4, according to the corresponding characteristic system
& _ dy _dr_dw
EM g ¢

we obtain the similarity form of the solution of (3.11) as

1
VO(xvyat) - gf/(y) +F(X7t)7
with the similarity variable
X=x—f(y)

Substituting (4.8) into (3.11), we obtain a new partial differential equation

1
F— gFXXXX + FFxx —&-F;? =0.

(4.6)

4.7

4.8)

4.9)

(4.10)

By using the symmetry reduction process again, we may conclude that (4.10) has the infinitesimal

generator
V= 1X o +1t J
479X ot
Then we obtain the similarity solution of Eq.(4.10) as
K(Y)
F(X,t)= O
with the similarity variable
t

The reduction equation is given by

—256KyyyyY* +48KKyyY? + 48K2Y? — 2432KyyyY> 4 156KKyY
—5616KyyY? +30K> —2904KyY — 120K + 3Ky = 0.

(4.14) can be rewritten as

—256KyyyyY* — 2432KyyyY> — 5616KyyY? — 2904KyY — 120K = 0,

48K KyyY? 4 48K3Y* + 156K KyY + 30K + 3Ky = 0.

Solving (4.15), we have
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Substitution Eq.(4.17) into (4.16), we obtain

1
62:6’ cir=c3=c4=0. 4.18)
Thus we have a rational solution of (3.11)
1 X — 2
Vo = 3f’(y)—|-(£t(y)>, 4.19)

where f(y) is an arbitrary function with respect to y.
Fig.1 shows the profiles of the exact rational solution vy described by Eq.(4.19) at t = 1 for (a)

f(y) = sech?y and (b) f(y) = tanhy.

(a) f(y) = sech’y (b) f(y) = tanhy
Fig.1 Profiles of exact solution v described by Eq.(4.19) at¢ = 1.

e For the pair (B,Bs), we set
vo = asech?(Cy (@t +x+ py) +C2), (4.20)
where a,Cy, w, p,C, are undetermined parameters. Substituting (4.20) into (3.12) and taking the

coefficients to zero, then we obtain

5005 65
a=-26C}, = 57 1 op= —?c%. (4.21)

Thus we find the single soliton solution of the generalized BKP equation (3.12)

5005 65
Vo = —26Cfsech2(7Cft +Cix— ?ny—i—Cz), (4.22)

where C1, C, are the arbitrary constants.
Similarly, the single soliton solution of the generalized CKP equation (3.18) is

185725 391
1323 Ct+Cix— =Ciy+C), (4.23)

vo = —23C3sech?( 7

where Cy, C, are the arbitrary constants.
e For the pair (B;,B3), we find the single soliton solution of the generalized BKP equation
(3.13) as follows,
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21 1 73 47
vo = 3C7 — (7 - Z\/601)Cfsech2(ZC?t +Cix+ ?ny+cg), (4.24)

where Cy,C; are the arbitrary constants.
Similarly, the single soliton solution of the generalized CKP equation (3.19) is

5C3-2C, 5, ., C3
2T T2 L P2ech
[5c, TCiseehi (5

where C|,C,,Cs are the arbitrary constants, and C; # 0.

The BKP (CKP) hierarchy is obtained by imposing a symmetry constraint in KP hierarchy. The
KP hierarchy can be reduced to the KdV hierarchy by dimensional reductions. Now we tend to
provide the reduction equation of the generalized BKP (CKP) hierarchy. With the reduction y = 0,
(3.13) and (3.19) leads to the fifth order KdV equations

Vo = t+C1x—|—C2y+C3), (4.25)

A 1

W = _4V0,xv(2) + 5VO,)CVO,xx + VoVo,xxx + §v0,xxxxm (426)
and

0 Vo 1

W = _4V0,xv(2) + 4V0,xVO,x_x + Vovo xxx + §V0,xxxxm (4.27)

respectively. As is well known, the fifth order KdV equations describe the motions of long waves
in shallow water. Thus the generalized BKP (CKP) evolution equations could be widely applied in
many fields.

5. Summary

We investigated the generalized Lax equation of the BKP (CKP) hierarchy with the Lax triple
(L,By,By) in the frame of the Nambu Mechanics. In terms of the Lax triple (L,B,,,B,), some
evolution equations were derived from the generalized Lax equation. We noted that they do not pass
the Painlevé test except for the linear equation. However, we still concluded some solutions for these
evolution equations. Moreover it should be noted that the evolution equations seem to disappear in
the case of (L, B, B,) with m+ n even for the generalized CKP hierarchy. The deeper relationship
of the generalized BKP (CKP) hierarchy with the Lax triple (L,B,,,By,) is still deserved to further
study.
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