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1. Introduction

Einstein-like manifolds which are introduced by A. Gray [15], firstly defined as a generalization
of Einstein property in two new classes of Riemannian manifolds. He called these two classes as
</ and A, which are defined by special conditions on the Ricci tensor. These definitions could be

immediately extended to the pseudo-Riemannian geometry and we bring them in here.

e The Ricci tensor p of a pseudo-Riemannian manifold (M, g) is cyclic-parallel, that is,

(Vxp)(Y.Z) + (Vyp)(Z.X) + (Vzp)(X,Y) =0, VX.Y,Z < X(M). (1.1)

In this case we say, (M, g) belongs to class 7. This condition is equivalent to requiring that
p is a Killing tensor, that is,

(Vxp)(X.X) =0. (1.2)

The Equation (1.2), which is also known as the first odd Ledger condition, is a necessary
condition for a (pseudo-)Riemannian manifold to be a D’ Atri space. Hence, to study those
spaces satisfying the Equation (1.2), is the first step to understand D’ Atri spaces of a specific
dimension.

e The Ricci tensor of a pseudo-Riemannian manifold (M, g) is a Codazzi tensor, that is,

(Vxp)(Y,2) = (Vyp)(X,Z), VX.Y,Z€X(M). (1.3)
In this case we say, (M, g) belongs to class A.
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A. Zaeim / Einstein-like Lorentzian Lie groups of dimension four

In the following diagram, we see the relation between different classes of manifolds.

Cco
ECP=dNAB CAUABCE,
CH

where the class of Ricci parallel, Einstein and manifolds with constant scalar curvature are denoted
by &, & and ¥ respectively.

Homogeneous spaces through Rimannian and pseudo-Riemnnian geometries, have been subject
of several studies for the Einstein-like property. These researches show the importance of Einstein-
like metrics, particularly between homogeneous manifolds. In the Riemannian homogeneous spaces
of dimension three, Einstein-like metrics were studied in [2]. The class of Einstein-like Ricci-
curvature homogeneous spaces was the subject of [7]. In this research, authors could completely
classify the three-dimensional case, while the problem was solved for locally homogeneous metrics
of dimension four. Einstein-like metrics were also studied between ball-homogeneous spaces of
dimension three [8], semi-symmetric spaces [5], Sasakian spaces [1] and three-dimensional contact
metric manifolds [9].

About the pseudo-Riemannian case, almost all of investigations are focused on the three
dimensional Lorentzian manifolds. Einstein-like metrics of the three-dimensional homogeneous
Lorentzian manifolds were completely classified in [10], while the same author studied Einstein-
like curvature homogeneous up to order one Lorentzian manifolds in [12]. He also classified
three-dimensional curvature homogeneous Lorentzian manifolds equipped with either Einstein-
like or conformally flat metrics in [11]. Einstein-like metrics studied through the class of three-
dimensional Walker manifolds in [14]. A classification of four-dimensional pseudo-Riemannian
homogeneous manifolds with non-trivial isotropy was given in [16]. According to this study, classi-
fication of Einstein-like homogeneous pseudo-Riemannian four manifolds with non-trivial isotropy
was obtained in [21]. Finally, four-dimensional Lie groups equipped with a left-invariant Lorentzian
metric, obtaining a complete classification of the Einstein and Ricci-parallel examples, were stud-
ied in [13]. Now, it is a natural question to investigate Einstein-like Lie groups with a left-invariant
Lorentzian metric (briefly, Lorentzian Lie groups) in dimension four. The aim of the present paper
is to explicitly find the Einstein-like examples of four-dimensional Lorentzian Lie groups.

This paper is organized as following. In the next section, the basic point of this study which
is the general form of four-dimensional Lorentzian Lie groups is presented. Einstein-like classes
&/ and A are investigated in the next two sections respectively and we present a complete list of
possible examples with their geometric properties.

2. Lorentzian Lie groups

Four-dimensional Riemannian Lie groups classified in the well-known work of Bérard-Bérgery
[4]. In particular, according to his classification results, he proved that a (simply connected) four-
dimensional homogeneous Riemannian manifold is either symmetric, or isometric to a Lie group
equipped with a left-invariant Riemannian metric. Explicitly, with regard to Riemannian Lie groups,
one has the following (see for example [3]).

Proposition 2.1. The simply connected four-dimensional Riemannian Lie groups are:
(i) the direct products R x SU(2) and R x SNL(2,R) (unsolvable);
Co-published by Atlantis Press and Taylor & Francis
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(ii) one of the following solvable Lie groups:

(iil) the non-trivial semi-direct products R x E(2) and R x E(1,1);
(ii2) the non-nilpotent semi-direct products R x H (H denoting the Heisenberg group);
(ii3) the semi-direct products R x R3.

The description of four-dimensional Lie groups equipped with a left-invariant Lorentzian metric
shows that the class of Lorentzian Lie groups is the same as Riemannian ones. In fact the following
proposition holds (see [13]).

Proposition 2.2. The class of n-dimensional (connected) Lorentzian Lie groups (respectively,
Lorentzian Lie algebras) coincides with the class of the Riemannian ones. In particular, if G is
a four-dimensional simply connected Lorentzian Lie group, then it is one of Lie groups listed in
Proposition 2.1.

Let the Lie algebra of G be given by g = v X g3, that is, g = v ® g3, where g3 is a three-
dimensional Lie algebra, and the generator of the one-dimensional Lie algebra v acts as a derivation
on g3. Considering the geometric properties of Lorentzian inner products over a four-dimensional
Lie algebra g, we have a fundamental difference with respect to the Riemannian case. In fact, let g
denote an inner product over g = t X g3. If g is Riemannian, then so is its restriction over g3. And
three-dimensional Riemannian Lie groups are well known since the seminal work [17]. But in the
Lorentzian case the restriction of g over g3 is

(a) either positive definite, (b) Lorentzian, or (c) degenerate.

This difference is the key point in the study of the Lorentzian Lie groups as the authors consid-
ered in [13]. We report the following proposition.

Proposition 2.3. [13] Let (g,g) be an arbitrary four-dimensional Lorentzian Lie algebra. Then,
there exists a basis {e},ez,e3,es} of g, such that

e g3 = Span(ej,ez,e3) is a three-dimensional Lie algebra and e4 acts as a derivation on g3
(that is, g = t X g3, where v = Span(es)), and
e withrespect to {e1,e2,e3,e4}, the Lorentzian inner product takes one of the following forms:

1000 100 0 1000
0100 010 0 0100
@ 10010 ® {0010 | o001
000 1 000 —1 0010

The proposition 2.3, permits to study the geometric properties of Lorentzian Lie algebras (spe-
cially Einstein-like property). We investigate this matter in the next sections.

3. Examples of class &/

The Ricci parallel examples of Lorentzian Lie groups are completely listed and geometrically con-
sidered in [13]. For this reason, we exclude the Ricci parallel examples from the list of Einstein-like
Lorentzain Lie groups. The cyclic parallel examples, i.e. those of class 7, are studied through the
following theorem.

Theorem 3.1. Let G be a four-dimensional simply connected Lie group equipped with a left invari-
ant Lorentzian metric g. If (G, g) belongs to class </ (and not Ricci parallel), then the Lie algebra
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g of G is isometric to g = v X g3, where g3 = span{e;,ez,e3} and v = span{es}, and one of the
following cases occurs.

(a) {e,-}?:] is a pseudo-orthonormal basis with e3 time-like. In this case, G is isometric to one of the
following semi-direct products R x G3.

al) Rx H, where H is the Heisenberg group and g is described by one of the following sets of
conditions:

1) ler,e3) =Aes + Bes, [e1,e4] = 552+ Ces, [e3,e4] = 22e; + Des,
with A2 +C? #0,A # +B,
2) le1,e3] = Aey + Bes + Ces, with B # 0,A% + B> —C? #0,
3) ler,e3] = Aey +Bes, [e1,e4] = G5 e1 +Ces, [e3,e4] = Pe1 + Des,
with C2 +D? # 0,A # +B,AD +CB # 0,
4) ler,e3] =Aer + Ler+Ces, [er,e4] = 7?5361 —Ley—4Ees, [e3,e4) = “Be1 + Dey + Bes,
with D # 0,AB+Cv/B2 —D? # 0,AB+CVB2 +C? #0,
5) [61,62] — AeZa [61783] = Bez, [81364] = Ce27 [62783] = DeZa [82364] = Ee2? [63784] =
EB—DC
A €2,
with B2 +C? #0,B? +E*+ (A+D)* #0,
B ((ABiE\/CZ —B??+ (BD— CE)Z) £0,

6) [62763] :AeZ7 [82764] :Beb [63764] :C627 WlthAC7é07

a2) Rx E(2) or Rx E(1,1), with g is described by one of the following sets of conditions:

7) [61,62] = —%\/ —4A2+232€2, [61,63] = % —2A2+Bzez + %\/ —4A? —1—23263, [61,64] =
86\&362 + Bejs, [62,64] = —Aey, [63,64] = ES%EAEQ +Aes, with B # O,Bz 75 2A2,

2
8) [e1,e2) = 5e2, [e1,e3] = 8:}%)61 +Ae3, [e1,e4] = (2B—C)e; +&VC? +A%es, [es,e3] =

eA(2B—C) _ __ €C(2B—-C)
2\/m627 [62764] — BeZ7 [63764] /e el +C€37
with A2 + B? # 0,A% + (B — C)? # 0,C> + (A £ 2B)? # 0,A> +2CB # 0,B # 1(C £

VAZ+C?).

a3) R x R3 with g is described by one of the following sets of conditions:

9) ler,es] = i—cez + Bes, [e3,e4] = Cer + Aes,
with B2 +C? £ 0,C # +A,

10) [e1,es) = Aes, [e2,e4] = Bes, [e3,e4] = Cey,
with A2 +C? #£0,(A+£C)>+B% #£0,

11) [61,64]:A62+B€3, with A # +B,
12) [62,64] =Ae| + Bey, with A # 0,
13) le1,e4] = €Aey + 8\/2Ae3, [er,e4] = —Aey, [e3,e4] = ‘S‘S%ﬁAez +Aez, with A # 0,

14) [61,64] = Ae;| + Bey, [62,64] = %61 +Cey, WithAC#Bz,
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(b) {e:}}_, is a pseudo-orthonormal basis with ey time-like. In this case, G is isometric to one of the
following semi-direct products R x Gj.

bl) Rx H, where H is the Heisenberg group and g is described by one of the following sets of
conditions:

15) [61,63] =Ae| +Bey + Ces, with B#0,

16) [e1,e3] = Aey + %Dez +Ces, [er,e4] = AczBel + ADez + AB€37 le3,e4] = %el + De; +
Bes, with D # 0,A # £EVC=B"

b2) Rx E(2) or Rx E(1,1), with g is described by one of the following sets of conditions:

17) [e1,e2) =5 e2, [e1,e3] = géﬁﬁl)el +Aes, [e1,e4] = (2C—B)e; +eVA% — Bes, [e,e3] =

‘;A\/(fziZC)eZ’ [62’64] C€2, [63764] - \/f‘&BZl)e +B€37

with A2+ (B—C)* # 0,A> —2BC #0,C # 3(B+ VB2 — A?).

18) [e1,e2] = Glea, [e1,e3] = Bey + €Aes, [ez,e3] = Sea, [e2,e4] = Se2, [e3,e4] = €Bey +
Aes, with B 20,

b3) R x R3 with g is described by one of the following sets of conditions:
19) [er,es] = &%)+ Aes, [er,e4] = — Yo with A #£0,

(c) {ei}}, is a basis with the inner product completely determined by g(e1,e1) = g(e2,e2) =
gles,eq) = g(e4,e3) =1 and g(ej,e;) = 0 otherwise. In this case, G is isometric to one of the
following semi-direct products R x Gj.

cl) R H, where H is the Heisenberg group and g is described by one of the following sets of

conditions:
20) le1,e2] = %ey +Bey + 2 63, [61,64] —ETBZC€1 —BEey — BBEes, [eg,e3] = Cey +Aer +
Des, [ez,e4] e +Fe2—|— EDes, [e3,es] = ECe1 + Eer + EPes, F2+ (B+€E)*+ (AD+

E(A+¢€C))* #£0, (B+efE) (AD+E(A+8\EC))2+(AF+E2)2#O,C2+(D+E)27é
0,(A+ B2E)2 4 (D ~EHEBRCBEY2 o4 (B4 e 3E)? 4+ (3AD + E(3A + €v/3C))? +
(3AF —E?)2 #£0,

21) le1,ea] = Aey + Bey + Ces, le1,eq] = Dey + %ez + C[TDeg, [e2,e4] = Ee; + %62 +
Les, (B—2EX)2 £0,D2+ (E+C)? £0,

c2) Rx E(2) or R E(1,1), with g is described by one of the following sets of conditions:

2424 B2
22) le1,ex] = Aey — Bey + ;C’ e3, le1,e3] = —2Cey +
__AD —3B*+8A2—4D*+4DB —3B3+8A2B—4BD*+4DB%>—16DA? _
B€3, [61764] Cel + 8C + € + + 16C2+ €s, [32,63] -
_ 21 8A2 2 A(11B*+8A%2+4D*—12DB
Cei +Aes, |er,es] = 12DB+3{3638A +4D° _|_AB _ A - e, le3,e4] =

Dey +24e; — 28D ey B 2D 0,

c3) Rx S’Z(Z,R) or Rix SU(2) with g is described by one of the following sets of conditions:
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23) [e1,e2] = Ae; — Bey — we% le1,e3] = Cey + Bes, ler,es] = ’%el -
7D2ZZFBZ er— B<3D2+BZE?DA+2A2)63, le2,e3] = —2Ce +Ae3, [e2,e4] = ;Bzfgz*me] — DB, —
—5A0i2—32A+22C0232+2DA2+4D3 es, [es,es] = 2Be; + Des — B(’2+A)e3, A—2D 40,

24) [e1,e2] = Aey — Bey + ZDLLW e3, ler,e3] = —2Cey + Bes, lej,es] = —%61 —
A +DC2 DBy, 4 A’B+5BD*— 22%32 4D3— 2DA263’ [e2,e3] = Cey + Aes, [er,eq] = —A2£C~D261 +
ACB e (A2+3D22C§DB+ZB )63, [e3,e4] = Dej +2Aes — (B D) , B—2D #0,

25) [e1,e2] = Aey + Bes, [e1,e3] = —Cey, le1,es] = Dey, [62,e3] = Ce| + Aes3, [er,eq4] =
—CDZIAzel - A(BgD) es, [e3,e4] = Aey, BC—A? #0,

26) [el,eg] = Ae — EAey + Bes, [81,63] =
—Cey + €Aes, [e1,e4] = sAzel + Dep + %We% [e2,e3] = Cey + Aes, [er,e4] =

—De; + 82 er+ ME}, [e3,e4] = €Ae; +Aey, BC —2A% #£0,

c4) R x R3 with g is described by one of the following sets of conditions:

27) [81,64] =Ae| + %624-%83, [82,64] =Fe; + %624- %837 [63,64] = Be; +Cey + Des,

Proof. Let (G, g) be a four-dimensional Lorentzian Lie group. By Proposition 2.3, the Lie algebra
g of G is a semi-direct product t x g3, where t = span(e4) acts on g3 = span(e;,ez,e3), and the
Lorentzian inner product on g is described by one of the conditions (a),(b),(c). The general form of
the semi-direct product Lie algebra g = t X g3 is given by

le1,e2] = aje; +azer +azes, [e,e3] = biey +brex + bzes,
le1,e4] = cre1 +crea+c3e3, [er,e3] =die) +drer +daes, (3.1)
le2,e4] = pre) + paex + paes, [e3,e4] = qre1 +quex + qze3,

for some real constants a;, .. .,q;, which, by virtue of the Jacobi identity, must satisfy

a2d1 +b3d1 — b1d3 —a1d2 = 0,

a2d3 +a1b3 — b1a3 — d2a3 = 0,

d2b3 — b1a2 +a1b2 — d3b2 = 0,

bips —c3dy —qraz +aypr —axp1 =0,

bi1gs —b3q1 +a1q2 +dico —bap1 =0,

byp1 —d3qy —dica +dag3 —axqy =0, 3.2)
byp3 +bic3 —dzcr —c1by —azgy =0,

dyc3 —c1ax +asqa +ajca —baps =0,

p2ds +b3py —daps —c3dy — qraz =0,

b3qz + paby +bicy —dacy —c1by — q3by — azqy = 0,
d3c3 —cra3 +asqs +axps +aics —byps — praz =0,
q3d) — d3q1 + p2d1 — dopy —a1q1 +bipr — c1d; = 0.

We treat separately the cases (a),(b),(c) for the Lorentzian inner product g on g.
Case (a). By means of the previous description of the Lie algebra, the Levi-Civita connection V

of g will be determined using the well known Koszul formula. We set A; = V,, and with respect to
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the pseudo-orthonormal basis {e], ez, e3,e4}, with e3 time-like, we have:

0 ai by c1 0 a d|+b+az CHTM
by+di+az o+
= —a 0 bptdyta 2Tpl . —a 0 d P
= by+d +a3 —qites |2 T | ditbr—as —@+p3 |’
by 2 0 2 2 da 0 2
_ —p1—¢  —q1tc —Pi—C¢ _ —492+Pp3
€1 2 2 0 2 D2 2 0 (3.3)
—di—az+by 3 —c3tq) —pitc —qi—c3 ’
0 2 by =5 0 2 — 0
A *b2+§3+d1 0 —ds *P32+112 As *62;171 0 —tI22—P3 0
3= = i g —
—bs —ds 0 9 ’ 'R
—q12+03 —422+P3 e 0 0 0 0 0

We now describe the curvature tensor, calculating R(e;,e;) = AjAj — AjA; — A, ;) for all indices
i, j, and deducing the curvature components R;ji, = g(R(e;,e;)ex,e;). We find

R = %(6’21?1 +dyaz — braz — byd;) — %(b%-l-dlz—C%—P%H— %a§+b1dz—cmz—
at —aj,

Rioizs = 3(ciga—cip3) — 3(c2q1 — cac3 + pigi — pic3) — ayda + axby+-axdy + aby —
azbs,

Riois = 3(bips — big2) + H(qrdi + qibr — e3dy — e3b2) — 3 (quas — c3a3) + a1ps —
aycy —axp1 —aici,

Rins = 3(pacs—paqi)+5(c2q2 —cap3+pige — pip3) + ardy +arby — braz +axd, —
azds,

Rins = 3(daqi — drcs) — 2(bags — baps + diga — dip3) — 3(a3q> — aszp3) — aicr —
aipi+ciax —axpa,

Riza = (bica+bipi + paba + padi + praz — cidy — c1by + craz — dacy — dapy +
aiq1 —aic3 +axqx — axp3) — azqs.

Riziz = %(quﬁ-bzdl—d16l3—bza3)—%(dlz+a§+c§+q%)—l—%b%+d1d3—C1Q3+b%—
b2,

Rizis = 3(aiq2— aip3) + f(dica +dip1 + asea + azpy) — 3(baca + bopy) + bigs —
b3q1 +bzcs — bicy,

Rizs = —3(g3c2+q3p1)— 3(q2q1 —qac3 — p3qi + p3c3) —arbs+biaz+bydy +bydy —
bsds,

Rizs = 3(aics—a1qi+q3by+qsdy+aszqs+ciby—cias—cidy —dsqi +dscs —byea —
b1p1 —b3qz +b3p3) — paby,

Rizza = (dscr+dsp1) + (diga — dips + azqa — azps) + 3(baga — baps) — bics +
bi1g1 + c1b3 — b3gs.

Ruu = —s(opi+aq)+i(pt—4) —3(3—-d3)—d.

Rz = 3(bipi+ciba+cidi+cia3 —aigy —aics — bica) + dacy — dscs,

Ripg = —%(qml + P3q1 +q2€3)+%1)303—01pl — pa2ca,

Rigzg = %(P1Q2—6‘2P3 +P1p3)+%02Q2+61Q1 — €343,
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3(b2a3 + qap3 + dyas + bady) — 3 (b3 + a3 + g5 + p3) + 3di—abs — pags +

B2,

3(axes — axgr) + §(baca + bapy — azea — azpr) — 3(dicy + dipy) + dags —
d3qx +dsp3 —dapa,

3

$(bsea + b3p1) — (csbr — qiby — c3a3 + qraz) — 3 (c3dy — qidr) + dogn —
drp3 + p2ds — dsq3.

_%(CZPI +q2p3) + i(C% —q3) — %(P% —p3)—pss
1(c2q1 + 263 — p1c3) + 3 p1g1 + P24z — p3gs.
—%(6‘3% +q2p3) — %(Cg +p3)+ %(61% +43) — 43

A long but straightforward calculation then gives by contraction the components for the Ricci tensor
with respect to {e;,ez,e3,e4}:

pler,er) =
pler,e2) =
pler,e3) =
pler,es) =
plez,e2) =
plez,e3) =
pler,es) =
p(es,e3) =
ples,eq) =

ples,es) =

N2 =gt + b2 —di* +a3” — ® + pi?) — b3 —ay?
—c12 —a? +b1* —braz — c1q3 +aids + bid, — ¢ pa,
3(P3c3 — q2q1 — q3c2 — qap1) — doaz + bads + ards
+b1dy — b3ds — c1p1 — paca,

3(p2c3 — paqi — c2q2 — p1p3) — dabs + dsby — asds
+aidy +axdy +c3q3 — c14q1,

$(baps +azqa — dogi — dacs — baga — azps + dsca
—d3p1) +aip1 +axpr — big1 + bigs,

J(ps? = @2 = b2 +di* +az® + 2 — pi?) — ds* — p)?
—ay? +dy* — ay* — azbs — prgz + dyaz + bidr — ¢ pa,
1(c1p3 —c1q2 — cac3 — p1g1) — bids + bzd) +asbs
—ai1by — axby + p3q3 — p2q2,

5(c3dy — quaz + c3a3 — bigy — by ps — qidy — bsea
+b3p1) —aic1 —axcy — darga + dags,

Jp? =2+t — gt — b’ —di? +a3?) + g3% + ds?
—dy? +b3* — by + arbs + pag3 — bady + c1q3 — ards,
3(axq1 + azes —arqy — ayps — bopy — dipy — bacy
—dyc3) —bicy +bzcs —dapr +d3p3,

@12+ e’ = piP =2+ @+ p3?) — i — g3 — p2?
—C2p1 — €391 — P3q2.

(3.4)

The Lie group (G,g) satisfies the Ricci cyclic-parallel property if and only if the Equation (1.2)
holds. By solving the algebraic systems (3.2) and (1.1) and eliminating the Ricci parallel solutions,
we conclude that the generally non-isomorphic solutions are exactly the sets 1)-14) of Lie algebras
listed in case a) of the statement of the theorem. In the cases 1)-6) we have that [g3,g3] is one-
dimensional and comparing with the classification of three-dimensional Lorentzian Lie algebras
given in [18], we see that g3 is the Lie algebra of the Heisenberg group. About the cases 7)-8)
and 9)-14) we have, [g3,g3] is two-dimensional and trivial respectively. Thus, the Lie algebra g3
corresponds to the Lie group E(2) or E(1,1) and R respectively.

Case (b). Similar to the previous case, we treat this case with the obvious difference that ey is
now a time-like vector acting on a three-dimensional Riemannian Lie algebra.
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With respect to the pseudo-orthonormal basis {eg,e,e3,e4} with e4 time-like the components
of the Levi-Civita connection are now given by

0 ap by C1 0 a dl”’% CZ“‘TPI
—a 0 bytdi—az cp+py

_ 2 2 _
A= by az—d—bp 0 a+q A=
2 2

—ap 0 d> P2
_azthytdy p3ta |
2 dy 0 2

o+ 3+ o+ +
cl ZTI’I 3T‘h 0 2 2171 P2 1732!12 0
0 —d1+203+b2 b3 C3-2Fql 0 —P12+Cz —q12+03 0
—by—az+d; P3ta —c+pi —92+p3
Az = 2 0 9 7 VS 2+ 0+ >0
—at+q1 —p3tqgp
—bs —dj 0 g3 —5 - =5 0 O
c3+qi P3tq
2 = q3 0 0 0 0 0

and the components of the Ricci tensor, deduced as in the previous case, are the following:

pler,er) = %(d%—b%—a%—i—c%—p%—i—c%—q%)%—c%—a%—b%—a%—b%
+c1p2 — bidy — byaz +ayds +c1g3,

ple1,e2) = Ygzer+qapi +caps — q14n)
+ayd; —draz — drby — bydy — b3dz +c1p1 +c2p2,

p(er,e3) = $(pacs+ pagi + c2q2 — p1p3)
—db3 +azd; + dsby + aydy + axdx + 191 + ¢33,

per,es) = 3(—dacs +dagy +baps +bags + asps + azqz + dzc; — dspy)
+aip1 +axp> +biq1 + b3gs,

pler,er) = 3 (—di+b3 — a3 — G+ pi+pi—q3) —at —a3+p3—d5 —dj
+c1p2 — bidy +diaz + pags — axbs,

p(ez,e3) = %(Clm +c192 — c2¢3 + p1qi)
—bd; — azb3 + b3d, — a1by — axba + p2go> + p3gs,

p(ez,e4) = 3(—b1p3+bigr —azqi +di1q1 — azes +dics + bspy — bsea)
—aic1 —axcr +doqr + dzqs,

ples,e3) = 3(—di —b3+a3 — 3 +qi —pj+q3) — b} —b3 —d —d; + 43
—diby + aids + c1q93 + p2q3 — axbs,

ples,es) = S(—a1qa+aips —bapy —dipy — brcs — dica + argr — axcs)
—bicy —b3c3 —dypa — d3 s,

ples,es) = 3(=pi— 3 a1 =5 — 3 — p3)
—C% - P% - CI% —C2p1 —C3q1 — P3q>2.

We then determined the set of all solutions of (3.2) and (1.1). The non-Ricci parallel and generally
non-isomorphic solutions are exactly those listed in the items 15)-19), specially, for the cases 15)-
16 we have [g3, g3] is three-dimensional, for 17)-18) [g3, g3] is two-dimensional and in the case 19)
[93, 93] = 0, which shows that the corresponding Lie group is Heisenberg, E(2) or E(1,1) and R?
respectively. To note that in some of the solutions, [g,g] is two-dimensional and the Lie algebra
g, which corresponds to a semi-direct product t X g3, with g3 Riemannian, also corresponds to a
semi-direct product ' x g}, where g} is Lorentzian. Hence, such example is already included in the
case a).
For example, an explicit solution for this case is given by
A

[61762} :A627 [61763] = 5637 [6],64] :A627
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for some real constant A. Thus, [g,g] = Span(e;,e3), and the time-like vector e4 acts as a deriva-
tion on the Riemannian Lie algebra gz = Span(ej,ez,e3). On the other hand, the above equa-
tions yield that the space-like vector e; also acts as a derivation on the Lorentzian Lie algebra
g4 = Span(ey, e3,e4), which is the Lie algebra of R3. Therefore, this example is already included in
the case a).

Case (c). In this case, with respect to the basis {e},e,e3,e4}, where the non-zero components

of the metric are g(ej,e;) = g(ea,e2) = g(e3,eq) = g(ea,e3) = 1, the Levi-Civita connection is
described by

by+d| p1+cytas
0 ap bbld 1 0 ay "L AEgtG
+d; ctpi—a
A —dai 0 22 L =2 1721 3 A —aj 0 d2 P2
1= azy—p1—cy bz— y 132 = aztco+ dr— s
— @ 1721 2 32!11 0 _a3 22 PL 3242 0
_ _ditb q1—b3 _ditby 92—d3
by 2 0 2 2 d 0 2
—ditbhy o q1tb3 —pi1tazte; bi—q;
0 57— 055 0 2 7 4
—by+d; grtd3 —c—a3+p) d3—qp
As = 2 0 0% Ay = 2 0 7 P
bytqr _ ditqo ’ — — — 0
——5 T3 0 0 Cc3 P3 q3
0 0 0 0 41;b3 425513 0 gs

and the Ricci tensor is then determined by the following components:

pler,er) = —3(q1 +b3) —a3 —ai —2bicy
—b1py —c1dy — braz — bycr +dipy +a1dz — b1 g3,
p(e1,e2) = —3(q2q1 +d3bs + q3by + q3dy) — by py — paby — c1di — dacy — daaz + ards,
p(er,e3) = —3(dabs +doqi +dds + baga) + bads + ardy + azdy — bygy,
p(e1,es) = 2(p2qi — pabs + c2q2 + c2ds + azqa + asds + p3ba + pdy)
—dyes+aypr+axpr+ciq,
plez,e2) = —5(q3+d3) —aj —al —bipy — c1dy + brca
+dyaz —dip1 — 2dy py — axbs — dags,
p(ez,e3) = —3(b1d3+b1ga +dq1 + bab3) +dibs — a1y — azby — dog,
p(e2,e4) = 3(c1q2 —c1d3 — asbs + p1bs — azqi + p1g1 + c3dy + c3by)
—bip3 —aici —axea + paqo,
ples,e3) = —5(df +b3) — bt —d5 —diba,
p(es,es) = —3(bapi +bocr +dip1 +dica +aiqo — ards — g3 + b — arqy + axbs — g3+ d3)
—bic1 —b1g3 —dopr — dags3,
ples,es) = 3(=pi+a3—c3) —cf —p3+aips+cgs
—C3q1 — p1C2 — a2¢3+ pPag3 — p3qo.

Also in this case, we used the above equations and solved simultaneously (3.2) and (1.1). As in the
proof of the case b), for some solutions there also exists a space-like vector acting as a derivation
over a three-dimensional Lorentzian Lie algebra. Thus, these solutions were already listed in case
a). The remaining solutions are the ones we listed in the cases 20)-27). In the cases 20)-21), we have
that [g3, g3] is one-dimensional, and the three-dimensional Lie algebra is the one of the Heisenberg
group. On the other hand, in the case 22) we have that [g3, g3] is two-dimensional, in the cases 23)-
26) we have that [g3,g3] is three-dimensional and in the case 27) we have that [g3, g3] = 0. Thus,
they correspond to semi-direct products of type R x E(2) or Rx E(1,1), R x SL(2,R) or R x SU(2)
and R x R? respectively. U
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A pseudo-Riemannian manifold (M, g) is said to be a Walker manifold if it admits a null (that
is, degenerate) parallel distribution [19, 20]. Walker structures do not have any Riemannian coun-
terpart, and are responsible for several of the most interesting differences between Riemannian and
pseudo-Riemannian geometries. A wide survey on Walker geometry may be found in [6]. We now
investigate the Walker examples through the Einstein-like Lorentzian Lie groups of class <7 which
are not Ricci parallel.

Theorem 3.2. Among the non-Ricci parallel four-dimensional Einstein-like Lorentzian Lie groups
of class <, as classified in Theorem 3.1 up to isometries, the Walker examples are
(a) case 1) with A = \/%. In this case X = De| — €\/C? —D? — B%e; — Ce3 + Bey is a
left-invariant null parallel line field.
(b) case 5) with B=€C,D = €E. In this case X = e3 — €e4 is a left-invariant null parallel line
field.
(c) case 10) with A = €C. In this case X = e\ — €e3 is a left-invariant null parallel line field.
(d) case 14) with B = 0. In this case X = e| + e3 is a left-invariant null parallel line field.

_ 252 A2 2

(e) case 20) with F = 2ABC(E+D);ACC2E HAYERDS  pn this case X = —%el + %ez —
252 2 2
%63 +ey4 is a left-invariant null parallel line field.

(f) case 25), in this case X = e3 is always a left-invariant null parallel line field.
(g) case 26), in this case X = e3 is always a left-invariant null parallel line field.

Proof. The proof is based on the case-by-case considering the examples of class <7, which are
listed in the Theorem 3.1. Let G is isometric to R x H, where H is the Heisenberg group, and g is
described by the brackets of the case 1). Using the Koszul formula the Levi-Civita connection with
respect to the pseudo-orthonormal basis {e;}+_,, with e3 time-like, is

A AC
00 00O 0 0 5 5B
A AC
O A I
03 03 2 00 =%
AC C AC AD
0_§A§0 C _EOAzﬁc
0 3 -B-—3 0 2% —30
A AD AC AD
A =2 0 05 | |72 0 20
“l-B o o D [P ¢4
2 2B
$ 5% D 0 0 0 00

Now, suppose that X = xje| +xpe> +x3e3 + x4e4 generates a null parallel line field on the Lie
group G of the case 1) of Theorem 3.1. Since X is null, so x% —i—x% —x% +x§ =0and X is parallel if and
only if there exist a one form @ = @; 6; + 16>+ @363+ @464 such that V, X = w(e;)X,i=1,...,4,
where {6;}}_, is the dual basis of {e;}}_ ;. Using description of the Levi-Civita connection the only
solution of this system of equations is:

BC D VC?—B2_D? C
T =
which specifies the case (a) of the statement of theorem. O]
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4. Examples of class %

After excluding the Ricci parallel cases, the list of Codazzi Ricci tensor Lorentzian Lie groups is
given in the following theorem:

Theorem 4.1. Let G be a four-dimensional simply connected Lie group equipped with a left invari-
ant Lorentzian metric g. If (G, g) belongs to class 9 (and not Ricci parallel), then the Lie algebra
g of G is isometric to g = t X g3, where g3 = span{e;,ez,e3} and v = span{es}, and one of the
following cases occurs.

(a) {ei};‘zl is a pseudo-orthonormal basis with e3 time-like. In this case, G is isometric to one of the
following semi-direct products R x G3.

al) Rx E(2) or Rx E(1,1), with g is described by one of the following sets of conditions:
1) [61,6‘2] = —3Ae;| + €2Ae3, [82,63] = Aes,

a2) R x R3, with g is described by one of the following sets of conditions:
2) [61,6’4] = (84A +3B)el — (3A +823)63, [63,64] =Ae; +Bes, B+ €A 75 0,B+¢€2A 75 0,
3) [61,84] = —Be; + (A+323)e3, [62,64] = (8\5—}- 5)(A+SB)62, [63,84] =Ae| +Bes, B 75
0,B+0A #0,
4) [e1,e4] = (€4A+3B)e; — (3A+ €2B)es, [er,e4) =2(€A+ B)en, [e3,e4] = Aej + Bes, B+
€A #0,B+€2A #0,

5) [61,64] = g4/A? —3261 + 3Bey; — 3Aes, [62,64] = Bey, [63,64] =Ae;, A+B 7& 0,
6) [61,6‘4] = —Ae; —2Aes, [62,64] = (8\/§+ I)Aeg, [63,64] = Aes,

7) [82,6‘4] = 378A82 +A€3, [63,64] = §A€3,

8) [61,6‘4] = (8\64‘ I)Ae‘l, [62,6‘4] = —Aepy — 52A€3, [63764] = Aes,

9) [61,6’4] = 2A61, [62764] = 3A€2+52A€3, [63,64] :Aeg,

(c) {ei}?_, is a basis with the inner product completely determined by g(e1,e1) = g(ez,e2) =
g(es,es4) = gles,e3) =1 and g(ej,ej) = 0 otherwise. In this case, G is isometric to one of the fol-
lowing semi-direct products R x Gj3.

cl) R H, where H is the Heisenberg group and g is described by one of the following sets of
conditions:

10) le1,e2] = Aes, [e1,eq] = Bey + Cey + Des, [ex,e4] = Eey + Fey + Ges, les,eq] = (F +
Bles, B+F #0,F?> 4+ (A+ (C+E))>#0,4BF +A> — (E+C)? #0,

c2) RxE(2) or Rx E(1,1), with g is described by one of the following sets of conditions:

1 1
]]) [61,62] — —§A€] + QB627 [81763] = B€3, [91,34] =
2CB+AD B(2CB+AD B(4C?B*+4ADCB+A%D>+4A%C?
en — ( A Loy + & AR Les, [e2,e3] = Aes, [e2,e4] = Cer —

€TB€2 + 4C232+4ADC21513£A2DZ+4A2CZ es, [e3,e4] = De, B2 +C2 7& O,ABD—|—2C(A2 +B2) 7& 0,

]2) [81,6‘2] =

2 2R
—JAei 4+ 1Bey +Ces, [er,e3] = Bes, [er,e4] = Dey — LB ey - 2EEIDBDA) o o) 3] =
2 2
Aes, [er,e4) = Eej — I’;‘—Be2+ Weg, le3,e4] = Me@, AC —AE — DB #0,
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c3) Rx :S‘Z(Z,]R) or R x SU(2) with g is described by one of the following sets of conditions:

2 3
13) le1,e2] = Aey + Bes, [er,e3] = —Cey — Aes, [e1,es] = —hze1 — Zzes, [e2,e3] =

2 2
Cey, ler,e4) = —fzer — Bles, [e3,e4] = Aey + %e3, B#0,

c4) R x R3, with g is described by one of the following sets of conditions:

14) [e1,es] = Aey + Bey + Ces, [ex,es] = Dey + Eey + Fes, [e3,es] = Ges, G # 0,G —
(B+D)*+2A%+2E? £0
2(ATE) ’
Proof. The proof is similar to the Theorem 3.1, but in this case, we require that the Ricci tensor
is Codazzi, i.e. the Equation (1.3) must be satisfied, noting that we must discard the Ricci parallel
examples.

Let (G,g) be a four-dimensional Lorentzian Lie group. The general form of the semi-direct
product Lie algebra g = t X g3 showed in the Equation (3.1), where g3 is spanned by {e;,ez,e3},
v = Span(e4), t acts on g3 and the Lorentzian inner product is described by one of the cases (a), (b)
or (c) of the Proposition 2.1. The Equations (3.2) are required for establishing the Jacobi identity.
To specify the examples of the class Z, we treat different possibilities of the inner product i.e. cases
(a), (b) and (c¢).

Let the inner product be of type (a), by using the Equations (3.4), excluding the Ricci parallel
solutions, the generally non-isomorphic examples of class & are exactly the cases 1)-9) which are
listed in the statement. O

With respect to the basis {ej, ey, e3,e4} used to describe the Lie algebra g, the conformal flatness
condition is equivalent to the system of algebraic equations

WijkiRijkn — 5 (8ikPjn + & jnPik — 8inPjk — & jkPin) + £ (8ix& jn—8ing jx) = 0, 4.1)

for all indices i, j,k,h = 1,...,4, where W, ji;, denote the components of the Weyl tensor with respect
to the basis {e;} and r is the scalar curvature.

A conformally flat pseudo-Riemannian manifold of class <7 is necessarily Ricci-parallel (hence,
locally symmetric), since such spaces have constant scalar curvature and are also in class %, by the
Theorem 5.1 of [15]. But the Condition (1.3) is a necessary but not sufficient condition for a pseudo-
Riemannian manifold of dimension greater or equal to four to be conformally flat. For this reason,
we study the conformally flat and Walker examples through the four-dimensional Lorentzian Lie
groups of class . The result is the following proposition.

Proposition 4.1. Among the non-Ricci parallel four-dimensional Einstein-like Lorentzian Lie
groups of class B, as classified in Theorem 4.1 up to isometries, the conformally flat examples
are:

(i) cases4),9), 11), 12) and 13) are always conformally flat.
(ii) case 10) where A=E —C or (B—F)*+ (C+E)?>=0.
(iii) case 14) where (B—D)?+ (A+E —G)*=0or (B+D)*+(A—E)* =0.

Also, The Walker examples through them are
(a) case 3), in this case X = —08ej + e3 is a left-invariant parallel null line field.

(b) case 6), in this case X = e| + e3 is a left-invariant parallel null line field.
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(c) case 8), in this case X = ey + 8ej is a left-invariant parallel null line field.
(d) case 10), in this case X = e3 is a left-invariant parallel null line field.
(e) case 14), in this case X = e3 is a left-invariant parallel null line field.

Proof. For the Walker structures, we proceed as in the corresponding Theorem 3.2. With regard to
conformal flatness, we bring the details of the case 4). The other cases could be treated by similar
arguments. Let G be a Lorentzian Lie group of case 4) of the Theorem 4.1. The Lie algebra g with
respect to the pseudo-orthonoreml basis {e;}+_, with e3 time-like is

[e1,e4] = (€4A+3B)e; — (3A+ €2B)es, [e2,e4] =2(€A+ B)es, [e3,e4] = Aej + Bes,

where B+ €A # 0,B + €2A # 0. By using the Koszul formula, one can calculate the Levi-Civita
components as

0 0 0 4eA+3B 0 0 0 0
A= 0 0 0 0 a0 0 02eA+2B
0 0 0 -2A—¢B |’ 0 0 0 0 ’
—4eA—3B0 —24—¢B 0 0-26A—2B0 0
0 002A+eB 0 0A+eBO
0 00 0 0 0 0 0
As = 0 00 B ’ M=l aleBo 0 0
—24¢BOB 0 0 0 0 0

By straight forward but standard calculations we deduce the curvature tensor. If set R;; = R(e;, ;)
have

0 —2(4eA+3B)(eA+B) 0 0
R — 2(4eA+3B)(eA+ B) 0 2(eA+B)(2A+¢€B) 0
2= 0 2(¢A+B)(2A + ¢B) 0 0]
0 0 0 0
0 0 8cAB+4(B>+A?) 0
» 0 0 0 0
BT 8eAB+4(B2+42) 0 0 0]’
0 0 0 0
0 0 0 —8A2 — 14eAB — 6B
R 0 0 0 0
4= 0 0 0 6AB+2e(B2+242%) |’
8A2 + 14eAB + 6B 0 6AB +2¢(B* +2A?) 0
0 2(¢A+B)(2A + ¢B) 0 0
Roe— | ~2(eA+B)(2A+2B) 0 2B(eA+B) 0
2 0 2B(¢A+B) 0 0]’
0 0 0 0
0 0 0 0
0 0  0-4(eA+B)?
Ra=19 0o 0o o )
04(eA+B)?0 0
0 0 0 —6AB —2¢(B* +2A?)
Rus — 0 0 0 0
= 0 0 0 —2eAB —2B>
6AB +2¢ (B> +2A%) 0 —2¢AB — 2B? 0
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Now, by using the relation p(e;,e;) = g(R(ex,e;)e;,ex) the Ricci tensor is

—36€AB — 4(5A% +4B%) 0 o 0

B 0 v 0 0
p= 0 0 12eAB+4(A2+2B%) 0 |

0 0 0 v

where ¢ = —12AB — 4¢&(B* +2A?) and y = —24eAB — 12(A? + B?). Direct calculations using the
Equation (4.1) yield that the Weyl conformal tensor vanishes identically in this case. So Lie groups
of this case are always conformally flat. 0
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