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In this paper we construct a squared-eigenfunction symmetry of the scalar differential-difference KP hierar-
chy. Through a constraint of the symmetry, Lax triad of the differential-difference KP hierarchy is reduced to
a known discrete spectral problem and a semidiscrete AKNS hierarchy. The discrete spectral problem corre-
sponds to a bidirectional discretization of the derivatives ¢ , and ¢, , in the ZS-AKNS spectral problem and
therefore it is a discretization of the later. The discrete spectral problem is also known as a Darboux trans-
formation of the ZS-AKNS spectral problem. Isospectral and nonisospectral flows derived from the spectral
problem compose a Lie algebra. Infinitely many symmetries of the nonisospectral hierarchy are obtained. By
considering infinite dimensional subalgebras of the algebra and continuum limit of recursion operator, three

semi-discrete AKNS hierarchies are constructed.
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1. Introduction

A beautiful and remarkable connection between (1+1)-dimensional and (2+1)-dimensional con-
tinuous integrable systems is that the fundamental Zakharov-Shabat-Ablowitz-Kaup-Newell-Segur

(ZS-AKNS) spectral problem [1,30]

P, = (11 _qn>q)7 (D:(¢17¢2)T

(1.1)

and its isospectral evolution equation hierarchy can be viewed as a symmetry constraint of the
Kadomtsev-Petviashvili (KP) system [7, 8, 17, 18]. In discrete case such a connection is still unre-
vealed. One discrete counterpart of the KP equation is the differential-difference KP (D*AKP) equa-

tion [9] with 2 continuous and 1 discrete independent variables, i.e.

Jdu Ju u 2%u

which is related to the spectral problem [28]

Lo =E@u, L=Atup,+ui, A Fug, A7

*Corresponding author.
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where A=E — 1, Ef,, = fu41, £ is a pseudo-difference operator and in (1.2) u = uq 5. In this paper
we will prove that by a squared-eigenfunction symmetry constraint, the Lax triad of the D2AKP
hierarchy is converted to a discrete spectral problem

A‘z an’l n
®n+1 = < +Q Q

Rn 1 > ®n; ®n = (61,n762,n)T (14)

and its isospectral differential-difference (semidiscrete) equation hierarchy. This discrete spectral
problem was proposed by Ragnisco and Tu in 1989 [27] and then studied in [23,34]. The isospectral
hierarchy generated from (1.4) can recover the AKNS hierarchy in continuum limit (cf. [23]).

In this paper we will also revisit the spectral problem (1.4) and its related hierarchies. At the
first glance (1.4) has nothing with the ZS-AKNS spectral problem (1.1). However, in this paper we
will show that (1.4) is gauge equivalent to the form (see Appendix Appendix B)

¢1n+1 > (ﬂ, Qn><¢ln>
’ = =, 1.5
<_¢2,nl Rn —A ¢2,n ( )
which easily recovers the ZS-AKNS spectral problem (1.1) in continuum limit by defining
(n+j) = P(x+je), (Qn,Rn) =¢(q,r), A=, (1.6)

and taking € — 0. Obviously, (1.5) is different from the well known standard discretisation of (1.1),
ie. [2,3]

A O
c1>n+1=<Rn 1%><I>n, @y = (P10, 92)" (1.7)

which is known as the Ablowitz-Ladik (AL) spectral problem and also recovers (1.1) by the same
continuum limit (1.6). With regard to the discretisation of derivatives ¢; , in (1.7) ¢; , are discretised

as @y ~ w for i = 1,2, while in (1.5) ¢;, are discretised as
L+l — 01, 2 — P1n—1
¢1,wa, ¢2,x~%, (1.8)

which is a bidirectional discretisation for ¢; , and ¢ .

In addition to the bidirectional discretisation, (1.4) is related to the ZS-AKNS spectral problem
(1.1) as its Darboux transformation [4] with A2 = 2(n — y) where 7 is a soliton parameter. It is
well known that a Darboux transformation ® = D(u,u,A)®P of a continuous spectral problem &, =
M(u,n)®, where @ and # stand for new eigenfunction and potential function corresponding to A,
can act as a discrete spectral problem (by considering D= D, and U = uy1 1)

(Y :D(unaunJrlaaf)ch (1.9)

to generate semidiscrete integrable systems as a compatible condition with @, = M (u, )P [19,20].
Moreover, Darboux transformations with different parameters, i.e.

® = D(u,ii, \)®, ®=D(u,ii,r)d

can be used as a Lax pair to generate fully discrete integrable systems. As examples one can refer
to [5,6,16,24]. It is natural that the semidiscrete equations generated from a Darboux transformation
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(as a discrete spectral problem) are related to the original continuous spectral problem via suitable
continuum limits.

The paper is organized as follows. Sec.2 contains necessary notions and notations. In Sec.3 we
construct a squared-eigenfunction symmetry of the scalar D?AKP hierarchy. Through the corre-
sponding symmetry constraint, Lax triad of the D?AKP hierarchy is reduced to the discrete spec-
tral problem (1.4) and a semidiscrete AKNS (sdAKNS) hierarchy. In Sec.4 we construct possi-
ble sdAKNS hierarchies related to (1.4). It is interesting that isospectral and nonisospectral flows
derived from (1.4) compose a Lie algebra which is as same as the one composed by the AL flows.
By considering infinite dimensional subalgebras of the algebra and continuum limit of recursion
operator, we construct three semi-discrete AKNS hierarchies. Sec.5 contributes conclusions and
discussions. There are two sections in Appendix. One is, as a comparison, gives the sdAKNS hier-
archies derived from the AL spectral problem. The other gives several discrete spectral problems
that are gauge equivalent to (1.4).

2. Basic notions

Let us shortly describe some notions and notations that we will use in the paper. (We mainly follow
[13,14]).

For functions Q, and R, defined on Z and vanishing rapidly as n — oo, let U, = (Q,,R,)".
Consider a differential-difference evolution equation

Uni =K(U,), U,€., @2.1)

where by .# we denote the infinite dimensional linear manifold of functions U,. The solution
U, = U(n,t) is usually asked to depend in a C*-way on the time parameter ¢. Let S be the fiber
of the tangent bundle 7.# at any point U, € M. In principle there is an identification between
the linear spaces .# and S, but it is convenient to regard them as different objects for a better
geometrical understanding (i.e. .# is the manifold under examination, S is the tangent space at any
point U, € .#). Let S* be the dual space of S w.r.t. the bilinear form (-,-) : §* x § — R defined as

+o0
(fasgn) =Y, fagn, f21E€S".gn€ES. (2.2)

n=—oo

The Géteaux derivative of a function (or an operator or a functional) F(U,) on .# in the direc-
tion g, € § is defined as

0
F/[gn] = %F(Un"i‘ggn)

o Un€dgues. 2.3)

o=
The above definition is valid as well for the case F = F(U,,t), where F depends explicitly on the
time parameter ¢ and we treat U, and ¢ as independent variables (cf. [14]). For the sake of a more
generic sense, in the following definitions are given for the time-dependent cases. They are valid as
well when we remove the independent time variable ¢.

For two vector fields F(U,,t),G(Uy,t) : # x R — S, their standard commutator is defined as

[F.G] = F'[G] - G'[F]. 24)
Vector field G(U,,t) : # xR — S is called a symmetry of equation (2.1) if
0,G(Uy,t)+ [G(Uy,,t),K(U,)]| =0 2.5)
Co-published by Atlantis Press and Taylor & Francis
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holds everywhere in .#Z x R.
A linear operator L(U,,t) : S — S is called a strong symmetry operator of equation (2.1) if

oL+L[K]=[KL] (2.6)

holds everywhere on ., where [A, B] = AB — BA. A linear operator L(U,,t) : S — S is called to be
hereditary (or a hereditary operator) if

L'[LF)G - L'[LGJF = L(L'[F|G—-L|G]F), VF,G€S. .7
If L is a hereditary operator, so is L~!. If L is a hereditary operator and is a strong symmetry of

equation (2.1), then L is also a strong symmetry of equation U, ; = LK(Uy,).

3. Symmetry constraint of the D?AKP system

In this section we investigate in detail a squared-eigenfunction symmetry constraint of the scalar
D?AKP hierarchy. As a result, the spectral problem (1.4) and a semidiscrete AKNS hierarchy are
obtained from Lax triad of the D2AKP hierarchy. Let us first recall Lax triad of the D?AKP hierarchy
[11].

3.1. The scalar D>AKP hierarchy and Lax triad [11]
Consider the pseudo-difference operator £ defined in (1.3), i.e.,
C=Atugnt+ui A U A2 3.1)

where u; , = u;(n,x,t) and t = (71,1, - - ). The difference operator A obeys the discrete Leibniz rule

Ng(n) =Y Ci(A'g(n+s—i))A, s€Z, (3.2)
i=0
where
Cézs(s—l)(s—2)-~(s—l—&-1)7 o1, (33)

i!

The scalar D>?AKP hierarchy can be derived from the following Lax triad [11],

£0,=Eq,, (3.4a)
O x :Al(Pm Aj :A—I—Mo’n, (3.4b)
(Pn,tj :A](pna (.] = 1727"')a (34C)

where A; = (£/) 4 denotes the difference part of £/, the first two of which are

A=A+ Uo,n, (3.5a)
Ay = A? + ((Au()’,,) + 2u07n)A + (Auoﬁn) + M(z)’n + (Aum) + 21/{17". (3.5b)

Through the compatibility of (3.4), i.e.

£=[A1 L], (3.6a)
,S,j:[Aj,,Q], (j=1,2,--+), (3.6b)
Al-,tj _AJX+ [AlvAJ] = 07 (.] = 1727' : ')7 (36C)

Co-published by Atlantis Press and Taylor & Francis
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where [A, B] = AB — BA. the first equation (3.6a) provides expressions of u; , in terms of u ,, which
are

AuLn = UQ,nx, (3.7a)
k—1 o )

AMk—&—l,n =Uknx — Auk,n — U pllicn + Z (* 1)]C1]€_1 uk—j,nA]MO,n—k) k>1; (3.7b)
=0

the second equation (3.6b) is actually to determine A; = (£/),; the third one (3.6¢), rewritten as
uO,n,tj:ji/j:Aj,x_[AlvAj]a (.]:1727)7 (38)

provides zero curvature representations of a hierarchy of the scalar D°’AKP equation if substituting
uj, with ug , by using (3.7). Particularly, when j = 2 we get the D?AKP equation (1.2).

3.2. Squared-eigenfunction symmetry of the D> AKP hieraechy
For the eigenfunction ¢, defined by the Lax triad (3.4), we introduce its adjoint form ¢, which
satisfies
(pn,x = _AT (pna (393)
¢n7t_,~ - _A;(plﬂ (.]: 1727) (39b)

Here A’ stands for the formal adjoint operator of A; w.r.t. the bilinear form (2.2), e.g.

A} = —AE" +uy,,

Ay =NE = AE" ((Auop) +2uo.n) + (Attg,n) + 15, + oz + 2(A g ),
where we have replaced u; , with A‘1u07,,7x. In [28] it is verified that (¢, (,), is a symmetry of the
D2AKP equation (1.2) if ¢, and @, satisfy (3.4b), (3.4c) and (3.9) with j = 2. Following the name

used in [25] for the continuous case, here we call (¢, @,), to be a squared-eigenfunction symmetry.
In the following we prove that (@, @, ), is a symmetry of the whole scalar D?AKP hierarchy (3.8).

Theorem 3.1. (¢,0,), is a symmetry of the D>’AKP hierarchy (3.8) if ¢, and @, satisfy (3.4b),
(3.4¢) and (3.9).

Proof. We can partially follow the idea in [25] for continuous case. We introduce an additional
symmetry

L. =—[0A '3, L], (3.10)

where £ is the pseudo-difference operator (3.1), z is an auxiliary variable, ¢, and @, satisfy (3.4b),
(3.4c) and (3.9). The coefficient of A° term in (3.10) yields

Uonz = Pnt1Pn — PnPn—1,
from which, together with (3.4b) and (3.9a), one immediately find

Uonz = ((Pn(pn)x- (3.11)

Then, making use of the result [d,;,d;]€ = 0 (see Proposition 3.1 in [21]) for ug, we have
0, 0:u0 o = 0;0y,u0 n, Which means (9,®,), and the D?AKP flows {#;} defined in (3.8) commute,
i.e. [, (@uPn)s] = 0. Thus, (¢, ,), is a symmetry of the whole scalar D?’AKP hierarchy.

Co-published by Atlantis Press and Taylor & Francis
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3.3. Spectral problem (1.4) from the symmetry constraint

Now we introduce a symmetry constraint under which the spectral problem (3.4a) will be reduced
to (1.4).

Noting that ug , , is a symmetry of the D2AKP equation (1.2) (cf. [11]), We consider a symmetry
O =g px+ (@ Pn)y. Taking o = 0 leads to a group invariant solution to (1.2) as well as a symmetry
constraint ug , = —@,®,. For convenience, we write ¢, = Q,,, ¢, = R,, and then we have

Uon = —OnR, (3.12)
and it follows from (3.4b) and (3.9a) that

Qn,x = Qn+l - Qn - Q,QZRna Rn,x =R,—R, 1+ QnRi (313)

Note that (3.13) is the condition exerted on Q,, and R,,. If we replace R, with R, 1, (3.13) provides
a Bicklund transformation for the nonlinear Schrodinger equations (cf. [4]), and through suitable
continuum limit (3.13) yields the nonlinear Schrédinger equations.

Let us investigate the change of £ under the symmetry constraint (3.12) and (3.13).

Lemma 3.1. If ug, is given by (3.12) where Q, and R, obey (3.13), then uy , defined in (3.7) can
be expressed in terms of Q,, and R, as

1o = (1) QAR 1, k=0,1,2,-. (3.14)
Proof. From (3.7), (3.12) and (3.13) and by direct calculation one can find
Uln = —OnRy 1, Uy n = O,AR, >, Uz n = _QnAan—3~

Now we suppose (3.14) is valid up to uy1,. Then for uy5 ,, from (3.7) we have

k

_ i j
Auk+2,n = Uk+1nx — Auk+l,n — Up pli+1n+ Z (_l)jck”kJrlfj,nA]”O,nfkfl- (3.15)
Jj=0

For the first three terms on the right hand side, substituting (3.14) into them and making use of
(3.12) and (3.13), we find

Uk+-1,nx — AukJan — U nUk4-1,n
=A((=1) 2 QA Ry 2) + (1) QA (k1 RS 1)

in which, by using formula (3.2), the last term yields

(—1)*1 QA Q1 R2 )
=(—1)"*2 QA" (Ry—k— 110 n—k—1)

:(_ 1 )k+2 Z C]i On (Ak_]Rn—k—j—l )(A]uo.,n—k—l )
Jj=0

k

=- Z (— 1)jC/£ U 1— jnN U0 1.
=0

Co-published by Atlantis Press and Taylor & Francis
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It is just canceled by the last term on the right hand side of (3.15). Thus we reach
Augion = A((=1) 2 QM R, 4 2),
i.e.,
ko = (—1) QA TR, s
Based on mathematical induction, we complete the proof. O

With Lemma 3.1 in hand and making use of formula (3.2) (for s = —1), we immediately find
(&)=Y ujnd/=-0,A7'R,. (3.16)
j=1

As a result we have the following theorem.

Theorem 3.2. Under symmetry constraint (3.12) together with (3.13), the spectral problem (3.4a)
is written as

Lo =EQ,, L=A—QuR,— QA 'Ry, (3.17)
which is nothing but the spectral problem (1.4) by introducing
010 =P, rn=A"R,p,, AP=E+1. (3.18)

(3.17) can also be written as the form (B.6) (see Appendix Appendix B).

3.4. The sdAKNS hierarchy from the symmetry constraint

There is a sAAKNS hierarchy coming from (3.4c) and its adjoint form (3.9b) under the constraint
(3.12) and (3.13). This agrees with the continuum limit of the D?AKP hierarchy and symmetry
constraint of the continuous KP hierarchy.

In the following we prove

Theorem 3.3. For the pseudo-difference operator
’QZA_Qan_QnAian; (319)

we define A,, = (£")4 and A}, to be the adjoint operator of A, w.r.t. the bilinear form (2.2). Then
(3.4c) and (3.9b), i.e.

Qn,tm = AnQn, (3.20a)
Rus, = —AyRy (3.20b)

generate a recursive relation

On _ o) On
<Rn>tm+1 =< (Rn >t (3.21)
where
4 _ (A= Ou(E+1)AT'R, — OuR, —Ou(E+1)A'Q,
z _< R,(E+1)A™'R, —AE'"4+R,(E+DA'Q,—O.R, )" (3.22)

(3.21) provides a sdAKNS hierarchy (see (4.20)).
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To prove the theorem we need the following two lemmas.

Lemma 3.2. Suppose that p&"i)?n = Resp £, ie. p(l"l{n is the coefficient of A= term in £", where £

is given in (3.19). Then we have
A", = —=(QuRn),. (323)
Proof. Comparing the constant terms of the left and right hand sides of the Lax equation
L, = [Am, £] = = [(£") -, £,
one immediately obtains (3.23). Here (£")_ = £" —A,,. d
Lemma 3.3. The following relations hold,

(QnAianAm)-i- = QnAianAm - QnA71 (A;Rn)v (324)
(AnQnA 'Ry)+ = AnQnA 'Ry — (A 0n) A 'R, (3.25)

Proof. We prove them one by one. For (3.24) it is equivalent to to prove
(QuA'R,A,) - = 0,AT(ALR,). (3.26)

Supposing that A, = Y1 a ;2A™/ and noting that R,, tends to 0 as |n| — oo, we have

(Qud™'RiAn)- = (QnA_an f ajub" )

'L
o
MS

b
Il
_

s I(As lE ARna]n)Am j— s:|

I
Q
S
s <

( 1)1—1Al—1E—lZ(_ m j(Am JE— (m— )a]n n) A—l
=0

(—1)1A e ;Rn)}A*’

~
Il
_

|
Q
N
ok
— — o

~
Il
_

:Q,,A’lAi [(—I)Z’IA”IE’I(A,’;R,,)]A”

—0,A” z{ (&) (A5 Ra)JAT ! (A7) (A7 R, |
_Ql’l ( m )

i.e. (3.26).

Next, we prove (3.25). To calculate (AmQ,,A_an), we rewrite the operator A,,Q, as a form
of pure difference operator, i.e. A,,Q, = ZT:O b j7nA’”*-" , in which only the constant term b,,,
makes sense in (A,Q,A"'R,)_. Since by, = (AnQ,) we immediately find (A4,,0,A"'R,)_ =
(AnQn)A~ 'R, which leads to the relation (3.25). O

Now we come to the proof of Theorem 3.3.
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Proof of Theorem 3.3. First,

Ampt =", = [(A— QuRy — QA 'R (A + ™ A7) .

s

:AAm - QanAm - [EA_I (Qan,t,,, +RnQn,tm)] - (QnA_anAm)—i-v
where we have made use of Lemma 3.2. Substituting (3.24) into the above we find
Am+1 - AAm - QanAm - QnAianAm - QnAian,tm - [EA71 (Qan,tm +RnQn,tm>]- (327)

Note that the last term is a scalar.
Next, we calculate A,,+1 in another way:

—1,n

Amir =|(An+p" A" (A= Q,R, — 0,A'R,) .

—ApA — A OnRy+ p™ — (AnOpA 'R, 4

—1n

:AmA _AanRn _AanA_an + Qn,t,,,A_an - [A_] (Qan,tm +RnQn,tm)]7
where we have made use of Lemma 3.2 and (3.25). Its adjoint form reads
;1+1 = A*A:Fn - QanA;; + RnEA_1 QnA; - RnEA_1 Qn,tm - [A_l (Qan,tm + RnQn,tm)] . (328)

Now, exerting (3.27) on @, and (3.28) on R,, respectively, and making use of (3.20), we arrive
at the recursive relation (3.21). Thus we complete the proof.

O
According to Theorem 3.3, from (3.20) the first equation (m = 1) is
Qn,tl = Qn+1 - Qn - Qﬁan Rn,tl =R,—Ry, 1+ QnRia (329)
and starting from it,
(g) = (gHhym (%) (3.30)
n Im+1 " h

provides a hierarchy, which is the siAKNS hierarchy (see (4.20)).

4. The sdAKNS hierarchies related to (1.4)

In this section we will first list isospectral and nonisospectral flows together with their Lie alge-
bra derived from (1.4). As new results, from Lie algebraic structures of these flows we construct
new symmetries of nonisospectral equations. In addition, by considering infinite dimensional sub-
algebras and continuum limit of recursion operators, we construct three types of isospectral and
nonisospectral SAAKNS hierarchies, including one isospectral hierarchy found in [23].

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
26



K. Chen et al. / Symmetry constraint of the differential-difference KP hierarchy

4.1. Flows related to (1.4) and their Lie algebra

From spectral problem (1.4), following the procedure in [31], we can derive isospectral hierarchy
U, = K, and nonisospectral hierarchy U, ; = o:

Upt, =Ky = L’Ky, Ko = ( Q; ) , SEZ, 4.1)
—I\pn
1
Uny, =0y =L’0y, 0p= ( (n+ 21)Q" ) , SEZ, 4.2)

where U, = (Q,,R,)T, L is a recursion operator

L= ((1)qu> [unl— (_1%1“) (E—i—l)Al(RnH,Qn)} (g ?) , (4.3)

and its inverse L~ is

_ E-'u-! 0 E'Q.u;! 1, _
s (B S ) (B ) e a i R 0E) @)

with y, =14 QR+ and I to ba the 2 x 2 identity matrix. L is a hereditary operator. The simplest
ispospectral flows and nonisospectral flows are

_ Qn—l/.un—l _ Qn o Qn+1 - Q%Rn

K= < —Rui1/Un ) » Ko= <_Rn> K= <—Rn—1 +R5Qn> ’ (4-52)
o Qn+2 - Q% 1Rn+l - Q%Rnfl - 2QnQn+1Rn + Q;;R%;
k= <—Rn_z R Opy+ R20ns1 + 2R 1ROy — RO (4.5b)
and
_(((n=1/2)0n—1/tp—1 _( (n+1/2)0,
o — [ (13/2)Qui1 = (1+3/2)07R, — 20,07 QuR, (4.6b)
'\~ (n=3/2)Ru1 + (n+1/2)R20, +2R,A 'R0, ) ‘

By the procedure used in [31], we find flows K, and o} defined in (4.1) and (4.2) constitute a
centerless Virasoro algebra,

[Kon, K] =0, (4.72)
[Kin, O5]) = mKy s, (4.7b)
[[6m7 Gs]] = (m - S) Om+s, M,$ € ZL. 4.7¢)

Here we point out that the results of this subsection for s,m > 0 have been listed in [34] where
oy defers from the present one in (4.6a) by Kj or by a shift n — n — %, which brings differences for
other oy but does not change algebraic structure (4.7). Besides, an equivalent form of L~! was given
in [16].
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4.2. New symmetries of nonisospectral equations (4.2)

Note that algebraic structure (4.7) is as same as the one generated by the AL flows (see [31] and also
[32,34]). This means the hierarchies (4.1) and (4.2) and the AL hierarchies can share those results
obtained based on the algebraic structure (4.7). One remarkable result is that the nonisospectral
hierarchy (4.2) posses symmetries. In fact, it is very rare for a nonisospectral equation to have
infinitely many symmetries. However, making use of minus indices in the structure (4.7), infinitely
many symmetries for the nonisospectral hierarchy (4.2) can be constructed.

Theorem 4.1. Any given equation U, ;, = O, in the nonisospectral hierarchy (4.2) possesses two
sets of symmetries,

™ = Z Cl(mty)* ' Opejm, (s=0,1,2---), (4.8a)
Jj=0

’}/S(m) = Z Cg(mtm)s_jK—jmv (S = Oa 172 o ')a (48b)
j=0

and these symmetries form a centerless Virasoro algebra with structure

™ 2" =o, (4.92)
™ 0™ = —miyT)_, (4.9b)
™ 0" = —m(1—syn")_,. 4.9¢)

Here the suffix (m) corresponds to equation U, ; = Op.

tm

We skip the proof, for which one can refer to Proposition 5.1 in [31] for the AL flows.
For an isospectral equation U, ;, = K, in the hierarchy (4.1), it also has two sets of symmetries,

{K,} and {2\ = mtp Ky s+ 0y}, s€Z,
and they form a centerless Virosoro algebra as well, with structure
[[KlaKv]] =0,
(K1, "] = 1Ko,

[z, 2™ = (1—s)7".

4.3. Infinite dimensional subalgebras and new sdAKNS hierarchies

Equations (4.1) and (4.2) are not the sd AKNS hierarchies. It is interesting to consider infinite dimen-
sional subalgebras of the algebra (4.7). These subalgebras, together with continuum limits of the
recursion operator (4.3), can be used to construct and to identify the SAAKNS hierarchies.

4.3.1. Infinite dimensional subalgebras

Define
R = (29K, 67 = (£ oy, 5=0,1,2,+, (4.10)
g (LYKo, G\ (L oy, s=0,1,2,---, (4.11)
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and
Kogi1 = LK1 —K_1)/2, Roy= LKy, s=0,1,2,---, (4.12a)
Grsi1 = Z%(01—0-1)/2, Goy=L"0p, s=0,1,2,--, (4.12b)
where
L=L-2A+L", H =1, ) =1L (4.13)

and 1 is the 2 x 2 unit matrix. Note that Z(+) defined above is the same as (3.22). These new flows
can generate infinite dimensional subalgebras of (4.7).

Lemma 4.1. The flows
A&, 6, ()& 6 7Y, () : (R, Gay), (4.14)

generate three infinite dimensional subalgebras of (4.7), respectively, with structures

) : K,k =0,
R, 6] =s(RY) + &) ),
6,67 = (s— 06" + 6] ),
() : [R,R

s+l Bsti—1

(67,6 ] = (s =)&) -5 ),

;
IR0 = =s(Ryy) = Ki ),
5( s+

s+1—1

(IH) : [[k2m+jak2s+k]] =0,
[[[ZZm’ 625]] = 2mk2(m+s)—lu

_ _ m _
[[K2m7 GZs-H]] = 2mK2(m+s) + EKZ(m+s+1)7

_ _ _ m+1 _
[Kom+1, Gasi] = 2m A DKoy ok + == Kapmesn) ok
[[62m7 625]] = 2(m - S) 52(m+s)—1 )
_ _ = m—s—1+4+j_
[62m+j> 6251]) = [2(m —5) — 1+ j] G (mps)+j + S O2(m+s+1)+>

where j.k € {0,1}, m,s > 0 and we define IZ&E) = '91[) =K | = 6_1 = 0. Obviously, the set (III)
has a subalgebra {Kop1,625+1}-

This lemma can be verified directly. Same structure as (III) has been proved for the AL case
in [33]. Note that operator L — L~! does not generate a subalgebra of (4.7).

4.3.2. Three sdAKNS hierarchies

Let us construct the sdAKNS hierarchies through considering possible combinations of the flows
{K;} and {o,} defined in (4.1) and (4.2). The criteria is that these combined flows should be closed
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as a subalgebra of (4.7) and meanwhile, they must yield their counterparts in the continuous AKNS
flows in reasonable continuum limits. For this purpose we investigate continuum limits of initial
flows, L and L~! under a uniform scheme?

Unyj = €(q(x+ je,t),r(x+ je,1))", ne=x, (n— o0& —0). (4.15)
We find
Ko=e(q.—r)", (Ki—K_1)/2=€(q,r){ +O(e"), (4.162)
oy =x(¢,—r)" +0(e), (01—0-1)/2=¢(xqs+q,2rc+1)" +0(%), (4.16b)
and
&2 3
L=1+¢€eLsgns+ ?LNLS—FO(E ), (4.17a)
2
€
L' =T—¢eLagns+ ?(2L3KNS —Lyis) +0(€), (4.17b)
where
o —2qd7'r  —2¢qd g
L — X x 4.1
AKNS ( 2rd'r —0,+2rd g (4.18)
is the recursion operator of the continuous AKNS hierarchy, and
Inre e 22 —2qr 0
NS = 0 92—-2qr)’
which yields the nonlinear Schrodinger system by acting on (g, —r)7. (4.17) indicates
L) =L —T=eLagns+ O(€?), (4.19a)
L) =1L = eLygns + O(€2), (4.19b)
L =L-2+L "= ixys+0(&). (4.19¢)

Thus, based on the continuum limits of initial flows given in (4.16), the definition of the flows
(4.10,4.11,4.12) and Lemma 4.1, we obtain three sets of SAAKNS hierarchies.

Theorem 4.2. The flows defined in (4.10), (4.11) and (4.12)) generate three sets of the sdAKNS
hierarchies

0:U, =k, v, =", (4.20)

@m:v, =k, U, =6, 4.21)

() : U, =K, Uy, = 6y, (4.22)

where s = 0,1,---. They all correspond to the continuous isospectral and nonisospectral AKNS

hierarchies under the continuum limit (4.15)°

Here we remark that {U, = KS”} was already found in [23], which is nothing but (3.21), the
result of symmetry constraint of the D?AKP hierarchy.

4The correspondence between x and 7 is x = xo + ne where € is viewed as a spacing parameter. Here we take xo = 0 for
convenience.
bIp principle we need to suitably rescale 7, by €/f;. For example, for U, = K, rescale 1, by €75%,.
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5. Conclusions

In the paper we presented a connection between differential-difference (2+1)-dimensional systems
and (1+1)-dimensional systems. We constructed a squared-eigenfunction symmetry (@,@, ). of the
scalar D’AKP hierarchy. The constraint of this symmetry converts Lax triad (3.4) of the D?AKP
hierarchy to the discrete spectral problem (1.4) and a sdAKNS hierarchy (3.30). It is well known
that the AL spectral problem (1.7) is a discrete ZS-AKNS spectral problem, while (1.4) corresponds
to a bidirectional discretization of the derivatives ¢;, and ¢ , in (1.1) and therefore it presents
a second discretization of the ZS-AKNS spectral problem. (1.4) is also related to the ZS-AKNS
spectral problem (1.1) as a Darboux transformation of the later. In addition to these results, three
sdAKNS hierarchies (4.20), (4.21) and (4.22) are obtained with a criteria that the corresponding
flows are closed w.r.t. Lie product (2.4) and in continuum limit they approach to the continuous
AKNS hierarchies. Among these SAAKNS hierarchies, {Un_,_/ = K§+)} is the one that is derived
from Lax triad of the D?AKP hierarchy via the symmetry constraint.

The paper, on one side, provides a differential-difference counterpart of the connection of con-
tinuous AKNS and KP systems via squared-eigenfunction symmetry constraint (cf. [8, 18]). On
the other side, it presents a good example that there are different discrete spectral problems and
integrable equations associated to a continuous system. Besides, there would be more interactions
between the (1+1) and (2+1)-dimensional differential-difference systems due to the symmetry con-
straint. Some known results related to the pseudo-difference operator (3.1) (e.g. [15,22]) could be
used to investigate the sdAKNS hierarchies, and vice versa.
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Appendix A. The sdAKNS hierarchies from the AL spectral problem
From the AL spectral problem (1.7) one can derive the AL hierarchy (cf. [12]):
U,=K,=LKy, s€Z, (A.1)
where K and the first few flows are
— On _ = On+1 = On—1
Ko= <_Rn ’ K= Ho —Rn-1 ’ K= Hn _Rn+l 7

the recursion operator reads

T o E 0 _QnE —1 —1
L_<0E1>+< Py )A (RiE,Q,E™")

(-EQ\ !
()8 k) (A2)

L (5 0) (8o e

— o On-1 )\ o1 i
+ Un <—ERn> A (RnaQn)ﬁna

with its inverse

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
31



K. Chen et al. / Symmetry constraint of the differential-difference KP hierarchy
and here I, = 1 — Q,R,. Under the continuum limit scheme (4.15), one can find

2
) €
L=1+€Lsgns+ ?LZXKNS +0(¢?),

where Lagns is given in (4.18).
There are also three sAAKNS hierarchies related to the AL spectral problem:

1: {U,,, =Ky, N2 {U,, =k}, 02 {U,, =&}, (A3)
where
g = (2N, (A4)
g7 = (20K, (A.5)
Kyi1 =2 (K1 — K 1)/2, Kyy= LKy, s=0,1,2,---, (A.6)
P=L-2+L", H=L—1, 25 =1L (A7)

The third sdAKNS hierarchy has been well studied. As a review one can refer to [12].

Appendix B. Gauge equivalent forms of (1.4)

Note that after the early work in [23, 34], the spectral problem (1.4) has been reinvestigated in
several gauge equivalent forms (e.g. [10,26,29]). Here we list out two of them,

A’ Qn T
n+1 (Rn-H (1+Q;1Rn+l)/k> ns n (¢l,n7¢2,n) 5 ( )
}LZ Qn T
\Pn-&-] = (sznJrl 1+Qan+1 ‘Prn an - (WIJHWZ,H) y (BZ)
The connection with (1.4) are the gauge transformations
ch = Tl,n®n7 \Pn = T2.,n®nv (B3a)
where
A0 10
—q—n-1 —
=i (20) 7= (1 0). .

In fact, when ®,, is formulated by the spectral problem (1.4), by direct calculation, one can find the
above ®,, and ¥, satisfy (B.1) and (B.2) respectively.

In the following we show that the spectral problem (1.5) is equivalent to (B.1). First, we rewrite
(B.1) as

P1nt1 = A1 0+ QnP2n, (B.4a)
)L¢2,n+l = lRn—',—l ¢] n + ¢27n + Qan-H ¢2,n- (B4b)

Substituting (B.4a) multiplied by R, into (B.4b) and after a backward shift of n, we reach
A¢2,n :Rn¢1,n+¢2,n71- (B.5)

(B.4a) and (B.5) compose the spectral problem (1.5).
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(1.5) is gauge equivalent to the following spectral problem
(fon ) (20 (n) ®o
—Yn-1 Ry —=1) \ Yo

(10
F,, = T37nq)n, Tgﬁn =2 <O 1/}() ) Fn = (Y],n,?’z,n)T- (B-7)

by the transformation

(B.6) can be derived from the scalar spectral problem (3.17). In fact, making use of relation R, +
AR, = A_IR,,HE, we can rewrite (3.17) as

L0 =E@y, £=A—Q,A 'R, E. (B.8)
Then, introducing

Yin =P Yor=A"Ru1@p1, L=, (B.9)

we arrive at (B.6).

Since in these gauge transformations only eigenfunctions are involved (without any changes of
potentials), the evolution equations derived from all these gauge equivalent spectral problems are
the same (up to linear combinations of flows). In fact, for two evolution equations which are derived
respectively as compatibilities of linear problems

Pt = My(un, A)Pu, Ppy =NyPn, (B.10)
and
Wit = Un(un, )W, Wny = Vi'¥o, (B.11)
if they are gauge equivalent via transformation ®, = T,'¥,, |T,,| # 0, then there are relations
My =T Up T, No =T T, + TVT,
and consequently their compatibilities are related by

Mn,t_Nn-HMn +M,N, = n+1(Un Vn+1Un+UnVH)Tn717

dm

which means the two equations derived from (B.10) and (B.11) are same.
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